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Abstract

:

This paper formulates and analyzes two mathematical models that describe the within-host dynamics of human immunodeficiency virus type 1 (HIV-1) with impairment of both cytotoxic T lymphocytes (CTLs) and B cells. Both viral transmission (VT) and cellular infection (CT) mechanisms are considered. The second model is a generalization of the first model that includes distributed time delays. For the two models, we establish the non-negativity and boundedness of the solutions, find the basic reproductive numbers, determine all possible steady states and establish the global asymptotic stability properties of all steady states by means of the Lyapunov method. We confirm the theoretical results by conducting numerical simulations. We conduct a sensitivity analysis to show the effect of the values of the parameters on the basic reproductive number. We discuss the results, showing that impaired B cells and CTLs, time delay and latent CT have significant effects on the HIV-1 dynamics.
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1. Introduction


Human immunodeficiency virus type 1 (HIV-1), which attacks the immune system, is one of the most dangerous viruses that infect the human body and may lead to death. CD4   +  T cells are the main target of HIV-1. When the concentration of these cells reaches less than 200 cells/mm   3  , the infected person is classified as an acquired immune deficiency syndrome (AIDS) patient [1]. AIDS is the most advanced stage of the disease. When the immune system weakens as a result of infection with this virus, the patient becomes vulnerable to opportunistic diseases such as tuberculosis, infections and some types of cancer. HIV-1 remains a major global public health problem. World Health Organization reported that at the end of 2022, there were about 39 million people living with HIV-1 in the world [2]. The adaptive immune response has an effective role in resisting and fighting viruses that attack the human body. Adaptive immune response depends on two basic components: cytotoxic T lymphocytes (CTLs) and B cells. CTLs kill HIV-1-infected cells, while B cells produce antibodies to neutralize the HIV-1 particles. The cost of experiments to evaluate the interactions between viruses, target cells and immune cells is high. Therefore, mathematical modeling of viral infections is an essential way to obtain deep knowledge of the dynamics of infections caused by viruses within a host. Nowak and Bangham [3] formulated the basic HIV-1 infection model that is considered a solid foundation for deep knowledge of the interactions of free HIV-1 particles (P) with healthy CD4   +  T cells (M), which cause the appearance of infected CD4   +  T cells (W). This model was extended to include the effect of the CTLs (G) (see, e.g., [4,5,6,7,8,9,10]) and B cells (U) (see, e.g., [11,12,13,14,15,16,17,18]). Wodarz [19] developed a virus dynamics model under the effect of both CTL and B-cell responses as:


     Healthy    CD 4  +  T  cells :          d M ( t )   d t   =   μ ︸   Production  of  healthy  cells   −     η M  M  t   ︸   Natural  death   −    ψ M  t  P  t   ︸   Infectious  transmission   ,     



(1)






     Actively  infected  cells :          d W ( t )   d t   =    ψ M  t  P  t   ︸   Infectious  transmission   −     η W  W  t   ︸   Natural  death   −    τ G  t  W  t   ︸   Killing  of  actively  infected  cells   ,     



(2)






     Free   HIV - 1   particles :          d P ( t )   d t   =    ϑ W  t   ︸   Burst  size   −     η P  P  t   ︸   Natural  death   −    β U ( t ) P ( t )  ︸   Neutralization  of   HIV - 1    ,     



(3)






    CTLs :         d G ( t )   d t   =    γ W ( t ) G ( t )  ︸   CTLs  stimulation   −     η G  G  t   ︸   Natural  death   ,     



(4)






     B - cells :          d U ( t )   d t   =    α P ( t ) U ( t )  ︸    B - cell   stimulation   −     η U  U  ( t )   ︸   Natural  death   ,     



(5)




where   M ( t )  ,   W ( t )  ,   P ( t )  ,   G ( t )   and   U ( t )   are the concentrations of healthy CD4   +  T cells, actively infected cells, free HIV-1 particles, CTLs and B cells, respectively, at time t. Models (1)–(5) were developed in many works (see, e.g., [20,21,22,23]).



Models (1)–(5) assume that the infection occurs via a viral transmission (VT) mode. However, several researchers have reported that HIV-1 can be directly transferred from an infected CD  4 +  T cell to a healthy CD  4 +  T cell through the formation of virological synapses [24]. Cellular transmission (CT) mode has a considerable impact on HIV-1 replication when compared with the VT mode: up to 100–1000 times faster [25].



Virus dynamics models with CT were developed in several works by including (i) B cells [26,27,28], (ii) CTLs [29,30], and (iii) both B-cells and CTLs [31,32,33]. In these papers, it was assumed that the CT is only due to the actively infected cells. However, it was reported in [34,35] that latently infected cells can also infect healthy CD  4 +  T cells through a CT mechanism. In [36], models (1)–(5) were extended by including latently infected cells and considering that latently and actively infected cells share a mode of CT:


       d M ( t )   d t       = μ −  η M  M  t  −  ψ 1  M  t  P  t  −  ψ 2  M  t  N  t  −  ψ 3  M  t  W  t  ,     



(6)






       d N ( t )   d t       =  ψ 1  M  t  P  t  +  ψ 2  M  t  N  t  +  ψ 3  M  t  W  t  −  ( θ +  η N  )  N  t  ,     



(7)






       d W ( t )   d t       = θ N  t  −  η W  W  t  − τ G  ( t )  W  ( t )  ,     



(8)






       d P ( t )   d t       = ϑ W  t  −  η P  P  t  − β U  t  P  t  ,     



(9)






       d G ( t )   d t       = γ W  ( t )  G  ( t )  −  η G  G  t  ,     



(10)






       d U ( t )   d t       = α P  ( t )  U  ( t )  −  η U  U  t  ,     



(11)




where   N ( t )   is the concentration of latently infected cells at time t. Latently infected cells are activated at a rate of   θ N   and die at a rate of    η N  N  . Healthy CD4   +  T cells become infected when they are contacted by HIV-1, latently infected cells and actively infected cells at rates of    ψ 1  M P  ,    ψ 2  M W   and    ψ 3  M W  , respectively.



Models (1)–(5) and (6)–(11) assume that the existence of viruses and infected cells may stimulate the adaptive immune response and ignore the possibility that they could cause immune suppression, which is known as immunity impairment. It was reported in [37] that HIV-1 can cause impairment in immune response. Several virus dynamics models have been formulated taking into account CTL impairment (see, e.g., [38,39,40,41,42,43,44,45,46]) or B-cell impairment (see, e.g., [47,48,49,50]). However, modeling the virus dynamics with impairment of both CTLs and B cells has not been studied before.



The objective of this work is to present two within-host HIV-1 models with a CT mechanism considering the impairment of both CTLs and B cells. Latently and actively infected cells share a CT mode. The second model incorporates three distinct distributed delays. For each model, we establish the non-negativity and boundedness of solutions, calculate the basic reproductive number, find the model’s steady states, investigate the global stability aspects of steady states, illustrate the theoretical outcomes via numerical simulation and discuss the reported results.




2. HIV-1 Model with Impaired B-Cell and CTL Functions


2.1. Model Description


We present an HIV-1 dynamics model with impaired B-cell and CTL functions by assuming that healthy CD4   +  T cells become infected when they are contacted by HIV-1 particles or latently or actively infected cells. We propose the following model:


        d M ( t )   d t       = μ −  η M  M  t  −  ψ 1  M  t  P  t  −  ψ 2  M  t  N  t  −  ψ 3  M  t  W  t  ,         d N ( t )   d t       =  ψ 1  M  t  P  t  +  ψ 2  M  t  N  t  +  ψ 3  M  t  W  t  −  ( θ +  η N  )  N  t  ,         d W ( t )   d t       = θ N  t  −  η W  W  t  − τ G  ( t )  W  ( t )  ,         d P ( t )   d t       = ϑ W  t  −  η P  P  t  − β U  t  P  t  ,         d G ( t )   d t       = γ W  t  −  η G  G  t  − δ G  t  W  t  ,         d U ( t )   d t       = α P  t  −  η U  U  t  − κ U  t  P  t  ,      



(12)




where the terms   δ G W   and   κ U P   represent the CTL and B-cell impairment rates, respectively. All the parameters are positive.




2.2. Model Analysis


2.2.1. Properties of Solutions


Lemma 1. 

For system (12), there exists a positively invariant compact set:


     Ω    =   M , N , W , P , G , U  ∈  R  ≥ 0  6  : 0 ≤ M  t  , N  t  , W  t  ≤  Λ 1  , 0 ≤ P  t  ≤  Λ 2  ,              0 ≤ G  t  ≤  Λ 3  , 0 ≤ U  t  ≤  Λ 4   .      













The proof of Lemma 1 is given in Appendix A.




2.2.2. Reproductive Number and Steady States


Lemma 2. 

There exists a basic reproductive number (   ℜ 0  =    M 0    ψ 1  ϑ θ +  ψ 2   η P   η W  +  ψ 3  θ  η P      η P   η W   θ +  η N      ) for system (12) such that




	(i) 

	
The system always has an infection-free steady state (  Q 0  ); and




	(ii) 

	
If    ℜ 0  > 1  , the system also has an infected steady state (  Q 1  ).











The proof of Lemma 2 is given in Appendix A.




2.2.3. Stability of Steady States   Q 0   and   Q 1  


Theorem 1. 

If    ℜ 0  < 1  , then the infection-free steady state (  Q 0  ) of system (12) is locally asymptotically stable (L.A.S).





The proof of Theorem 1 is given in Appendix A.



In the next theorems, we prove the global stability of steady states. Let a function ( Π ) be defined as   Π : ( 0 , ∞ ) → [ 0 , ∞ )  ,   Π  z  = z − 1 − ln  z    and    M , N , W , P , G , U  =  M  t  , N  t  , W  t  , P  t  , G  t  , U  t   .   Consider a function (   Θ i   M , N , W , P , G , U   )    and let   Φ  i    ′    be the largest invariant subset of    Φ i  =   M , N , W , P , G , U  :   d  Θ i    d t   = 0   ,   i = 0 , 1  .



Theorem 2. 

For system (12), if    ℜ 0  ≤ 1  , then   Q 0   is globally asymptotically stable (G.A.S).





Theorem 3. 

For system (12), if    ℜ 0  > 1  , then   Q 1   is G.A.S.





The proof of Theorems 2 and 3 are given in Appendix A.





2.3. Comparison of Results


To show the importance of including the latent CT mechanism in our proposed models, we consider model (12) under the effect of three types of antiviral drug therapy as:


        d M ( t )   d t       = μ −  η M  M  t  −  ( 1 −  ℓ 1  )   ψ 1  M  t  P  t  −  ( 1 −  ℓ 2  )   ψ 2  M  t  N  t            −  ( 1 −  ℓ 3  )   ψ 3  M  t  W  t  ,         d N ( t )   d t       =  ( 1 −  ℓ 1  )   ψ 1  M  t  P  t  +  ( 1 −  ℓ 2  )   ψ 2  M  t  N  t            +  ( 1 −  ℓ 3  )   ψ 3  M  t  W  t  −  ( θ +  η N  )  N  t  ,         d W ( t )   d t       = θ N  t  −  η W  W  t  − τ G  ( t )  W  ( t )  ,         d P ( t )   d t       = ϑ W  t  −  η P  P  t  − β U  t  P  t  ,         d G ( t )   d t       = γ W  t  −  η G  G  t  − δ G  t  W  t  ,         d U ( t )   d t       = α P  t  −  η U  U  t  − κ U  t  P  t  ,      



(13)




where    ℓ 1  ∈  [ 0 , 1 ]    is the efficacy of antiviral therapy in blocking VT. Moreover,    ℓ 2  ∈  [ 0 , 1 ]    and    ℓ 3  ∈  [ 0 , 1 ]    are the efficacies of therapy in blocking latent CT and active CT, respectively [51].



The basic reproductive number of system (13) is:


   ℜ 0  =     ( 1 −  ℓ 1  )   M 0  ϑ θ  ψ 1     η P   η W   θ +  η N      +     ( 1 −  ℓ 2  )   M 0   ψ 2    θ +  η N     +     ( 1 −  ℓ 3  )   M 0  θ  ψ 3     η W   θ +  η N      .  








We assume that   ℓ =  ℓ 1  =  ℓ 2  =  ℓ 3    and obtain:


   ℜ  0  ℓ  =  ( 1 − ℓ )       M 0  ϑ θ  ψ 1     η P   η W   θ +  η N      +     M 0   ψ 2    θ +  η N     +     M 0  θ  ψ 3     η W   θ +  η N       =  ( 1 − ℓ )   ℜ 0  .  








Now, we calculate the drug efficacy (ℓ) that makes    ℜ  0  ℓ  ≤ 1   and stabilizes   Q 0   of system (13) as:


  1 ≥ ℓ ≥   ℓ ˜  min  = max  0 , 1 −  1  ℜ 0    .  



(14)




When we ignore the latent CT mechanism in model (13), we obtain


        d M ( t )   d t       = μ −  η M  M  t  −  ( 1 − ℓ )   ψ 1  M  t  P  t  −  ( 1 − ℓ )   ψ 3  M  t  W  t  ,         d N ( t )   d t       =  ( 1 − ℓ )   ψ 1  M  t  P  t  +  ( 1 − ℓ )   ψ 3  M  t  W  t  −  ( θ +  η N  )  N  t  ,         d W ( t )   d t       = θ N  t  −  η W  W  t  − τ G  ( t )  W  ( t )  ,         d P ( t )   d t       = ϑ W  t  −  η P  P  t  − β U  t  P  t  ,         d G ( t )   d t       = γ W  t  −  η G  G  t  − δ G  t  W  t  ,         d U ( t )   d t       = α P  t  −  η U  U  t  − κ U  t  P  t  ,      



(15)




and the basic reproductive number of model (15) is given by


    ℜ ^   0  ℓ  =  ( 1 − ℓ )       M 0  ϑ θ  ψ 1     η P   η W   θ +  η N      +     M 0  θ  ψ 3     η W   θ +  η N       =  ( 1 − ℓ )    ℜ ^  0  .  








We determine the drug efficacy (ℓ) that makes     ℜ ^   0  ℓ  ≤ 1   and stabilizes   Q 0   of system (15) as:


  1 ≥ ℓ ≥   ℓ ^  min  = max  0 , 1 −  1   ℜ ^  0    .  



(16)




Clearly,     ℜ ^  0  <  ℜ 0   ; then, comparing Equations (14) and (16), we obtain     ℓ ^  min  ≤   ℓ ˜  min   . Therefore, applying drugs with efficacies (ℓ) such that     ℓ ^  min  ≤ ℓ <   ℓ ˜  min    guarantees that     ℜ ^   0  ℓ  ≤ 1  . Then, the   Q 0   of system (15) is G.A.S; however,    ℜ  0  ℓ  > 1  , and the   Q 0   of system (13) is unstable. Consequently, the drug therapies designed using a model that does not consider the latent CT mechanism may be inaccurate or insufficient to eradicate the viruses from the body. Therefore, our proposed models are more relevant in describing the HIV-1 dynamics than the models presented in [44,45,49,50].





3. Model with Distributed Time Delays


3.1. Model Description


Now, we extend system (12) by incorporating three distributed time delays as:


        d M ( t )   d t       = μ −  η M  M  ( t )  −  ψ 1  M  ( t )  P  ( t )  −  ψ 2  M  ( t )  N  ( t )  −  ψ 3  M  ( t )  W  ( t )  ,         d N ( t )   d t       =  ∫  0   ϱ 1    h 1   υ   e  −  k 1  υ    M  ( t − υ )  (   ψ 1  P  ( t − υ )  +  ψ 2  N  ( t − υ )             +  ψ 3   W  ( t − υ )  ) d υ −   ( θ +  η N  )  N  ( t )  ,         d W ( t )   d t       = θ  ∫  0   ϱ 2    h 2   ( υ )   e  −  k 2  υ   N  ( t − υ )  d υ −  η W  W  ( t )  − τ G  ( t )  W  ( t )  ,         d P ( t )   d t       = ϑ  ∫  0   ϱ 3    h 3   ( υ )   e  −  k 3  υ   W  ( t − υ )  d υ −  η P  P  ( t )  − β U  ( t )  P  ( t )  ,         d G ( t )   d t       = γ W  ( t )  −  η G  G  ( t )  − δ G  ( t )  W  ( t )  ,         d U ( t )   d t       = α P  ( t )  −  η U  U  ( t )  − κ U  ( t )  P  ( t )  ,      



(17)




where the probability that healthy CD4   +  T cells will survive  υ  time units after being contacted by HIV-1 particles or infected cells at time   t − υ   and become latently infected cells at time t is demonstrated by    h 1   υ   e  −  k 1  υ    . The term    h 2   ( υ )   e  −  k 2  υ     is the probability that latently infected cells will become actively infected cells at time t after surviving  υ  time units. Moreover, the factor    h 3   υ   e  −  k 3  υ     represents the probability of new HIV-1 particles becoming mature at time t after surviving  υ  time units, where    k i  , i = 1 , 2 , 3   are positive constants.  υ  is the delay parameter taken from a probability distribution function (   h i   υ   ) over the time interval (  [ 0 ,  ϱ i  ] ,     i = 1 , 2 , 3   where   ϱ i   is the limit superior of the delay period). Function    h i   υ  ,     i = 1 , 2 , 3   satisfies the following conditions:


      h i   υ  > 0 ,      ∫  0   ϱ i    h i   υ  d υ = 1 ,    and     ∫  0   ϱ i    h i   υ   e  − q υ   d υ < ∞ ,    where    q > 0 .     








Let     H ¯  i   ( υ )  =  h i   ( υ )   e  −  k i  υ     and    H i  =  ∫  0   ϱ i     H ¯  i   ( υ )  d υ ,     i = 1 , 2 , 3 .   Therefore,   0 <  H i  ≤ 1 ,     i = 1 , 2 , 3 .  



The initial conditions of system (17) are:


      M  r  =  a 1   r  ,     N  r  =  a 2   r  ,     W  r  =  a 3   r  ,        P  r  =  a 4   r  ,     G  r  =  a 5   r  ,     U  r  =  a 6   r          a j   r  ≥ 0 ,     j = 1 , 2 , … , 6 ,     r ∈ [ − ϱ , 0 ] ,     ϱ = max {  ϱ 1  ,  ϱ 2  ,  ϱ 3  } ,      



(18)




where    a j   r  ∈ C  (  [ − ϱ , 0 ]  ,  R  ≥ 0   )  ,     j = 1 , 2 , … , 6   and   C =     C   − ϱ , 0  ,  R  ≥ 0      is the Banach space of continuous functions with norm     a j   =  sup  − ϱ ≤ ζ ≤ 0     a j   ζ     for all    a j  ∈ C  . Therefore, system (17), with initial conditions (18), has a unique solution achieved using the standard theory of functional differential equations [52,53]. Other variables and parameters have definitions similar to those demonstrated in Section 2.




3.2. Model Analysis


3.2.1. Basic Properties of Solutions


Lemma 3. 

For system (17) with initial conditions (18), there exists a positively invariant compact set (  Ω ^  ),


      Ω ^     =   ( M , N , W , P , G , U )  ∈  C  ≥ 0  6  :   M ( t )  ≤   Λ ^  1  ,  N ( t )  ≤   Λ ^  1  ,                W ( t )  ≤   Λ ^  2  ,  G ( t )  ≤   Λ ^  3  ,  P ( t )  ≤   Λ ^  4  ,  U ( t )  ≤   Λ ^  5    .      













The proof of Lemma 3 is given in Appendix A.




3.2.2. Reproduction Number and Steady States


Lemma 4. 

There exists a basic reproductive number (    ℜ ˜  0  =    H 1    M ˜  0    H 2  θ   H 3   ψ 1  ϑ +  ψ 3   η P   +  ψ 2   η P   η W      η P   η W   θ +  η N      ) for system (17) such that:




	(i) 

	
The system always has an infection-free steady state (   Q ˜  0  ); and




	(ii) 

	
If     ℜ ˜  0  > 1  , the system also has an infected steady state (   Q ˜  1  ).











The proof of Lemma 4 is given in Appendix A.




3.2.3. Stability of Steady States    Q ˜  0   and    Q ˜  1  


Here, we investigate the global stability aspects of steady states. Consider a function (    Θ ˜  i   M , N , W , P , G , U   ), and let    Φ ¯   i    ′    be the largest invariant subset of     Φ ¯  i  =   M , N , W , P , G , U       :   d   Θ ˜  i    d t   = 0  ,   i = 0 , 1  .



Theorem 4. 

For system (17), if     ℜ ˜  0  ≤ 1  , then    Q ˜  0   is G.A.S and unstable when     ℜ ˜  0  > 1 .  





Theorem 5. 

For system (17), if     ℜ ˜  0  > 1  , then    Q ˜  1   is G.A.S.





The proof of Theorems 4 and 5 are given in Appendix A.





3.3. Numerical Simulation for Model (12)


3.3.1. Effect of  ψ     i  ,     i = 1 , 2 , 3 ,    δ  and  κ  on Stability of Steady States


Here, we solve system (12) numerically with the parameter values given in Table 1. To establish the stability of steady states for system (12), we select three different initial conditions as given below:



I.C.1:   ( M ( 0 ) , N ( 0 ) , W ( 0 ) , P ( 0 ) , G ( 0 ) , U ( 0 ) ) = ( 800 , 4 , 2 , 1 , 0.3 , 0.04 )  ,



I.C.2:     ( M ( 0 ) , N ( 0 ) , W ( 0 ) , P ( 0 ) , G ( 0 ) , U ( 0 ) ) = ( 740 , 5 , 1.6 , 1.5 , 0.2 , 0.06 ) ,  



I.C.3:   ( M ( 0 ) , N ( 0 ) , W ( 0 ) , P ( 0 ) , G ( 0 ) , U ( 0 ) ) = ( 700 , 6.5 , 1 , 2 , 0.1 , 0.08 )  .



We consider two cases:



Stability of   Q 0  . We let    ψ 1  = 0.0003 ,      ψ 2  = 0.0002 ,      ψ 3  = 0.0001 ,     δ = 0.001   and   κ = 0.001  . This yields    ℜ 0  = 0.8277 < 1  . Figure 1 shows that the trajectories of the solution starting with I.C.1–I.C.3 end up in the steady state (   Q 0  =  ( 1000 , 0 , 0 , 0 , 0 , 0 )   ). In fact, this shows that   Q 0   is G.A.S based on Theorem 2. This case means that the infection will die out.



Stability of   Q 1  . We let    ψ 1  = 0.001 ,      ψ 2  = 0.0001 ,      ψ 3  = 0.0005 ,     δ = 0.001   and   κ = 0.001  . With such a choice, we obtain    ℜ 0  = 1.3401 > 1  . Clearly, the steady state (  Q 1  ) exists when    ℜ 0  > 1   with    Q 1  =  ( 752.915 , 6.678 , 1.653 , 1.788 , 0.205 , 0.059 )   . Figure 2 demonstrates that the numerical outcomes are in agreement with the result of Theorem 3, as the solutions of system (12) end up at   Q 1   when    ℜ 0  > 1   for I.C.1–I.C.3. This case indicates the persistence of HIV-1 infection.




3.3.2. Effect of Impaired CTLs and B-Cells


To study the effect of impaired CTLs and B cells, we fix the parameters at    ψ 1  = 0.001 ,      ψ 2  = 0.0001   and    ψ 3  = 0.0005   and vary parameters  δ  and  κ . We consider the following initial condition:



I.C.4:   ( M ( 0 ) , N ( 0 ) , W ( 0 ) , P ( 0 ) , G ( 0 ) ) = ( 750 , 6.8 , 1.7 , 1.8 , 0.1 , 0.03 )  .



We note from Table 2 that increases in  δ  and  κ  lead to a reductions in the number of B cells and CTL cells, which, in turn, emphasizes the high number of latently and actively infected cells, as well as HIV-1 particles. Consequently, the number of healthy CD  4 +  T cells is decreased. Figure 3 shows that the impairment of immune response has no effect on the stability criteria of the steady states because the   ℜ 0   parameter is free of  δ  and  κ .





3.4. Numerical Simulation for Model (17)


For numerical purposes, we select a specific form of the probability distributed functions (   h i   ( υ )  ,     i = 1 , 2 , 3  ) as follows:


   h i   ( υ )  =  δ *   υ −  υ i   ,       υ i  ∈  0 ,  ϱ i   ,      i = 1 , 2 , 3 ,  








where    δ *   ( . )    is the Dirac delta function. As    ϱ i  → ∞ ,   we obtain


   ∫  0  ∞   h i   υ  d υ = 1 ,      i = 1 , 2 , 3 .  








Moreover,


   H i  =  ∫  0  ∞   δ *   υ −  υ i    e  −  k i  υ   d υ =  e  −  k i   υ i    ,   i = 1 , 2 , 3 .  








Hence, we obtain


        d M ( t )   d t       = μ −  η M  M  ( t )  −  ψ 1  M  ( t )  P  ( t )  −  ψ 2  M  ( t )  N  ( t )  −  ψ 3  M  ( t )  W  ( t )  ,         d N ( t )   d t       =  e  −  k 1   υ 1    M  t −  υ 1     ψ 1  P  t −  υ 1   +  ψ 2  N  t −  υ 1               +  ψ 3  W  t −  υ 1    −  ( θ +  η N  )  N  t  ,         d W ( t )   d t       = θ  e  −  k 2   υ 2    N  t −  υ 2   −  η W  W  t  − τ G  t  W  t  ,         d P ( t )   d t       = ϑ  e  −  k 3   υ 3    W  t −  υ 3   −  η P  P  t  − β U  t  P  t  ,         d G ( t )   d t       = γ W  t  −  η G  G  t  − δ G  t  W  t  ,         d U ( t )   d t       = α P  t  −  η U  U  t  − κ U  t  P  t  .      



(19)




For system (19), the basic reproductive number is given as:


    ℜ ˜   0 ( 19 )   =     M ˜  0   e  −  k 1   υ 1     θ  e  −  k 2   υ 2      ψ 1  ϑ  e  −  k 3   υ 3    +  ψ 3   η P   +  ψ 2   η P   η W      η P   η W   θ +  η N     .  



(20)







Impact of Time Delays on Stability of Steady States


Here, we study the effectiveness of delay values on the dynamics of system (19). To do so, we select    ψ 1  = 0.001 ,      ψ 2  = 0.0001 ,      ψ 3  = 0.0005 ,     δ = 0.001 ,     κ = 0.001 ,      k 1  = 0.1 ,      k 2  = 0.2   and    k 3  = 0.3 .   The other parameters are taken from Table 1. Moreover, the delay parameters (   υ i  ,     i = 1 , 2 , 3  ) are varied. The dependence of    ℜ ˜   0 ( 19 )    as presented in Equation (20), on the values of   υ i   causes a remarkable change in the stability of steady states as long as the   υ i   parameters are changed. Let us consider following delay values:



DV1:    υ 1  = 0.007  ,    υ 2  = 0.006  ,    υ 3  = 0.005  .



DV2:    υ 1  = 0.08  ,    υ 2  = 0.07  ,    υ 3  = 0.09  .



DV3:    υ 1  = 0.2  ,    υ 2  = 0.4  ,    υ 3  = 0.5  .



DV4:    υ 1  = 0.4  ,    υ 2  = 0.6  ,    υ 3  = 0.7  .



DV5:    υ 1  = 0.5  ,    υ 2  = 0.784  ,    υ 3  = 0.8  .



DV6:    υ 1  = 0.9  ,    υ 2  = 1.1  ,    υ 3  = 1.2  .



	
We solve system (19) under the following initial condition:






I.C.5:   ( M ( r ) , N ( r ) , W ( r ) , P ( r ) , G ( r ) , U ( r ) ) = ( 850 , 2 , 0.5 , 0.5 , 0.06 , 0.02 )  ,   r ∈ [ − υ , 0 ] ,     υ = max {  υ 1  ,  υ 2  ,  υ 3  }  .



In Table 3, we present the values of    ℜ ˜   0 ( 19 )    for selected values of    υ i  ,     i = 1 , 2 , 3  . We observe that an increase in the   υ i   parameters leads to a remarkable decrease in the values of    ℜ ˜   0 ( 19 )   . The numerical solutions are shown in Figure 4. We find that increasing of time delays increases the concentration of healthy CD  4 +  T cells and decreases the concentration of other compartments.





3.5. Sensitivity Analysis


3.5.1. Sensitivity Analysis for Model (12)


The main goal of a sensitivity analysis is to identify the variable that carries the greatest risk. We apply partial derivatives to calculate the sensitivity index when variables vary based on parameters. The normalized forward sensitivity index of   ℜ 0   is expressed using the following parameter:


   Ξ ℵ  =  ℵ  ℜ 0     ∂  ℜ 0    ∂ ℵ   ,  



(21)




where ℵ is a given parameter. We use Equation (21) to determine the sensitivity indices for each parameter given in   ℜ 0   based on the values listed in Table 1 with    ψ 1  = 0.001  ,    ψ 2  = 0.0001   and    ψ 3  = 0.0005  . Table 4 and Figure 5 show the value of the sensitivity index of   ℜ 0  . It is evident that  μ ,   ψ 1  ,   ψ 2  ,   ψ 3  ,  ϑ  and  θ  have positive index values. Consequently, there is a correlation between increased in the values of these parameters and the endemicity of the HIV-1 disease. The other indices are negative, which means that when the values of   η M  ,   η P  ,   η N   and   η W   increase, the value of   ℜ 0   decreases. Obviously, the most crucial parameters in terms of sensitivity are  μ ,   ψ 1   and  ϑ , while   ψ 2  ,   ψ 3   and  θ  are the least crucial. The parameters of CTL and B-cell responsiveness,  γ  and  α , respectively, have no effect on   ℜ 0  .




3.5.2. Sensitivity Analysis for Model (19)


We used Equation (21) with respect to    ℜ ˜   0 ( 19 )    to determine the sensitivity indices for each parameter in    ℜ ˜   0 ( 19 )    based on the parameter values in Table 1 and the following values:    ψ 1  = 0.001  ,    ψ 2  = 0.0001  ,    ψ 3  = 0.0005  ,    k 1  = 0.1  ,    k 2  = 0.2  ,    k 3  = 0.3  ,    υ 1  = 0.2  ,    υ 2  = 0.4   and    υ 3  = 0.5  . Table 5 and Figure 6 show the value of the sensitivity index of    ℜ ˜   0 ( 19 )   . Since  μ ,   ψ 1  ,   ψ 2  ,   ψ 3  ,  ϑ  and  θ  have positive indices, an increase in these values results in an increase in the endemicity of the HIV-1 disease. Increasing negative index values, i.e.,   η P  ,   η N  ,   η W  ,   k 1  ,   k 2  ,   k 3  ,   υ 1  ,   υ 2   and   υ 3  , results in a decrease in the value of    ℜ ˜   0 ( 19 )   . We can see that  μ ,   ψ 1   and  ϑ  are the most effective parameters, and   ψ 2  ,   ψ 3   and  θ  are the least effective.






4. Conclusions and Discussion


In this study, we developed two models to get insights into the effect of impaired CTL and B-cell functions on HIV-1 dynamics. These models consist of six compartments: healthy CD  4 +  T cells, latently infected cells, actively infected cells, free HIV-1 particles, CTLs and B cells. To be more realistic, we assumed that the healthy CD  4 +  T cells became infected by coming into contact with free HIV-1 particles, latently infected cells and actively infected cells. In the second model, we included three distributed time delays to improve precision. We showed that the solutions of the models are non-negative and bounded. We found that the models have two steady states: an infection-free steady state (  Q 0   or    Q ˜  0  ) and an infected steady state (  Q 1   or    Q ˜  1  ). We calculated the basic reproductive numbers (  ℜ 0   or    ℜ ˜  0  ) that control the existence of the two steady states and their global stability. The   ℜ 0   number (or    ℜ ˜  0  ) is based on three terms: the first is due to the VT mechanism, the second is the effect of the latent CT mechanism and the third term is the influence of the active CT mechanism. For each model, we built up Lyapunov functions and employed L.I.P to examine the global asymptotic stability of the two steady states. We showed that if    ℜ 0  ≤ 1   (or     ℜ ˜  0  ≤ 1  ), then   Q 0   (or    Q ˜  0  ) is G.A.S, with the HIV-1 infection going extinct eventually. From a control point of view,    ℜ 0  ≤ 1   (or     ℜ ˜  0  ≤ 1  ) can be achieved by designing a different class of antiviral drug therapies. On the other hand, if    ℜ 0  > 1   (or     ℜ ˜  0  > 1  ), then   Q 0   (or    Q ˜  0  ) is unstable, and   Q 1   (or    Q ˜  1  ) is G.A.S; then, the HIV-1 infection is chronic. We executed some numerical simulations to emphasize our theoretical outcomes. We determined that the numerical results are in agreement with the theoretical results.



We discussed the effect of B-cell and CTL impairment, time delay and the latent CT mechanism on the dynamics of HIV-1. We showed that weak adaptive immunity significantly affects the progression of the disease. Furthermore, enlarging the delay period can decrease the basic reproductive number (   ℜ ˜  0  ) and inhibit HIV-1 replication. This provides some insights for the development of a new class of HIV-1 treatment to prolong the delay period. Furthermore, we found that ignoring the latent CT mechanism in the HIV-1 dynamics model causes an underestimation of the basic reproductive number; thus, the designed drug doses may be inaccurate or insufficient to clear the virus from the body. This shows the importance of including the latent CT mechanism in our proposed models. In addition, we conducted a sensitivity analysis to show how   ℜ 0   (or    ℜ ˜  0  ) can be affected by the values of all parameters of the proposed models given certain data.



The main limitation of the present work is that we did not use real data to estimate the values of the model’s parameters. In [57], virus concentration measurements were obtained from the peripheral blood of ten patients collected at three labs. The authors used the following 3D HIV-1 model:


       d M ( t )   d t       = μ −  η M  M  t  − ψ M  t  P  t  ,     



(22)






       d W ( t )   d t       = ψ M  t  P  t  −  η W  W  t  ,     



(23)






       d P ( t )   d t       = ϑ W  t  −  η P  P  t  ,     



(24)




and estimated only four parameters:   η M  ,  ψ ,   η W   and  ϑ . In [58], the model (22)–(24) was fitted to a clinical dataset to estimate the dynamic parameters in six HIV-1-infected individuals administered antiretroviral treatment. The   η M  ,  ψ ,   η W   and N parameters were estimated, where   N = ϑ /  η W    is the number of new virions produced by each infected cell during its lifetime. We note that the number of parameters to be estimated in our model (12) is 18. A minimum number of measurements is required to identify the model’s parameters (see e.g., [58,59]). When only the virus can be measured, a large number of measurements is needed to estimate the parameters of our model, which is a difficult task. Frequently, only viral load data are available, and in this case, not all parameters can be identified independently [57,58]. When identifying HIV-1 models, there are typically few data available [60]. A patient receiving effective therapy often has his or her viral load checked every three to four months, which is too infrequent to capture the dynamic characteristics [60]. Ciupe et al. [61] used the data presented in [57] to estimate some of the model’s parameters. We obtained more data than reported in [57]; however, these data may not be sufficient to uniquely determine the 18 parameters of our model. Thus, the theoretical results obtained in this paper need to be tested against empirical findings when real data become available.



Future Works


Model (17) can be improved by:




	
Modify the model by adding the diffusion of all compartments as:


       ∂ M ( t , φ )   ∂ t   −  ς M  Δ M  t , φ      = μ −  η M  M  t , φ  −  ψ 1  M  t , φ  P  t , φ  −  ψ 2  M  t , φ  N  t , φ  ,          −  ψ 3  M  t , φ  W  t , φ          ∂ N  t , φ    ∂ t   −  ς N  Δ N  t , φ      =  ∫  0   ϱ 1    h 1   υ   e  −  k 1  υ   M  t − υ , φ    ψ 1  P  t − υ , φ  +  ψ 2  N  t − υ , φ             +  ψ 3  W  t − υ , φ   d υ −  ( θ +  η N  )  N  t , φ  ,         ∂ W  t , φ    ∂ t   −  ς W  Δ W  t , φ      = θ  ∫  0   ϱ 2    h 2   υ   e  −  k 2  υ   N  t − υ , φ  d υ −  η W  W  t , φ  − τ G  ( t , φ )  W  ( t , φ )  ,         ∂ P  t , φ    ∂ t   −  ς P  Δ P  t , φ      = ϑ  ∫  0   ϱ 3    h 3   υ   e  −  k 3  υ   W  t − υ , φ  d υ −  η P  P  t , φ  − β U  ( t , φ )  P  ( t , φ )  ,         ∂ G  t , φ    ∂ t   −  ς G  Δ G  t , φ      = γ W  ( t , φ )  −  η G  G  ( t , φ )  − δ G  ( t , φ )  W  ( t , φ )  ,         ∂ U  t , φ    ∂ t   −  ς U  Δ U  t , φ      = α P  ( t , φ )  −  η U  U  ( t , φ )  − κ U  ( t , φ )  P  ( t , φ )  ,     








where  φ  is the position,   Δ =   ∂ 2   ∂  φ 2      and   ς u   is the diffusion coefficient of compartment u.



	
Using real data to estimate the model’s parameters;



	
Considering the age structure in the infected cells;



	
Considering viral mutations.








These points will be left for future consideration.
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Appendix A


Proof of Lemma 1. 

To establish the non-negativity of solutions, according to system (12), we have


      d M   d t       ∣  M = 0   = μ > 0 ,            d N   d t       ∣  N = 0   =  ψ 1  M P +  ψ 3  M W ≥ 0 ,  for  all  M , P , W ≥ 0 ,        d W   d t       ∣  W = 0   = θ N ≥ 0 ,  for  all  N ≥ 0 ,             d P   d t       ∣  P = 0   = ϑ W ≥ 0 ,  for  all  W ≥ 0 ,            d G   d t       ∣  G = 0   = γ W ≥ 0 ,  for  all  W ≥ 0 ,        d U   d t       ∣  U = 0   = α P ≥ 0 ,  for  all  P ≥ 0 .     








Therefore,    ( M  t  , N  t  , W  t  , P  t  , G  t  , U  t  )  ∈  R  ≥ 0  6    for all   t ≥ 0   when   ( M ( 0 ) , N ( 0 ) , W ( 0 ) , P  ( 0 )  , G  ( 0 )  , U  ( 0 )  ) ∈  R  ≥ 0  6   . To show the boundedness of all solutions, we let


  T  t  = M  t  + N  t  + W  t  +   η W   2 ϑ   P  t  +   η W   4 γ   G  t  +    η W   η P    4 ϑ α   U  t  .  








Then, we obtain


      d T ( t )   d t      =   d M ( t )   d t   +   d N ( t )   d t   +   d W ( t )   d t   +   η W   2 ϑ     d P ( t )   d t   +   η W   4 γ     d G ( t )   d t   +    η W   η P    4 ϑ α     d U ( t )   d t            = μ −  η M  M  t  −  η N  N  t  −   η W  4  W  t  −  τ +    η W  δ   4 γ    G  t  W  t  −    η W   η P    4 ϑ   P  t  −    η W   η G    4 γ   G  t            −     η W  β   2 ϑ   +    η W   η P  κ   4 ϑ α    U  t  P  t  −    η W   η P   η U    4 ϑ α   U  t           ≤ μ −  η M  M  t  −  η N  N  t  −   η W  4  W  t  −    η W   η P    4 ϑ   P  t  −    η W   η G    4 γ   G  t  −    η W   η P   η U    4 ϑ α   U  t           ≤ μ − ϕ  M  t  + N  t  + W  t  +   η W   2 ϑ   P  t  +   η W   4 γ   G  t  +    η W   η P    4 ϑ α   U  t   = μ − ϕ T  t  ,     








where   ϕ = min   η M  ,  η N  ,   η W  4  ,   η P  2  ,  η G  ,  η U    . Hence,


  T  t  ≤  e  − ϕ t    T  0  −  μ ϕ   +  μ ϕ  .  








This yields   0 ≤ T  t  ≤  Λ 1    if   T  0  ≤  Λ 1   , where    Λ 1  =   μ ϕ    . Since all state variables are non-negative, then   0 ≤ M  t  , N  t  , W  t  ≤  Λ 1   ,   0 ≤ P  t  ≤  Λ 2   ,   0 ≤ G  t  ≤  Λ 3   , and   0 ≤ U  t  ≤  Λ 4    for all   t ≥ 0   if   M  0  + N  0  + W  0  +    η W   2 ϑ    P  0  +    η W   4 γ    G  0  +     η W   η P    4 ϑ α    U  0  ≤  Λ 1   , where    Λ 2  =    2 ϑ  Λ 1    η W     ,    Λ 3  =    4 γ  Λ 1    η W      and    Λ 4  =    4 ϑ α  Λ 1     η W   η P     .   Therefore,   M  t   ,   N  t   ,   W  t   ,   P  t   ,   G  t    and   U  t    are all bounded.  □





Proof of Lemma 2. 

It is clear that system (12) always has an infection-free steady state (   Q 0  =   M 0  , 0 , 0 , 0 , 0 , 0   , where    M 0  =   μ  η M     ). In the following, we apply the next-generation matrix method proposed by Driessche and Watmough [62] to calculate the basic reproductive number of model (12). We define the terms of new infections, as well as the terms of outflow, as follows:


       Γ ^  1  =       ψ 1  M P +  ψ 2  M N +  ψ 3  M W      0     0     ,       Δ ^  1  =       θ +  η N   N       − θ N +  η W  W + τ  G W       − ϑ W +  η P  P + β U P      .     








We calculate the derivative of    Γ ^  1   and    Δ ^  1   for steady state   Q 0   as:


      Γ 1  =       ψ 2   M 0       ψ 3   M 0       ψ 1   M 0       0   0   0     0   0   0     ,      Δ 1  =      θ +  η N     0   0      − θ     η W    0     0    − ϑ     η P      .     








Then, we have


   Γ 1   Δ  1   − 1   =        M 0    ψ 1  ϑ θ +  ψ 2   η P   η W  +  ψ 3  θ  η P      η P   η W   θ +  η N          M 0    ψ 1  ϑ +  ψ 3   η P      η P   η W         ψ 1   M 0    η P       0   0   0     0   0   0     .  








The basic reproductive number (  ℜ 0  ) is expressed as:


   ℜ 0  =    M 0    ψ 1  ϑ θ +  ψ 2   η P   η W  +  ψ 3  θ  η P      η P   η W   θ +  η N     =  ℜ 01  +  ℜ 02  +  ℜ 03  ,  



(A1)




where


   ℜ 01  =     M 0  ϑ θ  ψ 1     η P   η W   θ +  η N      ,        ℜ 02  =     M 0   ψ 2    θ +  η N     ,        ℜ 03  =     M 0  θ  ψ 3     η W   θ +  η N      .  








To find the other steady state, we consider the following equations:


    0    = μ −  η M  M −  ψ 1  M P −  ψ 2  M N −  ψ 3  M W ,     



(A2)






    0    =  ψ 1  M P +  ψ 2  M N +  ψ 3  M W −  θ +  η N   N ,     



(A3)






    0    = θ N −  η W  W − τ G W ,     



(A4)






    0    = ϑ W −  η P  P − β U P ,     



(A5)






    0    = γ W −  η G  G − δ G W ,     



(A6)






    0    = α P −  η U  U − κ U P .     



(A7)




From Equations (A6) and (A7), we obtain


  G =   γ W    η G  + δ W   ,     U =   α P    η U  + κ P   .  



(A8)




Substituting from Equation (A8) into Equation (A5), we get


  W =    η P   η U  P +   η P  κ + α β   P 2    ϑ   η U  + κ P    .  



(A9)




By substituting Equation (A9) into Equation (A8), we obtain


  G =   γ   η P   η U  P +   η P  κ + α β   P 2       η U  + κ P   ϑ  η G  + δ  η P  P  + α δ β  P 2    .  



(A10)




By substituting Equations (A9) and (A10) into Equation (A4), we obtain


  N =     η P   η U  P +   η P  κ + α β   P 2      η U  + κ P   ϑ  η G   η W  +  η P   δ  η W  + γ τ  P  + α β  δ  η W  + γ τ   P 2     ϑ θ   η U  + κ P     η U  + κ P   ϑ  η G  + δ  η P  P  + α δ β  P 2     .  



(A11)




From Equations (A2) and (A3), we obtain


  μ −  η M  M =  θ +  η N   N .  



(A12)




By substituting Equation (A11) into Equation (A12), we obtain


  M =  1  η M    μ −    θ +  η N     η P   η U  P +   η P  κ + α β   P 2      η U  + κ P   ϑ  η G   η W  +  η P   δ  η W  + γ τ  P  + α β  δ  η W  + γ τ   P 2     ϑ θ   η U  + κ P     η U  + κ P   ϑ  η G  + δ  η P  P  + α δ β  P 2      .  



(A13)




Substituting Equations (A9), (A11) and (A13) into Equation (A3), we obtain


    P   A 7   P 7  +  A 6   P 6  +  A 5   P 5  +  A 4   P 4  +  A 3   P 3  +  A 2   P 2  +  A 1  P +  A 0      η M   ϑ 2   θ 2     η U  + κ P  2      η U  + κ P   ϑ  η G  + δ  η P  P  + α δ β  P 2   2    = 0 ,  



(A14)




where


     A 7     =  θ +  η N    δ  η W  + γ τ     η P  κ + α β  3   δ ϑ κ θ  ψ 1  + δ   η W   ψ 2  + θ  ψ 3     η P  κ + α β  + γ τ  ψ 2    η P  κ + α β   ,       A 6     =    η P  κ + α β  2   δ ϑ  η M  κ θ  θ +  η N    δ  η W  + γ τ    η P  κ + α β             −  ψ 2   δ  η W  + γ τ   μ δ ϑ κ θ − 2  θ +  η N    2  η P   η U   δ  η W  + γ τ  + ϑ κ  η G   η W      η P  κ + α β            + θ  − μ ϑ κ θ  δ 2   κ  ϑ  ψ 1  +  η P   ψ 3   + α β  ψ 3              +  θ +  η N    κ  ϑ  ψ 1  +  η P   ψ 3    2 δ  η W   2 δ  η P   η U  + ϑ κ  η G   + γ τ  4 δ  η P   η U  + ϑ κ  η G               +    α β  δ  η W   2 ϑ κ  η G   ψ 3  + δ  η U   ϑ  ψ 1  + 4  η P   ψ 3    + γ τ  ϑ κ  η G   ψ 3  + δ  η U   ϑ  ψ 1  + 4  η P   ψ 3        ,       A 5     =   η P  κ + α β    η M  ϑ θ  θ +  η N     η P  κ + α β   2 δ κ  η W   2 δ  η P   η U  + ϑ κ  η G   + κ γ τ  4 δ  η P   η U  + ϑ κ  η G                + δ α  η U  β  δ  η W  + γ τ   + ϑ θ  ψ 1   − 2 μ δ ϑ κ θ  ϑ  η G   κ 2  + δ  η U   2  η P  κ + α β              +  θ +  η N    3  η P   η W   δ 2   η  U  2   2  η P  κ + α β  + δ  η U   4 ϑ κ  η G   η W  + 3  η P  γ  η U  τ   2  η P  κ + α β             +   ϑ κ  η G   ϑ  η G   η W   κ 2  + 2 γ  η U  τ  2  η P  κ + α β               +   η P  κ + α β   μ ϑ θ  − 2 δ κ  2 δ  η P   η U  + ϑ κ  η G     η W   ψ 2  + θ  ψ 3   − γ κ τ  ψ 2   4 δ  η P   η U  + ϑ κ  η G               −  δ α  η U  β  δ θ  ψ 3  +  ψ 2   δ  η W  + γ τ              +  θ +  η N     η W    η W   ψ 2  + θ  ψ 3    6  δ 2   η  P  2   η  U  2  +  ϑ 2   κ 2   η  G  2   + 6  η  P  2   γ 2   η  U  2   τ 2   ψ 2             + ϑ γ  η U   η G  τ  2  η W   ψ 2  + θ  ψ 3    4  η P  κ + α β  + 2 δ  η U   3 γ  η U  τ  η  P  2   2  η W   ψ 2  + θ  ψ 3              +     ϑ  η G   η W    η W   ψ 2  + θ  ψ 3    4  η P  κ + α β      ,       A 4     = ϑ  η M  θ  θ +  η N     η P  κ + α β   3  η P   η W   δ 2   η  U  2   2  η P  κ + α β             +  δ  η U   4 ϑ κ  η G   η W  + 3  η P  γ  η U  τ   2  η P  κ + α β  + ϑ κ  η G   ϑ  η G   η W   κ 2  + 2 γ  η U  τ  2  η P  κ + α β              +   η P  κ + α β    η U   θ +  η N    2  η W    η W   ψ 2  + θ  ψ 3    2  δ 2   η  U  2   η  P  3  + κ  ϑ 2   η  G  2   2  η P  κ + α β               +  η P  γ  η U  τ  4 γ  η U  τ  ψ 2   η  P  2  + 3 ϑ  η G   2  η W   ψ 2  + θ  ψ 3    2  η P  κ + α β             +  2 δ  η P   η U   2 γ  η U  τ  η  P  2   2  η W   ψ 2  + θ  ψ 3   + 3 ϑ  η G   η W    η W   ψ 2  + θ  ψ 3    2  η P  κ + α β              + μ ϑ θ  − δ  η U   2  η P  κ + α β     η W   ψ 2  + θ  ψ 3    3 δ  η P   η U  + 4 ϑ κ  η G   + 3  η P  γ  η U  τ  ψ 2              −   ϑ κ  η G   ϑ  η G   κ 2    η W   ψ 2  + θ  ψ 3   + 2 γ  η U  τ  ψ 2   2  η P  κ + α β               + ϑ θ  ψ 1   − μ ϑ θ   ϑ 2   η  G  2   κ 4  + 2 δ ϑ  η U   η G   κ 2   4  η P  κ + 3 α β  +  δ 2   η  U  2   6  η P  κ   η P  κ + α β  +  α 2   β 2               +  η U   θ +  η N     η W   δ 2   η  P  2   η  U  2   4  η P  κ + 3 α β             + δ  η U   γ  η U  τ  η  P  2   4  η P  κ + 3 α β  + 2 ϑ  η G   η W   6  η P  κ   η P  κ + α β  +  α 2   β 2              +   ϑ  η G   ϑ  η G   η W   κ 2   4  η P  κ + 3 α β  + γ  η U  τ  6  η P  κ   η P  κ + α β  +  α 2   β 2      ,     










     A 3     =  η U   − μ ϑ θ   η P   δ 2   η  U  2   2 ϑ θ  ψ 1   2  η P  κ + α β  +  η P    η W   ψ 2  + θ  ψ 3    4  η P  κ + 3 α β               + δ  η U   6 κ  η G  θ  ψ 1   ϑ 2   2  η P  κ + α β  + γ τ  η U   ψ 2   η  P  2   4  η P  κ + 3 α β             +  2 ϑ  η G    η W   ψ 2  + θ  ψ 3    6  η P  κ   η P  κ + α β  +  α 2   β 2    + ϑ  η G   4  η G  θ  ψ 1   ϑ 2   κ 3             +   ϑ  η G   κ 2    η W   ψ 2  + θ  ψ 3    4  η P  κ + 3 α β  + γ  η U  τ  ψ 2   6  η P  κ   η P  κ + α β  +  α 2   β 2               +  θ +  η N     ψ 2   τ 2   γ 2   η  U  3   η  P  4  + ϑ γ τ  η G   η  P  2   η  U  2   2  η W   ψ 2  + θ  ψ 3    4  η P  κ + 3 α β             + κ θ  η W   η  G  2   ϑ 3   2  η P  κ  2  η M  κ + 3  η U   ψ 1   + 3 α β   η M  κ +  η U   ψ 1              +  η U   η G   ϑ 2   2 κ  η  P  2   3 κ  η G   η W    η W   ψ 2  + θ  ψ 3   + γ τ θ  3  η M  κ + 2  η U   ψ 1    + 2  η P  α β  3 κ  η G   η W    η W   ψ 2  + θ  ψ 3               +   γ τ θ  3  η M  κ +  η U   ψ 1    +  α 2   β 2    η G   η W    η W   ψ 2  + θ  ψ 3   +  η M  γ τ θ             +  η W   δ 2   η  P  2   η  U  2    η U   η  P  2    η W   ψ 2  + θ  ψ 3   + ϑ θ   η M   4  η P  κ + 3 α β  +  η P   η U   ψ 1              + δ  η U   γ τ  η  U  2   η  P  4   2  η W   ψ 2  + θ  ψ 3   + ϑ  η U   η  P  2   8  η P  κ  η G   η W    η W   ψ 2  + θ  ψ 3   +  η P  γ τ θ  4  η M  κ +  η U   ψ 1               +  3 α β  2  η G   η W    η W   ψ 2  + θ  ψ 3   +  η M  γ τ θ   + 2  η G  θ  η W   ϑ 2   2 κ  η  P  2   3  η M  κ + 2  η U   ψ 1              +     2  η P  α β  3  η M  κ +  η U   ψ 1   +  η M   α 2   β 2      ,       A 2     = ϑ  η  U  2   − μ θ   δ 2   η  P  2   η  U  2   θ  ϑ  ψ 1  +  η P   ψ 3   +  η P   η W   ψ 2               + ϑ  η G   6  η G  θ  ψ 1   ϑ 2   κ 2  +  2  η P  κ + α β   3 ϑ κ  η G    η W   ψ 2  + θ  ψ 3   + 2  η P  γ  η U  τ  ψ 2              +  δ  η U   γ  η U  τ  ψ 2   η  P  3  + 4 ϑ  η P   η G    η W   ψ 2  + θ  ψ 3    2  η P  κ + α β  + 2  η G  θ  ψ 1   ϑ 2   4  η P  κ + α β              +  θ +  η N     η M  θ  η W   δ 2   η  U  2   η  P  3  +  η P   η G   2 ϑ κ  η G   η W   ϑ θ  3  η M  κ + 2  η U   ψ 1   + 2  η P   η U    η W   ψ 2  + θ  ψ 3                +   η P  γ  η U  τ  ϑ θ  4  η M  κ +  η U   ψ 1   +  η P   η U   2  η W   ψ 2  + θ  ψ 3               + ϑ α  η G  β  ϑ  η G  θ  η W   3  η M  κ +  η U   ψ 1   + 2  η P   η U    η G   η W    η W   ψ 2  + θ  ψ 3   +  η M  γ θ τ             +   δ  η P   η U    η U   η  P  2   2  η G   η W    η W   ψ 2  + θ  ψ 3   +  η M  γ θ τ  + 2 ϑ  η G  θ  η W   2  η M   2  η P  κ + α β  +  η P   η U   ψ 1      ,       A 1     = −  η G   ϑ 2   η  U  3   μ θ  4 κ  η G  θ  ψ 1   ϑ 2  +  η P   η U   2 δ  θ  ϑ  ψ 1  +  η P   ψ 3   +  η P   η W   ψ 2   +  η P  γ τ  ψ 2                + ϑ  η G    η W   ψ 2  + θ  ψ 3    4  η P  κ + α β   −  θ +  η N     η U   η  P  2   2 δ  η M  θ  η W  +   η G   η W    η W   ψ 2  + θ  ψ 3   +  η M  γ τ θ                + ϑ  η G   η W  θ   η M   4  η P  κ + α β  +  η P   η U   ψ 1     ,       A 0     =  η M   η P  θ  η W   η  G  2   ϑ 3   η  U  4   θ +  η N    1 −  ℜ 0   ,     








where   ℜ 0   is defined by Equation (A1). Equation (A14) provides two cases:




	
  P = 0  , which yields the infection-free steady state (  Q 0  ).



	
  P ≠ 0   and    A 7   P 7  +  A 6   P 6  +  A 5   P 5  +  A 4   P 4  +  A 3   P 3  +  A 2   P 2  +  A 1  P +  A 0  = 0  . Let   Ψ  P    be a function on the interval   [ 0 , ∞ )  , defined as:


  Ψ  P  =  A 7   P 7  +  A 6   P 6  +  A 5   P 5  +  A 4   P 4  +  A 3   P 3  +  A 2   P 2  +  A 1  P +  A 0  .  











We have   Ψ  0  =  η M   η P  θ  η W   η  G  2   ϑ 3   η  U  4   θ +  η N    1 −  ℜ 0   < 0   when    ℜ 0  > 1   and    lim  P → ∞   Ψ  P      = ∞  . Then,  Ψ  has a real root (  P 1  ) that is positive. Substituting Equations (A9) and (A11) into Equation (A2), we obtain


   M 1  =  μ   η M  +  ψ 1   P 1  +  ψ 2   N 1  +  ψ 3   W 1    ,  








where


     N 1     =     η P   η U   P 1  +   η P  κ + α β   P 1      η U  + κ  P 1    ϑ  η G   η W  +  η P   δ  η W  + γ τ   P 1   + α β  δ  η W  + γ τ   P 1     ϑ θ   η U  + κ  P 1      η U  + κ  P 1    ϑ  η G  + δ  η P   P 1   + α δ β  P 1     ,       W 1     =    η P   η U   P 1  +   η P  κ + α β   P 1    ϑ   η U  + κ  P 1     ,     G 1  =   γ   η P   η U   P 1  +   η P  κ + α β   P 1       η U  + κ  P 1    ϑ  η G  + δ  η P   P 1   + α δ β  P 1    ,     U 1  =   α  P 1     η U  + κ  P 1    .     








It is clear that an infected steady state (   Q 1  =   M 1  ,  N 1  ,  W 1  ,  P 1  ,  G 1  ,  U 1    ) exists when    ℜ 0  > 1  .








  □





Proof of Theorem 1. 

The Jacobian matrix of system (12) is given by


  J =      −  η M  −  ψ 1  P −  ψ 2  N −  ψ 3  W     −  ψ 2  M     −  ψ 3  M     −  ψ 1  M    0   0       ψ 1  P +  ψ 2  N +  ψ 3  W      ψ 2  M −  θ +  η N        ψ 3  M      ψ 1  M    0   0     0   θ    −   η W  + τ G     0    − τ W    0     0   0   ϑ    −   η P  + β U     0    − β P      0   0    γ − δ G    0    −   η G  + δ W     0     0   0   0    α − κ U    0    −   η U  + κ P       .  



(A15)




In the infection-free steady state (  Q 0  ), the Jacobian matrix becomes


   J  Q 0   =      −  η M      −  ψ 2   M 0      −  ψ 3   M 0      −  ψ 1   M 0     0   0     0     ψ 2   M 0  −  θ +  η N        ψ 3   M 0       ψ 1   M 0     0   0     0   θ    −  η W     0   0   0     0   0   ϑ    −  η P     0   0     0   0   γ   0    −  η G     0     0   0   0   α   0    −  η U       .  



(A16)




For matrix (A16), the characteristic equation (    J  Q 0   − x I  = 0  ) is evaluated as    x +  η G    x +  η M        x +  η U   K  x  = 0 ,   where x is the eigenvalue, I is the identity matrix,


  K  x  =  x 3  +  m 2   x 2  +  m 1  x +  m 0  ,  



(A17)




and


         m 0  =  η P   η W   θ +  η N    1 −  ℜ 0   ≥ 0 ,           m 1  =  η P   η W  +  η P   θ +  η N    1 −  ℜ 02   +  η W   θ +  η N    1 −   ℜ 02  +  ℜ 03    ≥ 0 ,           m 2  =  η P  +  η W  +  θ +  η N    1 −  ℜ 02   ≥ 0 ,           m 1   m 2  −  m 0  =   μ ϑ θ  ψ 1    η M   +   η W  +  θ +  η N    1 −  ℜ 02      η P   (  η P  +  η W  )  +  η P   θ +  η N    1 −  ℜ 02                    +  η W   θ +  η N    1 −   ℜ 02  +  ℜ 03     ≥ 0 ,     








where    ℜ 0  < 1  . Clearly,   J  Q 0    has three negative eigenvalues:   −  η G   ,   −  η M    and   −  η U   . Moreover, the Routh–Hurwitz conditions are satisfied for Equation (A17). Therefore, the infection-free steady state (  Q 0  ) is L.A.S when    ℜ 0  ≤ 1  .  □





Proof of Theorem 2. 

We define a Lyapunov function as:


   Θ 0  =  M 0  Π   M  M 0    + N +    M 0   ϑ  ψ 1  +  η P   ψ 3      η W   η P    W +    ψ 1   M 0    η P   P +   τ  M 0   ϑ  ψ 1  +  η P   ψ 3     2 γ  η W   η P     G 2  +   β  ψ 1   M 0    2 α  η P     U 2  .  











Clearly,    Θ 0   ( M , N , W , P , G , U )  > 0   for all   M , N , W , P , G , U > 0  , and   Θ 0   has a global minimum at   Q 0  . We calculate    d  Θ 0    d t    according to the solutions of model (12) as:


      d  Θ 0    d t      =  1 −   M 0  M     d M   d t   +   d N   d t   +    M 0   ϑ  ψ 1  +  η P   ψ 3      η W   η P      d W   d t   +    ψ 1   M 0    η P     d P   d t   +   τ  M 0   ϑ  ψ 1  +  η P   ψ 3   G   γ  η W   η P      d G   d t             +   β  ψ 1   M 0  U   α  η P      d U   d t            =  1 −   M 0  M    μ −  η M  M −  ψ 1  M P −  ψ 2  M N −  ψ 3  M W  +  ψ 1  M P +  ψ 2  M N +  ψ 3  M W           −  θ +  η N   N +    M 0   ϑ  ψ 1  +  η P   ψ 3      η W   η P     θ N −  η W  W − τ G W  +    ψ 1   M 0    η P    ϑ W −  η P  P − β U P            +   τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P    G  γ W −  η G  G − δ G W  +   β  ψ 1   M 0    α  η P    U  α P −  η U  U − κ U P           =  1 −   M 0  M    μ −  η M  M  +   ψ 1   M 0  −  ψ 1   M 0   P +   ψ 2   M 0  −  θ +  η N   +   θ  M 0   ϑ  ψ 1  +  η P   ψ 3      η W   η P     N           +   ψ 3   M 0  −    M 0   ϑ  ψ 1  +  η P   ψ 3     η P   +   ϑ  ψ 1   M 0    η P    W +    β  ψ 1   M 0    η P   −   β  ψ 1   M 0    η P    U P           +    τ  M 0   ϑ  ψ 1  +  η P   ψ 3      η W   η P    −   τ  M 0   ϑ  ψ 1  +  η P   ψ 3      η W   η P     G W −    η G  τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P     G 2            −   δ τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P     G 2  W −    η U  β  ψ 1   M 0    α  η P     U 2  −   κ β  ψ 1   M 0    α  η P     U 2  P          =  1 −   M 0  M    μ −  η M  M  +    θ  M 0   ϑ  ψ 1  +  η P   ψ 3   +  ψ 2   M 0   η W   η P     η W   η P    −  θ +  η N    N           −   τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2  −   β  ψ 1   M 0    α  η P      η U  + κ P   U 2  .     











After direct calculation and using    M 0  = μ /  η M   , we obtain


      d  Θ 0    d t      =  1 −   M 0  M     η M   M 0  −  η M  M  +     M 0    ψ 1  ϑ θ +  ψ 2   η P   η W  +  ψ 3  θ  η P      η P   η W    −  θ +  η N    N           −   τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2  −   β  ψ 1   M 0    α  η P      η U  + κ P   U 2           = −    η M    M −  M 0   2   M  +  θ +  η N       M 0    ψ 1  ϑ θ +  ψ 2   η P   η W  +  ψ 3  θ  η P      η P   η W   θ +  η N     − 1  N           −   τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2  −   β  ψ 1   M 0    α  η P      η U  + κ P   U 2           = −    η M    M −  M 0   2   M  +  θ +  η N     ℜ 0  − 1  N −   τ  M 0   ϑ  ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2            −   β  ψ 1   M 0    α  η P      η U  + κ P   U 2  .     








Clearly,     d  Θ 0    d t   ≤ 0   when    ℜ 0  ≤ 1   with equality occurs at   M =  M 0    and   N = W = P = G = U = 0 .   All solutions converge to set   Φ  0    ′    [52]. This set has elements that satisfy   M  ( t )  =  M 0    and   N  t  = W  t  = P  t  = G  ( t )  = U  ( t )  = 0   for all   t .   Therefore,    Φ  0    ′   =   M , N , W , P , G , U  ∈  Φ 0  : M =  M 0  , N = W = P = G = U = 0  =   Q 0   .   According to LaSalle’s invariance principle (L.I.P) [52],   Q 0   is G.A.S.  □





Proof of Theorem 3. 

Let us define a Lyapunov function as:


     Θ 1     =  M 1  Π   M  M 1    +  N 1  Π   N  N 1    +    M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1     W 1      η P  + β  U 1     η W  + τ  G 1     Π   W  W 1    +    ψ 1   M 1   P 1     η P  + β  U 1    Π   P  P 1              +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      2   η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  +   β  ψ 1   M 1    2   η P  + β  U 1    α − κ  U 1       U −  U 1   2  .     








Note from Equations (A6) and (A7) that   γ − δ  G 1  =     η G   G 1    W 1    > 0   and   α − κ  U 1  =     η U   U 1    P 1    > 0 .   We calculate    d  Θ 1    d t    according to the solutions of model (12) as:


      d  Θ 1    d t      =  1 −   M 1  M     d M   d t   +  1 −   N 1  N     d N   d t   +    M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      1 −   W 1  W     d W   d t             +    ψ 1   M 1     η P  + β  U 1     1 −   P 1  P     d P   d t   +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1      G −  G 1     d G   d t             +   β  ψ 1   M 1      η P  + β  U 1    α − κ  U 1      U −  U 1     d U   d t            =  1 −   M 1  M    μ −  η M  M −  ψ 1  M P −  ψ 2  M N −  ψ 3  M W  +  1 −   N 1  N     ψ 1  M P +  ψ 2  M N +  ψ 3  M W             −  θ +  η N   N  +    M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      1 −   W 1  W    θ N −  η W  W − τ G W            +    ψ 1   M 1     η P  + β  U 1     1 −   P 1  P    ϑ W −  η P  P − β U P  +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1      G −  G 1    γ W             −  η G  G − δ G W  +   β  ψ 1   M 1      η P  + β  U 1    α − κ  U 1      U −  U 1    α P −  η U  U − κ U P           =  1 −   M 1  M    μ −  η M  M  +   ψ 2   M 1  −  θ +  η N   +   θ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      N           +  ψ 1   M 1  P +  ψ 3   M 1  W −   ψ 1  M P +  ψ 2  M N +  ψ 3  M W    N 1  N  +  θ +  η N    N 1            −   θ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1       N  W 1   W  −    η W   M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      W −  W 1             −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1     G  W −  W 1   +   ϑ  ψ 1   M 1     η P  + β  U 1    W −   ϑ  ψ 1   M 1     η P  + β  U 1      W  P 1   P            −    η P   ψ 1   M 1     η P  + β  U 1     P −  P 1   −   β  ψ 1   M 1     η P  + β  U 1    U  P −  P 1             +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1      G −  G 1    γ W −  η G  G − δ G W            +   β  ψ 1   M 1      η P  + β  U 1    α − κ  U 1      U −  U 1    α P −  η U  U − κ U P  .     



(A18)




Using the following steady-state conditions for   Q 1  ,


        μ =  η M   M 1  +  ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1  ,           ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1  =  θ +  η N    N 1  ,           N 1  =     η W  + τ  G 1    W 1   θ  ⟹  W 1  =   θ  N 1     η W  + τ  G 1    ,           W 1  =     η P  + β  U 1    P 1   ϑ  ⟹  P 1  =   ϑ  W 1     η P  + β  U 1    ,          γ  W 1  =  η G   G 1  + δ  G 1   W 1  ,          α  P 1  =  η U   U 1  + κ  U 1   P 1  ,     








we obtain


         ψ 1   M 1   P 1  +  ψ 3   M 1   W 1  =    M 1   W 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1       η P  + β  U 1    =   θ  M 1   N 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1     ,            ψ 2   M 1  −  θ +  η N   +   θ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1       N 1  = 0 .     








Therefore, Equation (A18) takes the following form:


      d  Θ 1    d t      =  1 −   M 1  M     η M   M 1  −  η M  M  +   ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1    1 −   M 1  M             +  ψ 1   M 1  P +  ψ 3   M 1  W −  ψ 1   M 1   P 1    M P  N 1     M 1   P 1  N   −  ψ 2   M 1   N 1   M  M 1   −  ψ 3   M 1   W 1    M W  N 1     M 1   W 1  N             +  ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1  −   θ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1     N 1      η P  + β  U 1     η W  + τ  G 1       N  W 1     N 1  W             −    η W   M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      W −  W 1   −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1     G  W −  W 1             +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      G 1   W −  W 1   −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      G 1   W −  W 1             +   ϑ  ψ 1   M 1   W 1     η P  + β  U 1     W  W 1   −   ϑ  ψ 1   M 1   W 1     η P  + β  U 1      W  P 1     W 1  P   −    η P   ψ 1   M 1     η P  + β  U 1     P −  P 1   −   β  ψ 1   M 1     η P  + β  U 1    U  P −  P 1             +   β  ψ 1   M 1     η P  + β  U 1     U 1   P −  P 1   −   β  ψ 1   M 1     η P  + β  U 1     U 1   P −  P 1             +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1      G −  G 1    γ W −  η G  G − δ G W − γ  W 1  +  η G   G 1             +  δ  G 1   W 1  + δ  G 1  W − δ  G 1  W  +   β  ψ 1   M 1      η P  + β  U 1    α − κ  U 1      U −  U 1    α P −  η U  U − κ U P            −  α  P 1  +  η U   U 1  + κ  U 1   P 1  + κ  U 1  P − κ  U 1  P           = −    η M    M −  M 1   2   M  +   ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1    2 −   M 1  M   +  ψ 1   M 1  P +  ψ 3   M 1  W           −  ψ 1   M 1   P 1    M P  N 1     M 1   P 1  N   −  ψ 2   M 1   N 1   M  M 1   −  ψ 3   M 1   W 1    M W  N 1     M 1   W 1  N   −   ψ 1   M 1   P 1  +  ψ 3   M 1   W 1     N  W 1     N 1  W             −    M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1       η W  + τ  G 1    W −  W 1   −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1      G −  G 1             ×  W −  W 1   +  ψ 1   M 1   P 1   W  W 1   −  ψ 1   M 1   P 1    W  P 1     W 1  P   −    ψ 1   M 1     η P  + β  U 1      η P  + β  U 1    P −  P 1             −   β  ψ 1   M 1     η P  + β  U 1     U −  U 1    P −  P 1   +   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1        η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1      γ − δ  G 1    G −  G 1             ×  W −  W 1   −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  +   β  ψ 1   M 1      η P  + β  U 1    α − κ  U 1               ×  α − κ  U 1    U −  U 1    P −  P 1   −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2  .     








This implies that


      d  Θ 1    d t      = −    η M    M −  M 1   2   M  +   ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1    2 −   M 1  M   +  ψ 1   M 1  P +  ψ 3   M 1  W           −  ψ 1   M 1   P 1    M P  N 1     M 1   P 1  N   −  ψ 2   M 1   N 1   M  M 1   −  ψ 3   M 1   W 1    M W  N 1     M 1   W 1  N             −   ψ 1   M 1   P 1  +  ψ 3   M 1   W 1     N  W 1     N 1  W   −    M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1       η P  + β  U 1     W −  W 1             +  ψ 1   M 1   P 1   W  W 1   −  ψ 1   M 1   P 1    W  P 1     W 1  P   −  ψ 1   M 1   P −  P 1             −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2           = −    η M    M −  M 1   2   M  +   ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1    2 −   M 1  M   +  ψ 1   M 1  P +  ψ 3   M 1  W           −  ψ 1   M 1   P 1    M P  N 1     M 1   P 1  N   −  ψ 2   M 1   N 1   M  M 1   −  ψ 3   M 1   W 1    M W  N 1     M 1   W 1  N             −   ψ 1   M 1   P 1  +  ψ 3   M 1   W 1     N  W 1     N 1  W   −    M 1   W 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1       η P  + β  U 1      W  W 1   − 1            +  ψ 1   M 1   P 1   W  W 1   −  ψ 1   M 1   P 1    W  P 1     W 1  P   −  ψ 1   M 1   P 1    P  P 1   − 1            −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2           = −    η M    M −  M 1   2   M  +   ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1    2 −   M 1  M   +  ψ 1   M 1  P +  ψ 3   M 1  W           −  ψ 1   M 1   P 1    M P  N 1     M 1   P 1  N   −  ψ 2   M 1   N 1   M  M 1   −  ψ 3   M 1   W 1    M W  N 1     M 1   W 1  N             −   ψ 1   M 1   P 1  +  ψ 3   M 1   W 1     N  W 1     N 1  W   −   ψ 1   M 1   P 1  +  ψ 3   M 1   W 1     W  W 1   − 1            +  ψ 1   M 1   P 1   W  W 1   −  ψ 1   M 1   P 1    W  P 1     W 1  P   −  ψ 1   M 1  P +  ψ 1   M 1   P 1            −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2           = −    η M    M −  M 1   2   M  +   ψ 1   M 1   P 1  +  ψ 2   M 1   N 1  +  ψ 3   M 1   W 1    2 −   M 1  M   +  ψ 3   M 1  W           −  ψ 1   M 1   P 1    M P  N 1     M 1   P 1  N   −  ψ 2   M 1   N 1   M  M 1   −  ψ 3   M 1   W 1    M W  N 1     M 1   W 1  N             −   ψ 1   M 1   P 1  +  ψ 3   M 1   W 1     N  W 1     N 1  W   −  ψ 1   M 1   P 1   W  W 1   +  ψ 1   M 1   P 1  −  ψ 3   M 1  W +  ψ 3   M 1   W 1            +  ψ 1   M 1   P 1   W  W 1   −  ψ 1   M 1   P 1    W  P 1     W 1  P   +  ψ 1   M 1   P 1            −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2           = −    η M    M −  M 1   2   M  +  ψ 1   M 1   P 1   4 −   M 1  M  −   M P  N 1     M 1   P 1  N   −   N  W 1     N 1  W   −   W  P 1     W 1  P              +  ψ 2   M 1   N 1   2 −   M 1  M  −  M  M 1    +  ψ 3   M 1   W 1   3 −   M 1  M  −   M W  N 1     M 1   W 1  N   −   N  W 1     N 1  W              −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2           = −     η M  +  ψ 2   N 1     M −  M 1   2   M  +  ψ 1   M 1   P 1   4 −   M 1  M  −   M P  N 1     M 1   P 1  N   −   N  W 1     N 1  W   −   W  P 1     W 1  P              +  ψ 3   M 1   W 1   3 −   M 1  M  −   M W  N 1     M 1   W 1  N   −   N  W 1     N 1  W              −   τ  M 1    ψ 1  ϑ +  ψ 3    η P  + β  U 1      η G  + δ W      η P  + β  U 1     η W  + τ  G 1    γ − δ  G 1       G −  G 1   2  −   β  ψ 1   M 1    η U  + κ P      η P  + β  U 1    α − κ  U 1       U −  U 1   2  .     








Considering the relative relationship between the geometrical and arithmetical means, we obtain


    4    ≤   M 1  M  +   M P  N 1     M 1   P 1  N   +   N  W 1     N 1  W   +   W  P 1     W 1  P   ,      3    ≤   M 1  M  +   M W  N 1     M 1   W 1  N   +   N  W 1     N 1  W   .     











Hence, if    ℜ 0  > 1  , then     d  Θ 1    d t   ≤ 0   for all   M , N , W , P , G , U > 0  . Also,     d  Θ 1    d t   = 0   when   M =  M 1  , N =  N 1  , W =  W 1  , P =  P 1  , G =  G 1    and   U =  U 1   . Clearly,    Φ  1    ′   =   Q 1    , and by using L.I.P, we find that if    ℜ 0  > 1  , then     Q 1    is G.A.S [52].  □





Proof of Lemma 3. 

From the first equation of system (17), we have     d M  t    d t    ∣  M = 0   = μ > 0  ; then,   M ( t ) > 0   for all   t ≥ 0  . Moreover,


          d N ( t )   d t   +  θ +  η N   N  t  =  ∫  0   ϱ 1     H ¯  1   υ  M  t − υ    ψ 1  P  t − υ  +  ψ 2  N  t − υ  +  ψ 3  W  t − υ   d υ          ⟹ N  t  =  a 2   ( 0 )   e  − ( θ +  η N  ) t   +  ∫  0  t   e  −  ( θ +  η N  )   ( t − ϰ )     ∫  0   ϱ 1     H ¯  1   υ  M  ϰ − υ   (   ψ 1  P  ϰ − υ                 +  ψ 2  N  ϰ − υ  +  ψ 3  W  ϰ − υ   ) d υ d ϰ ≥ 0 .             d W ( t )   d t   +   η W  + τ G  ( t )   W  ( t )  = θ  ∫  0   ϱ 2     H ¯  2   υ  N  t − υ  d υ          ⟹ W  t  =  a 3   ( 0 )   e  −  ∫  0  t   (  η W  + τ G  ( u )  )  d u   + θ  ∫  0  t   e  −  ∫  ϰ  t   (  η W  + τ G  ( u )  )  d u    ∫  0   ϱ 2     H ¯  2   υ  N  ϰ − υ  d υ d ϰ ≥ 0 .            d P ( t )   d t   +   η P  + β U  t   P  t  = ϑ  ∫  0   ϱ 3     H ¯  3   ( υ )  W  t − υ  d υ          ⟹ P  t  =  a 4   ( 0 )   e  −  ∫  0  t   (  η P  + β U  u  )  d u   + ϑ  ∫  0  t   e  −  ∫  ϰ  t   (  η P  + β U  ( u )  )  d u    ∫  0   ϱ 3     H ¯  3   υ  W  ϰ − υ  d υ d ϰ ≥ 0 .            d G ( t )   d t   +   η G  + δ W  t   G  t  = γ W  t           ⟹ G  t  =  a 5   ( 0 )   e  −  ∫  0  t   (  η G  + δ W  ( u )  )  d u   + γ  ∫  0  t   e  −  ∫  ϰ  t   (  η G  + δ W  ( u )  )  d u   W  υ  d υ ≥ 0 .            d U ( t )   d t   +   η U  + κ P  t   U  t  = α P  t           ⟹ U  t  =  a 6   ( 0 )   e  −  ∫  0  t   (  η U  + κ P  ( u )  )  d u   + α  ∫  0  t   e  −  ∫  ϰ  t   (  η U  + κ P  ( u )  )  d u   P  υ  d υ ≥ 0 ,     








for all   t ∈ [ 0 , ϱ ]  . Hence, through a recursive argument, we obtain   ( M  t  , N  t  , W  t  , P  t   ,   G  t  , U  t   )      ≥ 0   for all   t ≥ 0  . Therefore, the solutions of system (17) satisfy   M  t  , N  t  , W  t  ,      P  t  , G  t  , U  t   ∈  R  ≥ 0  6  ,   for all   t ≥ 0  . Now, we investigate the ultimate boundedness of solutions. The first equation of system (17) implies that    lim  t → ∞   sup M  t  ≤   μ  η M    .   Next, we define


   T 1   t  =  ∫  0   ϱ 1     H ¯  1   υ  M  t − υ  d υ + N  t  .  








Then,


      d  T 1   ( t )    d t      =  ∫  0   ϱ 1     H ¯  1   υ    d M  t − υ    d t   d υ +   d N ( t )   d t            =  ∫  0   ϱ 1     H ¯  1   ( υ )   μ −  η M  M  t − υ   d υ −  θ +  η N   N  t           = μ  H 1  −  η M   ∫  0   ϱ 1     H ¯  1   ( υ )  M  t − υ  d υ −  θ +  η N   N  t           ≤ μ −  ϕ 1    ∫  0   ϱ 1     H ¯  1   ( υ )  M  t − υ  d υ + N  t   = μ −  ϕ 1   T 1   t  ,     








where    ϕ 1  = min  {  η M  , θ +  η N  }   . This implies that    lim  t → ∞   sup  T 1   t  ≤   μ  ϕ 1    =   Λ ^  1   . Since    ∫  0   ϱ 1     H ¯  1   υ  M  t − υ  d υ ≥ 0   and   N  t  ≥ 0  ,    lim  t → ∞   sup N  t  ≤   Λ ^  1  .   Furthermore, we let


   T 2   t  = W  t  +   η W   2 γ   G  t  .  








This yields


      d  T 2   ( t )    d t      =   d W ( t )   d t   +   η W   2 γ     d G ( t )   d t            = θ  ∫  0   ϱ 2     H ¯  2   υ  N  t − υ  d υ −  η W  W  t  − τ G  t  W  t             +   η W   2 γ    γ W  t  −  η G  G  t  − δ G  t  W  t            = θ  ∫  0   ϱ 2     H ¯  2   υ  N  t − υ  d υ −   η W  2  W  t  −    η W   η G    2 γ   G  t  −  ( τ +    η W  δ   2 γ   )  G  t  W  t           ≤ θ  ∫  0   ϱ 2     H ¯  2   υ  N  t − υ  d υ −   η W  2  W  t  −    η W   η G    2 γ   G  t           ≤ θ   Λ ^  1  −  ϕ 2   W  t  +   η W   2 γ   G  t   = θ   Λ ^  1  −  ϕ 2   T 2   t  ,     








where    ϕ 2  = min  {   η W  2  ,  η G  }   . Hence,    lim  t → ∞   sup  T 2   t  ≤    θ   Λ ^  1    ϕ 2    =   Λ ^  2   . Since   W  t  ≥ 0   and   G  t  ≥ 0  ,    lim  t → ∞   sup W  t  ≤   Λ ^  2  ,   and    lim  t → ∞   sup G  t  ≤    2 γ   Λ ^  2    η W    =   Λ ^  3  .   Finally, we let


   T 3   t  = P  t  +   η P   2 α   U  t  .  








Then,


      d  T 3   ( t )    d t      =   d P ( t )   d t   +   η P   2 α     d U ( t )   d t            = ϑ  ∫  0   ϱ 3     H ¯  3   υ  W  t − υ  d υ −  η P  P  t  − β U  t  P  t             +   η P   2 α    α P  t  −  η U  U  t  − κ U  t  P  t            = ϑ  ∫  0   ϱ 3     H ¯  3   υ  W  t − υ  d υ −   η P  2  P  t  −    η P   η U    2 α   U  t  −  ( β +    η P  κ   2 α   )  U  t  P  t           ≤ ϑ  ∫  0   ϱ 3     H ¯  3   υ  W  t − υ  d υ −   η P  2  P  t  −    η P   η U    2 α   U  t           ≤ ϑ   Λ ^  2  −  ϕ 3   P  t  +   η P   2 α   U  t   = ϑ   Λ ^  2  −  ϕ 3   T 3   t  ,     








where    ϕ 3  = min  {   η P  2  ,  η U  }   . Therefore,    lim  t → ∞   sup  T 3   t  ≤    ϑ   Λ ^  2    ϕ 3    =   Λ ^  4   . Since   P  t  ≥ 0   and   U  t  ≥ 0  ,    lim  t → ∞   sup P  t  ≤   Λ ^  4  ,   and    lim  t → ∞   sup U  t  ≤    2 α   Λ ^  4    η P    =   Λ ^  5   . We conclude that   M  t  , N  t  , W  t  , P  t  , G  t    and   U  t    are ultimately bounded. Hence, set   Ω ^   corresponding to model (17) is compact and positively invariant.  □





Proof of Lemma 4. 

Clearly, system (17) always has an infection-free steady state (    Q ˜  0  =  (   M ˜  0  , 0 , 0 , 0 , 0 , 0 )   , where     M ˜  0  =   μ  η M     ). To calculate the basic reproductive number of system (17) using the next-generation matrix method, we define matrices    Γ ^  2   and    Δ ^  2   as:


       Γ ^  2  =       H 1    ψ 1  M P +  ψ 2  M N +  ψ 3  M W       0     0     ,       Δ ^  2  =      ( θ +  η N  ) N       − θ  H 2  N +  η W  W + τ  G W       − ϑ  H 3  W +  η P  P + β U P      .     











We calculate the derivative of    Γ ^  2   and    Δ ^  2   in the steady state    Q ˜  0   to obtain:


      Γ 2  =       H 1   ψ 2    M ˜  0       H 1   ψ 3    M ˜  0       H 1   ψ 1    M ˜  0       0   0   0     0   0   0     ,      Δ 2  =      θ +  η N     0   0      − θ  H 2      η W    0     0    − ϑ  H 3      η P      .     








Then, we find    Γ 2   Δ  2   − 1     as:


   Γ 2   Δ  2   − 1   =        H 1    M ˜  0    H 2  θ   H 3   ψ 1  ϑ +  ψ 3   η P   +  ψ 2   η P   η W      θ +  η N    η P   η W         H 1    M ˜  0    H 3   ψ 1  ϑ +  ψ 3   η P      η P   η W         H 1    M ˜  0   ψ 1    η P       0   0   0     0   0   0     .  








The basic reproductive number    ℜ ˜  0   is expressed as:


    ℜ ˜  0  =    H 1    M ˜  0    H 2  θ   H 3   ψ 1  ϑ +  ψ 3   η P   +  ψ 2   η P   η W      η P   η W   θ +  η N     =   ℜ ˜  01  +   ℜ ˜  02  +   ℜ ˜  03  ,  



(A19)




where


    ℜ ˜  01  =     H 1   H 2   H 3    M ˜  0  ϑ θ  ψ 1     η P   η W   θ +  η N      ,         ℜ ˜  02  =     H 1    M ˜  0   ψ 2    θ +  η N     ,         ℜ ˜  03  =     H 1   H 2    M ˜  0  θ  ψ 3     η W   θ +  η N      .  











The system has another steady state satisfying the following equations:


    0    = μ −  η M  M −  ψ 1  M P −  ψ 2  M N −  ψ 3  M W ,     



(A20)






    0    =  H 1    ψ 1  M P +  ψ 2  M N +  ψ 3  M W  −  θ +  η N   N ,     



(A21)






    0    = θ  H 2  N −  η W  W − τ G W ,     



(A22)






    0    = ϑ  H 3  W −  η P  P − β U P ,     



(A23)






    0    = γ W −  η G  G − δ G W ,     



(A24)






    0    = α P −  η U  U − κ U P .     



(A25)







From Equations (A24) and (A25), we obtain


  G =   γ W    η G  + δ W   ,        U =   α P    η U  + κ P   .  



(A26)







Substituting Equation (A26) into Equation (A23), we obtain


  W =    η U   η P  P +   η P  κ + α β   P 2    ϑ  H 3    η U  + κ P    .  



(A27)







By substituting Equation (A27) into Equation (A26), we obtain


  G =   γ   η U   η P  P +   η P  κ + α β   P 2       η U  + κ P   ϑ  η G   H 3  + δ  η P  P  + α δ β  P 2    .  



(A28)







By substituting Equations (A27) and (A28) into Equation (A22), we obtain


  N =     η P   η U  P +   η P  κ + α β   P 2      η U  + κ P   ϑ  η G   η W   H 3  +  η P   δ  η W  + τ γ  P  + α β  δ  η W  + γ τ   P 2     ϑ θ  H 2   H 3    η U  + κ P     η U  + κ P   ϑ  η G   H 3  + δ  η P  P  + α δ β  P 2     .  



(A29)







From Equations (A20) and (A21), we obtain


  μ −  η M  M =    θ +  η N   N   H 1   .  



(A30)







By substituting Equation (A29) into Equation (A30), we obtain


  M =  1  η M    μ −    θ +  η N     η P   η U  P +   η P  κ + α β   P 2      η U  + κ P   ϑ  η G   η W   H 3  +  η P   δ  η W  + τ γ  P  + α β  δ  η W  + γ τ   P 2     ϑ θ  H 1   H 2   H 3    η U  + κ P     η U  + κ P   ϑ  η G   H 3  + δ  η P  P  + α δ β  P 2      .  



(A31)







Bu substituting Equations (A27), (A29) and (A31) into Equation (A21), we obtain


    P    A ˜  7   P 7  +   A ˜  6   P 6  +   A ˜  5   P 5  +   A ˜  4   P 4  +   A ˜  3   P 3  +   A ˜  2   P 2  +   A ˜  1  P +   A ˜  0      η M   ϑ 2   θ 2   H  2  2   H  3  2     η U  + κ P  2      η U  + κ P   ϑ  η G   H 3  + δ  η P  P  + α δ β  P 2   2    = 0 ,  



(A32)




where


      A ˜  7     =  θ +  η N    δ  η W  + γ τ     η P  κ + α β  3    ψ 2   δ  η W  + γ τ    η P  κ + α β             +  δ θ  H 2   ϑ κ  H 3   ψ 1  +  ψ 3    η P  κ + α β    ,        A ˜  6     =    η P  κ + α β  2   δ ϑ  η M  κ θ  H 2   H 3   θ +  η N    δ  η W  + γ τ    η P  κ + α β             −  μ δ ϑ κ θ  H 1   H 2   H 3  −  θ +  η N    2  η P   η U   δ  η W  + γ τ  + ϑ κ  η G   η W   H 3                ψ 2   δ  η W  + γ τ    η P  κ + α β  + δ θ  H 2   ϑ κ  H 3   ψ 1  +  ψ 3    η P  κ + α β              +  θ +  η N    δ  η W  + γ τ    ψ 2   2  η P   η U   δ  η W  + γ τ  + ϑ κ  η G   η W   H 3     η P  κ + α β             +   θ  H 2   κ  2 δ  η P   η U  + ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3   + α β  2 δ  η P   η U   ψ 3  + ϑ  H 3   δ  η U   ψ 1  + κ  η G   ψ 3       ,        A ˜  5     =   η P  κ + α β    η M  ϑ θ  H 2   H 3   θ +  η N     η P  κ + α β   2 δ κ  η W   2 δ  η P   η U  + ϑ κ  η G   H 3   + κ γ τ  4 δ  η P   η U               +  ϑ κ  η G   H 3   +  δ α  η U  β  δ  η W  + γ τ   +  η U   θ +  η N    δ  η W  + γ τ    η P  κ + α β    η P   ψ 2   2 ϑ κ  η G   η W   H 3              +   η P   η U   δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3   ψ 2  + θ  H 2    δ  η P   η U  + 2 ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3              +   ϑ α  η G  β  H 3   ψ 3    −  μ δ ϑ κ θ  H 1   H 2   H 3  −  θ +  η N    2  η P   η U   δ  η W  + γ τ  + ϑ κ  η G   η W   H 3                ψ 2   ϑ κ  η G   η W   H 3  + 2  η P   η U   δ  η W  + γ τ     η P  κ + α β  + θ  H 2   κ  ϑ κ  η G   H 3  + 2 δ  η P   η U                ϑ  H 3   ψ 1  +  η P   ψ 3   +   α β  2 δ  η P   η U   ψ 3  + ϑ  H 3   δ  η U   ψ 1  + κ  η G   ψ 3                −   ψ 2   δ  η W  + γ τ    η P  κ + α β  + δ θ  H 2   ϑ κ  H 3   ψ 1  +  ψ 3    η P  κ + α β     −  η U   θ +  η N     η P    η P   η U                   δ  η W  + γ τ  +  2 ϑ κ  η G   η W   H 3   + ϑ α  η G   η W  β  H 3   + μ ϑ θ  H 1   H 2   H 3   ϑ  η G   κ 2   H 3  + δ  η U   2  η P  κ + α β     ,     










      A ˜  4     = ϑ  η G   η  U  2   H 3   θ +  η N    θ  H 2   ϑ  H 3   ψ 1  +  η P   ψ 3   +  η P   η W   ψ 2    δ  η W  + γ τ     η P  κ + α β  2            − ϑ  η U   H 3   μ θ  H 1   H 2   δ  η P   η U  + 2 ϑ κ  η G   H 3   −  η P   η U   η G   η W   θ +  η N      η P  κ + α β              ψ 2   δ  η W  + γ τ    η P  κ + α β  + δ θ  H 2   ϑ κ  H 3   ψ 1  +  ψ 3    η P  κ + α β              −  η U   μ δ ϑ κ θ  H 1   H 2   H 3  −  θ +  η N    ϑ κ  η G   η W   H 3  + 2  η P   η U   δ  η W  + γ τ      η P  κ + α β              η P   ψ 2   2 ϑ κ  η G   η W   H 3  +  η P   η U   δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3   ψ 2  + θ  H 2    δ  η P   η U  + 2 ϑ κ  η G   H 3                ϑ  H 3   ψ 1  +  η P   ψ 3   +   ϑ α  η G  β  H 3   ψ 3    −   ψ 2   ϑ κ  η G   η W   H 3  + 2  η P   η U   δ  η W  + γ τ     η P  κ + α β             +  θ  H 2   κ  2 δ  η P   η U  + ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3   + α β  2 δ  η P   η U   ψ 3  + ϑ  H 3   δ  η U   ψ 1  + κ  η G   ψ 3                 −  η U   θ +  η N     η P   2 ϑ κ  η G   η W   H 3  +  η P   η U   δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3              +  μ ϑ θ  H 1   H 2   H 3   ϑ  η G   κ 2   H 3  + δ  η U   2  η P  κ + α β    +  η M  ϑ θ  H 2   H 3   θ +  η N               η P  κ + α β   3  η P   η W   δ 2   η  U  2   2  η P  κ + α β  + δ  η U   4 ϑ κ  η G   η W   H 3  + 3  η P  γ  η U  τ   2  η P  κ + α β             +  ϑ κ  η G   H 3   ϑ  η G   η W   κ 2   H 3  + 2 γ τ  η U   2  η P  κ + α β    ,     










      A ˜  3     =  η U   − ϑ  η G   η U   H 3   θ  H 2   ϑ  H 3   ψ 1  +  η P   ψ 3   +  η P   η W   ψ 2    μ δ ϑ κ θ  H 1   H 2   H 3              −   θ +  η N    ϑ κ  η G   η W   H 3  + 2  η P   η U   δ  η W  + γ τ      η P  κ + α β            − μ  η U   η G  θ  ϑ 2   H 1   H 2   H  3  2    η P  κ + α β    ψ 2   δ  η W  + γ τ    η P  κ + α β  + δ θ  H 2   ϑ κ  H 3   ψ 1              +    ψ 3    η P  κ + α β    − ϑ  H 3   μ θ  H 1   H 2   δ  η P   η U  + 2 ϑ κ  η G   H 3   −  η P   η U   η G   η W   θ +  η N                ψ 2   ϑ κ  η G   η W   H 3  + 2  η P   η U   δ  η W  + γ τ     η P  κ + α β  + θ  H 2   κ  2 δ  η P   η U               +    ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3   + α β  2 δ  η P   η U   ψ 3  + ϑ  H 3   δ  η U   ψ 1  + κ  η G   ψ 3                −   η P   ψ 2   2 ϑ κ  η G   η W   H 3  +  η P   η U   δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3   ψ 2             +  θ  H 2    δ  η P   η U  + 2 ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3   + ϑ α  η G  β  H 3   ψ 3               −  η U   θ +  η N     η P   2 ϑ κ  η G   η W   H 3  +  η P   η U   δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3              +  μ ϑ θ  H 1   H 2   H 3   ϑ  η G   κ 2   H 3  + δ  η U   2  η P  κ + α β    + ϑ  η M  θ  H 2   H 3   θ +  η N     η W   δ 2   η  P  2   η  U  2              4  η P  κ + 3 α β  + δ  η U   γ τ  η U   η  P  2   4  η P  κ + 3 α β  + 2 ϑ  η G   η W   H 3   6  η P  κ   η P  κ + α β  +  α 2   β 2              +   ϑ  η G   H 3   ϑ  η G   η W   κ 2   H 3   4  η P  κ + 3 α β  + γ τ  η U   6  η P  κ   η P  κ + α β  +  α 2   β 2      ,        A ˜  2     = ϑ  η  U  2   H 3   −   μ θ  H 1   H 2   δ  η P   η U  + 2 ϑ κ  η G   H 3   −  η P   η U   η G   η W   θ +  η N      η P   ψ 2   2 ϑ κ  η G   η W   H 3                +   η P   η U   δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3   ψ 2  + θ  H 2    δ  η P   η U  + 2 ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3              +    ϑ α  η G  β  H 3   ψ 3     − μ ϑ  η G  θ  H 1   H 2   H 3    ψ 2   ϑ κ  η G   η W   H 3  + 2  η P   η U   δ  η W  + γ τ     η P  κ + α β             +  θ  H 2   κ  2 δ  η P   η U  + ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3   + α β  2 δ  η P   η U   ψ 3  + ϑ  H 3   δ  η U   ψ 1  + κ  η G   ψ 3                −  η G   θ  H 2   ϑ  H 3   ψ 1  +  η P   ψ 3   +  η P   η W   ψ 2    −  η U   θ +  η N     η P   2 ϑ κ  η G   η W   H 3  +  η P   η U   δ  η W  + γ τ               +   ϑ α  η G   η W  β  H 3   + μ ϑ θ  H 1   H 2   H 3   ϑ  η G   κ 2   H 3  + δ  η U   2  η P  κ + α β              + θ  η M   H 2   θ +  η N     η W   δ 2   η  U  2   η  P  3  + ϑ  η G   H 3   3 ϑ κ  η G   η W   H 3  + 2  η P  γ τ  η U    2  η P  κ + α β             +   δ  η P   η U   γ τ  η U   η  P  2  + 4 ϑ  η G   η W   H 3   2  η P  κ + α β     ,        A ˜  1     =  η G   ϑ 2   η  U  3   H  3  2   − μ θ  H 1   H 2    η P   ψ 2   4 ϑ κ  η G   η W   H 3  +  η P   η U   2 δ  η W  + γ τ   + ϑ α  η G   η W  β  H 3   ψ 2              +  θ  H 2   2  δ  η P   η U  + 2 ϑ κ  η G   H 3    ϑ  H 3   ψ 1  +  η P   ψ 3   + ϑ α  η G  β  H 3   ψ 3    +  θ +  η N     η U   η G   η  P  2   η  W  2   ψ 2             +   θ  H 2    η U   η  P  2    η M   2 δ  η W  + γ τ  +  η G   η W   ψ 3   + ϑ  η G   η W   H 3    η P   η U   ψ 1  +  η M   4  η P  κ + α β      ,        A ˜  0     =  η M   η P  θ  η W   η  G  2   ϑ 3   η  U  4   H 2   H  3  3   θ +  η N    1 −   ℜ ˜  0   ,     








where    ℜ ˜  0   is defined by Equation (A19). Equation (A32) has two cases:




	
  P = 0  , which leads to the infection-free steady state    Q ˜  0  ;



	
  P ≠ 0   and     A ˜  7   P 7  +   A ˜  6   P 6  +   A ˜  5   P 5  +   A ˜  4   P 4  +   A ˜  3   P 3  +   A ˜  2   P 2  +   A ˜  1  P +   A ˜  0  = 0  . Let    Ψ ¯   P    be a function of interval   [ 0 , ∞ )  , defined as:


   Ψ ¯   P  =   A ˜  7   P 7  +   A ˜  6   P 6  +   A ˜  5   P 5  +   A ˜  4   P 4  +   A ˜  3   P 3  +   A ˜  2   P 2  +   A ˜  1  P +   A ˜  0  .  











Letting     ℜ ˜  0  > 1  ,    Ψ ¯   0  =  η M   η P  θ  η W   η  G  2   ϑ 3   η  U  4   H 2   H  3  3   θ +  η N    1 −   ℜ ˜  0   < 0   and    lim  P → ∞    Ψ ¯   P  = ∞ ,   which means that   Ψ ¯   has a real root (   P ˜  1  ) that is positive. Then, by substituting Equations (A27) and (A29) into Equation (A20), we obtain


    M ˜  1  =  μ   η M  +  ψ 1    P ˜  1  +  ψ 2    N ˜  1  +  ψ 3    W ˜  1    ,  








where


      N ˜  1     =     η P   η U    P ˜  1  +   η P  κ + α β    P ˜  1      η U  + κ   P ˜  1    ϑ  η G   η W   H 3  +  η P   δ  η W  + τ γ    P ˜  1   + α β  δ  η W  + γ τ    P ˜  1     ϑ θ  H 2   H 3    η U  + κ   P ˜  1      η U  + κ   P ˜  1    ϑ  η G   H 3  + δ  η P    P ˜  1   + α δ β   P ˜  1     ,        W ˜  1     =    η U   η P    P ˜  1  +   η P  κ + α β    P ˜  1    ϑ  H 3    η U  + κ   P ˜  1     ,     G ˜  1  =   γ   η U   η P    P ˜  1  +   η P  κ + α β    P ˜  1       η U  + κ   P ˜  1    ϑ  η G   H 3  + δ  η P    P ˜  1   + α δ β   P ˜  1    ,     U ˜  1  =   α   P ˜  1     η U  + κ   P ˜  1    .     
















Clearly, when     ℜ ˜  0  > 1  , an infected steady state (    Q ˜  1  =    M ˜  1  ,   N ˜  1  ,   W ˜  1  ,   P ˜  1  ,   G ˜  1  ,   U ˜  1    ) exists.  □





Proof of Theorem 4. 

Let


      Θ ˜  0     =   M ˜  0  Π   M   M ˜  0    +  1  H 1   N +     M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P    W +    ψ 1    M ˜  0    η P   P +   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     2 γ  η W   η P     G 2            +   β  ψ 1    M ˜  0    2 α  η P     U 2  +  1  H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   ∫  t − υ  t  M  ( ϰ )    ψ 1  P  ( ϰ )  +  ψ 2  N  ( ϰ )  +  ψ 3  W  ( ϰ )   d ϰ d υ           +   θ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P     ∫  0   ϱ 2     H ¯  2   ( υ )   ∫  t − υ  t  N  ( ϰ )  d ϰ d υ +   ϑ  ψ 1    M ˜  0    η P    ∫  0   ϱ 3     H ¯  3   ( υ )   ∫  t − υ  t  W  ( ϰ )  d ϰ d υ .     











Clearly,     Θ ˜  0   ( M , N , W , P , G , U )  > 0   for all   M , N , W , P , G , U > 0  , and    Θ ˜  0   has a global minimum at    Q ˜  0  . We calculate    d   Θ ˜  0    d t    according to the solutions of model (17) as:





       d   Θ ˜  0    d t      =  1 −    M ˜  0  M     d M   d t   +  1  H 1     d N   d t   +     M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P      d W   d t   +    ψ 1    M ˜  0    η P     d P   d t             +   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3   G   γ  η W   η P      d G   d t   +   β  ψ 1    M ˜  0  U   α  η P      d U   d t   +  ψ 1  M P +  ψ 2  M N +  ψ 3  M W           −  1  H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  M  t − υ    ψ 1  P  t − υ  +  ψ 2  N  t − υ   +   ψ 3  W  t − υ   d υ           +   θ  H 2    M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P    N −   θ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P     ∫  0   ϱ 2     H ¯  2   ( υ )  N  t − υ  d υ           +   ϑ  H 3   ψ 1    M ˜  0    η P   W −   ϑ  ψ 1    M ˜  0    η P    ∫  0   ϱ 3     H ¯  3   ( υ )  W  t − υ  d υ          =  1 −    M ˜  0  M    μ −  η M  M −  ψ 1  M P −  ψ 2  M N −  ψ 3  M W  +  1  H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  M  t − υ    ψ 1  P  t − υ             +   ψ 2  N  t − υ  +  ψ 3  W  t − υ   d υ −    θ +  η N   N   H 1   +   θ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P     ∫  0   ϱ 2     H ¯  2   ( υ )  N  t − υ  d υ           −     M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     η P   W −   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P    G W +   ϑ  ψ 1    M ˜  0    η P    ∫  0   ϱ 3     H ¯  3   ( υ )  W  t − υ  d υ           −  ψ 1    M ˜  0  P −   β  ψ 1    M ˜  0    η P   U P +   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P    G W −    η G  τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P     G 2            −   δ τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P     G 2  W +   β  ψ 1    M ˜  0    η P   U P −    η U  β  ψ 1    M ˜  0    α  η P     U 2  −   κ β  ψ 1    M ˜  0    α  η P     U 2  P +  ψ 1  M P           +  ψ 2  M N +  ψ 3  M W −  1  H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  M  t − υ    ψ 1  P  t − υ  +  ψ 2  N  t − υ  +  ψ 3  W  t − υ   d υ           +   θ  H 2    M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P    N −   θ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P     ∫  0   ϱ 2     H ¯  2   ( υ )  N  t − υ  d υ           +   ϑ  H 3   ψ 1    M ˜  0    η P   W −   ϑ  ψ 1    M ˜  0    η P    ∫  0   ϱ 3     H ¯  3   ( υ )  W  t − υ  d υ          =  1 −    M ˜  0  M    μ −  η M  M  +   ψ 2    M ˜  0  −   θ +  η N    H 1   +   θ  H 2    M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3      η W   η P     N           −    η G  τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P     G 2  −   δ τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P     G 2  W −    η U  β  ψ 1    M ˜  0    α  η P     U 2  −   κ β  ψ 1    M ˜  0    α  η P     U 2  P .      











After direct calculation and using     M ˜  0  = μ /  η M   , we obtain


      d   Θ ˜  0    d t      =  1 −    M ˜  0  M     η M    M ˜  0  −  η M  M  +    θ  H 2    M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3   +  η W   η P   ψ 2    M ˜  0     η W   η P    −   θ +  η N    H 1    N           −   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2  −   β  ψ 1    M ˜  0    α  η P      η U  + κ P   U 2           = −    η M    M −   M ˜  0   2   M  +   θ +  η N    H 1       H 1    M ˜  0    H 2  θ   H 3   ψ 1  ϑ +  ψ 3   η P   +  ψ 2   η P   η W      η P   η W   θ +  η N     − 1  N           −   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2  −   β  ψ 1    M ˜  0    α  η P      η U  + κ P   U 2           = −    η M    M −   M ˜  0   2   M  +   θ +  η N    H 1      ℜ ˜  0  − 1  N −   τ   M ˜  0   ϑ  H 3   ψ 1  +  η P   ψ 3     γ  η W   η P      η G  + δ W   G 2            −   β  ψ 1    M ˜  0    α  η P      η U  + κ P   U 2  .     











Clearly,     d   Θ ˜  0    d t   ≤ 0   when     ℜ ˜  0  ≤ 1   and     d   Θ ˜  0    d t   = 0   at   M =   M ˜  0    and   N = W = P = G = U = 0 .   All solutions converge to set    Φ ¯   0    ′    [52]. This set has elements that satisfy   M  ( t )  =   M ˜  0    and   N ( t ) = W ( t ) = P ( t ) = G ( t ) = U ( t ) = 0 .   Therefore,     Φ ¯   0    ′   =   M , N , W , P , G , U  ∈   Φ ¯  0  : M =   M ˜  0  ,       N = W = P = G = U = 0  =    Q ˜  0   .   Based on L.I.P, we find that    Q ˜  0   is G.A.S when     ℜ ˜  0  ≤ 1   [52].



Model (17) can be reformulated as:


    d X ( t )   d t   = F  X  t  , X  t − υ   ,  








where   X  t  =   M  t  , N  t  , W  t  , P  t  , G  t  , U  t   T   . We have


        d M ( t )   d t   =   ∂ F   ∂ M     |    Q ˜  0   M +   ∂ F   ∂ N     |    Q ˜  0   N +   ∂ F   ∂ W     |    Q ˜  0   W +   ∂ F   ∂ P     |    Q ˜  0   P +   ∂ F   ∂ G      |   Q ˜  0   G +   ∂ F   ∂ U   |    Q ˜  0   U ,         d N ( t )   d t   =   ∂ F   ∂ M     |    Q ˜  0   M +   ∂ F   ∂ N     |    Q ˜  0   N +   ∂ F   ∂ W     |    Q ˜  0   W +   ∂ F   ∂ P     |    Q ˜  0   P +   ∂ F   ∂ G      |   Q ˜  0   G +   ∂ F   ∂ U   |    Q ˜  0   U ,         d W ( t )   d t   =   ∂ F   ∂ M     |    Q ˜  0   M +   ∂ F   ∂ N     |    Q ˜  0   N +   ∂ F   ∂ W     |    Q ˜  0   W +   ∂ F   ∂ P     |    Q ˜  0   P +   ∂ F   ∂ G      |   Q ˜  0   G +   ∂ F   ∂ U   |    Q ˜  0   U ,         d P ( t )   d t   =   ∂ F   ∂ M     |    Q ˜  0   M +   ∂ F   ∂ N     |    Q ˜  0   N +   ∂ F   ∂ W     |    Q ˜  0   W +   ∂ F   ∂ P     |    Q ˜  0   P +   ∂ F   ∂ G      |   Q ˜  0   G +   ∂ F   ∂ U   |    Q ˜  0   U ,         d G ( t )   d t   =   ∂ F   ∂ M     |    Q ˜  0   M +   ∂ F   ∂ N     |    Q ˜  0   N +   ∂ F   ∂ W     |    Q ˜  0   W +   ∂ F   ∂ P     |    Q ˜  0   P +   ∂ F   ∂ G      |   Q ˜  0   G +   ∂ F   ∂ U   |    Q ˜  0   U ,         d U ( t )   d t   =   ∂ F   ∂ M     |    Q ˜  0   M +   ∂ F   ∂ N     |    Q ˜  0   N +   ∂ F   ∂ W     |    Q ˜  0   W +   ∂ F   ∂ P     |    Q ˜  0   P +   ∂ F   ∂ G      |   Q ˜  0   G +   ∂ F   ∂ U   |    Q ˜  0   U .      



(A33)




Suppose that linear DDE system (A33) has exponential solutions.


     M =  e  x t    O M  ,      N =  e  x t    O N  ,      W =  e  x t    O W  ,      P =  e  x t    O P  ,      G =  e  x t    O G  ,      U =  e  x t    O U  .     








Substituting the above into system (A33), we derive   A O = 0 ,   where


  A =      x +  η M       ψ 2    M ˜  0       ψ 3    M ˜  0       ψ 1    M ˜  0     0   0     0    x + θ +  η N  −  ψ 2    M ˜  0    H ^  1      −  ψ 3    M ˜  0    H ^  1      −  ψ 1    M ˜  0    H ^  1     0   0     0    − θ   H ^  2      x +  η W     0   0   0     0   0    − ϑ   H ^  3      x +  η P     0   0     0   0    − γ    0    x +  η G     0     0   0   0    − α    0    x +  η U       ,  O =      O M       O N       O W       O P       O G       O U      .  











The equation    x +  η G    x +  η M    x +  η U    K ˜   ( x )  = 0   is the characteristic for system (17) at     Q ˜  0  ,   where    K ˜   ( x )    is defined for interval   [ 0 , ∞ )   as:


      K ˜   ( x )      =  x 3  +   η P  + θ +  η N  +  η W  −   M ˜  0    H ^  1   ψ 2    x 2            +   η W   η P  − θ   M ˜  0    H ^  1    H ^  2   ψ 3  +   η W  +  η P    θ +  η N  −   M ˜  0    H ^  1   ψ 2    x           +  η W   η P   θ +  η N   −   M ˜  0    H ^  1   θ ϑ   H ^  2    H ^  3   ψ 1  +  η P   η W   ψ 2  +  η P  θ   H ^  2   ψ 3   ,     








where     H ^  i  =  ∫  0   ϱ i    h i   ( υ )   e  −  x +  k i   υ   d υ  ,   i = 1 , 2 , 3 .   In fact, we have    K ˜   ( 0 )  =  η P   η W   θ +  η N    1 −   ℜ ˜  0       < 0   and    lim  x → ∞    K ˜   ( x )  = ∞   whenever     ℜ ˜  0  > 1  . This implies that    K ˜   ( x )    has a positive real root. Hence,    Q ˜  0   is unstable when     ℜ ˜  0  > 1 .    □





Proof of Theorem 5. 

We specify    Θ ˜  1   as:





      Θ ˜  1     =   M ˜  1  Π   M   M ˜  1    +    N ˜  1   H 1   Π   N   N ˜  1    +     M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      W ˜  1      η P  + β   U ˜  1     η W  + τ   G ˜  1     Π   W   W ˜  1    +    ψ 1    M ˜  1    P ˜  1     η P  + β   U ˜  1    Π   P   P ˜  1              +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      2   η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2  +   β  ψ 1    M ˜  1    2   η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2            +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   ∫  t − υ  t  Π    M ( ϰ ) P ( ϰ )     M ˜  1    P ˜  1     d ϰ d υ +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )            ×  ∫  t − υ  t  Π    M ( ϰ ) N ( ϰ )     M ˜  1    N ˜  1     d ϰ d υ +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   ∫  t − υ  t  Π    M ( ϰ ) W ( ϰ )     M ˜  1    W ˜  1     d ϰ d υ           +   θ   M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      ∫  0   ϱ 2     H ¯  2   ( υ )   ∫  t − υ  t  Π    N ( ϰ )    N ˜  1    d ϰ d υ           +   ϑ  ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1     ∫  0   ϱ 3     H ¯  3   ( υ )   ∫  t − υ  t  Π    W ( ϰ )    W ˜  1    d ϰ d υ .     








It is noted from the steady-state condition Equations (A24) and (A25) that   γ − δ   G ˜  1  =     η G    G ˜  1     W ˜  1    > 0   and   α − κ   U ˜  1  =     η U    U ˜  1     P ˜  1    .   We calculate    d   Θ ˜  1    d t    according to the solutions of model (17) as:


      d   Θ ˜  1    d t      =  1 −    M ˜  1  M     d M   d t   +  1  H 1    1 −    N ˜  1  N     d N   d t   +     M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      1 −    W ˜  1  W     d W   d t             +    ψ 1    M ˜  1     η P  + β   U ˜  1     1 −    P ˜  1  P     d P   d t   +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1      G −   G ˜  1     d G   d t             +   β  ψ 1    M ˜  1      η P  + β   U ˜  1    α − κ   U ˜  1      U −   U ˜  1     d U   d t   +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M P     M ˜  1    P ˜  1    −   M  t − υ  P  t − υ      M ˜  1    P ˜  1                + ln    M  t − υ  P  t − υ    M P     d υ +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M N     M ˜  1    N ˜  1    −   M  t − υ  N  t − υ      M ˜  1    N ˜  1                + ln    M  t − υ  N  t − υ    M N     d υ +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M W     M ˜  1    W ˜  1    −   M  t − υ  W  t − υ      M ˜  1    W ˜  1                + ln    M  t − υ  W  t − υ    M W     d υ +   θ   M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      ∫  0   ϱ 2     H ¯  2   ( υ )    N   N ˜  1               −   N  t − υ     N ˜  1   + ln    N  t − υ   N    d υ +   ϑ  ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1     ∫  0   ϱ 3     H ¯  3   ( υ )    W   W ˜  1   −   W  t − υ     W ˜  1               + ln    W  t − υ   W    d υ          =  1 −    M ˜  1  M    μ −  η M  M −  ψ 1  M P −  ψ 2  M N −  ψ 3  M W            +  1  H 1    1 −    N ˜  1  N     ∫  0   ϱ 1     H ¯  1   ( υ )  M  t − υ    ψ 1  P  t − υ  +  ψ 2  N  t − υ  +  ψ 3  W  t − υ   d υ            −   θ +  η N   N  +     M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      1 −    W ˜  1  W    θ  ∫  0   ϱ 2     H ¯  2   ( υ )  N  t − υ  d υ            −   η W  W − τ G W  +    ψ 1    M ˜  1     η P  + β   U ˜  1     1 −    P ˜  1  P    ϑ  ∫  0   ϱ 3     H ¯  3   ( υ )  W  t − υ  d υ −  η P  P − β U P            +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1      G −   G ˜  1    γ W −  η G  G − δ G W            +   β  ψ 1    M ˜  1      η P  + β   U ˜  1    α − κ   U ˜  1      U −   U ˜  1    α P −  η U  U − κ U P            +  ψ 1  M P −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M  t − υ  P  t − υ      M ˜  1    P ˜  1    − ln    M  t − υ  P  t − υ    M P     d υ           +  ψ 2  M N −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M  t − υ  N  t − υ      M ˜  1    N ˜  1    − ln    M  t − υ  N  t − υ    M N     d υ           +  ψ 3  M W −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M  t − υ  W  t − υ      M ˜  1    W ˜  1    − ln    M  t − υ  W  t − υ    M W     d υ           +   θ   M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1         H 2  N    N ˜  1   −  ∫  0   ϱ 2     H ¯  2   ( υ )     N  t − υ     N ˜  1   − ln    N  t − υ   N    d υ            +   ϑ  ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1        H 3  W    W ˜  1   −  ∫  0   ϱ 3     H ¯  3   ( υ )     W  t − υ     W ˜  1   − ln    W  t − υ   W    d υ  .     








This implies that


      d   Θ ˜  1    d t      =  1 −    M ˜  1  M    μ −  η M  M  +  ψ 1    M ˜  1  P +  ψ 3    M ˜  1  W           +   ψ 2    M ˜  1  −   θ +  η N    H 1   +   θ  H 2    M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      N           −  1  H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ    N ˜  1   N    ψ 1  P  t − υ  +  ψ 2  N  t − υ  +  ψ 3  W  t − υ   d υ +    θ +  η N     N ˜  1    H 1             −   θ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      ∫  0   ϱ 2     H ¯  2   ( υ )    N  t − υ    W ˜  1   W  d υ           −    η W    M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      W −   W ˜  1   −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1     G  W −   W ˜  1             −   ϑ  ψ 1    M ˜  1     η P  + β   U ˜  1     ∫  0   ϱ 3     H ¯  3   ( υ )    W  t − υ    P ˜  1   P  d υ −    η P   ψ 1    M ˜  1     η P  + β   U ˜  1     P −   P ˜  1   −   β  ψ 1    M ˜  1     η P  + β   U ˜  1    U  P −   P ˜  1             +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1      G −   G ˜  1    γ W −  η G  G − δ G W            +   β  ψ 1    M ˜  1      η P  + β   U ˜  1    α − κ   U ˜  1      U −   U ˜  1    α P −  η U  U − κ U P            +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  P  t − υ    M P    d υ           +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  N  t − υ    M N    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  W  t − υ    M W    d υ           +   θ   M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      ∫  0   ϱ 2     H ¯  2   ( υ )  ln    N  t − υ   N   d υ           +   ϑ  H 3   ψ 1    M ˜  1  W    η P  + β   U ˜  1    +   ϑ  ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1     ∫  0   ϱ 3     H ¯  3   ( υ )  ln    W  t − υ   W   d υ .     



(A34)







Using the following steady-state conditions for    Q ˜  1  


        μ =  η M    M ˜  1  +  ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1  ,           ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1  =    θ +  η N     N ˜  1    H 1   ,            N ˜  1  =     η W  + τ   G ˜  1     W ˜  1    θ  H 2    ⟹   W ˜  1  =   θ  H 2    N ˜  1     η W  + τ   G ˜  1    ,            W ˜  1  =     η P  + β   U ˜  1     P ˜  1    ϑ  H 3    ⟹   P ˜  1  =   ϑ  H 3    W ˜  1     η P  + β   U ˜  1    ,          γ   W ˜  1  =  η G    G ˜  1  + δ   G ˜  1    W ˜  1  ,          α   P ˜  1  =  η U    U ˜  1  + κ   U ˜  1    P ˜  1  ,     








we obtain


         ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1  =     M ˜  1    W ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1       η P  + β   U ˜  1    =   θ  H 2    M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1     ,            ψ 2    M ˜  1  −   θ +  η N    H 1   +   θ  H 2    M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1        N ˜  1  = 0 .     











Therefore, Equation (A34) takes the following form:


      d   Θ ˜  1    d t      =  1 −    M ˜  1  M     η M    M ˜  1  −  η M  M  +   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1    1 −    M ˜  1  M   +  ψ 1    M ˜  1  P           +  ψ 3    M ˜  1  W −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   d υ −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )            ×   M  t − υ  N  t − υ      M ˜  1  N   d υ −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   d υ +  ψ 1    M ˜  1    P ˜  1            +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1  −   θ   M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      ∫  0   ϱ 2     H ¯  2   ( υ )    N  t − υ    W ˜  1      N ˜  1  W   d υ           −    η W    M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      W −   W ˜  1   −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1     G  W −   W ˜  1             +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1       G ˜  1   W −   W ˜  1   −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1       G ˜  1   W −   W ˜  1             −   ϑ  ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1     ∫  0   ϱ 3     H ¯  3   ( υ )    W  t − υ    P ˜  1      W ˜  1  P   d υ −    η P   ψ 1    M ˜  1     η P  + β   U ˜  1     P −   P ˜  1             −   β  ψ 1    M ˜  1     η P  + β   U ˜  1    U  P −   P ˜  1   +   β  ψ 1    M ˜  1     η P  + β   U ˜  1      U ˜  1   P −   P ˜  1   −   β  ψ 1    M ˜  1     η P  + β   U ˜  1      U ˜  1   P −   P ˜  1             +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1      G −   G ˜  1    γ W −  η G  G − δ G W − γ   W ˜  1  +  η G    G ˜  1             +  δ   G ˜  1    W ˜  1  − δ   G ˜  1  W + δ   G ˜  1  W  +   β  ψ 1    M ˜  1      η P  + β   U ˜  1    α − κ   U ˜  1      U −   U ˜  1    α P −  η U  U − κ U P − α   P ˜  1             +   η U    U ˜  1  + κ   U ˜  1    P ˜  1  + κ   U ˜  1  P − κ   U ˜  1  P  +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  P  t − υ    M P    d υ           +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  N  t − υ    M N    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  W  t − υ    M W    d υ           +   θ   M ˜  1    N ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      ∫  0   ϱ 2     H ¯  2   ( υ )  ln    N  t − υ   N   d υ +   ϑ  H 3   ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1     W   W ˜  1             +   ϑ  ψ 1    M ˜  1    W ˜  1     η P  + β   U ˜  1     ∫  0   ϱ 3     H ¯  3   ( υ )  ln    W  t − υ   W   d υ          = −    η M    M −   M ˜  1   2   M  +   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1    2 −    M ˜  1  M   +  ψ 1    M ˜  1  P +  ψ 3    M ˜  1  W           −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   d υ −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  N  t − υ      M ˜  1  N   d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   d υ −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )            ×   N  t − υ    W ˜  1      N ˜  1  W   d υ −     M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η W  + τ   G ˜  1       η P  + β   U ˜  1     η W  + τ   G ˜  1      W −   W ˜  1             −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1        η P  + β   U ˜  1     η W  + τ   G ˜  1      G −   G ˜  1    W −   W ˜  1   −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )            ×   W  t − υ    P ˜  1      W ˜  1  P   d υ −    ψ 1    M ˜  1    η P  + β   U ˜  1      η P  + β   U ˜  1     P −   P ˜  1   −   β  ψ 1    M ˜  1     η P  + β   U ˜  1     U −   U ˜  1    P −   P ˜  1             +   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1     γ − δ   G ˜  1       η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1      G −   G ˜  1    W −   W ˜  1             −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2            +   β  ψ 1    M ˜  1   α − κ   U ˜  1       η P  + β   U ˜  1    α − κ   U ˜  1      U −   U ˜  1    P −   P ˜  1             −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2            +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  P  t − υ    M P    d υ           +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  N  t − υ    M N    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  W  t − υ    M W    d υ           +    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )  ln    N  t − υ   N   d υ +  ψ 1    M ˜  1    P ˜  1   W   W ˜  1             +    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )  ln    W  t − υ   W   d υ .     








This implies that


      d   Θ ˜  1    d t      = −    η M    M −   M ˜  1   2   M  +   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1    2 −    M ˜  1  M   +  ψ 1    M ˜  1  P +  ψ 3    M ˜  1  W           −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   d υ −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  N  t − υ      M ˜  1  N   d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   d υ −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )    N  t − υ    W ˜  1      N ˜  1  W   d υ           −     M ˜  1    W ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1       η P  + β   U ˜  1      W   W ˜  1   − 1  −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )    W  t − υ    P ˜  1      W ˜  1  P   d υ           −  ψ 1    M ˜  1    P ˜  1    P   P ˜  1   − 1  −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2            −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2  +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  P  t − υ    M P    d υ           +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  N  t − υ    M N    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  W  t − υ    M W    d υ           +    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )  ln    N  t − υ   N   d υ +  ψ 1    M ˜  1    P ˜  1   W   W ˜  1             +    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )  ln    W  t − υ   W   d υ          = −    η M    M −   M ˜  1   2   M  +   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1    2 −    M ˜  1  M   +  ψ 1    M ˜  1  P +  ψ 3    M ˜  1  W           −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   d υ −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  N  t − υ      M ˜  1  N   d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   d υ −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )            ×   N  t − υ    W ˜  1      N ˜  1  W   d υ −   ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1     W   W ˜  1   − 1  −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )            ×   W  t − υ    P ˜  1      W ˜  1  P   d υ −  ψ 1    M ˜  1  P +  ψ 1    M ˜  1    P ˜  1  −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1               ×   G −   G ˜  1   2  −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2  +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )            × ln    M  t − υ  P  t − υ    M P    d υ +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  N  t − υ    M N    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  W  t − υ    M W    d υ           +    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )  ln    N  t − υ   N   d υ +  ψ 1    M ˜  1    P ˜  1   W   W ˜  1             +    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )  ln    W  t − υ   W   d υ          = −    η M    M −   M ˜  1   2   M  +   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1    2 −    M ˜  1  M             −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   d υ −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  N  t − υ      M ˜  1  N   d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   d υ −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )            ×   N  t − υ    W ˜  1      N ˜  1  W   d υ + 2  ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1  −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )    W  t − υ    P ˜  1      W ˜  1  P   d υ           −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2  −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2            +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  P  t − υ    M P    d υ           +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  N  t − υ    M N    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )  ln    M  t − υ  W  t − υ    M W    d υ           +    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )  ln    N  t − υ   N   d υ           +    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )  ln    W  t − υ   W   d υ .     








Moreover, we have


        ln    M  t − υ  P  t − υ    M P    = ln    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N    + ln     M ˜  1  M   + ln      P ˜  1  N   P   N ˜  1     ,          ln    M  t − υ  W  t − υ    M W    = ln    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N    + ln     M ˜  1  M   + ln      W ˜  1  N   W   N ˜  1     ,          ln    M  t − υ  N  t − υ    M N    = ln    M  t − υ  N  t − υ      M ˜  1  N    + ln     M ˜  1  M   ,          ln    N  t − υ   N   = ln    N  t − υ    W ˜  1      N ˜  1  W    + ln      N ˜  1  W   N   W ˜  1     ,          ln    W  t − υ   W   = ln    W  t − υ    P ˜  1      W ˜  1  P    + ln      W ˜  1  P   W   P ˜  1     .     











Therefore,    d   Θ ˜  1    d t    is


      d   Θ ˜  1    d t      = −    η M    M −   M ˜  1   2   M  +   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1    2 −    M ˜  1  M             −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   d υ −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  N  t − υ      M ˜  1  N   d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   d υ −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )            ×   N  t − υ    W ˜  1      N ˜  1  W   d υ + 2  ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1  −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )    W  t − υ    P ˜  1      W ˜  1  P   d υ           +    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   ln    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N    + ln     M ˜  1  M   + ln      P ˜  1  N   P   N ˜  1      d υ           +    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   ln    M  t − υ  N  t − υ      M ˜  1  N    + ln     M ˜  1  M    d υ           +    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   ln    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N    + ln     M ˜  1  M   + ln      W ˜  1  N   W   N ˜  1      d υ           +    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )   ln    N  t − υ    W ˜  1      N ˜  1  W    + ln      N ˜  1  W   N   W ˜  1      d υ           +    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )   ln    W  t − υ    P ˜  1      W ˜  1  P    + ln      W ˜  1  P   W   P ˜  1      d υ           −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2  −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2  .     











Thus,


      d   Θ ˜  1    d t      = −    η M    M −   M ˜  1   2   M  −   ψ 1    M ˜  1    P ˜  1  +  ψ 2    M ˜  1    N ˜  1  +  ψ 3    M ˜  1    W ˜  1       M ˜  1  M  − 1 − ln     M ˜  1  M              −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N   − 1 − ln    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N     d υ           −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M  t − υ  N  t − υ      M ˜  1  N   − 1 − ln    M  t − υ  N  t − υ      M ˜  1  N     d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )     M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N   − 1 − ln    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N     d υ           −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )     N  t − υ    W ˜  1      N ˜  1  W   − 1 − ln    N  t − υ    W ˜  1      N ˜  1  W     d υ           −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )     W  t − υ    P ˜  1      W ˜  1  P   − 1 − ln    W  t − υ    P ˜  1      W ˜  1  P     d υ           −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2  −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2  .     











Simplifying the result, we obtain


      d   Θ ˜  1    d t      = −    η M    M −   M ˜  1   2   M  −    ψ 1    M ˜  1    P ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   Π    M  t − υ  P  t − υ    N ˜  1      M ˜  1    P ˜  1  N    + Π     M ˜  1  M    d υ           −    ψ 2    M ˜  1    N ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   Π    M  t − υ  N  t − υ      M ˜  1  N    + Π     M ˜  1  M    d υ           −    ψ 3    M ˜  1    W ˜  1    H 1    ∫  0   ϱ 1     H ¯  1   ( υ )   Π    M  t − υ  W  t − υ    N ˜  1      M ˜  1    W ˜  1  N    + Π     M ˜  1  M    d υ           −    ψ 1    M ˜  1    P ˜  1  +  ψ 3    M ˜  1    W ˜  1    H 2    ∫  0   ϱ 2     H ¯  2   ( υ )  Π    N  t − υ    W ˜  1      N ˜  1  W    d υ           −    ψ 1    M ˜  1    P ˜  1    H 3    ∫  0   ϱ 3     H ¯  3   ( υ )  Π    W  t − υ    P ˜  1      W ˜  1  P    d υ           −   τ   M ˜  1   ϑ  H 3   ψ 1  +  ψ 3    η P  + β   U ˜  1      η G  + δ W      η P  + β   U ˜  1     η W  + τ   G ˜  1    γ − δ   G ˜  1       G −   G ˜  1   2  −   β  ψ 1    M ˜  1    η U  + κ P      η P  + β   U ˜  1    α − κ   U ˜  1       U −   U ˜  1   2  .     











Hence, if     ℜ ˜  0  > 1       d   Θ ˜  1    d t   ≤ 0   for all   M , N , W , P , G , U > 0 .   Also,     d   Θ ˜  1    d t   = 0   when   M =   M ˜  1  , N =   N ˜  1  , W =   W ˜  1  , P =   P ˜  1  , G =   G ˜  1    and   U =   U ˜  1   . Clearly,     Φ ¯   1    ′   =    Q ˜  1    , and by applying L.I.P, we find that    Q ˜  1   is G.A.S when     ℜ ˜  0  > 1  .  □
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Figure 1. The behavior of solution trajectories of system (12) in the case of    ℜ 0  ≤ 1  . 
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Figure 2. The behavior of solution trajectories of system (12) in case of    ℜ 0  > 1  . 
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Figure 3. The behavior of solution trajectories of system (12) with different values of  δ  and  κ . 
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Figure 4. The influence of time delay parameters on the behavior of solution trajectories of system (19). 
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Figure 5. Forward sensitivity analysis of the   ℜ 0   parameters of system (12). 
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Figure 6. Forward sensitivity analysis of the    ℜ ˜   0 ( 19 )    parameters of system (19). 
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Table 1. Parameters of model (12).
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	Parameter
	Value
	Reference
	Parameter
	Value
	Reference





	  μ  
	10
	[54]
	  ϑ  
	2.6
	[55]



	   η M   
	0.01
	[54]
	   η P   
	2.4
	[55]



	   ψ 1   
	varied
	-
	  β  
	0.06
	[56]



	   ψ 2   
	varied
	-
	  γ  
	0.025
	[41]



	   ψ 3   
	varied
	-
	   η G   
	0.2
	[41]



	  θ  
	0.2
	[54]
	  δ  
	varied
	-



	   η N   
	0.17
	[54]
	  α  
	0.01
	[54]



	   η W   
	0.8
	[41]
	   η U   
	0.3
	[54]



	  τ  
	0.04
	[41]
	  κ  
	varied
	-










 





Table 2. Effect of the impairment parameters on the steady states.






Table 2. Effect of the impairment parameters on the steady states.





	   δ   
	   κ   
	Steady States





	   0 ,   
	0
	    Q 1  =  752.967 , 6.677 , 1.652 , 1.787 , 0.207 , 0.06    



	   0.05 ,   
	   0.06   
	    Q 1  =  751.051 , 6.728 , 1.67 , 1.807 , 0.147 , 0.044    



	   0.2 ,   
	   0.4   
	    Q 1  =  748.737 , 6.791 , 1.691 , 1.831 , 0.079 , 0.018    



	   2.4 ,   
	   1.2   
	    Q 1  =  746.589 , 6.849 , 1.711 , 1.854 , 0.01 , 0.007    










 





Table 3. The variation of    ℜ ˜   0 ( 19 )    with respect to   ϱ i  .
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	Delay Parameters (    υ 1  ,  υ 2  ,  υ 3    )
	Steady States
	     ℜ ˜   0 ( 19 )     





	   0.007 , 0.006 , 0.005   
	     Q ˜   1 ( 19 )   =  ( 754.718 , 6.625 , 1.638 , 1.769 , 0.203 , 0.059 )    
	   1.337   



	   0.08 , 0.07 , 0.09   
	     Q ˜   1 ( 19 )   =  ( 777.899 , 5.955 , 1.455 , 1.532 , 0.181 , 0.051 )    
	   1.296   



	   0.2 , 0.4 , 0.5   
	     Q ˜   1 ( 19 )   =  ( 879.981 , 3.18 , 0.73 , 0.681 , 0.091 , 0.023 )    
	   1.141   



	   0.4 , 0.6 , 0.7   
	     Q ˜   1 ( 19 )   =  ( 950.874 , 1.276 , 0.282 , 0.248 , 0.035 , 0.008 )    
	   1.053   



	   0.5 , 0.784 , 0.8   
	     Q ˜   0 ( 19 )   =  ( 1000 , 0 , 0 , 0 , 0 , 0 )    
	1



	   0.9 , 1.1 , 1.2   
	     Q ˜   0 ( 19 )   =  ( 1000 , 0 , 0 , 0 , 0 , 0 )    
	   0.869   










 





Table 4. Sensitivity index of   ℜ 0   for model (12).
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	Parameter ℵ
	Value of    Ξ ℵ   
	Parameter ℵ
	Value of    Ξ ℵ   





	  μ  
	1
	  ϑ  
	   0.546   



	   η M   
	   − 1   
	  θ  
	   0.258   



	   ψ 1   
	   0.546   
	   η P   
	   − 0.546   



	   ψ 2   
	   0.202   
	   η N   
	   − 0.459   



	   ψ 3   
	   0.252   
	   η W   
	   − 0.798   










 





Table 5. Sensitivity index of    ℜ ˜   0 ( 19 )    of model (19).
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	Parameter ℵ
	Value of    Ξ ℵ   
	Parameter ℵ
	Value of    Ξ ℵ   





	  μ  
	1
	   η N   
	   − 0.459   



	   η M   
	   − 1   
	   η W   
	   − 0.768   



	   ψ 1   
	   0.5   
	   k 1   
	   − 0.02   



	   ψ 2   
	   0.232   
	   k 2   
	   − 0.061   



	   ψ 3   
	   0.268   
	   k 3   
	   − 0.075   



	  ϑ  
	   0.5   
	   υ 1   
	   − 0.02   



	  θ  
	   0.227   
	   υ 2   
	   − 0.061   



	   η P   
	   − 0.5   
	   υ 3   
	   − 0.075   
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