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Abstract: This paper presents a newly implemented self-tuning PID controller that uses a relay
feedback identification using a recently designed relay shifting method to determine the mathematical
model of the process and subsequently adjust the controller parameters. The controller is applicable
to proportional and integrating systems and is even applicable to systems with transport delays if
steady-state oscillation can be achieved in the relay control of the system. After briefly introducing
the relay shifting method, the current paper describes the hardware (HW) and software (SW) of the
proposed controller in detail. The relay feedback identification and control of a laboratory setup by
an automatically tuned controller is demonstrated on a real laboratory device called “Hot air tunnel”.
The evaluation of the experiment and the characteristics of the controller are presented at the end of
the paper. The advantage of the relay method is that it is not as computationally intensive as other
identification methods. It can thus be implemented on more energy-efficient microcontrollers, which
is very important nowadays.

Keywords: relay identification; parameter estimation; frequency response; time delay; self-tuning
controller; PID controller
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1. Introduction

In the industry, more than 90% of controllers are proportional–integral–derivative
(PID) controllers due to their versatility, simplicity, high efficiency, and last but not least,
their low maintenance costs [1–4]. Although a standard PID controller has only three
parameters, they are not easy to set. It turns out that many PID controllers are poorly
tuned [5–8]. Therefore, much attention has been paid by the expert community to PID
controller tuning methods, e.g., [9].

For optimal system control, we need to know the system properties. That is why
system identification is an integral part of automatic tuning. Relay feedback identification
is among the methods that have proven themselves in practice and are used for tuning
mainly PID controllers. Among the first publications where this approach is used to identify
single-input single-output (SISO) systems for tuning the PID controller are, e.g., [10–12].
The advantage of this method is that a process model can be obtained in a short time
without a priori information about the process, which is maintained close to the operating
point by means of feedback relay control. The relay feedback identification was originally
limited to the estimation of models with a small number of parameters when, for example,
steady-state gain or transport delay were known a priori or were obtained by a separate
experiment. To estimate more model parameters, the use of a biased relay was proposed,
e.g., [13]; the insertion of an integrator, as demonstrated in [14,15]; a time delay into the loop,
e.g., [16]; the modification of a relay hysteresis, e.g., [17]; the utilization of the describing
function method, e.g., [18,19]; the use of the so-called shifting method, e.g., [20–22], etc. A
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more detailed list and description of methods using relay feedback identification can be
found in review publications, e.g., [23–27].

For the presented self-adjusting PID controller, its parameters are set according to a
linear process model, which is determined by using experimentally determined points
of the process frequency characteristic obtained by a recently proposed relay shifting
method [20,21]. This method allows several Nyquist frequency characteristic points of the
process to be determined in a short time and in a safe way by a single experiment using
relay feedback identification. The above-mentioned self-adjusting controller is applicable
for the control of any systems describable by a linear model, where steady-state oscillations
can be achieved with relay feedback control.

This article is structured as follows. Section 2 describes the relay shifting method
and the determination of the model parameters used to describe the controlled system.
Section 3 is devoted to the selection of the PID controller parameters using the system model
and describes the SW- and HW-implemented self-adjusting PID controller. Relay feedback
identification and control of the laboratory task by the autotuned controller is demonstrated
on a real laboratory device called “Hot air tunnel” (HAT) in Section 4. Finally, the basic
features of the proposed PID controller are summarized in terms of practical applications.

2. Relay Feedback Identification

A recently published relay shifting method [20,21], which was further extended in [22],
is used to estimate the process model in the implemented self-adjusting PID controller.
During the identification phase, the controller switches to a mode where the controller
controls the process using an unsymmetrical relay to achieve a steady oscillation of the
closed-loop control circuit, see block diagram in Figure 1, where u is the manipulated
variable, y is the controlled variable, w is the desired value (of the controlled variable) and
e is the control error. The static characteristics of the biased relay with hysteresis are shown
in Figure 2.
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Figure 1. Block diagram of a closed-loop control circuit consisting of a self-adjusting controller and a
controlled process.
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The waveforms of the manipulated variable u and the controlled variable y in relay
control are shown in Figure 3 for illustration, together with the auxiliary variables u2 and
y2 obtained from the following relations:

u2(t) = u(t) + u
(

t−
Tp

2

)
, (1)

y2(t) = y(t) + y
(

t−
Tp

2

)
, (2)

where TP is the period of steady oscillations (see Figure 3).
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Figure 3. Time histories of u and y during relay feedback identification together with the calculated
histories of the auxiliary variables u2 and y2.

From the steady state waveforms of the manipulated variable u, the controlled variable
y obtained during the identification phase, and the calculated auxiliary variables u2 and
y2, the points G(jω), ω = 0, 2π/Tp, 4π/Tp of the Nyquist frequency characteristics of the
controlled process are determined using the following relations:

G(0) =

∫ t+Tp
t (y(τ)− y0)dτ∫ t+Tp
t (u(τ)− u0)dτ

, t > tL, (3)

G(jωk) =

∫ t+TP
t yk(τ)e−jωkτdτ∫ t+TP
t uk(τ)e−jωk ·τdτ

, t > tL, k = 1, 2, (4)

ωk = k · 2π

TP
, (5)

where j is an imaginary unit, u1(t) = u(t), y1(t) = y(t); tL is the time when steady-state
oscillations have been reached in the closed control circuit; the values u0, y0 are determined
by the operating point. The value of G(0) corresponds to the gain K of the proportional
process. If the identified system is not proportional, the gain is not determined.

The position of G(jωk) can also be estimated by approximating the periodic signals u, y,
u2, y2 by harmonic functions, see [20], but relation (4) was used in the implemented controller.

The relay shifting method was chosen for process identification because a larger num-
ber of Nyquist frequency characteristic points can be obtained from a single experiment
compared to other methods, see [21,22]. As can be seen from the previous relations, in the
implemented controller, three frequency characteristic points are determined for propor-
tional systems, which allows estimating up to five model parameters. Due to the great
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versatility supported by published results, e.g., [28,29], a model transfer function is used
for proportional oscillatory and non-oscillatory processes in the implemented controller:

M(s) =
K · e−s·τ

a2s2 + a1s + 1
, (6)

where s is a complex variable in the Laplace transform. From the form of the model, it
is clear that the self-adjusting controller can be applied to systems with transport delays
if steady-state periodic oscillations in a closed-loop circuit can be achieved using relay
control. The parameter K is determined according to (3) by the value of G(0), see [13,30].
The remaining parameters a2, a1, τ of a model (6), are determined from the knowledge of
the values of ω1, ω2, G(0) = K, G(jω1) and G(jω2) (see Figure 4), obtained from a single
relay feedback test by using the following quadratic criterion:

Kr(a2, a1, τ) = ∑2
i=1(G(jωi)−M(jωi))

2. (7)
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obtained from the relay feedback test.

If we introduce a vector:
θ =

[
a2 a1 τ]T (8)

containing the parameters of interest (“T” denotes transpose), then for a stable process, the
value of the vector θ that minimizes criterion (7) is determined by:

θ̂ = argmin
θ∈D

Kr(θ), (9)

where D = {(a2, a1, τ) : a2 > 0, a1 > 0, τ ∈ 〈0, τm〉} and τm is maximal transport delay (see
Figure 3).

When denoting the real and imaginary parts of the complex values G(jω1) and G(jω2) :

G(jωi) = Ri + Ii · j, pro i = 1, 2, (10)

then

θ̂ = argmin
τ = 0, ∆τ, · · · , τm

a2, a1 > 0

Kr

([(
ZTZ

)−1 · ZT·p
τ

])
, (11)

where

Z =


R1ω2

1 I1ω1
I1ω2

1 −R1ω1
R2ω2

2 I2ω2
I2ω2

2 −R2ω2

, p =


R1 − K·cos ω1τ
I1 + K·sin ω1τ

R2 − K·cos ω2τ
I2 + K·sin ω2τ

. (12)
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The matrix Z has linearly independent columns and ∆τ is the chosen accuracy of the
transport delay estimate τ.

For the control of the integrating system, a model in the following form is considered
for setting the controller parameters:

M(s) =
b · e−s·τ

s(a2s2 + a1s + 1)
. (13)

The procedure is analogous to that of the proportional system, i.e., the Nyquist fre-
quency characteristic points of the system are determined using the relay feedback test, us-
ing relations (1), (2), (4), and (5). The model parameters b, a2, a1, τ are again estimated using
criterion (7) and relation (9), where D = {(b, a2, a1, τ) : b > 0, a2 > 0, a1 > 0, τ ∈ 〈0, τm〉}
and while denoting the estimated vector of model parameters:

θ =
[
b, a2 a1 τ]T (14)

again, denoting the real and imaginary parts of the complex values G(jω1) and G(jω2)
according to (10), we determine:

θ̂ = argmin
τ = 0, ∆τ, · · · , τm

b, a2, a1 > 0

Kr

([(
ZTZ

)−1 · ZT·p
τ

])
, (15)

where

Z =


cos ω1τ −I1ω3

1 R1ω2
1

−sin ω1τ R1ω3
1 I1ω2

1
cos ω2τ −I2ω3

2 R2ω2
2

−sin ω2τ R2ω3
2 I2ω2

2

, p =


−I1ω1
R1ω1
−I2ω2
R2ω2

. (16)

The matrix Z has linearly independent columns, and ∆τ is again the chosen accuracy
of the estimation of the transport delay τ.

The implemented controller is also equipped with the option of inserting an integrating
member or a selected transport delay into the closed control circuit if it is possible to ensure
a steady oscillation with a lower frequency during relay control of the circuit with these
members. The above option can also be used to estimate a larger number of Nyquist
frequency characteristic points of the process from multiple experiments by selecting
different values of the transport delay Td or the weight k of the embedded integration (see
Figure 5).
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Figure 5. Block diagram of a relay feedback control with the possibility of inserting an integration
component or delay.

The implemented relay shifting method has the following basic properties:

• The fundamental advantage of the relay shifting method is that it is possible to obtain
more points of the frequency response from one classic relay experiment, enabling
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the system to be described by a linear model with more parameters including the
transport delay.

• The frequency points G(jωi), i = 0, 1, 2 are determined from one relay feedback test
without any prior knowledge of the model.

• The relay shifting method is very versatile; the same procedure can be used for the
model parameter estimation of stable/unstable/integrating, non-oscillatory/oscillatory,
and time–delay-dominated processes and the noisy environment if there are stable
oscillations for the relay feedback test. (For open-loop stable systems, the relay feed-
back can generate a stable limit cycle if knowledge of the “sign” of the process gain is
utilized in the experiment. But for some open-loop unstable systems, it is not possible
to generate a stable limit cycle with relay control [23]).

• The shifting filter described in (1) and (2) filters out the first harmonic and amplifies
the second harmonic.

• The relay shifting filter helps to eliminate parasitic signals.
• The algorithm of the shifting method is time and computationally undemanding.
• The relay shifting method is appropriate only for processes describable by linear

time-invariant (LTI) models.
• The position of the points G(jωi), i = 0, 1, 2 significantly affects the estimation of

the model parameters. An additional integrator or a delay can help to improve the
parameter estimation.

• The relay shifting method is primarily suggested for the automatic tuning of controllers.

3. Description of Self-Adjusting PID Controller

The above-mentioned identification and control algorithms have been tested by simu-
lation on selected models of proportional and integrating systems. Based on the satisfactory
results, it was decided to implement them physically on the STM32H7 development plat-
form based on a 32-bit ARM processor from STMicroelectronics, Plan-les-Ouates, Switzer-
land. The platform was supplemented with peripheral circuits for analog signal processing,
visualization, and communication with the user. The result is a compact experimental
controller. The software was implemented in the C language of the C99 standard. The
structure of the software was deliberately designed in a modular way to allow for future
extensions and the possibility of practical verification of additional identification and con-
trol algorithms. A photograph of the controller during the relay identification of the Hot
air tunnel (HAT) model is shown in Figure 6.
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3.1. PID Controller

On the development board, the PID controller was implemented according to [1] in a
universal form:

u(t) = KC

[
b·w(t)− y(t) +

1
TI

∫ t

0
(w(t)− y(τ))dτ) + TD

d
dt
(c·w(t)− y(t))

]
, (17)

where the coefficients b and c allow the partially suppression of the rate of action of
the proportional and derivative components of the PID controller during a step change
in control deviation e. Thus, the controller is not so aggressive in the initial phase of
deviation elimination.

Assuming zero initial conditions, (17) in the Laplace transform is equal to:

U(s) = KC

[
EP(s) +

1
TIs

EI(s) + TDsED(s)
]

, (18)

where
EP(s) = b·W(s)−Y(s) ,
EI(s) = W(s)−Y(s),
ED(s) = c·W(s)−Y(s).

(19)

Approximately replacing the derivative by the Tustin approximation:

s =
2
Ts

z− 1
z + 1

(20)

where (18) was converted to Z image

U(z) = KC

[
EP(z) +

1
2

Ts

TI

z + 1
z− 1

EI(z) + 2
TD
Ts

z− 1
z + 1

ED(z)
]

. (21)

The constant Ts in (21) is the sampling period.
In a differential form, then

u(kTs) = u((k− 2)Ts) + KC

[
eP(kTs)− eP(k− 2)Ts +

1
2

Ts
TI
(eI(kTs)+

2eI((k− 1)Ts) + eI((k− 2)Ts)) + 2 TD
Ts
(eD(kTs)− eD((k− 2)Ts))

]
,

(22)

where k is the step of calculation. This equation has been implemented on the develop-
ment board.

The output of the control circuit is connected to an action limiter. The suppression of
the wind-up effect is realized according to:

eSAT(t) = [uSAT(t)− u(t)]/Tf (23)

by adding eSAT to the control deviation at the input to the integrating component of the
controller. The constant Tf is the tracking constant, and uSAT is the manipulated variable
after saturation. In our controller, the constant Tf is equal to one.

3.2. Filtration

All controller inputs are filtered by a bandpass filter [31] with either a rectangular or
Hanning window

x f (kTs) =
1

L + 1∑k
i=k−L x(iTs)qi, (24)

where qi is the weight of the filter. In the case of a rectangular filter, the weight is calculated
according to:

qi =

{
1 for 0 ≤ i < L
0 for others

. (25)
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In the case of the Hanning window:

qi =

{
1− cos(2πi/L) for 0 ≤ i < L

0 for others
. (26)

The Hanning window better filters noise-laden signals but, on the other hand, it has
a larger error when approximating the peaks of the harmonic signal. In both cases, the
choice of the window width L as a function of the sampling period is very important. The
filters must be set very carefully. If set inappropriately, the results of the identification are
greatly distorted. The filtering has a significant influence on the accuracy of the steady-state
oscillation period calculation. In our case, it is calculated based on the detection of the
signal passing through zero. This method is less sensitive to the filter settings than the
calculation from the position of the oscillation peaks. However, filtering of the signals
is necessary. Without it, there would be false detection of the signal passage through
zero, or there would be difficulties with the action of the derivative component of the PID
controller during control. The same type of filter is used to filter the control deviation
before its derivation.

At the same time, a filter was added to the controller to partially suppress unwanted
output oscillations. Here, a first order recursive filter was used:

u f (kTs) = au(kTs) + (1− a)u f ((k− 1)Ts). (27)

The filter coefficient a is selected from the interval (0; 1). The filter partially prevents
excessive wear of the control circuit action elements.

3.3. The Controller Tuning

There are many methods for calculating the adjustable controller parameters of a PID
controller. We only list those that have been sufficiently tested with HAT. One of them is
the Marchetti–Scali method [32]:

Kc = TI
K(2λ+τd)

TI = 2ξ0T0 + τd

TD = T0(T0+ξ0τd)
TI

, (28)

where λ is the coefficient affecting the sensitivity of the PID controller intervention. The
time constant T0 and relative damping ξ0 can be calculated from the relations:

T0 =
√

a2
ξ0 = a1

2
√

a2

, (29)

from the coefficients of model (6).
This method is also applicable to the calculation of a controller without a derivative

component. In this case, the time-constant TD is zero.
The Vítečková method [33] seems to be the universal method for adjusting controllers.

The method is based on internal model control (IMC) and simulations. It has the advantage
of considering the size of the sampling period Ts of the controller and can deal well with
zero transport delay τd.

Kc =

{
aTI
K for τd > 0

2TI
K(2Tw+Ts)

for τd = 0
TI = 2ξ0T0 − Ts

TD = T0
2ξ0
− Ts

4

(30)
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In the case of τd > 0, then

a =
1

αTs + βτd
, (31)

where for the coefficients α and β, depending on the required relative overshoot κ of the
control process, the following applies:

α, β = c1c2e−c2κ − c3κ + c4. (32)

The equation holds for κ ∈ 〈0; 0.5〉. The relation (32) is obtained by approximating the
tabulated values given in [33]. The approximation coefficients c1 to c4 are then listed in
Table 1.

Table 1. The approximation coefficients c.

c1 c2 c3 c4

α 0.024779 17.099658 0.580087 0.858069
β 0.043759 22.502112 1.538791 1.73330

In the case of τd = 0, the time constant Tw of the closed-loop control circuit is selected.
Another method was the Schaedel method [34]:

Kc = 0.5TI
K(2ξ0T0+τd−TI)

TI =
√
(2ξ0T0 + τd)

2 − 2
(
T2

0 + 2ξ0T0τd + 0.5τ2
d
)

TD = 0

. (33)

It is designed to calculate PID controller parameters without a derivative component.
Its advantage is simplicity. There is no need to set anything. You only need to know the
parameters of the controlled system. On the other hand, it is not possible to influence the
control process.

3.4. The Controller Modes

All processes on the proposed controller are shown in the state diagram in Figure 7.
The controller operates in three ways

1. Initialization mode

The initialization takes place after the power supply voltage is connected. The presets
stored in the internal memory of the K-HM22 are loaded. After loading the parameters, the
controller enters the manual mode, where it waits for further user input. The configuration
can be changed using the Human Interface Device (HID). It allows the input of the relay
static characteristic limits, the selection of the proportional model (6) or integrating model
(13) to describe the identified system, and the choice of the PID controller adjustment
method and the desired value.

2. Identification/Tuning

The identification mode is activated by the G button on the instrument panel. This
mode is indicated by the illumination of the G button. After setting the work point, the
relay feedback control is turned on. Here, the controlled variable is kept within acceptable
limits. When steady oscillations are reached, the shifting method estimates the system
model parameters and then calculates the parameters of the PID controller. Subsequently,
it automatically switches the controller to manual mode. If an unexpected error occurs, the
identification mode is terminated. The controller is switched to manual control mode. The
error is indicated on the HID display.
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3. PID control

In manual mode, the value of the manipulated variable can be changed manually by
button UP and DOWN. The automatic (control) mode with the PID controller parameters
tuned according to the specified model and adjustment method selection is entered by
pressing the SYNC button on the instrument panel. The PID control mode keeps the
controlled variable at the desired value. The mode is indicated by the illumination of the
SYNC button.
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4. Experimental Control of the Laboratory Setup “Hot Air Tunnel”

The operation of the self-tuning controller is experimentally demonstrated on the real
laboratory device “Hot air tunnel” (HAT) (see Figure 8).
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4.1. Description of Laboratory Setup “Hot Air Tunnel”

The laboratory setup HAT is a scaled down and simplified model of an air conditioning
unit for the central control of the building environment. The hot air tunnel is equipped
with three action elements and four sensors that together allow the control of two key
environmental parameters, i.e., temperature and forced air movement intensity.

The primary fan F1 is located at the inlet of the tunnel and serves as an action element
to control the air velocity. A propeller flow meter FM is installed at the tunnel outlet as
an air velocity sensor. The propeller flowmeter is fitted with a rotating sphere with an
axially symmetrical circular array of openings. The rotational speed of the flowmeter is
then sensed by an optometric pulse counter. A secondary fan F2 serves as the source of the
disturbance variable. This is installed next to the primary fan but oriented in the opposite
direction, allowing it to act as a dynamically varying flow obstruction.

A P21, 12 V car bulb is used as the action element for heating the air flowing through
the tunnel. The temperature is measured by a trio of sensors located in different positions
around the bulb. Two thermistors are placed on the sides, one in direct contact with the
bulb (T2), the other at a distance of 5 mm (T1). The housing of the KTY32 thermocouple is
placed in direct contact with the bulb from the rear in the direction of airflow.

All input and output signals of the hot air tunnel are fed into the instrument module.
The signals from the sensors are transformed by the support electronics into standard
voltage signals 0–10 V. All three action elements are controlled by pulse width modulation
(PWM) of the supply voltage, which is also provided by the instrument module control
electronics based on standard 0–10 V control signals. Input and output standard voltage
signals are routed to the CANON25 connector, to which it is possible to connect a control
system such as a controller, PLC, etc. The laboratory setup, including the instrument
module, is powered by an external source of symmetrical DC voltage ±15 V.

4.2. Dynamic Characteristics of HAT Model

To assess the identification using the feedback relay method, it was necessary to know
the description of the dynamic behavior of the “Hot air tunnel”. The description was
determined by approximating the measured step response by the model transfer function:

P(s) =
K

a2s2 + a1s + 1
=

Kω2
0

s2 + 2ξ0ω0s + ω2
0

, (34)
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corresponding to a second-order proportional system without a transport delay. Its param-
eters are given in Table 2.

Table 2. Estimated parameters of the model (34) obtained by identification.

K a2 a1 ξ0 ω0 (rad/s)

1.325 7.229 4.714 0. 877 0.372

The resulting approximation of the step response characteristic can be seen from the
graphs in Figure 9.
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Figure 9. Step response of HAT model.

4.3. Relay Feedback Identification of the Real Device HAT by Using the Shifting Method

The key question is whether the algorithm of the shifting method is correctly imple-
mented and whether it is even able to identify the parameters of a real system like the HAT
model. During the implementation, many experiments were carried out, leading to the
gradual elimination of errors as well as the elimination of unwanted manifestations in the
identification. These included noise, with zero crossing detection, oscillation settling, and
inaccuracies in calculations. The experiments also included automatic adjustment of the
PID controller. Here, we present only the results of the two identification experiments. In
the text, it was denoted as M1 and M2.

Figures 10 and 11 show graphical records of the controlled variable, the manipulated
variable, and the desired values. In the records, the different phases of the experiment can
be observed. Waiting for the system to settle, relay identification with a biased relay in
feedback, and the controlled process after identification and automatic adjustment of the
PID controller.

The operating point of the system was set to 1 V, the upper limit of the relay to 2 V, the
lower limit to −8 V, and the hysteresis of the relay to 1 V.

The controlled variable y was filtered by a bandpass filter (24) with a Hanning window
(26) of 8 points width. The manipulated variable u was then filtered by a first-order
recursive filter (27) with the filtering coefficient set to 0.5.



Mathematics 2023, 11, 4548 13 of 24

Mathematics 2023, 11, x FOR PEER REVIEW  12  of  24 
 

 

Table 2. Estimated parameters of the model (34) obtained by identification. 

𝑲  𝒂𝟐  𝒂𝟏  𝝃𝟎  𝝎𝟎  (rad/s) 

1.325  7.229  4.714  0. 877  0.372 

The resulting approximation of the step response characteristic can be seen from the 

graphs in Figure 9. 

 

Figure 9. Step response of HAT model. 

4.3. Relay Feedback Identification of the Real Device HAT by Using the Shifting Method 

The key question is whether the algorithm of the shifting method is correctly imple-

mented and whether  it  is even able to identify the parameters of a real system  like the 

HAT model. During the implementation, many experiments were carried out, leading to 

the gradual elimination of errors as well as the elimination of unwanted manifestations in 

the identification. These included noise, with zero crossing detection, oscillation settling, 

and inaccuracies in calculations. The experiments also included automatic adjustment of 

the PID controller. Here, we present only the results of the two identification experiments. 

In the text, it was denoted as M1 and M2. 

Figures 10 and 11 show graphical records of the controlled variable, the manipulated 

variable, and the desired values. In the records, the different phases of the experiment can 

be observed. Waiting for the system to settle, relay  identification with a biased relay  in 

feedback, and the controlled process after identification and automatic adjustment of the 

PID controller. 

 
tSTART 

Figure 10. Experiment M1 of identification and automatic adjustment (tSTART indicates the start
of identification).

Mathematics 2023, 11, x FOR PEER REVIEW  13  of  24 
 

 

Figure 10. Experiment M1 of identification and automatic adjustment (𝑡ௌ்஺ோ்  indicates the start of 

identification). 

 

Figure 11. Experiment M2 of identification and automatic adjustment (𝑡ௌ்஺ோ்  indicates the start of 

identification). 

The operating point of the system was set to 1 V, the upper limit of the relay to 2 V, 

the lower limit to −8 V, and the hysteresis of the relay to 1 V. 

The controlled variable  𝑦 was filtered by a bandpass filter (24) with a Hanning win-

dow (26) of 8 points width. The manipulated variable  𝑢 was then filtered by a first-order 
recursive filter (27) with the filtering coefficient set to 0.5. 

The calculated parameters of the model transfer function (34) describing the behavior 

of the HAT model are given in Table 3. 

Table 3. Parameters of the model transfer function (34). 

Ex.  𝑲  𝒂𝟐  𝒂𝟏  𝝉𝒅  (s)  𝝃𝟎  𝝎𝟎  (rad/s) 

M1  1.420  7.458  5.978  0.008  1.095  0.366 

M2  1.266  6.739  5.161  0.022  0.994  0.385 

The  frequencies of  the steady-state oscillations 𝜔ଵ  and 𝜔ଶ  and  in relay  identifica-

tion, the coordinates of the points on the Nyquist curve are given in Table 4. 

Table 4. Points on the Nyquist curve. 

Ex.  ω1 (rad/s)  MRe (ω1)  MIm (ω1)  ω2 (rad/s)  MRe (ω2)  MIm (ω2) 

M1  0.284  0.186  −0.771  0.567  −0.158  −0.362 

M2  0.281  0.068  −0.718  0.561  −0.124  −0.375 

The graphical comparison of the relay identification result with the HAT model can 

be seen from the graphical dependencies in Figures 12 and 13. The static sensitivity error 

𝐾  is equal to 7.1% in the case of experiment M1 and 4.5% in the case of experiment M2. 

The identification accuracy is greatly affected by the noisy signal and filtering. Consider-

ing these effects, it can be concluded that the accuracy of the identification of the system 

parameters is sufficient. The PID controller is inherently robust enough to cope with this 

inaccuracy. 

tSTART 

Figure 11. Experiment M2 of identification and automatic adjustment (tSTART indicates the start
of identification).

The calculated parameters of the model transfer function (34) describing the behavior
of the HAT model are given in Table 3.

Table 3. Parameters of the model transfer function (34).

Ex. K a2 a1 τd (s) ξ0 ω0 (rad/s)

M1 1.420 7.458 5.978 0.008 1.095 0.366
M2 1.266 6.739 5.161 0.022 0.994 0.385

The frequencies of the steady-state oscillations ω1 and ω2 and in relay identification,
the coordinates of the points on the Nyquist curve are given in Table 4.

Table 4. Points on the Nyquist curve.

Ex. ω1 (rad/s) MRe (ω1) MIm (ω1) ω2 (rad/s) MRe (ω2) MIm (ω2)

M1 0.284 0.186 −0.771 0.567 −0.158 −0.362
M2 0.281 0.068 −0.718 0.561 −0.124 −0.375

The graphical comparison of the relay identification result with the HAT model can be
seen from the graphical dependencies in Figures 12 and 13. The static sensitivity error K is
equal to 7.1% in the case of experiment M1 and 4.5% in the case of experiment M2. The
identification accuracy is greatly affected by the noisy signal and filtering. Considering
these effects, it can be concluded that the accuracy of the identification of the system
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parameters is sufficient. The PID controller is inherently robust enough to cope with
this inaccuracy.
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4.4. PID Speed/Temperature Control of the HAT

Subsequently, the above PID controller adjustment algorithms were tested. The con-
troller parameters were calculated from the model transfer function (34) obtained by the
identification experiments M1 and M2. The control was tested with both the derivative
component on and off. To suppress unwanted voltage surges on the HAT action element,
the weights b and c of the controller were set to zero. The filters were set to the same values
as in the identification. The size of the sampling period was also identical.
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4.4.1. Control without Derivative Action (PI-Control)

(a) Marchetti–Scali (Table 5)

Table 5. PI controller adjustment by the Marchetti–Scali method depending on the selected value λ.

Ex.
λ

2.5 5.0 7.5 10.0 12.5

M1
KC 0.842 0.421 0.281 0.211 0.169

TI (s) 5.982

M2
KC 0.814 0.408 0.272 0.204 0.163

TI (s) 5.172

(b) Schaedel (Table 6)

Table 6. Adjustment of the PI controller by the Schaedel method.

Ex. M1 M2

KC 1.130 0.921
TI (s) 4.563 3.627

4.4.2. Control with Derivative (PID-Control)

(a) Marchetti–Scali (Table 7)

Table 7. PID controller adjustment by the Marchetti–Scali method depending on the chosen λ.

Ex.
λ

2.5 5.0 7.5 10.0 12.5

M1

KC 0.842 0.421 0.281 0.211 0.169

TI (s) 5.982

TD (s) 1.251

M2

KC 0.814 0.408 0.272 0.204 0.163

TI (s) 5.172

TD (s) 1.313

(b) Vítečková (Table 8)

Table 8. Adjustment of the PID controller by Vítečková method depending on the chosen value λ.

Ex.
Tw (s)

5.0 10.0 15.0 20.0 25.0

M1

KC 0.840 0.420 0.280 0.210 0.168

TI (s) 5.968

TD (s) 1.245

M2

KC 0.813 0.407 0.271 0.203 0.163

TI (s) 5.151

TD (s) 1.303

All the above methods of controller parameter tuning are sufficiently applicable to
calculate the PID controller parameters in interaction with the HAT model. From the
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graphical dependencies, it can be seen that both the controller with and without derivative
components can be used for control. However, in the case of the PID controller, problems
sometimes arise with fluctuations in the controller’s manipulated variable due to noise in
the controlled variable. For this reason, it is often more suitable to use a controller without
a derivative for control to protect the action elements.

Integral error criteria, i.e., integral absolute error (IAE), integral square error (ISE),
integral time absolute error (ITAE) and integral time square error (ITSE) were used to
compare the quality of control for each variant of controller parameter tuning. The integrals
were calculated over a measured data interval from 147.5 to 246.5 s (see Figures 14–20). The
criteria are summarized in the following Tables 9 and 10.
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𝑇ௐ ൌ 15 s  9.90 × 101  3.08 × 102  1.78 × 103  2.53 × 103 

𝑇ௐ ൌ 20 s  1.16 × 102  3.33 × 102  2.49 × 103  3.38 × 103 

𝑇ௐ ൌ 25 s  1.32 × 102  4.18 × 102  2.85 × 103  4.74 × 103 

   

Figure 20. The course of the controlled variable y and the manipulated variable u when controlling
the HAT with a digital PID controller adjusted by the Vítečková method from the model obtained by
experiment M2 depending on the selected value of Tw.

Table 9. Comparison of controllers using integral error criteria: integral absolute error (IAE), integral
square error (ISE), integral time absolute error (ITAE), integral time square error (ITSE).

Tuning Method Experiment M1

Method Param. IAE ISE ITAE ITSE

PI control
Marchetti–Scali

λ = 2.5 5.70 × 101 1.58 × 102 9.01 × 102 7.42 × 102

λ = 5.0 7.99 × 101 2.46 × 102 1.29 × 103 1.66 × 103

λ = 7.5 1.05 × 102 3.24 × 102 1.94 × 103 2.87 × 103

λ = 10.0 1.02 × 102 3.21 × 102 1.88 × 103 2.76 × 103

λ = 12.5 1.21 × 102 3.69 × 102 2.34 × 103 4.14 × 103

PI control
Schaedel - 4.41 × 101 1.29 × 102 7.66 × 102 4.98 × 102

PID control
Marchetti–Scali

λ = 2.5 6.52 × 101 1.74 × 102 1.30 × 103 1.03 × 103

λ = 5.0 9.60 × 101 2.65 × 102 2.20 × 103 2.35 × 103

λ = 7.5 1.09 × 102 3.27 × 102 2.34 × 103 2.85 × 103

λ = 10.0 1.22 × 102 3.45 × 102 2.90 × 103 3.74 × 103

λ = 12.5 1.35 × 102 4.15 × 102 2.93 × 103 4.87 × 103

PID control
Vítečková

TW = 5 s 5.85 × 101 1.76 × 102 8.01 × 102 8.94 × 102

TW = 10 s 9.10 × 101 2.75 × 102 1.89 × 103 2.27 × 103

TW = 15 s 9.90 × 101 3.08 × 102 1.78 × 103 2.53 × 103

TW = 20 s 1.16 × 102 3.33 × 102 2.49 × 103 3.38 × 103

TW = 25 s 1.32 × 102 4.18 × 102 2.85 × 103 4.74 × 103
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Table 10. Comparison of controllers using integral error criteria: integral absolute error (IAE), integral
square error (ISE), integral time absolute error (ITAE), integral time square error (ITSE).

Tuning Method Experiment M2

Method Param. IAE ISE ITAE ITSE

PI control
Marchetti–Scali

λ = 2.5 5.79 × 101 1.69 × 102 1.01 × 103 8.35 × 102

λ = 5.0 7.08 × 101 2.24 × 102 1.17 × 103 1.36 × 103

λ = 7.5 9.36 × 101 2.79 × 102 1.91 × 103 2.22 × 103

λ = 10.0 1.04 × 102 3.13 × 102 2.08 × 103 2.82 × 103

λ = 12.5 1.20 × 102 3.72 × 102 2.43 × 103 3.83 × 103

PI control
Schaedel - 4.14 × 101 1.24 × 102 6.20 × 102 4.21 × 102

PID control
Marchetti–Scali

λ = 2.5 5.70 × 101 1.71 × 102 9.86 × 102 8.09 × 102

λ = 5.0 7.10 × 101 2.14 × 102 1.27 × 103 1.25 × 103

λ = 7.5 8.67 × 101 2.76 × 102 1.38 × 103 1.96 × 103

λ = 10.0 9.78 × 101 3.29 × 102 1.58 × 103 2.69 × 103

λ = 12.5 1.12 × 102 3.57 × 102 1.99 × 103 3.51 × 103

PID control
Vítečková

TW = 5 s 5.54 × 101 1.61 × 102 9.36 × 102 7.51 × 102

TW = 10 s 7.50 × 101 2.13 × 102 1.46 × 103 1.47 × 103

TW = 15 s 8.64 × 101 2.48 × 102 1.79 × 103 2.03 × 103

TW = 20 s 9.88 × 101 3.22 × 102 1.74 × 103 2.79 × 103

TW = 25 s 1.22 × 102 3.88 × 102 2.55 × 103 3.89 × 103

As a matter of interest, the gain margin (GM) and the phase margin (PM) of the control
circuit were also calculated (see Tables 11 and 12).

Table 11. Comparison of the gain margin (GM) and the phase margin (GP) between control circuits
tuned by various methods. ωGM, ωPM are their respective gain and phase crossover frequencies.

Tuning Method Experiment M1

Method Param. GM
(dB) ωGM (rad/s) PM

(rad)
ωPM

(rad/s)

PI control
Marchetti–Scali

λ = 2.5 53.890 8.890 0.666 0.235

λ = 5.0 59.910 8.890 0.541 0.148

λ = 7.5 63.422 8.890 0.462 0.116

λ = 10.0 65.910 8.890 0.409 0.098

λ = 12.5 67.838 8.890 0.370 0.087

PI control
Schaedel - 50.588 8.515 0.583 0.308

PID control
Marchetti–Scali

λ = 2.5 59.816 196.350 0.840 0.216

λ = 5.0 65.837 196.350 0.603 0.140

λ = 7.5 69.348 196.350 0.495 0.112

λ = 10.0 71.837 196.350 0.430 0.095

λ = 12.5 73.764 196.350 0.385 0.085



Mathematics 2023, 11, 4548 21 of 24

Table 11. Cont.

Tuning Method Experiment M1

Method Param. GM
(dB) ωGM (rad/s) PM

(rad)
ωPM

(rad/s)

PID control
Vítečková

TW = 5 s 59.878 196.350 0.837 0.216

TW = 10 s 65.899 196.350 0.601 0.140

TW = 15 s 69.421 196.350 0.493 0.112

TW = 20 s 71.920 196.350 0.428 0.095

TW = 25 s 73.858 196.350 0.384 0.085

Table 12. Comparison of the gain margin (GM) and the phase margin (GP) between control circuits
tuned by various methods. ωGM, ωPM are their respective gain and phase crossover frequencies.

Tuning Method Experiment M2

Method Param. GM
(dB) ωGM (rad/s) PM

(rad)
ωPM

(rad/s)

PI control
Marchetti–Scali

λ = 2.5 44.623 5.076 0.586 0.243

λ = 5.0 50.622 5.076 0.475 0.156

λ = 7.5 54.144 5.076 0.404 0.123

λ = 10.0 56.643 5.076 0.357 0.104

λ = 12.5 58.591 5.076 0.323 0.092

PI control
Schaedel - 42.181 4.689 0.443 0.291

PID control
Marchetti–Scali

λ = 2.5 51.020 71.402 0.758 0.222

λ = 5.0 57.019 71.402 0.536 0.147

λ = 7.5 60.541 71.402 0.438 0.118

λ = 10.0 63.040 71.402 0.379 0.101

λ = 12.5 64.989 71.402 0.340 0.090

PID control
Vítečková

TW = 5 s 51.097 71.399 0.754 0.222

TW = 10 s 57.107 71.399 0.534 0.148

TW = 15 s 60.639 71.399 0.435 0.118

TW = 20 s 63.149 71.399 0.377 0.101

TW = 25 s 65.055 71.399 0.337 0.090

5. Conclusions

Our intention was to develop a controller that is safe, reliable, and easy to implement
in operation without the need for skilled personnel to set up and adjust it correctly. For
this reason, all controller parameters are preset. However, the possibility of selecting their
values has been retained. After connection to the system, the user only needs to adjust the
relay parameters or change the operating point for identification purposes.

As for the default settings, the relay hysteresis is preset to 0.5 V, the upper limit to 4 V,
and the lower limit to −2 V. The operating point is then set to 0 V.

The controller’s analog inputs are bandpass filtered by default with a Hanning window
width L equal to 8 points. The analog outputs are then filtered by a first order filter with a
filter coefficient of 0.5. These presets are based on experimental verifications. The filtering
is thus sufficient to detect the passage of signals through zero and with minimal effect on
the accuracy of the system identification. It is not necessary to change these parameters.
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It is then important to set the controller parameters appropriately. The proposed con-
troller can be used for control of oscillating and non-oscillating proportional or integrating
systems, including systems with transport delays described by model (6) or (13). It is
sufficiently experimentally verified on proportional systems. Verification of the control of
integrating systems is in progress. For this reason, only experiments from proportional
systems are reported in this paper.

The default controller is the PI controller. The adjustment is then completed using the
Shaedel method. In this method, no selection is needed. If it is necessary to influence the
dynamics of the control process, the Marchetti–Scali method should be used. However, this
requires the selection of the parameter λ.

In the case of the PID controller, the Marchetti–Scali method or the Vítečková method
can be used. Both allow the dynamics of the control process to be influenced. It is necessary
to choose the value of the parameter λ, κ or Tw. In the Vítečková method, a small transport
delay τd results in a large controller gain Kc. The control works, but the manipulated
variable uSAT oscillates considerably. For this reason, the threshold for deciding whether to
allow for the traffic delay was set to 0.2.

Otherwise, the quality of adjustment is similar for both methods.
The weights of b and c of the controller (17) are zero by default. The sampling period

Ts is then 0.01 s.
Practical use is also determined by the time required for identification. Its magnitude

is determined by the time required for settling at the operating point, with three to five
steady-state oscillations of the system during relay control, and the time necessary to
calculate the model parameters. The computation time depends on the microcontroller
used. In our case, it is around one second.

Relay methods are generally used in self-tuning controllers, where after the controller
connection, the system identification is performed. The controller parameters are then
calculated. During PID control, the controller parameters are not recalculated as in the case
of controllers with continuous identification, where the system is continuously identified
during the control process. In these types of controllers, due to external influences, calcu-
lation instabilities and convergence problems may occur. The result can be inappropriate
or completely erroneous setting of PID controller parameters. It can have a significant
negative impact on the controlled system. With the relay shifting method, this problem is
reduced. If the model (6) can describe the behavior of the system at the selected operating
point and if the oscillations are steady during the identification process under relay control,
then the calculation will determine the model parameters. If an error still occurs during
identification, or the system parameters change significantly during PID control, then the
auto-tuning function can be restarted. It is also necessary to mention that the relay shifting
method is very advantageous from an economic and primarily environmental point of
view. It is not as computationally intensive as other identification methods. Thus, a cheaper
microcontroller with a lower clock frequency can be used for its implementation. The
lower frequency is associated with lower power consumption and also with a lower carbon
footprint left behind.

This article contains the necessary equations for relay identification of proportional
and integrating systems.

The relay shifting method was tested on proportional and integrating systems. An
example of identifying an integrating system is given in [21]. The usability was successfully
tested by simulation.

The algorithms for integrating processes were subsequently implemented on our
K-HM22 controller. In this case, the parameters of the PID controller are calculated using
the Kuwat method [3]. Tests on laboratory models are currently underway. After their
completion, the results of the relay identification of integrating systems will be published.
Future work on the controller will focus on testing the control of integrating systems and
improving the existing controller software.
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