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Abstract: This paper formulates and analyzes two mathematical models that describe the within-host
dynamics of human immunodeficiency virus type 1 (HIV-1) with impairment of both cytotoxic T
lymphocytes (CTLs) and B cells. Both viral transmission (VT) and cellular infection (CT) mechanisms
are considered. The second model is a generalization of the first model that includes distributed
time delays. For the two models, we establish the non-negativity and boundedness of the solutions,
find the basic reproductive numbers, determine all possible steady states and establish the global
asymptotic stability properties of all steady states by means of the Lyapunov method. We confirm the
theoretical results by conducting numerical simulations. We conduct a sensitivity analysis to show
the effect of the values of the parameters on the basic reproductive number. We discuss the results,
showing that impaired B cells and CTLs, time delay and latent CT have significant effects on the
HIV-1 dynamics.
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1. Introduction

Human immunodeficiency virus type 1 (HIV-1), which attacks the immune system,
is one of the most dangerous viruses that infect the human body and may lead to death.
CD4™T cells are the main target of HIV-1. When the concentration of these cells reaches
less than 200 cells/mm?, the infected person is classified as an acquired immune deficiency
syndrome (AIDS) patient [1]. AIDS is the most advanced stage of the disease. When
the immune system weakens as a result of infection with this virus, the patient becomes
vulnerable to opportunistic diseases such as tuberculosis, infections and some types of
cancer. HIV-1 remains a major global public health problem. World Health Organization
reported that at the end of 2022, there were about 39 million people living with HIV-1 in
the world [2]. The adaptive immune response has an effective role in resisting and fighting
viruses that attack the human body. Adaptive immune response depends on two basic
components: cytotoxic T lymphocytes (CTLs) and B cells. CTLs kill HIV-1-infected cells,
while B cells produce antibodies to neutralize the HIV-1 particles. The cost of experiments to
evaluate the interactions between viruses, target cells and immune cells is high. Therefore,
mathematical modeling of viral infections is an essential way to obtain deep knowledge
of the dynamics of infections caused by viruses within a host. Nowak and Bangham [3]
formulated the basic HIV-1 infection model that is considered a solid foundation for deep
knowledge of the interactions of free HIV-1 particles (P) with healthy CD4*T cells (M),
which cause the appearance of infected CD4 7T cells (W). This model was extended to
include the effect of the CTLs (G) (see, e.g., [4-10]) and B cells (U) (see, e.g., [11-18]).
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Wodarz [19] developed a virus dynamics model under the effect of both CTL and B-cell
responses as:

dM(t
Healthy CD4™ T cells: M) _ u — yuM(t) —  YM(tH)P(t) (1)
Production of healthy cells  Natural death  Infectious transmission
W(t
Actively infected cells: AW (t) = YM(t)P(t) — nwW(t) — TG(HW(¥) , 2)
dt —_———— —— ——
Infectious transmission ~ Natural death  Killing of actively infected cells
P
Free HIV-1 particles: dp(t) = OW(t) — nypP(t) —  BU()P(t) , ©)]
dt N—— ——" ———
Burstsize  Natural death  Neutralization of HIV-1
crs: S _ awine - nec(r) @
dt ——— ~——
CTLs stimulation ~ Natural death
Bcells: Y4 apyuee) — quu) 5)
dt —— ——

B-cell stimulation  Natural death

where M(t), W(t), P(t), G(t) and U(t) are the concentrations of healthy CD4*T cells,
actively infected cells, free HIV-1 particles, CTLs and B cells, respectively, at time t.
Models (1)-(5) were developed in many works (see, e.g., [20-23]).

Models (1)—(5) assume that the infection occurs via a viral transmission (VT) mode.
However, several researchers have reported that HIV-1 can be directly transferred from
an infected CD47T cell to a healthy CD4*T cell through the formation of virological
synapses [24]. Cellular transmission (CT) mode has a considerable impact on HIV-1
replication when compared with the VT mode: up to 100-1000 times faster [25].

Virus dynamics models with CT were developed in several works by including (i) B
cells [26-28], (ii) CTLs [29,30], and (iii) both B-cells and CTLs [31-33]. In these papers,
it was assumed that the CT is only due to the actively infected cells. However, it was
reported in [34,35] that latently infected cells can also infect healthy CD4" T cells through a
CT mechanism. In [36], models (1)-(5) were extended by including latently infected cells
and considering that latently and actively infected cells share a mode of CT :

dAﬁf D = M) — M) — g M(ON() — gsM(EW(E), ©)
@%Q=%M@H0+wMMNm+%MMW®*W+w%W% @
W — o (e) — W (1) — TGO W (), ®)
PP ow () — op(e) - pu(t)P(r), ©)
W) — w6 - a6, {10)
d%’*) — aP(HU(E) — puU(t), (11)

where N(t) is the concentration of latently infected cells at time ¢. Latently infected cells
are activated at a rate of ON and die at a rate of 17y N. Healthy CD4 " T cells become infected
when they are contacted by HIV-1, latently infected cells and actively infected cells at rates
of 1 MP, o MW and s MW, respectively.

Models (1)-(5) and (6)-(11) assume that the existence of viruses and infected cells may
stimulate the adaptive immune response and ignore the possibility that they could cause
immune suppression, which is known as immunity impairment. It was reported in [37]
that HIV-1 can cause impairment in immune response. Several virus dynamics models
have been formulated taking into account CTL impairment (see, e.g., [38—46]) or B-cell
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impairment (see, e.g., [47-50]). However, modeling the virus dynamics with impairment of
both CTLs and B cells has not been studied before.

The objective of this work is to present two within-host HIV-1 models with a CT
mechanism considering the impairment of both CTLs and B cells. Latently and actively
infected cells share a CT mode. The second model incorporates three distinct distributed
delays. For each model, we establish the non-negativity and boundedness of solutions,
calculate the basic reproductive number, find the model’s steady states, investigate the
global stability aspects of steady states, illustrate the theoretical outcomes via numerical
simulation and discuss the reported results.

2. HIV-1 Model with Impaired B-Cell and CTL Functions
2.1. Model Description
We present an HIV-1 dynamics model with impaired B-cell and CTL functions by

assuming that healthy CD4" T cells become infected when they are contacted by HIV-1
particles or latently or actively infected cells. We propose the following model:

WO g () — pMEP() — MEON(E) — pMEOWE)
dNTEO = Y1 M()P(t) + P M()N(t) + psM(EW(t) — (0 + nn)N(8),
dv;]f D oN(t) — qwW(t) — TG(HW(),
(12)
d%t) — OW(E) — npP(t) — BU(H)P(E),
O () - neGe) - SGOW(E),
dléiit) = aP(t) — nuU(t) — kU (t)P(t),

where the terms §GW and «UP represent the CTL and B-cell impairment rates, respectively.
All the parameters are positive.

2.2. Model Analysis
2.2.1. Properties of Solutions

Lemma 1. For system (12), there exists a positively invariant compact set:

Q={(M,N,W,P,G,U) € R%;:0 < M(t),N(t), W(t) < A1,0 < P(t) < Ay,
0<G(t) < A3,0 < U(H) < Ay}

The proof of Lemma 1 is given in Appendix A.

2.2.2. Reproductive Number and Steady States

Lemma 2. There exists a basic reproductive number (Ry = MO(%?{?P;?AJJZ%T%§%9W )) for sys-

tem (12) such that

(i)  The system always has an infection-free steady state (Qo); and
(i) IfRo > 1, the system also has an infected steady state (Q1).

The proof of Lemma 2 is given in Appendix A.

2.2.3. Stability of Steady States Qp and Q;

Theorem 1. If Ry < 1, then the infection-free steady state (Qq) of system (12) is locally asymptot-
ically stable (L.A.S).

The proof of Theorem 1 is given in Appendix A.
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In the next theorems, we prove the global stability of steady states. Let a function
(IT) be defined as IT : (0,00) — [0,00), I1(z) = z—1—1In(z) and (M,N,W,P,G,U) =
(M(t),N(t),W(t), P(t),G(t), U(t)). Consider a function (®;(M, N, W, P,G,U)) and let <I>;

be the largest invariant subset of ®; = {(M, N,W,P,G,U): dd®i = 0}, i=0,1.

f
Theorem 2. For system (12), if Ko < 1, then Qg is globally asymptotically stable (G.A.S).
Theorem 3. For system (12), if g > 1, then Qq is G.A.S.

The proof of Theorems 2 and 3 are given in Appendix A.

2.3. Comparison of Results

To show the importance of including the latent CT mechanism in our proposed models,
we consider model (12) under the effect of three types of antiviral drug therapy as:

d%w = 4 —gmM(t) — (1= £)p1 M(E)P(t) — (1 — &) M(H)N(t)
—(1— L)y M(HW (D),
””Zit(t) = (1— )1 M(£)P(t) + (1 — L) paM(t)N(t)
+(1 = £3)psM(H)W(t) — (8 + n)N(),
dVZtU) = ON(t) — qwW(t) — TG()W(1), -
‘“;7?) — OW(E) — pP(t) — BU(H)P(E),
WU — W) - ne6(e) - 26w (),
aUW) - p() — gui(t) — xU(HP(E),

where (1 € [0,1] is the efficacy of antiviral therapy in blocking VT. Moreover, ¢, € [0,1] and
03 € [0,1] are the efficacies of therapy in blocking latent CT and active CT, respectively [51].
The basic reproductive number of system (13) is:

(1 — £1)M01991p1 (1 — Ez)Molpz (1 — 63)M091[J3
npyw (0 +17n) 0 +1n nw (0 +1n)

We assume that ¢ = /1 = ¢, = {3 and obtain:

M01991/J1 M(ﬂ,bz M()Gt/)g

RG=(1-2¢
0= )WPWW(9+77N) O+nn  nw(@+nN)

= (1—0O)Ry.

Now, we calculate the drug efficacy (¢) that makes §Ré < 1 and stabilizes Qg of system (13) as:

1 zézzmm:max{m—l}. (14)
Ro
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When we ignore the latent CT mechanism in model (13), we obtain

dﬂ;fff) =1 —guM(t) — (1 = Oy M(B)P(t) — (1 — O)psM(HW(1),
dlZEt) = (1= 0P M(HP(t) + (1 — O)psM(H)W(E) — (6 + NN (t),
dvzt(t) = ON(t) — qwW(t) — TG(HW(1),

(15)
ap(t)  _ OW(t) —npP(t) — BU(t)P(t),

dt
digt) = yW(t) —ncG(t) —dG(W(t),
dtgt) = aP(t) —nuU(t) — xU(t)P(t),

and the basic reproductive number of model (15) is given by

- Mo96y, n Moy

0 —(1_
Ro= =0 @) @) - - R,

We determine the drug efficacy (£) that makes 5% <1 and stabilizes Qg of system (15) as:

1 zzzzmmzmax{o,l—}}. (16)
o

Clearly, 3?%0 < ¥y; then, comparing Equations (14) and (16), we obtain @min < Prin. There-
fore, applying drugs with efficacies (¢) such that /iin < £ < liin guarantees that E)A%g <1
Then, the Qp of system (15) is G.A.S; however, §R€ > 1, and the Q of system (13) is unstable.
Consequently, the drug therapies designed using a model that does not consider the latent
CT mechanism may be inaccurate or insufficient to eradicate the viruses from the body.
Therefore, our proposed models are more relevant in describing the HIV-1 dynamics than

the models presented in [44,45,49,50].

3. Model with Distributed Time Delays
3.1. Model Description

Now, we extend system (12) by incorporating three distributed time delays as:

d]\;[ft) = 5 — yuM(t) — 1 M(H)P(t) — paM(E)N(t) — psM(HW(E),
diit) = Jo' h1(v)e P M(t — v) (1 P(t — v) + $2N(t — v)
+aW(t = v))dv — (0 + )N (),
dvgf = [ ()Nt - v)do - e W(E) — TGHW(E), (17)
dl;gt) =0 [ h3(v)e MW (t — v)dv — ypP(t) — BU(t)P(t),
dfzgt) = YW (1) = 6G (1) = 6G(HW(1),
WO () = puu(t) - xu(p()

where the probability that healthy CD4 1T cells will survive v time units after being con-
tacted by HIV-1 particles or infected cells at time t — v and become latently infected cells at
time t is demonstrated by /1 (v)e 1. The term h,(v)e %2? is the probability that latently
infected cells will become actively infected cells at time f after surviving v time units.
Moreover, the factor i3(v)e %3V represents the probability of new HIV-1 particles becoming
mature at time ¢ after surviving v time units, where k;, i = 1,2, 3 are positive constants. v is
the delay parameter taken from a probability distribution function (k;(v)) over the time
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interval ([0, ], i = 1,2,3 where g; is the limit superior of the delay period). Function ;(v),
i = 1,2,3 satisfies the following conditions:

hi(v) >0, [; hi(v)dv=1, and [y hj(v)e 1"dv < co, where g > 0.

Let H;(v) = hj(v)e™ " and H; = [ H;(v)dv, i = 1,2,3. Therefore, 0 < H; < 1,i =1,2,3.
The initial conditions of system (17) are:

M(r) = a(r), N(r)=ax(r), W(r)=as(r),
P(r) = a4(r), G(r) =as(r), U(r) =ae(r) (18)
aj(r) >0, j=12,.,6, re[—o0], 0 = max{01,02,03},

where a;(r) € C([—¢,0],R>0),j =1,2,..,6 and C = C([—g,0],R>) is the Banach space of
i i sup ]a] ] )| for alla; € C. Therefore, system (17),
—es
with initial conditions (18), has a unique solutlon achieved using the standard theory of
functional differential equations [52,53]. Other variables and parameters have definitions
similar to those demonstrated in Section 2.

3.2. Model Analysis
3.2.1. Basic Properties of Solutions

Lemma 3. For system (17) with initial conditions (18), there exists a positively invariant compact
set (Q)),

= {(MrNrW,P/ G, U) € Co: M| < Ay, N < Ay,

W < A, IGH)] < As, [P(DI] < Ay, [U(D)] < As ).

The proof of Lemma 3 is given in Appendix A.

3.2.2. Reproduction Number and Steady States

_ HiMo(Hp0(Hsp19+317p) +1P277P77w ) for

Lemma 4. There exists a basic reproductive number (R
np1iw (0+1N)

system (17) such that:

(i) The system always has an infection-free steady state (Q); and
(ii) IfRo > 1, the system also has an infected steady state (Q1).

The proof of Lemma 4 is given in Appendix A.

3.2.3. Stability of Steady States Qy and Q;

Here, we investigate the global stability aspects of steady states. Consider a function
(@;(M,N, W, P,G,U)),and let ; be the largest invariant subset of &; = {(M, N, W, P, G, U)

O —0},i=0,1.

Theorem 4. For system (17), if Ro < 1, then Qo is G.A.S and unstable when Ro > 1.
Theorem 5. For system (17), if?fio > 1, then Q; is G.A.S.

The proof of Theorems 4 and 5 are given in Appendix A.

3.3. Numerical Simulation for Model (12)
3.3.1. Effectof ¢;,i = 1,2,3, 6 and x on Stability of Steady States

Here, we solve system (12) numerically with the parameter values given in Table 1.
To establish the stability of steady states for system (12), we select three different initial
conditions as given below:
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1.C.1: (M(0), N(0), W(0), P(0), G(0), U(0)) = (800,4,2,1,0.3,0.04),
1.C.2: (M(0),N(0), W(0), P(0), G(0), U(0)) = (740,5,1.6,1.5,0.2,0.06),
1.C.3: (M(0), N(0), W(0), P(0), G(0), U(0)) = (700,6.5,1,2,0.1,0.08).

Table 1. Parameters of model (12).

Parameter Value Reference Parameter Value Reference

U 10 [54] 9 2.6 [55]
M 0.01 [54] np 24 [55]
i varied - B 0.06 [56]
{12 varied - 01 0.025 [41]
P3 varied - e 0.2 [41]
0 0.2 [54] 1) varied -

N 0.17 [54] o 0.01 [54]
nw 0.8 [41] nu 0.3 [54]
T 0.04 [41] K varied -

We consider two cases:

Stability of Q,. We let ¢, = 0.0003, ¢, = 0.0002, ¢»3 = 0.0001, 6 = 0.001 and x = 0.001.
This yields Ry = 0.8277 < 1. Figure 1 shows that the trajectories of the solution starting
with I.C.1-1.C.3 end up in the steady state (Qp = (1000,0,0,0,0,0)). In fact, this shows that
Qo is G.A.S based on Theorem 2. This case means that the infection will die out.

1000

950

9200

= 850

800

0 200 400 600 800
t

(a) Healthy CD4™T cells

—I1.C.1
-=--LC.2

[} 10 20 30 40 50 60
t

(c) Actively infected cells

0.3
—1LC1
---LC2|]
L N 1.C.3
02,
.
— .
S
S 015 A
P
0.1 '5‘,*'
N
0.05
0
0 10 20 30 40 50 60

t

(e) CTL cells

0 10 20 30 40 50 60
t

(b) Latently infected cells

—I1.C.1
-=--1LC.2

(] 10 20 30 40 50 60
t

(d) HIV-1 particles

0.08 3

0.07 1}

0.06 | %

0.05F
=1 0.04
0.03
0.02f

0.01

0 10 20 30 40 50 60
t

(f) B cells

Figure 1. The behavior of solution trajectories of system (12) in the case of Ry < 1.
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Stability of Q;. We let ¢; = 0.001, ¢ = 0.0001, 13 = 0.0005, 6 = 0.001 and x = 0.001.
With such a choice, we obtain g = 1.3401 > 1. Clearly, the steady state (Q7) exists when
Ro > 1 with Q1 = (752.915,6.678,1.653,1.788,0.205,0.059). Figure 2 demonstrates that
the numerical outcomes are in agreement with the result of Theorem 3, as the solutions of
system (12) end up at Q1 when Ry > 1 for I.C.1-1.C.3. This case indicates the persistence of
HIV-1 infection.

820

N(t)

200 400 600 800 [\ 200 400 600 800
t t

(a) Healthy CD4" T cells (b) Latently infected cells

2.4 2.5
—I1C.1

—I1C.1

0 200 400 600 800 0 200 400 600 800
t t

(c) Actively infected cells (d) HIV-1 particles

0.3 0.09
—ILC.1 p——t
e 0.08 ---1C2

0.07

S 0.06
0.05
1"-\.‘_,"5 0.04 \ j,
0.1 0.03
0 200 400 600 800 0 200 400 600 800
t t
(e) CTL cells (f) B-cells

Figure 2. The behavior of solution trajectories of system (12) in case of #y > 1.

3.3.2. Effect of Impaired CTLs and B-Cells

To study the effect of impaired CTLs and B cells, we fix the parameters at ¢; = 0.001,
P = 0.0001 and ¢3 = 0.0005 and vary parameters 6 and x. We consider the following
initial condition:

I.C.4: (M(0),N(0), W(0),P(0),G(0)) = (750,6.8,1.7,1.8,0.1,0.03).

We note from Table 2 that increases in ¢ and « lead to a reductions in the number of B
cells and CTL cells, which, in turn, emphasizes the high number of latently and actively
infected cells, as well as HIV-1 particles. Consequently, the number of healthy CD4" T cells
is decreased. Figure 3 shows that the impairment of immune response has no effect on the
stability criteria of the steady states because the 3y parameter is free of § and x.
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Table 2. Effect of the impairment parameters on the steady states.

J K Steady States
0, 0 Q1 = (752.967,6.677,1.652,1.787,0.207,0.06)
0.05, 0.06 Q1 = (751.051,6.728,1.67,1.807,0.147,0.044)
0.2, 04 Qq = (748.737,6.791,1.691,1.831, 0.079,0.018)
2.4, 1.2 Q1 = (746.589, 6.849,1.711,1.854,0.01,0.007)
756 7.1
——6=0, k=0 e 5=0.2, k=0.4 —— 520, k=0 e 5=0.2, k=04
—O0—6=0.05, £=0.06 --—-— 0=2.4, r=1.2]| L l"\ —O0—§=0.05, k=0.06 —-=-=* 8=2.4, m=1.2‘
754 7 \

200 400 600 800 1000
t
(a) Healthy CD4™T cells
176 N S S S — 5=0.2, =0.4
1741 —0—6=0.05, £=0.06 —-=-— 5=2.4, k=12
i
172
1.7q>/
S 168
=
1.66
1.64
1.62
1.6
200 400 600 800 1000
t
(c) Actively infected cells
025 —— 520, k=0 e 5=0.2, n=0.4
—0—6=0.05, £=0.06 === 5=2.4, =12
02 [\/
015 f— o — o—
g
0.1
0.05
0
0 100 200 300 400 500 600
t
(e) CTL cells

0 200 400 600 800 1000
t

(b) Latently infected cells

FIRY —_—0=0, k=0 e 8=0.2, k=0.4
] —0— §=0.05, £k=0.06 —-—-—- §=2.4, k=12

0 200 400 600 800 1000
t
(d) HIV-1 particles
0.07 ——06=0, k=0 e 6=0.2, x=0.4
—O— 6=0.05, K=0.06 === 5=2.4, k=12
0.06 f
0.05 (\/
o—1
0.04
0.03
0.02
0.01
0
0 100 200 300 400 500 600
t
(f) B cells

Figure 3. The behavior of solution trajectories of system (12) with different values of 6 and «.

3.4. Numerical Simulation for Model (17)

For numerical purposes, we select a specific form of the probability distributed func-

tions (h;(v), i =1,2,3) as follows:

hi(v) =y (U - Ui)/

v € [0,0i],

i=1,23,

where J,(.) is the Dirac delta function. As ¢; — oo, we obtain

/OOO hi(v)dv

Moreover,

o0
H; = / b8x(v — vj)e Fivdy = e~kivi,
0

1,

i=1,23.

i=1,2,3.
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Hence, we obtain

L e aM(E) — piM(DP() — g MOON(E) — s MO (),
diigt) = e MM (t — v1) (1 P(t — v1) + Yo N(t — vy)
+P3sW(t — 1)) — (0 4+ 5N)N(1),
d":i/ft) = 0 RN (t — v3) — qWwW(t) — TG(H)W(t), (19)
d%ﬂ — P KU W(t — v3) — ypP(t) — BU(H)P(H),
WU~ W) - n6G(e) - 06N (),
d%” = aP(t) — puU(t) — xU()P(E).

For system (19), the basic reproductive number is given as:

Mope 101 (96”‘2”2 (1p119@’k3”3 + 1/1317p) + 1P277P77W)

npnw (0 +1n) ' 20)

gze0(19) =

Impact of Time Delays on Stability of Steady States

Here, we study the effectiveness of delay values on the dynamics of system (19). To do
so, we select 1p; = 0.001, i, = 0.0001, 13 = 0.0005, § = 0.001, x = 0.001, k; = 0.1, kp = 0.2
and k3 = 0.3. The other parameters are taken from Table 1. Moreover, the delay parameters
(v;, i = 1,2,3) are varied. The dependence of 51?30(19) as presented in Equation (20), on the
values of v; causes a remarkable change in the stability of steady states as long as the v;
parameters are changed. Let us consider following delay values:

DV1: v; = 0.007, v; = 0.006, vz = 0.005.

DV2: vy = 0.08, vy = 0.07, v3 = 0.09.

DV3:v; =0.2,v; =04, v3 =0.5.

DV4: vy =04, v, =0.6,v3 =0.7.

DV5: vy = 0.5, v, =0.784, v3 = 0.8.

DVe: U1 = 0.9, Uy = 1.1, U3 = 1.2.

We solve system (19) under the following initial condition:

LC5: (M(r),N(r),W(r),P(r),G(r), U(r)) = (850,2,0.5,0.5,0.06,0.02), r € [—v,0],
v = max{vy, vy, U3 }.

In Table 3, we present the values of %O(]g)for selected values of v;,i = 1,2,3. We
observe that an increase in the v; parameters leads to a remarkable decrease in the values
of @0(19). The numerical solutions are shown in Figure 4. We find that increasing of time
delays increases the concentration of healthy CD4™ T cells and decreases the concentration
of other compartments.

Table 3. The variation of %0(19) with respect to ;.

Delay Parameters (v1, vz, v3) Steady States ﬂo(m)
0.007,0.006,0.005 (21(19) = (754.718, 6.625,1.638,1.769,0.203,0.059) 1.337
0.08,0.07,0.09 119) = (777.899,5.955,1.455,1.532,0.181,0.051) 1.296
0.2,04,0.5 ~Ql(lg> = (879.981,3.18,0.73,0.681,0.091,0.023) 1.141
0.4,0.6,0.7 Qi19) = (950.874,1.276,0.282,0.248,0.035,0.008) 1.053
0.5,0.784,0.8 QO(]()) = (1000,0,0,0,0,0) 1

09,1.1,1.2 Qo(19) = (1000,0,0,0,0,0) 0.869
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Figure 4. The influence of time delay parameters on the behavior of solution trajectories of system (19).

3.5. Sensitivity Analysis
3.5.1. Sensitivity Analysis for Model (12)

The main goal of a sensitivity analysis is to identify the variable that carries the greatest
risk. We apply partial derivatives to calculate the sensitivity index when variables vary
based on parameters. The normalized forward sensitivity index of R is expressed using

the following parameter:
N ofty

[\ mﬁo N
where N is a given parameter. We use Equation (21) to determine the sensitivity indices
for each parameter given in Ry based on the values listed in Table 1 with ¢ = 0.001,
Yo = 0.0001 and g3 = 0.0005. Table 4 and Figure 5 show the value of the sensitivity index of
Ro. It is evident that u, ¢, P2, 3, ¥ and 0 have positive index values. Consequently, there
is a correlation between increased in the values of these parameters and the endemicity
of the HIV-1 disease. The other indices are negative, which means that when the values
of 7y, np, yn and nw increase, the value of Ry decreases. Obviously, the most crucial
parameters in terms of sensitivity are y, ¢, and ¢, while ¢, 3 and 6 are the least crucial.
The parameters of CTL and B-cell responsiveness, v and «, respectively, have no effect
on Ry.

[1]

(21)
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Table 4. Sensitivity index of Ry for model (12).
Parameter N Value of ZEy Parameter N Value of Ey

U 1 9 0.546

M -1 0 0.258

{121 0.546 np —0.546

Un 0.202 N —0.459

3 0.252 nw —0.798

T

womu Y e s 9 0 mp oy nw

Forward sensitivity indices

1 1 1 1 1 1 1 1 1 1

Parameters

Figure 5. Forward sensitivity analysis of the #( parameters of system (12).

3.5.2. Sensitivity Analysis for Model (19)

We used Equation (21) with respect to @0(19) to determine the sensitivity indices for
each parameter in @0(19) based on the parameter values in Table 1 and the following values:
Y = 0.001, ¢ = 0.0001, ip3 = 0.0005, k; = 0.1, kp = 0.2, k3 = 0.3, v; = 0.2, v, = 0.4
and vz = 0.5. Table 5 and Figure 6 show the value of the sensitivity index of fﬁo(lg). Since 4,
Y1, P2, P3, ¥ and 6 have positive indices, an increase in these values results in an increase
in the endemicity of the HIV-1 disease. Increasing negative index values, i.e., 17p, 77N, §iw,
k1, ko, k3, v1, vy and v3, results in a decrease in the value of ﬁo(lg). We can see that y,
and ¢ are the most effective parameters, and ¢, 13 and 6 are the least effective.

Table 5. Sensitivity index of ﬁo(lg) of model (19).

Parameter N Value of Ey Parameter N Value of &y
U 1 1IN —0.459
M -1 nw —0.768
P 0.5 kq —0.02
) 0.232 ko —0.061
3 0.268 ks —0.075
[ 0.5 [ —0.02
0 0.227 ) —0.061

np —05 s —0.075
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Figure 6. Forward sensitivity analysis of the 9?0(]9) parameters of system (19).

4. Conclusions and Discussion

In this study, we developed two models to get insights into the effect of impaired
CTL and B-cell functions on HIV-1 dynamics. These models consist of six compartments:
healthy CD47"T cells, latently infected cells, actively infected cells, free HIV-1 particles,
CTLs and B cells. To be more realistic, we assumed that the healthy CD4"T cells became
infected by coming into contact with free HIV-1 particles, latently infected cells and actively
infected cells. In the second model, we included three distributed time delays to improve
precision. We showed that the solutions of the models are non-negative and bounded. We
found that the models have two steady states: an infection-free steady state (Q or Qo)
and an infected steady state (Q; or Q1). We calculated the basic reproductive numbers (R
or Rp) that control the existence of the two steady states and their global stability. The Ry
number (or f)) is based on three terms: the first is due to the VT mechanism, the second
is the effect of the latent CT mechanism and the third term is the influence of the active
CT mechanism. For each model, we built up Lyapunov functions and employed L.I.P to
examine the global asymptotic stability of the two steady states. We showed that if g <1
(or By < 1), then Qg (or Qp) is G.A.S, with the HIV-1 infection going extinct eventually.
From a control point of view, Ry < 1 (or ¢y < 1) can be achieved by designing a different
class of antiviral drug therapies. On the other hand, if %y > 1 (or o > 1), then Qp (or
Qo) is unstable, and Q; (or Q) is G.A.S; then, the HIV-1 infection is chronic. We executed
some numerical simulations to emphasize our theoretical outcomes. We determined that
the numerical results are in agreement with the theoretical results.

We discussed the effect of B-cell and CTL impairment, time delay and the latent
CT mechanism on the dynamics of HIV-1. We showed that weak adaptive immunity
significantly affects the progression of the disease. Furthermore, enlarging the delay period
can decrease the basic reproductive number (Ro) and inhibit HIV-1 replication. This
provides some insights for the development of a new class of HIV-1 treatment to prolong
the delay period. Furthermore, we found that ignoring the latent CT mechanism in the
HIV-1 dynamics model causes an underestimation of the basic reproductive number; thus,
the designed drug doses may be inaccurate or insufficient to clear the virus from the body.
This shows the importance of including the latent CT mechanism in our proposed models.
In addition, we conducted a sensitivity analysis to show how ¥y (or o) can be affected by
the values of all parameters of the proposed models given certain data.
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IM(t, @)

The main limitation of the present work is that we did not use real data to estimate
the values of the model’s parameters. In [57], virus concentration measurements were
obtained from the peripheral blood of ten patients collected at three labs. The authors used
the following 3D HIV-1 model:

) — e (e) — pMP(O) (22)
) — yma()p(e) — W ), 3)
d%t) — 9W(£) — npP(8), (24)

and estimated only four parameters: 1,1, ¢, 7w and . In [58], the model (22)—-(24) was fitted
to a clinical dataset to estimate the dynamic parameters in six HIV-1-infected individuals
administered antiretroviral treatment. The 1,1, i, 7w and N parameters were estimated,
where N = &/# is the number of new virions produced by each infected cell during
its lifetime. We note that the number of parameters to be estimated in our model (12) is
18. A minimum number of measurements is required to identify the model’s parameters
(see e.g., [58,59]). When only the virus can be measured, a large number of measurements
is needed to estimate the parameters of our model, which is a difficult task. Frequently,
only viral load data are available, and in this case, not all parameters can be identified
independently [57,58]. When identifying HIV-1 models, there are typically few data avail-
able [60]. A patient receiving effective therapy often has his or her viral load checked every
three to four months, which is too infrequent to capture the dynamic characteristics [60].
Ciupe et al. [61] used the data presented in [57] to estimate some of the model’s parameters.
We obtained more data than reported in [57]; however, these data may not be sufficient to
uniquely determine the 18 parameters of our model. Thus, the theoretical results obtained
in this paper need to be tested against empirical findings when real data become available.

Future Works
Model (17) can be improved by:

*  Modify the model by adding the diffusion of all compartments as:

- SMAM(L @) = —mM(t, @) — p1M(t, @) P(L @) — p2M(t, 9)N(t, 9),

ON(t, ¢)

ot

oW(t, ¢)

— PsM(t, @)W(t, @)
—GNAN(t @) = /OQ1 hy(v)e MPM(t — v, @) (1 P(t — v, @) + 2N(t — v, )
+psW(t —v, ¢))dv— (0 +nn)N(t, @),

Q2
— —owAW(t ) = 9/0 ha(v)e  N(t — v, )dv — nwW(t, @) — TG(t, @)W (¢, @),

ot
oP(t, )

ot
9G(t, 9)

ot
ou(t, ¢)

ot

— 6paP(t,g) = 8 [ ha(0)e W — 0, g)do — ypPlt,9) — BU(L 9)P(1, ),
—66AG(t 9) = YW(t, 9) — 116Gt ¢) = 6G(t, 9)W(t @),

—guAU(t, ) = aP(t, @) — nuU(t, ) — xU(t, @)P(t, ¢),

where ¢ is the position, A = aa? and ¢, is the diffusion coefficient of compartment u.

¢  Using real data to estimate the model’s parameters;
*  Considering the age structure in the infected cells;
*  Considering viral mutations.

These points will be left for future consideration.
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Appendix A
Proof of Lemma 1. To establish the non-negativity of solutions, according to system (12),
we have
M o= >0
d t M=0— ]’l 4
dN
— IN=0= $1MP + 3 MW > 0, for all M, P, W >0,
%2/ lw=0= 6N >0, forall N >0,
apP

=7 [p=0=108W >0, forall W >0,
%; lg=o= YW >0, forall W >0,
iTZ;[ |u=o=aP >0, forall P > 0.

Therefore, (M(t), N(t), W(t), P(t),G(t),U(t)) € Rgo for all t > 0 when (M(0), N(0), W(0),
P(0),G(0),U(0)) € RS To show the boundedness of all solutions, we let

T(t) = M(t) + N(t) + W(t) + 22 p(e) + TG (p) 4 TV py,

20 4y 40a
Then, we obtain
AT() _ dM(H) | AN() |, dW() | qw dP() | qw dG(E) |, nwire dU(H)
dt d " dt 20 dt 4y dr | 4ba  dt
= = M) = N () — () — 7+ B0 Y (oW - I pre) - PG G )
- (’gff + ”Zji”‘) u(e)p() — Ty )
< = maM(8) = puN () = W) = TEEE () - TG - PR ()
< - <p(M(t) N+ W(E) + TSP + LG + %’um) — 5 — 9T (1),
where ¢ = min{ny, 7N, ”TW, }771’, G, Mu }- Hence,
T(t) < e ¥ (T(O) - Z) + %
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This yields 0 < T(t) < A1 if T(0) < Ay, where A = % Since all state variables are
non-negative, then 0 < M(#), N(t), W(t) < A1, 0 < P(t) < Ay, 0 < G(f) < A3, and
0 < U(t) < Ay for all t > 0 if M(0) + N(0) + W(0) + %Yp(o) + WG 0) + %u(o) < Ay,

4y
where Ap = 219/\1, A3 = 4 and Ay = tﬂaé\l . Therefore, M(t),N(t),W(t),P(t), G(t) and U(¥)
w w WP

are all bounded. O

Proof of Lemma 2. It is clear that system (12) always has an infection-free steady state
(Qo = (M,0,0,0,0,0), where My = %). In the following, we apply the next-generation
M

matrix method proposed by Driessche and Watmough [62] to calculate the basic reproduc-
tive number of model (12). We define the terms of new infections, as well as the terms of
outflow, as follows:

1 MP + o MIN + ps MW . (0+nN)N
= 0 , M= —ON+nywW+1GW |[.
0 —0W 4 ypP 4 pUP
We calculate the derivative of ['; and A for steady state Qg as:
My P3Mo Y1 My 0+ 1IN 0 0
F1 = 0 0 0 ’ Al = -0 nw 0 .
0 0 0 0 % np

Then, we have

Mo (p180+4onpyw+¢30np)  Mo(Y190+¢3np)  $1Mo

_ 1np1w (0+1N) pw ip
A = 0 0 0
0 0 0

The basic reproductive number () is expressed as:

Mo (1196 + + 36

npw (0 +1N)

where
Moo, . Moy . Moby3

Caemw@+an) T 0N (@)
To find the other steady state, we consider the following equations:

o

0= 4 — M — 1 MP — Yo MN — s MW, (A2)
0 = 1 MP + o MN + ps MW — (68 + yN)N, (A3)
0=0N—ywW —tGW, (A4)
0 =9W —ypP — BUP, (A5)
0=9W —1nsG—46GW, (A6)
0 =aP —nyuU —xUP. (A7)

From Equations (A6) and (A7), we obtain

YW aP

g+ 6W nu + «P (A8)
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M= —
M

Substituting from Equation (A8) into Equation (A5), we get

_ npyuP + (17pK + aﬁ)Pz

1%
d(nuy + «P)

By substituting Equation (A9) into Equation (A8), we obtain

v (rpnuP + (ypr + ap)P?)
(7u + xP)(dn¢ + onpP) + adpP?’

By substituting Equations (A9) and (A10) into Equation (A4), we obtain

(npnuP + (px + ap)P?) ((qu + xP) (8ncnw + 1p(6nw + 77)P) + ap(nw + y7)P?)
00 (nu + «P) ((yu + xP)(9ng + onpP) + adpP?)

From Equations (A2) and (A3), we obtain

N =

u—nmM = (0+1nNn)N.

By substituting Equation (A11) into Equation (A12), we obtain

( . (6 +yn) (npnuP + (npx + aB)P?) ((qu + xP) (961w + p(dnw +¥7)P) + ap(dnw + 17)P?)

90(ju + kP)((u + kP) (3¢ + onpP) + adpP?)
Substituting Equations (A9), (A11) and (A13) into Equation (A3), we obtain

P(A7P7 + A6P6 + A5P5 + A4P4 + A3P3 + A2P2 + AP+ Ao)
8262 (nu + <P)* (i + xP) (956 + 6ypP) + a6pP2)?

where
Az = (0 +1N) (1w + 97) (17pK + aB)> (69x0y1 + 6 (wipa + 0p3) (pk + aB) + Y T2 (ypk + aB)),

As = (11p + aB)*(50nmK0(0 + nn) (61w + 7T) (1pK + )
— Yo (nw + yT) (169%60 — 2(0 + 1N ) (2npru (Onw +9T) + dxncyw)) (npk + «pB)

1o (—yﬁK@&z(K(ﬁl/q + 1ps) + aBs)

+ (0 + nn) (k (091 + npp3) (20w (20npru + OxkyG) + YT (40npiu + 9x1G))
+ aB(nw (20xn6Ys + Snu (01 + 4npys)) + yT(Okncs + dnu(d1 +4np3)))))),
As = (npx + aB) (1m00(0 + N ) (npx + aB) (26knw (26npny + Oknc) + kyT(46npny + 9x1G)

+oanuB(dnw + 1)) + 00y (—Zydﬂxe (1911G1<2 + onu (2ypx + zxﬁ))
+ (0 +1n) (3nprwe i (26K + aB) + Snu (49xnGw + 3pyuT) (26K + aB)

+ Oxnc (Snanwi? + 2vnuT(2nex + ap)) ) )

+ (npx + af) (W00 (—20x(20npny + Oxng) (Mwip2 + 03) — Y2 (40npny + dxnG)
— oanuB(60¢s + P2 (dnw + 7))

+ 0+ 1) (1w (wpa + 03) (6% nBarty + 0202 ) + 6B Pnfi ez
+ yuncT(2nwip2 4 0¢3) (4npx + ap) + 26y (3’W7uT'712v(2’7w1P2 +03)
+ Oncnw (w2 + 0s3) (4npx + ap))))),

Ay = 9m0(6 + 1) (7px + &) (377P77w5277%1(2’71ﬂ< +ap)

+ onu(48xicnw + 3pyiut) (2npk + aB) + g (ﬁﬂcnwxz + 2ynuT(2pK + vcl%)))

7

).

(A9)

(A10)

(Al1)

(A12)

(A13)

(Al14)
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+ (7px + ap) (Uu(9 +1N) (2’7W(77W1P2 + 6¢3) (252’7%177% + K8 (2npK + ‘Xﬁ))

+ 17P’Y77UT(4’777UT1/1277123 + 3016 (2nwipa + 03) (217px + 065))

+ 26np1u (ZWWUTW%QlePz +03) + 3061w (w2 + 04p3) (2n7pK + “/5)))

+ po0(=dnu(2npx + aB) (w2 + 03) (30yp1u + 48xnc) + 3npyiutys)

— 9K (ﬁﬁcKz(lePz +093) + 2ynu T2 (27pK + “ﬁ)) ))

+ 90¢, (—pu%) (19277%;1(4 + 260nuncr* (4npx + 3aB) + 0% (617p1<(17px +ap) + a2ﬁ2>)
+u O+ nw) (1wl (4o + 3ap)

+ opu (vnuTnh (4npx + 3aB) + 20ncnw (6npK (7K + ap) + 2% )

+ ¢ <1977G17W}€2(417PK +3ap) + ’YUuT(677PK(’7PK +ap) + “2:[32) ) ))’

Az = 1u (—14199 (UP52772u(21991P1(277PK + aB) +np(wip2 + 0¢p3) (4y7px + 3aB))
+onu (6”7691/)1 & (2pk + apB) + yTiuanp ek + 3ap)
+ 200G (1w + 0s) (61pK (g + aB) + 262 ) + 91 (4760187
+ 96K (w2 + 6y3) (47pK + 3aB) + YUty (6'7PK(77PK +ap) + “2[52) ))
+ (0 + 1) (92T i + v TnGHBnG (2nws + 09s) (4npk + 3ap)
+k0wng 8 (2npK(2nmK + 3iur) + 3ap (i + ur))
+uncy? (2K77123(3K?7c77w(17w4’2 + 03) + yT0(Bymx + 2nuypr)) + 2paBBxncnw (w2 + 6¢3)

+ YOG+ up)) + 6262 (gcnw (qwa + 09s) + nuyTo) )
+ by (b (nw gz + 09s) + 00 (qaa (41px + 3aB) + npyun))
+0nu (’Wﬁﬂﬁv (27w + 093) + dnunp (Snpryciw (Twa + 093) + 1py T8 (4i1mx + nur)
+ 3aB (2w (Twyz + 093) + 7y T0)) + 26Enw 9 (2707123(3’7MK +21ur)
+ 2pap(Bymx + ui) + e ) ) ),
Ay = 1y (—149 (527712?77121(9(19% +1p3) + 1pnwi2)
+ 916 (6’769411192’{2 + (27px + aB) (3016 (w2 + 0¢3) + 277P’V’7UT¢2))
+ dnu (’Wuﬂ/Jz’?% +407p1G (Twpa + 893) (211pK + ap) + 2760¢19” (4ipk + “ﬁ)))

+ 0+ 1) (0w 0 + mpnc 29k (90 (3naar + 2qu) + 20p1u (T + 03))

+ n1pynuT (90 (dnmx + nur) + npnu (w2 + 093)))
+ danc B(OncOnw (3nmx + nupr) + 2npnu(nenw (Twipa + 03) + nvy0T))

+ ey (nun%(chnw(lePz +0y3) + my0T) + 28160nw (21m (2npx + ap) + 17p17u¢1)) ))
Ay = ¥ (W (47(77(;91/)1192 +npnu (20(0(d1 + npy3) + npywip2) + npYTY:)
+0n6 (w2 + 03) (dypx +ap)) — (0 +1n) (’7u77123(2577M9’7w + (ncnw (w2 + 03) + npyTo))

+Oncnwb (1m(4npx + af) + 11pnur))),
Ao = nmnpOnwne® (0 + nn) (1 — Ro),
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where Ry is defined by Equation (A1). Equation (A14) provides two cases:

1. P =0, which yields the infection-free steady state (Qp).
2. P #0and A7P” + AgP® + AsP5 + AgP* + A3P3 + AyP? + AP + Ag = 0. Let ¥(P)
be a function on the interval [0, o), defined as:

Y (P) = A7P7 + AgP® + AsP® + A4P* 4 A3P3 + AyP? + AP + A.

We have ¥ (0) = npnp0nwn2 9%y, (0 + 7n) (1 — Ro) < 0 when R > 1 and I}im ¥ (P)
— 00

= oo. Then, ¥ has a real root (P;) that is positive. Substituting Equations (A9) and
(A11) into Equation (A2), we obtain

M; = £ ,
M+ 1P+ PNy + 3 W
where
Ny = PPyt et aB)Py) (Gu + <Py (967w + e (9w +40)P1) + ap(Ow +97)P1)
00 (nu + xP1) ((u + «xPy)(9nG + onpPr) + adpPy)
w, = MeuPit (e +ap)Py o v (rpuPy A (gpx+ aB)Pr) AL
l9(1’]u + KP]) ’ (Iju + KPl) (1977(; + 5T]pP1) + 0(5‘3131 ! nu +«P;

It is clear that an infected steady state (Q; = (M, Ny, Wy, P1, G, U;)) exists when
o > 1.
O

Proof of Theorem 1. The Jacobian matrix of system (12) is given by

—fm — 1P — o N — 3 W —rM —9p3M - M 0 0
lIJ1P+IIJ2N+lIJ3W l[)zM— (9+7]N) l/JgM l[JlM 0 0
B 0 6 —(nw + 7G) 0 —TW 0 AlS
/= 0 0 8 —(n7p + BU) 0 —BP (A15)
0 0 v —6G 0 — (116 + W) 0
0 0 0 o —xU 0 —(1u +«P)
In the infection-free steady state (Qp), the Jacobian matrix becomes
—1Mm —$2Mp My —p1My O 0
0 P Mo — (9 + 171\/) P3 My 1My 0 0
| o 0 —nw 0 0 o0
Joo = 0 0 8 —1p 0 0 (A16)
0 0 104 0 /[
0 0 0 o 0 —Hu

For matrix (A16), the characteristic equation (| Jo, — xI | = 0)is evaluated as (x + 1) (x + 1m)
(x 4+ )K(x) = 0, where x is the eigenvalue, I is the identity matrix,

K(x) = 2 + mpx® 4+ myx + my, (A17)
and

mo = npiw (0 +1n)(1 —Ro) >0,
my = npiw +1p(0 +17n) (1 — Roz) + 1w (0 +17n) (1 — (Roz + Roz)) > 0,
my = 1p + 1w + (0 +1n) (1 —Re2) >0,

o= 09,
™M

myniy —m + (mw + (0 +1n) (1 = Ro2)) (mp(np +nw) +1p(0 +1n) (1 — Ro2)

+rw (0 +7n) (1 — (Roz + Roz))) >0,

where Rg < 1. Clearly, Jo, has three negative eigenvalues: —#¢, —#» and —#y;. Moreover, the
Routh-Hurwitz conditions are satisfied for Equation (A17). Therefore, the infection-free steady state
(Qp)isL. ASwhen Ry <1. O
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Proof of Theorem 2. We define a Lyapunov function as:

Mo(8¢1 + 11py3) n $1Mo, N T™™o(8¢1 +1pYs) - 131P1Mo 2.
Twip 1p 2ynwnp 20<17p

M
Oy = MlI| — N
0 0 <Mo)+ -

Clearly, ®)(M,N,W,P,G,U) > 0 for all M, N,W,P,G,U > 0, and O has a global
minimum at Qg. We calculate % according to the solutions of model (12) as:

d®y _ (1 B Mo) dM  dN | Mo(0y1 +ypys) AW | 1Mo dP | TMo(9y1 +7pyps)G dG

dr dr U odt nwip dt np dt WP dt
By MoU dU
anp  dt

(1 - Ajcf) (b — MM — 1 MP — o MN — psMW) + p1 MP + o MN + s MW
— (0 )N + MO E0RYS) o W GW) + ‘Pljl\fo

w1 p
TMO(ﬂIPl + 77Pll'73) ('YW _ 7’]GG _ 5cw) + Mu(ap — Uuu — KUP)
Ww’?P Mip

+
= (1 ) p—nmM) + (1Mo — 1 Mo) P + (zpzMo —(0+7N) + OMo(9¢1 + 17p3) ) N
+

wtp
9 91 M M M,
(%MO Mo (891 +pyps) | 91 0)W+<l3¢1 0o P 0>up
fp p f1p 1p
n (TM0(19¢1 +1pY3) T (S¢1 + 1pY3) ) ow — 1TcT™™o(91 +1p¢s)
Twip nwihp YIwip
_ OTMo(9Y1 + 11pY3) oy, MuPP1Mo o KBPIMo oy
Mwihp anp atp

(1 - M) (n—nuM) + <6MOW1 Hed) o Momwie mv)> N
nw1p

1 + W) G2 — ﬁ"’l O (s + KP)U2.

(OW — ypP — BUP)

T (01 + ypyp3) (
Yiwip

After direct calculation and using My = /%y, we obtain

doe, My M 90 + + 30
49y _ <1 - ) (mmMo — M) + < o100+ Yerieriw + 90ie) _ ., UN))N
dt npw
TMy (81 + 11pYP3) 2 BpiMy 2
_ Low)G2 = Y0 4Py
YIwip Urc ) &tp U + <)
v (M — Mo)* (M0(1P1199 + Panpnw + P36017p) )
=1 4+ (0+ —1)N
M (@) et (0 + 1)
TMo(%¢1 + 1p3) 2 BpiMy 2
— +oW)G~ — —/—— +xP)U
e 16O w10 RP)
2
— MM R — 1N - MO T aegs) (2
M Yiwip
_ By Mo (1 + KP) U2,

0(1713

Clearly, 20 < 0 when Ry < 1 with equality occursat M = Mpand N = W = P =

G = U = 0. All solutions converge to set <I>O [52]. This set has elements that sat-
isfy M(t) = My and N(t) = W(t) = P(t) = G(t) = U(t) = 0 for all t. Therefore,

&, = {(M,N,W,P,G,U) e Dg: M=My,N=W=P=G=U=0} = {Qo}. Accord-
ing to LaSalle’s invariance principle (L.I.P) [52], Qg is G.A.S. O
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Proof of Theorem 3. Let us define a Lyapunov function as:

0 = Mln(Mﬂ) +N1n<ﬂ) L My@10 + 3 (rp +ﬁU1))W1H< w > .

1 Ny (7p + BUL) (1w + TG1) Wy

P
H I
P1>

TM1 (Y18 + ¢3(y7p + BUL)) A2 Bip1 My
207 + BUL) (g + 7G1) (7 — Gy © ~ O T 7

1661
Wi
We calculate d(% according to the solutions of model (12) as:

Note from Equations (A6) and (A7) that v — 6G; =

6@1_<1Ml)dM+(1Nl)dN M1(¢1ﬂ+1p3(17p+ﬁu1))(11/\/1>dlf\/

dt M ) dt N ) dt (np + BUL) (yw + TGy) W ) dt

1M, (1_1’1)111’ T (18 + 3 (np + BU1)) (G—G)d—G

mp+BULN" P )dt " (np+ BUL)(qw +TG1) (7 — 5G1) Yt
By My e au

(7= Bl (e — i) )

dt

= (1 — ]\/Il) (4 —nmM — P MP — Yo MN — ps MW) + (1 — Z;\C}) (p1 MP + o MN + s MW

M

—(0+7N)N) +

Mi(p18+ ys(np + BUL)) (. Wy ) i
(np + BUL) (nw + TGy) (1 W>(9N nwW — TGW)

+1/J1Ml<1—Pl)(z9w—17pP—ﬁup)+ IM10+ 9500 +PU)) () (qw

np + pUy p (np + BUL) (yw + TG1) (v — 6Gy)
—116G — 6GW) + Py M, (U — Uy)(aP — yuU — kUP)

(np + BU1) (2 — 1)
= (1= 50 ) 0= )+ (o — 0 gy + STE U L)) )

(np + BUL) (1w + TG1)
FIMIP MW — (1MP + §aMN + g3 MIW) N 4 (64 7n) Ny
_OMy (10 + ¢s(yp + BUL)) NW1 pwMy (918 + ¢3(7p + BLL)) (W—Wy)
(1p + BUL) (jw + TG1) W (np + BUL) (nw + TG1) !
_ TMi (18 + ¢s(yp + BU1)) B 1My o O My WPy
(7 + BU1) (mw + TG1) cw W1)+77P+[3U1W np+pU; P
_opiMy o o BiMy B
np + Uy (P=h) 7IP+l3U1u(P P1)
M (Y19 + ¢3(p + BUL)) B A
(’7P+ﬁu1)(’7w+TG1)(’Y—5G1)(G C(YW = 116G —8GW)
Py M,y (U — Uy)(aP — yyU — kUP).

(np + BU1) (a —xly)

Using the following steady-state conditions for Q1,

p=npmMi + 1M Py + P2 M1 Ny + 3 M Wy,
1M1 Py + o My Ny + 3 My Wy = (6 + 1n) Ny,

Ny = (w +7C)Wy = W = _ N ,
0 nw + TGy

W, = (7713 +ﬁU1)P1 —p = 19W1 )
'] np + ‘Bul

YW1 = 1661 +0G1 Wy,
tXPl = ﬂUU1 + KlllPl,

(7p + Uy ) (& — xUy)

_ nulh

> 0and a — kUl

> 0.

(A18)
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we obtain

MWy (19 + 3 (np + 1)) _ OMiNi (919 + 93 (p + Bl ))
np + Bl (np + BUL) (qw +TG1) °
9M1(1P1l9+¢3(77p+5ul))>
(np + BUL) (1w + TG1)

Y1 M1 Py + 3 MWy =

<¢2M1 —(04+nN)+ N; =0.

Therefore, Equation (A18) takes the following form:

de® M M
=1 1-— -1 (17MM1 — 17MM) + (1/?1M1P1 + 1P2M1N1 + l[J3M1W1) 1-— 1
dt M M
MPN; M MWN;

M, P MW — ¢y M1 P{——— — YoM N — — s M{ W ———

+ 1My P + 3 My P1 M "M, PIN oMy M P3 M " MWIN

OM; (Y18 + 3 (yp + BU1))N1 NW;

+ 1M1 Py + oM Ny + s MWy — (1p + BUL) (7w £7G1) NiW

WM (18 + ¢3(yp +BUL)) o oy TMa (18 + ps(p + BUL)) B
(7p + BUL) (1w + TG1) (W=W) (np + BUs) (w + TG1) GIW W)
T (18 + 3 (np + BUL)) oy TM (18 + g3 (yp + BUL)) _
e -+ BUD G +7G1) O ) T T ) g w6y YT
O MyWi W 9 MaWL WP ppiMy o 0 Bl My B
np+ Bty Wi yp+ By WiP yp + Bl (P=h) 77P+5U1U(P P1)

P p oy - PYML

+
np+pU; np + Bl
TMy (P19 + 3 (e + BUL)) _ _ _ _
(UP 4 ﬁul)(UW + TGl)(’)/ — 5G1) (G G])(’)/W UGG oGW ’}’W1 + 77GG1
+ 6G1Wy +0GIW — 6GIW) + P My (U—Ul)(sz—nuU—KUP

(7p + BU1) (& — xUy)
—aP) + ﬂuul + xU Py +xU P — KU1P)
M— M;)? M
MW N; NW,
M{WiN (p1 M1 Py + 3 My Wy) NiW
_ TMi (18 + g3 (e + BUL) (G—Gy)
(np + BU1) (nw + 7T6G1)

(7p + BUy)(P — Pp)

MPN; M
— P — YoM {N{— — W.
Y1 M ' M.PIN Pr M1 Ny M Y3 MW,

_ My(¥10 + y3(p + BUL))
(7p + BUL) (7w + TG1)

4%
X (W—Wp)+ 1P1M1P1W1 — 1M Py

(1w +7G1)(W — Wy)

WP My

WiP  np+ BlUy
SRR vt et e R U e 14
(ﬂiﬁﬁlg%ﬂ:&l) (U= t)”

x (a —xUp)(U—Up)(P—P) -
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This implies that

40 M— M,;)? M

s _% + (P1M1 Py + oMy Ny + 3 My Wy ) (2 - Ml) + 1My P + s My W
MPN
— My P L

— oM Ny —

M ¥ M WiN
NW; My (19 + ¢3(np + BUL))
N % 17p+ﬁll1

3 MW

— (1M1 Py + 3 My W) (W —Wy)

1A% WPy
+1P1M1P1W — 1M Py —— — 1 My (P — Py)

Wi P
T (18 + g3 (e + BUL)) (116 + OW)
(np + BU1) (qw + TG1) (v — 0Gq)

By1 M (1 + «P)

2
(np + BU1) (a — xly) (U—th)

(G—Gi)* -

= —W(MMW + (1 My Py + My Ny + 3 My W) <2 - AA/Z) + 1 M P+ s My W
— 1My Py AA/;H;NN Yo M1 Ny ]i\f 3 MWy ]]\\/IAVV\\]/Nlil
— (1M1 Py + g3 My W1 ) z% - M1W1(¢13P++¢E£ZP +pth)) (VV\\/Z 1)
M P — M P — M (1)
_ TM (Y18 + 3 (e + BLL)) (11 + OW) Bp1 M (7 + xP)

(G—G1)* - (u-u)?

(1p + BUL) (1w + TG1) (v — 6G1) (7p + BU1) (a — xUy)

M — M;)? M,
— _% + (1M1 Py + 2 M Ny + 3 M Wy) (2 - M) + 1 M P + 3 MW
MPN; M MWN;
- lPlMlle PN 1P2M1N1M — Y3 M W I M{WN

NW; 4%
— (Y1 M1 Py + 3 M1 Wy) —— NW — (1M1 Py + 3 M1 W) (W1 — 1>

4% WPy
+¢’1M1P1W — 1M1 P —— P — P M1 P+ P M Py

Wy

My (18 +a(np + BU)) (116 + OW) (G- G- BY1 M1 (17 + kP) (U )
(np + BUL) (1w + TG1) (v — 6Gy) (np + BUL ) (& — xUy)
M — M,;)? M
= _% + (1 M1 Py + o M1 Ny + 13 M1 W) (2 — ]\/Il) + 3 MW
MPN; M MWN:-
- lPlMlle PN ¢2M1N1M — Ps MW, MW 11]
NW; 4%
— (p1 My Py +1/J3M1W1)N W 1P1M1P1 +¢1M1P1 Y3 MW + s MWy

W P +IIJ1M1P1

~ TM (Y18 + 3 (e + BUL)) (116 + OW) (G-G)P - Bp1Mi (nu + xP)
(1p + BUL) (nw + TG1) (v — 6G1) ! (7p + BUy) (a — xUy)

4% WP,
+ 1My P —— W — 1M1 P —

U - uy)?

2
nm(M — M) M;  MPN; NW; WP
S A Soh . pl4a— 2L — _
M TP M M{PLN NW WP
M M M;  MWN; NW
2— — — — W -1
+ o M1 Nq < MM > + Y3 MWy (3 M OMWIN T NW

Byp1 M1 (nu + «P)
(7p + U1 ) (a — xUy)

_ TMI (18 + g3 (e + BUL)) (116 + OW)

2
(7p + BU1) (1w + TG1)(y — 6G1) (U — )

(G—G1)* -
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(1 + $2N1) (M — My)° M, MPN; NW, WP
M t M M MPN NyW WP
Ml MWNl NW1
VA e Pl _
s 1<3 M~ M;W,N le)

CTM (104 (e + BUL)) (16 W) . 2 BpiMi(qu +«P) o
(e + BU) O+ 1G0)(r - 0G0\ ) Gt U iy U

Considering the relative relationship between the geometrical and arithmetical means,
we obtain

M, MPN, NW, WP
4 < —
- M + M{PiN + NiW + W1P’
M; MWN; NW,

3< — .
- M +M1W1N N{W

Hence, if R > 1, then 9t < 0 for all M, N, W,P,G,U > 0. Also, 21 = 0 when
M= M;,N =N;,W = W1,P = P;,G = Gy and U = Uj. Clearly, <I>1 = {Q1}, and by
using L.LP, we find that if ) > 1, then Q; is G.AS[52]. O

Proof of Lemma 3. From the first equation of system (17), we have dAgt(t) |lM=0=p > 0;

then, M(t) > 0 for all ¢ > 0. Moreover,

dﬁgt) + O+ )N = /Ogl Hy(0)M(t = ) (1 P(t = 0) + $2N(t — v) + 3 W (t — v))dv

—> N(t) = a(0)e” @)t + /O PRCENIE /O A1 (0)M(5¢ — v) (1P (¢ — v)
+ o N (3¢ — v) + p3W (3¢ — v))dvds > 0.

dW(t)

dt (WW+TG =0 / Hz t*U)d

f nw+tG(u))du f(;y +7G(u))du @ -

= W(t) = a3(0)e” Jo\w +9 e W ; Hy(v)N (3¢ — v)dvds > 0.
dP(t)

o+ (1p+ BUY) 19/ H (0)W(t — v)dv
s P(t) = {14(0)(3_ fo np+BU(u))du + 19/0 e~ f%(ﬂp-ﬁ-ﬁu u))du /Q3 Hg(U)W(%— v)dvd% >0.

0

dG(t

TCU) (g + WG = W (1)
— G(t) = as(0)e~ Jo(ng+oW (w)du ’y/te— f;wcwww))duw(v)dv > 0.

0

du(t
% + (qu + «P(#))U(t) = aP(t)

= U(t) = 116(0)6_-[(;(’7””13(“))‘1“ +a /te_ fi(”UJrKP(”))d”P(v)dv >0,
Jo

for all t € [0, o]. Hence, through a recursive argument, we obtain (M(t), N(t), W(t), P(t),
G(t), U(t)) > O0forall t > 0. Therefore, the solutions of system (17) satisfy (M(t), N(t), W(t),
P(t),G(t), U(t)) € R620/ for all t > 0. Now, we investigate the ultimate boundedness of so-

lutions. The first equation of system (17) implies that tlim sup M(t) < WL Next, we define
—00 M

Ti(t) = /091 Hy (0)M(t — v)dv + N(b).
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Then,

dTy(t) _ /001 i (v) dM(;t— v) e deEt)

= [ Hi(v)(p = pmM(t = v))dv — (6 + n)N(t)

= pHy = | Hi(0)M(t —v)dv — (0 +n)N(E)
Q1 _
<}l—¢1</0 Hl(v)M(t—v)le—N(t)) =u—¢1Ty(t),
where ¢1 = min{ny, 0 + nn}. This implies that tlim supTi(t) < ‘Pﬁ = A;. Since
— 00 1
oV Hyi(v)M(t — v)dv > 0and N(t) >0, tlim sup N(t) < A;. Furthermore, we let
—00

To(t) = W(t) + ’%G(t).

This yields

4Tt _ VD) | i dGL)
dt dt 2y dt

- 9/ Hy(0)N(t — v)dv — gwW(t) — TG()W(t)
Z(’YW( ) —16G(t) = 6G(H)W(H))

N(t = v)do — Dow () — TVIG Gy (7 4+ D90 G pywe)

2 2 2y
®r nw nwic
< _ _IW _ WG
< 9/0 Fa(u)N(t —v)do — BEw(t) — T31€ G (1)
Ay — o[ W(t)+ IV = 0A; — T
¢2( W(E) + 2 G(t) | = 0A1 = ¢ Tu(t),
. nw . 6/A\] ~ .
where ¢, = min{4",75}. Hence, }Lm sup Tr(t) < e = Aj. Since W(t) > 0 and
o0 2
. A 29Ay & L
G(t) > 0, lim sup W(t) < Ay, and lim sup G(f) < ——= = Ags. Finally, we let
t—o0 t—o0 nw

Then,

dTs(t) _ dP(t) _ ypdU(t)
dt dt 20 dt

_ / ® Hy(0)W(t — v)do — gpP(t) — BU(H)P(E)
+me> nuU(t) — kU (t)P(t))

_ 19/ As(v

gﬂ/o As(v)W(t = v)do - T p(r) - 1M

< 0A; — ¢3 (P(f) + %U(f)) = 8Ay — p3T3(1),

yW(t—v)dv— TPy - My — (+ Toyun)p(e)
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~

OA N
where ¢3 = min{"%, 5, }. Therefore, tlim sup T3(f) < Tz = Ay4. Since P(t) > 0 and
—00 3

20A A
ke As. We conclude that

u) >0, tlim sup P(t) < Ay, and tlim supU(t) <
—00 —®

M(t),N(t), W(t), P(t),G(t) and U(t) are ultimately bounded. Hence, set () corresponding
to model (17) is compact and positively invariant. [

Proof of Lemma 4. Clearly, system (17) always has an infection-free steady state

(Qo = (My,0,0,0,0,0), where My = UL). To calculate the basic reproductive number
M

of system (17) using the next-generation matrix method, we define matrices I'; and A, as:
X Hi (1 MP + o MN + s MW) R (0 +ynN)N
I, = 0 , Ny = —9H2N+T7WW+TGW .
0 —90H3W +npP + pUP
We calculate the derivative of I, and A, in the steady state Qo to obtain:
HigpMo  HigsMo  Hig1 Mo O+nn 0 0
I, = 0 0 0 , Ny = —9H2 nw 0 .
0 0 0 0  —0H3 7p
Then, we find oA, 1 as:

Hy Mo (Ho8(Hay1 8+anp)+ionpyw)  HiMo(Hapi9+ysyp)  HiMoyy

_ (0+nN)npw npiw p
TA ! = 0 0 0
0 0 0

The basic reproductive number R is expressed as:

" Hy Mo (Hy6(Hz, 0 i R R
R — HMo(Ha0(Hst10 + Ysnip) + §atiptiw) _ v fos (A19)

npw (0 +1N)

where

?)7‘301 _ H1H2H3M01991/)1 ~02 _ H1M01/)2 ~03 _ H1H2M091p3
npw (0 +1N) O+nn "’ nw (0 +1N)

The system has another steady state satisfying the following equations:

0=py—nuM—p1MP — p, MN — s MW, (A20)
0 = Hy (1 MP + $,MN + 3 MW) — (0 + n)N, (A21)
0= 0H,N — gyW — TGW, (A22)
0= 0HsW — yjpP — BUP, (A23)
0= W — oG — 6GW, (A24)
0= aP — yuU — kUP. (A25)

From Equations (A24) and (A25), we obtain

W aP

=1 Uu=—_. A26
ne + oW fu + «P (A26)
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Substituting Equation (A26) into Equation (A23), we obtain

_ nuypP + (17pK + oc,B)Pz

w
OH3(ny + xP)

(A27)

By substituting Equation (A27) into Equation (A26), we obtain

2
c—  (uneP+ (gex +ap)P?) (A28)
(77u + KP) (1917GH3 + (sﬂpP) + IX&IBPZ

By substituting Equations (A27) and (A28) into Equation (A22), we obtain

npnuP + (npx + af)P?) ((qu + «P) (dncywHs + np(dyw + Tv)P) + aB(dnw + yT) P?)
O0HyHs(1iy + «P) ((yu + «P) (0ngHs + dnpP) + ad P?) '

From Equations (A20) and (A21), we obtain

.

(A29)

(6 + 78N

H, (A30)

p—nmM =

By substituting Equation (A29) into Equation (A30), we obtain

(A31)

M= 14— (0-+nn) (1pnu P+ (npr+apB)P?) ((nu+xP) (9nGnw Ha+1p (Snw+77) P)+ap(Snw+77)P?)
- H 80H, HyH3 (17 +xP) ((nu+xP) (8¢ Hz+6npP)+adpP?) )

Bu substituting Equations (A27), (A29) and (A31) into Equation (A21), we obtain

P(A7P7 4+ AgP® + A5P° + A4P* + A3P3 + AyP2 + A1P + Ap)
nm®262H2H2 (171 + xP)*((qu + xP) (816 Hs + 6ypP) + adpP2)?

=0, (A32)

where

Az = (0 +yn) (Fw + 77) (70K + aB)’ (Y2 (5w + 4T) (p + )
+ 00H (8xHayy + P3(npx + ap))),
Ag = (npx + zxﬁ)z(éﬁnMKGHzHg(G +1n) (6w + 97) (npK + ap)
— (nodx0H1 HaHs — (0 + 1) (27pnu (Snw + 7T) + OxnenwHs))
(¥2(0nw + 7)) (npx + aB) + 60 Hy (9xHapy + 3 (npx + aB)))
+ (0 +7n) (6w + 7)) (Y2(2npnu (S1w + yT) + SknenwHs) (11px + ap)
+ 6Ha(k(20np1u + 9kncHs) (8Hsr + npyps) + ap(26npnuyps + OHsz (Snuypr + x16¢3))))),
As = (ypx + aB) (nam0Ho H3 (0 + 17n) (npx + aB) (28xnw (20npny + OxngHa) + kyt(46npny
+ dxncHs) + danupP(dnw + 7)) +nu(0 + 1n) (0w + 7T) (1K + aB) (np2 (20xn6w Hs
+ npnu (0w + 7)) + SancwBHspz + 0Ha ((Snpyu + 20xncHs) (¢Hapr + 1npy3)
+ dancPHsys)) — (u09x0H1 HaHz — (6 + 1w ) (27p1u (dnw + vT) + OxiignwHs))
(W2 (9xnGnwHs + 2npnu (Snw + 7)) (npx + aB) + 0Ha (k(9x176 Hs + 26mp1y )
(OH3p1 + 11pp3) + aB(20npnups + OHs(dnuyr +x1cys))))
= (Y2(onw + 1) (npK + aB) + 66 Ha (O Haypy + 3 (npx + aB))) (—nu (6 + 1) (e (1p1u

(0w +7) + 28knGnwHs) + SanciwpHs) + wd0H1 HaHs (ﬂncKZHs +Onu(2npx + aﬁ)) ))
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Ay = OncnHs (0 + nn) (0H2 (8Hswy + 1pys) + npipw2) (S + 77) (e + ap)?
— OnuHs(uOH1 Ha (811p1ju + 20xncHs) — npnunciiw (0 + 1n)) (11pk + ap)
($2(6nw + y7) (P + ap) + 66 Ha (S Hapy + 3(17px + ap)))
— qu(ué9x0H1 HyHs — (0 + ) (OxncnwHs + 2pnu (Snw + 7)) (npx + )
(1p2(20kncnwHs + npnu (Snw + 7)) + dancnwBHapz + 0Ha ((6npnu + 28x16Hs)
(8Hsy1 + 11pyp3) + SangBHs3)) — (2 (SxncnwHs + 2pnu(Snw + 7)) (e + ap)
+ 0Hx (x(20np1u + 9x116Hs ) (8Hap1 + npips) + aB(26nprutps + 9Hz (Snupr + kn¢s))))
(=nu (0 + 1) (1p(28xn6nwHs + npyu(Snw + 77)) + SancnwpHs)

+ uOOHy HyHs (01K2 Hs + 6 (2% + B) ) ) + 1180 H2H (6 + 1)
(e + aB) (3nprwdn; (201p% + ) + Ojus (4161w Ha + 3py17u) (276K + 0B)

+ OxngHs (19;7G17WK2H3 + 2ytyy (2nypK + ocﬁ)) ) ,

Az = nu(—=0ncyuHs(0Ha(8Hay + nptps) + npwip2) (né0x60Hy HyHa
— (0 +nn) (OxncnwHs + 2npnu (Snw + 77))) (pk + ap)
— }H]uﬂcgﬁzHleH%(i]pK + aB) (P2 (dnw + ¥7) (npx + aB) + 660 Hy (Ox Hzyn
+ 3(npx + ap))) — OHa(u0H1 Ha (Snpyu + 20x16Hz) — nenuncnw (6 + 1))
(Y2 (OxncnwHs + 2npnu (dnw + 7)) (11K + af) + 0Ha (x(20mp1u
+ OxncHs)(0Hsp1 + n1pys) + ap(20npnuts + dHs (Snuypr +x1cys))))
— (npy2(20xnGnwHs + pnu (Snw + 7)) + dancyw PHa,
+ 0H((onpnu + 20xngHz) (0Hapy + npy3) + dangBH33))
(=nu (0 + nn) (1 (20knGwHs + npnu(Onw + 7)) + dancnwpHs)

+ ud0H; HyHj (1917GK2H3 + onu (2ypx + aﬁ))) + OpmOHH3(0 + 1N) (UW5277129’7%1
(4npx + 3aB) + ony (')’Tﬂuﬂ%)(élﬂpi( +3apB) + 20ncnwHs (617pK(7’]pK +ap) + a2ﬁ2)>
+ 0nGH; (ﬂﬂcnwK2H3(4f7pK +3ap) +rtiu (6npK(f7pK +ap)+ wzﬁz) ) ))

Ay = O Hs(— ((n0Hy Ha (8npnu + 20116 Hs) — npnuncnw (0 + 1n)) (1p2 (20xn6 11w Ha
+ npnu(Snw + 7)) + dancnwBHsps + 0Ha ((Snpyu + 20x16Hs) (9Hzy1 + 1pip3)
+ SangBHsys))) — pwdncOHy HoHs (2 (SxncnwHs + 2npnu(dnw + 7)) (11K + )
+ 0Hy (x(20mp1u + 9x116Hs ) (8Hap1 + npps) + aP(20nprutps + OHz (Snupr + kn6¢s))))
— 16 (0H2(8Har + 11pp3) + npnwtp2) (—nu (0 + 1) (np (20kncnwHs + npiu (w + 7))

+ OancrwBHs) + 400 Hy Ha Hs (0ck*Hs + nu (2px + ap) ) )
+ OB (0 + 1) (1wt + 016 Ha (30xn6mwHs + 2pyTu) (276K + aB)
+ onpiu (vmum% + 406w Hs (2npx + wﬁ)) ) )
Ay = 0 H3 (—u6H1 Ha (2 (49knc 1w Ha + npnu (260w + 7)) + SancywpHatpn
+ OH, (2(Snpiju + 29x11G Ha) (SHan + 1pys) + 9ancBHsys)) + (0 + 1n) (nuncnpriw:
+ 0H (’7u77123(77M(2577w +7) +16nwys) + dncnwHs(npnur + v (4npx + ﬂﬁ))) ))
Ao = nunpOnwng i HaH3 (0 4 7v) (1 - Ro),
where R is defined by Equation (A19). Equation (A32) has two cases:
1. P =0, which leads to the infection-free steady state Qo;
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2. P #0and A7P” + AgP® + AsP5 + A4P* + A3P3 + AyP? + AP+ Ay = 0. Let ¥(P)
be a function of interval [0, o0), defined as:

¥(P) = A7P7 + AgP® + AsP® + AyP* + A3P3 + AyP? 4 AP + Ag.

Letting Rg > 1, ¥(0) = nmypnwni®niHaH3(0+7n)(1—Ry) < 0 and

gim ¥(P) = oo, which means that ¥ has a real root (P;) that is positive. Then,
—00

by substituting Equations (A27) and (A29) into Equation (A20), we obtain

My = _ P _
M+ 1P+ PNy + 3 W
where
N, = (renuPut (g + ap)Pr) ((qu + kP (Snaiw Hs + 1p(Ow + T)Pr) + ap(@nw +70)P)
199H2H3 (ﬂu + Kpl) ((ﬂu -+ Kpl) (19}7GH3 + 517131)1) + 065‘31)1)
Wi — nuipPi + (ypx + ap) Py G 7 (qunpPr + (npx + aB) Pr) 0 — aby
1= ’ 1=

®H3 (yu + xPr) (7u +xPy) (8ncHs + 0npPy) + adBPy’ " kb

Clearly, when %y > 1, an infected steady state (Q; = (M, Ny, Wy, Py, Gy, Uh)) ex-
ists. [
Proof of Lemma 4. Let

l/J1M0 Pt TMO(19H31P1 + 77131/)3)

Q) = MOH( M > + LN Mo(8Hz1 + 11pip3) Wt
Mo/ Hh wirp P 2yywirp
M, 1 01 _ ot
B0y [ (o) [ MOAPOR) + 42N + g o)t
9M0(19H31/11 + ﬂp¢3) 0 _ ot ﬂlleO ;
+ - /0 HZ(U)/t , N (5¢)dsedv + = /O H;3(v) /t_v W (5¢)dsedv.

Clearly, @O(M, N,W,P,G,U) > 0 forall M,N,W,P,G,U > 0, and @ has a global

minimum at Q. We calculate % according to the solutions of model (17) as:

d@o 1Mo 0\dM | 1 dN  Mo(0H3p1 +npyps) dW 1Mo dP
dt dt H1 dt nwtp dl’ np dl’
My (9H. d d
T 0( W1 £ 1p$3)G G Mol u+tlJ1MP+tpzMN+lP3Mw
’Yﬂwi’]p dt lXT]p
1 o1 _
“ 5 Hi(v)M(t = v) (1 P(t — v) + P2 N(t —v) + P3W(t —v))dv
Y V/ 2 _
| OH2Mo(0Hsy1 +1pys) OMo(OHzy1 + 17pys) / " Ay (0)N(t — v)dv
Twip Twip 0
v/ VIp /93
L, OHsp1iMo | By Mo / iy (0)W( — v)do
np pJo

= (1= 32 ) (0= M = puMP — o MN = gaW) + - [ (o)M= 0) (1 P(e — )

Nt — 0) + s W (t — o))do — CTINON | OMo(OHsy: + pips) /OQ2 Hy (0)N(t — v)dv

Hy Hwip
Y Y o [0 _
MO(ﬁHB'lPl + T]Pl)b:‘}) W _ TM0(0H31P1 + Tlpl)b?)) GW _|_ ﬂllblMO / 3 Hg(U)W(t _ U)dU
p nwip fpJo
gy WP — B1Mo, N TMo(8H3¢1 + 11pY3) 16 TMo(OHsy1 +1py3)
Ip nTwilp TIwHp

_ STMo(8Hsr + 1pY3) 2, n Bp1Mo, 1 mubhiMo o KBY1Mo o) i MP
YIwHp fp anp arp
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+ o MN + ps MW —

Hil / “ oy (0)M(

v y 0 _
N OH Mo(9Hsy1 +11p¢s) o, 6Mo(8Hs¢1 + yps) / * Fa (v)N(t — v)do
nwip wip 0

V VIp (9 -
+ ﬂHmPlMOW— 991 Mo / ’ H3(v)W(t —v)dv
0

np np
. 6 H, Mo (9H311 + 17p3) ) N
nwip

My - 0
<1—M)(V M) + (lﬁzMo— JI;YN

t—0)(P1P(t —v) + o N(t —v) + Pp3W(t — v))dv

1Ty (9H3¢p1 + npy3) G2 _ OTMo(8H31 + 17pY3) G*W — up1Mo uz - KpY1 Mo u’p.
YHwihp TIwip &mp &mnp
After direct calculation and using My = y /7)1, we obtain
d® M - 0Hy Mo(8Hsy; + - My 6+
00 _ (1 0 (g g+ (TPt ) iy 0y
dt wip H
Mo (9H M
. T 0( 3P + 77P¢3) (UG +5W)G2 _ ,31/11 0 (7711 +KP)U2
TIwip &1p
~ 2 ~
_m(M— My) L9t (HlMO(H29(H31P119 + ¥31p) + Yanpyw) 1) N
M Hy npnw (0 +77n)
Mo(9H M
_ Ty (0H3¢ +77plP3)(17G +OW)G? — B O (yu + kP)L2
YHwHP atp
~ \2 ~
m(M—Mo)" 041y Mo (8H3 91 + 1pYPs) 2
S + fo—1)N — +oW)G
i T (Ro—1) P (nc )
M
— 7‘84)1 0 (ﬁu + KP) UZ.

oayp

Cle.’slrly,d%O < 0 when Ry < 1andd%“ =0atM =

N(t) = W(t) = P(t) = G(t)

My and N =
U = 0. All solutions converge to set CTDB [52]. This set has elements that satisfy M(t) =
= U(t) = 0. Therefore, &, = {(M,N,W,P,G,U) € & : M = Mj,

= G
o and

W =P

N=W=P=G=U=0}={Q}.Based on L.LP, we find that Qg is G.A.S when R, < 1[52].

Model (17) can be reformulated as:

% = F(X(t),X(t—v)),
where X(t) = (M(t), N(t), W(t), P(t), G(t), U(t))". We have

AM(t) _ oF | oF .F OF | . F | .
dl\?(t) M+8N|Q0N+ |Q0 |Q0P+ |Q0G+g|QUU’

dt IQo |Qo |Q0 |Q0P+ aG ‘QOG_'_ |Q0u’ (A33)
dar(t) _ ]-" M+B ‘ B]—'| 3.7:| P+ | G+ |~u
dgit) M1 Qo 3 Qo W Qo P 1Qo G 1Qo a]__ ulQo—

giE - BMlQoA/I+ a |Q0N+ ‘Q0W+ a}_‘QOPJr |QOG+ ‘Qo

g |Q0M+ SN |QON+ |Q0W+ 55 |Q0P+ 5 \QOG+ au|Q

Suppose that linear DDE system (A33) has exponential solutions.
M =0y, N =e"0yn, W =0y, P=e%0p,

Substituting the above into system (A33), we derive AO = 0, where

G = EX[OG,

u= EXtOu.
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X+ 1M 2 My o 1P31}710A 1P11}710A 0 0 Om

0 x+0+nn —a2MoHy  —ysMoHy  —¢1MoH, 0 0 On

A= 0 —0H, X+ izw 0 0 0 0— Ow
0 0 —3UH;3 x+np 0 0 ! Op

0 0 —y 0 x+1c 0 O¢g

0 0 0 — 0 x+nu Ou

The equation (x +#¢)(x + 17ap)(x + 77)K(x) = 0 is the characteristic for system (17) at Q,
where K(x) is defined for interval [0, ) as:

R(x) = x>+ (yp + 0+ nn + qw — MoH19pp) x*
+ (nwnp — OMoH Hyyps + (nw +1p) (6 + iy — MoHy2) ) x
+ nwip (0 + 1) — MoHy (08H, Hay + npywips + np0Has),

where [; = [} hj(v)e=(**k)dy, i = 1,2,3. In fact, we have R(0) = ypn (6 +17n) (1 —Ro) < 0
and JCh_r)r.}o K(x) = co whenever %ty > 1. This implies that K(x) has a positive real root. Hence, Qg is

unstable when § > 1. [

Proof of Theorem 5. We specify ©; as:

O, = Mm(M) + NlH({\[) + M (9Hs 1 JC"’“”(”PHsLi[l))WlH(W) + WH<P)
M Ny (1 + BUL) (nw + 7G) W1 np+pUr \ P

™y (9H3 1 + 3 (np + BUL)) By1 My 2
20+ B0) o+ 1)y~ 9Gr) © ~ O 2 ity ety

Yy M Dy f (2)P(x) Py MiNy (o
P /0 Hl(v)/t_vH(Mlpl )d%del /0 A, (v)

X/ttvn<w>d%dv+w/om Hi(v) /ttUH<AW>d%dU

M1N1 Hl lel
OM Ny (8Hs¢p1 + 3 (7p + BUL)) @ - ! (N(%)>
(1 B0 (1w + 7C1) /0 Hy(v) /t , IT % dsedv

TR oy ;
+ M/ 3H3(U)/ H(WS%)>d%dv.
np + Uy Jo t—v Wy
Iti is noted from the steady- -state condition Equatlons (A24) and (A25) that ¢ — G =

WG 1 >0and a — xl; = nud
1 Py

0, (1_A711>dM 1(1_Nh)dN+Ml(ﬁH31P1+l/J3<77P+,3C[l))(1_~>dw

! We calculate ¢ 7 tl according to the solutions of model (17) as:

dt M)ar H; dt (np + B) (nw + 7G1) dt
l/J1M1 <1_ P])dp + TMl (19H31P1+1P3(77P+ﬁal)) ( )dG
np + Bl dt ~ (np+ pUs) (nw + 761) (v — 6G1) dt
ﬁ¢1M1 du ¢1M1P1 - MP B M(t — U)P(f —0)
T B (e vt 0 W TR, [ A (1\711131 .7,

+1n(M(tv (t—v) )) ¢2M1N1/0 Hl(v)(]é\l/lle B M(tgzzl(tv)
+1n<M(t—u (t—v) >) ¢3M1W1/0 H1(v)<A%/1WV¥1 Mt _szvivfl(t_v)
+1n<M(t_” (t=v) ))du+GM”\SPiHEE;F(;P;(ZPTJéﬁul))/0 Hz(u)@]]1
A () D -
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+ln(W(i/V v)>>dv

_ (1 - M > (1= 1M — §1MP — 2 MN — g3 MW)

tE (1 _ I;’;) (/0“” F (0)M(t — 0) (91 P(¢ — v) + $2N(t — v) + g3 W(t — v))do

— (04 n)N) + M1(19H31P1~+ 3 (np +/§Cll)) (1 B Wl) (9 /092 Fa(0)N (£ — v)do

(7p + B (nw + 7G1) W
1/)1]\711 131 03 _
—aWW = TGW) (1 - P) (0/0 Hs(0)W(t — v)dv — pP — ﬁUP)

TM; (8Hzpr + 3 (17p + BUL))
(np + BUL) (nw + T61) (v — 661

Bp1 My . B )
e+ B (« — x00h) (U = Uy) (aP = quU — kUP)

+yamp— DI H1<u>(M“‘”)lf<t‘”) —1n<M(t_U)P(t_U)>)dv

) (G—=G1) (YW — 156G — 6GW)

H; M, Py MP
¢2M1N1 M(t M(t —v)N(t —v)
+ P MN — < M1N1 1“( MN ))dv
1/;3M1W1 M(t M(t —v)W(t—v)
4 P MW — < M1W1 1“< MW ) )du
0N, Ny (19H3¢1 + 3 (f7p +pU1))

(1o + B0) (yw + 7C1) (o Hz(”>(lv(§v:w_1“<w>)d”>
w1 o (M - m(M ) )

This implies that
do M - -
1 (1 - Ml)@t — M) + 1 My P+ Ny W
- 0+N O Hy My (0H391 + 93 (p + BUL))
" <¢2M1 Hy (e + BL) (1w + 76a) N
- Hil /ogl (o) ML ;VU)Nl ($1P(t —0) +4aN(t —0) + s W (i — 0))do + T +1311V)N1
_OM, (8Hspr +¢3(np + L)) o2 N(E—0)W
(e + BUL) (nw + 7G1) /0 A
B ﬂle (l9H31P1 + 13 (771? +~,BCI1)) (W B Wl) _ TM] (19H31/Jl + 3 (7713 + ﬁl:ll)) G(W _ Wl)
(e + BUL) (yw + 1G1) (7p + BUL) (nw + TG1)
_ 191le1 03 _ W(t*l))pl B ﬂP#)lMl B L ﬁl[]ﬂ\zl 5
s /O Ay(0) = o = IR (P—P) . +f5&1u(P py)

TM; (0H31 + 3 (17p + BUL))
(np + BUh) (nw + 1G1) (v — 6G1)

n ,5~1P1M1 ~
(mp + Bl (« — xlh)

MP; o _ M(t —v)P(t —
—i-illelll/OQ Hl(v)ln< (t X)IP(t U))dv

YoM Ny o1 _ M(t —v)N(t —v)
+ 200 1% gy o (MEZRE =0 ),

(G —G1) (YW — GG — 6GW)

(U—Uy)(aP — puU — xUP)
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N Y3 MWy /0@1 A, (v) ln<M(t —v)W(t— u))dv

Hq MW
oM Ny (9H3¢1 + ¢3(np + BUL)) [ - n N(t—v)
Ry e AL G

N 8Hzp1 My W n By My W, /093 A5 (v) ln(W(t—v)>du (A34)

np + ﬁfll np + [%fll
Using the following steady-state conditions for Q;

p = nmMi + 1My Py + o My Ny + 3 M Wy,

VI, P 7, K A 0+ )N
IV Py + NNy + s M Wy = <1311v>1
5 GO ) 5
Ny = W HTC)W e 6HN
0H, nw + 176G
. )\ p i -
W, = et PU)PL_ 9Hs W

— _ =
OH3 ! np + Uy
YW1 = 116G1 + 6G1 Wy,
aPy = yulh + «U4 Dy,
we obtain

PPy sty — MV (OHsYs £ s (i + L)) OHoMiNa (8Hayn + 95 (yp + pUh))

e+ Bl (e + B) (1w +7G1)
L Oy OH N (0Hsps + s (e + BUH)) \ o
<¢2Ml R (P [ (e R A

Therefore, Equation (A34) takes the following form:

% = ( - ]]\(I/Il> (UMMl - WMM) + (l,UlMlpl + P M Ny + ¢3M1W1) (1 — A]\/ill) + ¢ M P
syt - P07 H1<U>M“‘3f;(1§v‘ Wiy, 2N 1% g
M(t—v)N(t—v M{W; ra _ M(t—v)W(t—v
L M( 1\7I)1N( )dv_%Hi 1/0 A, (v) ( M)lw(lN )
OM Ny (0H391 + 3 (np + BUL)) [0 N(t—v)Wld
(e + BUL) (yw + 1G1) /0 2(v) w0
_ nwMi (8Hz 1 + ¢3(y7p + UL ) ) TM; (0Hz1 + 3 (17p + BUL))
(70 + BUL) (ipw + TG1) (1p + BUL) (nw + TC1)
TM; (8Hsr + 3 (1p + BUL)) TV (8Hsr + 3 (7p + BUL))
(np + BUL) (mw + 7G1) (np + BL) (w + t61)
_ 191P1]\7I1‘ZV1 /Q3H (U)W(t~_ v)pldv— 17p1,b1]\71~1 (P—By)
np + Uy Jo Wi P np + Uy
1My ~ 1My - - 1M,
- ;;:ljrﬁl?llu(Ppl) + ni”i 510, Uy (P—Pp) - Py
TN (9H3y1 + 3 (np + BUL))
(np + BUL) (nw + 7G1) (v — 6G1)

= W 5C ~ Py My i 5
O0G1Wy — 6GIW + G W = = u-u P—nyU —xUP — aP
+ oG Wy W+ 6GIW) + (17p+/3U1)(a—KU1)( 1) (2 nu K aPy

- SO - ~ 1/11]\711151 Qr _ M(t—U)P(t—U)
+ qully +xlh Py + P -k P) + P /0 A (v) In e dv

N -
Ldv + 1 My Py

+ oMy Ny + 3 My Wy —

(W—W,) — G(W — W)

GI(W—-W) — G (W — W)

U (P— D)

(G — G]) (’)/W — 116G —6GW — ’)’W1 + T]Gél
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n Yo M1 Ny /OOJ Fiy (v) 1n(M(t —v)N(t— v))dv

H; MN
Pp3M Wy por M(t —v)W(t—v)
+ 5 /O Hl(v)1n< AWV )dv
OMi N1 (OHayn + s (p + pLh)) o2 o (N(f—v))d SHzyp MWy W
e+ (w16 (T ) R
191P1M1W1 Qa3 _ W(t—v))
+mﬁ&hﬁ%wm< 2 Jdv
M—My)? o o o Y i i
= _’W(Tl) + (¢1M1P1 + P M1 Ny + l/)3M1W1) (2 — A;i;) + 1 My P+ s MW
Yy M Py o1 . M(t—v)P(t—v)N; poM Ny 01— M(t—v)N(t—v)
S g /o Hi(v) NiBN dv — H, /0 Hi(v) NN dv
MW e M= 0)W(E—0)N lP1M1P1+1P3M1W1 @
H, /0 H(v) N /o Ha
(NE—v)W o M (8Hsgn + ys (e + BUL)) (1w +TG1) (W — Vi)
MW (1p + BUL) (nw + 7G1)
T (8H3gn £ s (e + L)) (o s oy iMiPyores
(11p+ﬁa1)<17w+1’(~;1) ( 1)(W Wl) H; /0 H3(U)
% W(t~_ U)Pldv— wlMl(ﬂP +~:Bu1) (P—pl) ﬁlpl (U U1)(P—151)
WiP np + Blh 77P+5U1

M (8Hzy1 + ¢3 (e + BUL)) (v — 6G1)
(e + BUL) (nw +7G1) (v — 6G1)
_ TML (8Han + 93 (0 + BUL ) ) (3G + 6W)
(np + BUL) (nw +7G1) (v — 6G1)
By1 My (a — k)
(mp + BU1) (& — xUy)
By M (yu + xP) ~ 12
- <r;p+/sal><a—xu1> (-th)
1p1M1P1 1n(MiE—v (t—v) >dv

l/JleNl 11’1<M t—U t—U )dU

Mt—v t—v)
v

(G—Gy)(W—W)

(GG

(U—-Uh)(P—Py)

1P3M1 W1

v)In

d
l/)1M1P1+l/J3M1W1 /92 - N(t—v) W
H 1 d M1 P =
+ A A 2(v) In N v+ 1 My W

1/11]\7[1131 0 _ W(t - U)
—|—T3/0 Hg,(v)ln( W )du.

This implies that

~ ~ \2
o) M- M o o o M i }
Ttl = —w + (Y1 My Py + 92 My Ny + 3 M, Wy ) (2 - Ml) + P My P + P3Ny W

VI, D, o _ — — VIiNp (91 - — —

M A / 1H1(U)M(t v)P(t U)Nld P2 M1 Ny / 1H1(v)M(t VN(t—v) .
Hy 0 MlplN Hy 0 MlN
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Moreover, we have
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Simplifying the result, we obtain

dTétl _ 77]M(M1\; M) B ¢11§11151 /0'91 i (v) {H<M(t_:71)11;3(1t1\1_ U)N1> +H<%>]dv
SRR [ o (MR ) en (5 ) e
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0

Hl M1W]N M
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Hj /0 HS(U)H( W, P )dv
TV (8Hsyr + s (e + BUL)) (116 + OW) (G- G1)2 B ﬁ%Ml(UU + KP} (u- Ul)z.

(np + L) (nw + 7G1) (v — 6Gr) (7p + BUL) (x — 1)

Hence, if R > 1 991 < 0 for all M,N,W,P,G,U > 0. Also, %t = 0 when
M = Ml,N = Nl,W = Wl,P = Pl,G = G] and U = Ul. Clearly, { } and
by applying L.IP, we find that Q; is G.A.S when Ry > 1. O
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