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Abstract: In the current article, we introduce a new class of bi-close-to-convex functions with bounded
boundary rotation. For this new class, the authors obtain the first three initial coefficient bounds of
the newly defined bi-close-to-convex functions with bounded boundary rotation. By choosing special
bi-convex functions, the authors obtain the first three initial coefficient bounds in the last section. The
authors also verify the special cases where the familiar Brannan and Clunie’s conjecture is satisfied.
Furthermore, the famous Fekete–Szegö inequality is also obtained for this new class of functions.
Apart from the new interesting results, some of the results presented here improves the earlier results
existing in the literature.
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1. Introduction

Let A be the class of all functions defined by

h(ζ) = ζ +
∞

∑
n=2

anζn, (1)

normalized by the conditions h(0) = 0 and h′(0) − 1 = 0 which are analytic in D =
{ζ : |ζ| < 1}. Furthermore, let us denote by S the subclass of A where the functions in S
are also univalent in D. Let S ∗(γ) and C (γ) be the subclasses of S consisting of functions
that are starlike of order γ and convex of order γ, 0 ≤ γ < 1. The analytic descriptions of
the above two classes are, respectively, given by

S ∗(γ) =

{
h ∈ S : <

(
ζh′(ζ)
h(ζ)

)
> γ, 0 ≤ γ < 1

}
(2)

C (γ) =

{
h ∈ S : <

(
1 +

ζh′′(ζ)
h′(ζ)

)
> γ, 0 ≤ γ < 1

}
. (3)

A function analytic and locally univalent in a given simply connected domain is said
to be of bounded boundary rotation if its range has bounded boundary rotation which is
defined as the total variation of the direction angle of the tangent to the boundary curve
under the complete circuit. Let h(ζ) map D onto a domain G . If G is a schlicht domain with
a continuously differentiable boundary curve, let πµ(t) denote the angle of the tangent
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vector at the point f (eit) to the boundary curve with respect to the positive real axis. The
boundary rotation of G is equal to π

∫ 2π
0 |dµ(t)|. If G does not have a sufficiently smooth

boundary curve, the boundary rotation is defined by a limiting process. Let us start with
following definitions.

Definition 1 ([1]). Let k ≥ 2 and 0 ≤ γ < 1. Let Pk(γ) denote the class of functions p, that are
analytic and normalized with p(0) = 1, satisfying the condition

2π∫
0

∣∣∣∣<(p(ζ))− γ

1− γ

∣∣∣∣dθ ≤ kπ. (4)

where ζ = reiθ ∈ D.

If γ = 0, we denote Pk(0) as Pk. Hence, the class Pk (defined by Pinchuk [2])
represents the class of analytic functions p(ζ), with p(0) = 1. Therefore, the functions
p ∈Pk will be having a representation

p(ζ) =
2π∫
0

∣∣∣∣1− ζeit

1 + ζeit

∣∣∣∣dµ(t), (5)

where µ is a real-valued function with bounded variation satisfying

2π∫
0

dµ(t) = 2 and
2π∫
0

|dµ(t)| ≤ k, k ≥ 2. (6)

Let Uk(γ) represent the class of analytic functions h(ζ) in D with h(0) = 0, h′(0) = 1,
and satisfying

ζh′(ζ)
h(ζ)

∈Pk(γ). (7)

This class generalizes the class S ∗(γ) of starlike functions of the order γ, which are
also investigated by Robertson [3]. Let Vk(γ) denote the class of all functions h(ζ) in D
normalized by h(0) = 0 and h′(0) = 1, satisfying

1 +
ζh′′(ζ)
h′(ζ)

∈Pk(γ), 0 ≤ γ < 1. (8)

For γ = 0, we obtain the class Vk(0) ≡ Vk, which is the class of all functions of bounded
boundary rotation studied by Paatero [4]. This class Vk(γ) generalizes the class of all convex
functions C (γ) of order γ introduced by Robertson [3]. An interesting connection for the
classes Vk(γ) and Uk(γ) with Pk(γ) is stated below and being given by

h(ζ) ∈ Vk(γ)⇐⇒ 1 +
ζh′′(ζ)
h′(ζ)

∈Pk(γ) (9)

and

h(ζ) ∈ Uk(γ)⇐⇒
ζh′(ζ)
h(ζ)

∈Pk(γ) (10)

was established by Pinchuk [2]. Pinchuk [2] also proved that functions in Vk are close-to-convex
in D if 2 ≤ k ≤ 4 and hence univalent. Brannan [5] proved that the function h(ζ) of the form
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(1), belongs to Vk if and only if there are two function s1(ζ) and s2(ζ) normalized and starlike
D, such that

h′(ζ) =

(
s1(ζ)

ζ

) k
4+

1
2

(
s2(ζ)

ζ

) k
4−

1
2

.

Paatero [4] gave the distortion bounds for the functions h ∈ Vk, such that for |ζ| = r < 1,

(1− r)
k
2−1

(1 + r)
k
2+1
≤ |h′(ζ)| ≤ (1 + r)

k
2−1

(1− r)
k
2+1

. (11)

Both bounds in (11) are sharp for each r ∈ (0, 1) for the function

Hk(ζ) =
1
k

(
1 + ζ

1− ζ

) k
2
− 1

k
.

Remark 1 ([6]). P ≡ P2 is the normalized analytic function with the positive real part in D,
which is familiarly called the class of Carathéodory functions.

It is already known that every function h ∈ S and of the form (1) has an inverse h−1

that is defined by
(h−1 � h)(ζ) = ζ(ζ ∈ D) (12)

and
(h� h−1)(w) = w(|w| < r0(h); r0(h) ≥ 1/4). (13)

For details, see [7]. It is to be remarked here that for h ∈ S and of the form (1), the inverse
h−1 may have an analytic continuation to D, where

h−1(w) = w− a2w2 + (2a2
2 − a3)w3 − (5a3

3 − 5a2a3 + a4)w4 + · · · . (14)

A function h ∈ S is said to be bi-univalent in D if there exists a function g ∈ S such
that g(ζ) is an univalent extension of h−1 on D. Let Σ denote the class of bi-univalent

functions in D. The functions
ζ

1− ζ
,

1
2

log
(

1 + ζ

1− ζ

)
and − log(1 − ζ) are in the class

Σ. It is interesting to note that the famous Koebe function
ζ

(1− ζ)2 is not bi-univalent.

Lewin [8] investigated the class of bi-univalent function Σ and obtained a bound |a2| < 1.51.
Furthermore, Brannan and Clunie [9], Brannan and Taha [10] also worked on certain
subclasses of the bi-univalent function class Σ and obtained bounds for their initial
coefficients. The study of bi-univalent functions gained concentration as well as thrust
mainly due to the investigation of Srivastava et al. [11]. Different classes of bi-univalent
functions were introduced and considered in the current period. In this direction, a
conjecture that |a2| ≤

√
2 was wished for by Brannan and Clunie [9]. An exact upper bound

|a2| =
4
3

for a subclass Σ1 of Σ where Σ1 consists of the functions that are bi-univalent and
the range of each function in Σ1 contains the unit disk D was obtained by Netanyahu [12].
If h ∈ Σ, the exact lower bound of |a2| and also subsequent higher coefficient bounds
|an| (n > 2) are still unknown and eluding in the researcher point of view. Analogous
to S ∗(γ) and C (γ) defined by (2) and (3), Brannan and Taha [10] defined the classes
S ∗Σ (γ) and CΣ(γ) of bi-starlike functions of order γ and bi-convex functions of order
γ. The bounds on |an|(n = 2, 3) for the class S ∗Σ (γ) and CΣ(γ) (for details, see [10])
were established and non-sharp. Subsequent to Brannan and Taha [10], lots of researchers
(see [13–22]) in recent times have introduced and investigated several interesting subclasses
of the class Σ. They have obtained bounds on the initial two Taylor–Maclaurin coefficients
for the new bi-univalent classes they introduced and were identified as non-sharp.
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To obtain the main results in this article, we seek few definitions and lemmas which
are stated below which already exist in the literature. Let 0 < γ ≤ 1. Let Kγ denote
the family consisting of analytic function h as represented in (1) with h′(ζ) 6= 0, on D. A
function h ∈ A is said to be close to convex if there exists a convex function ψ such that∣∣∣∣arg

(
h′(ζ)
ψ′(ζ)

)∣∣∣∣ < γπ

2
. (15)

The class Kγ was introduced by Kaplan [23] and investigated further by Reade [24].
In particular, K0 and K1 are, respectively, the family of convex univalent functions and the
family of close-to-convex functions. It is to be observed that Kγ1 ⊂ Kγ2 on any γ1 < γ2.
We denote byR the subfamily of A consisting of all functions f such that

<( f ′(z)) > 0 z ∈ D. (16)

Functions inR are called functions of bounded turning.

Definition 2 ([20]). Let 0 ≤ γ < 1. A function h ∈ A of the form given in (1) with h′(ζ) 6= 0 on
D is in the class of close-to-convex function of order γ if there exists a convex function ψ satisfying

<
(

h′(ζ)
ψ′(ζ)

)
> γ. (17)

Definition 3 ([21]). Let AΣ denote the class of functions of the form (1) defined on D, for which the
function h ∈ A and its inverse h−1 with Taylor series expansion as in (14) and both are univalent
in D, i.e., h ∈ AΣ, then both h and h−1 are univalent in D.

It is to be pointed out at this juncture that AΣ ⊂ A .

Definition 4 ([21]). Let 0 ≤ γ < 1. A function h ∈ AΣ of the form given in (1) is said to be
bi-close-to-convex function of order γ if there exists bi-convex functions ψ and φ satisfying

<
(

h′(ζ)
ψ′(ζ)

)
> γ (18)

and

<
(

g′(w)

φ′(w)

)
> γ. (19)

Here, g is the analytic continuation of h−1 on D. The class of bi-close-to-convex functions is
denoted by KΣ(γ).

Presume that if h is given by (1), then

g(w) = w− a2w2 + (2a2
2 − a3)w3 − (5a3

3 − 5a2a3 + a4)w4 + · · · . (20)

For
ψ(ζ) = ζ + c2ζ2 + c3ζ3 + c4ζ4 + · · · , (21)

one may obtain,

φ(w) = w− c2w2 + (2c2
2 − c3)w3 − (5c3

3 − 5c2c3 + c4)w4 + · · · . (22)

Here, ψ−1(w) = φ(w).

Lemma 1 ([6,25]). Let Ψ(ζ) = 1 + ∑∞
n=1 Bnζn, ζ ∈ D be such that Ψ ∈Pk(γ). Then

|Bn| ≤ k(1− γ), n ≥ 1. (23)
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Let us consider that the functions p, q ∈Pk(γ), with

p(ζ) = 1 +
∞

∑
n=1

pnζn (24)

and

q(ζ) = 1 +
∞

∑
n=1

qnζn. (25)

Then, from Lemma 1, we have

|pn| ≤ k(1− γ), ∀n ≥ 1 (26)

and
|qn| ≤ k(1− γ), ∀n ≥ 1. (27)

Let us now state two lemmas which gives the Fekete–Szegö inequality for convex
functions and a bi-convex function.

Lemma 2 ([26]). If Ψ(ζ) = ζ + ∑∞
n=2 Dnζn, ζ ∈ D is a bi-convex function, then for Λ ∈ R,

∣∣∣D3 −ΛD2
2

∣∣∣ ≤


1−Λ for Λ <
2
3

,
1
3

for
2
3
≤ Λ ≤ 4

3
,

Λ− 1 for Λ >
4
3

.

(28)

Lemma 3 ([27]). If Ψ(ζ) = ζ + ∑∞
n=2 Dnζn, ζ ∈ D is a convex function, then for Λ ∈ R,

∣∣∣D3 −ΛD2
2

∣∣∣ ≤


1−Λ for Λ <
2
3

,

1 for
2
3
≤ Λ ≤ 4

3
,

Λ− 1 for Λ >
4
3

.

(29)

In the current article, we introduce a new class of bi-close- to-convex functions with
bounded boundary rotation. For this new class, we obtain first three initial coefficient
bounds. We also verify the special cases where the familiar Brannan and Clunie’s conjecture
are satisfied. Furthermore, the famous Fekete–Szegö inequalities are also obtained for this
new class of functions. The results of this article give few interesting corollaries. Apart from
this, some of the results presented here generalize the result of Sivasubramanian et al. [21]
and improves the results of Srivastava et al. [11].

2. Coefficient Bounds for KΣ(k, γ)

Definition 5. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. A function h ∈ AΣ given by (1) is such that
h′(ζ) 6= 0 on D. Then, we call h a bi-close-to-convex function with a bounded boundary rotation of
order γ denoted by KΣ(k, γ) if there exists bi-convex functions ψ, φ ∈ CΣ satisfying

h′(ζ)
ψ′(ζ)

∈Pk(γ) (30)

and
g′(w)

φ′(w)
∈Pk(γ) (31)

where g is the analytic continuation of h−1 to D.

Let g, ψ and φ be Taylor expansions as in (20), (21) and (22).
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Theorem 1. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) be in the class KΣ(k, γ).
Then

|a2| ≤
√

1 + k(1− γ), (32)

|a3| ≤ 1 + k(1− γ) (33)

and
|a4| ≤ 1 +

3
2

k(1− γ). (34)

Furthermore, if Λ is real, then

∣∣∣a3 −Λa2
2

∣∣∣ ≤



(1−Λ)(1 + δ) for Λ < 0,

1
3
[(1−Λ)(2δ + 3) + δ] for 0 ≤ Λ <

2
3

,

1
3
[1 + 3δ− 2δΛ] for

2
3
≤ Λ < 1,

1
3
[1 + 2δΛ− δ] for 1 ≤ Λ ≤ 4

3
,

1
3
[(Λ− 1)(2δ + 3) + δ] for

4
3
< Λ < 2,

(Λ− 1)(δ + 1) for Λ ≥ 2.

(35)

where
δ ≤ k(1− γ). (36)

Proof. Let g, ψ and φ be given in the form (20), (21) and (22). Since h ∈ KΣ(k, γ), there
exists analytic functions p, q with

p(ζ) = 1 + p1ζ + p2ζ2 + · · · (37)

and
q(ζ) = 1 + q1ζ + q2ζ2 + · · · (38)

and satisfying
h′(ζ)
ψ′(ζ)

= p(ζ),
g′(w)

φ′(w)
= q(w). (39)

Therefore,
h′(ζ) = p(ζ)ψ′(ζ) (40)

and
g′(w) = q(w)φ′(w). (41)

From Equations (40) and (41), we obtain

2a2 = p1 + 2c2, (42)

3a3 = 2p1c2 + p2 + 3c3, (43)

−2a2 = −2c2 + q1, (44)

6a2
2 − 3a3 = −2q1c2 + q2 + 6c2

2 − 3c3 (45)
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and
4a4 = p3 + 2p2c2 + 3p1c3 + 4c4. (46)

Then, from (42) and (44), we obtain p1 = −q1. The addition of (43) and (45) implies

6a2
2 = 6c2

2 + 2c2(p1 − q1) + (p2 + q2). (47)

By virtue of bound for convex functions, we have each |cn| ≤ 1. By the relation
q1 = −p1, |cn| ≤ 1 and using (26), (27) and applying in (47), we obtain

|a2|2 ≤ 1 + k(1− γ). (48)

This essentially gives (32). Using |cn| ≤ 1, an application of (26) and (27) in (43) at
once gives (33). To obtain (34), we apply the same technique in relation (46).

Now, by (43) and (47), for all Λ ∈ R,

a3 −Λa2
2 = c3 −Λc2

2 +
2
3

c2 p2(1−Λ) +
1
6
(2−Λ)− 1

2
q2Λ. (49)

Hence,∣∣∣a3 −Λa2
2

∣∣∣ ≤ ∣∣∣c3 −Λc2
2

∣∣∣+ 2
3

k(1− γ)|1−Λ|+ 1
6

k(1− γ)[|2−Λ|+ |Λ|]. (50)

By using Lemma 2, we obtain (35). This completes the proof of Theorem 1.

For the particular choice of γ = 0, we have KΣ(k, 0) ≡ KΣ(k), which represents the
class of all bi-close-to-convex functions with bounded boundary rotation.

Corollary 1. Let h given by (1) belong to the class KΣ(k) and 2 ≤ k ≤ 4. Then

|a2| ≤
√

1 + k, (51)

|a3| ≤ 1 + k (52)

and
|a4| ≤ 1 +

2
3

k. (53)

For the particular choice of k = 2, we have KΣ(2, γ) ≡ KΣ(γ), which represents the
class of all bi-close-to-convex function of order γ, and Theorem 1 reduces to the following
corollary.

Corollary 2. Let h given by (1) belong to the class KΣ(γ). Then,

|a2| ≤
√

3− 2γ, (54)

|a3| ≤ 3− 2γ (55)

and
|a4| ≤

7− 4γ

3
. (56)

The bounds of |a2| and |a3| in Corollary 2 verify the result given in [21] for the subclass
KΣ(2, γ), 0 ≤ γ < 1. Finally, we will verify whether Brannan and Clunie’s conjecture is
satisfied for the class KΣ(k, γ), and it is stated in the following Corollary 3.



Mathematics 2023, 11, 4376 8 of 16

Corollary 3. If h ∈ KΣ(k, γ), then for 1− 1
k ≤ γ < 1, 2 ≤ k ≤ 4,

|a2| ≤
√

2.

Therefore, it is evident to note that the familiar Brannan and Clunie’s conjecture is
true for all 2 ≤ k ≤ 4 satisfying the condition 1− 1

k ≤ γ < 1. The following Corollary 4
easily follows from Theorem 1 if 1

2 ≤ γ < 1.

Corollary 4. Let h given by (1) belong to the class KΣ(k, γ) and 1
2 ≤ γ < 1. Then

|a2| ≤
√

1 +
k
2

. (57)

Since each bi-convex function is convex, then the following Remark 2 can be stated.

Remark 2. Instead of applying Lemma 2, if we use Lemma 3, inequality (35) becomes

∣∣∣a3 −Λa2
2

∣∣∣ ≤



(1−Λ)(1 + δ) for Λ < 0,

[(1−Λ)(2δ + 3) + δ] for 0 ≤ Λ <
2
3

,

[1 + 3δ− 2δΛ] for
2
3
≤ Λ < 1,

[1 + 2δΛ− δ] for 1 ≤ Λ ≤ 4
3

,

[(Λ− 1)(2δ + 3) + δ] for
4
3
< Λ < 2,

(Λ− 1)(δ + 1) for Λ ≥ 2.

(58)

where
δ ≤ k(1− γ).

Remark 3. For the choice of k = 2, (58) reduces to the result of Sivasubramanian et al. [21].

For the particular choice of the function ψ(ζ) = ζ, we can obtain the following
Theorem 2. However, the calculation needs to be reworked, and we omit the details
involved.

Theorem 2. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) belong to the class KΣ[k, γ].
Then

|a2| ≤ min

{
k(1− γ)

2
,

√
k(1− γ)

3

}
, (59)

|a3| ≤
k(1− γ)

3
, (60)

|a4| ≤
k(1− γ)

4
, (61)

∣∣∣a3 − 2a2
2

∣∣∣ ≤ k(1− γ)

3
(62)

and ∣∣∣a3 − a2
2

∣∣∣ ≤ k(1− γ)

3
. (63)

If k = 2 in Theorem 2, we can obtain the following corollary.



Mathematics 2023, 11, 4376 9 of 16

Corollary 5. Let h given by (1) belong to the class KΣ[2, γ], 0 ≤ γ < 1. Then

|a2| ≤ min

{
(1− γ),

√
2(1− γ)

3

}
, (64)

|a3| ≤
2(1− γ)

3
<

(1− γ)(5− 3γ)

3
, (65)

|a4| ≤
(1− γ)

2
, (66)

∣∣∣a3 − 2a2
2

∣∣∣ ≤ 2(1− γ)

3
(67)

and ∣∣∣a3 − a2
2

∣∣∣ ≤ 2(1− γ)

3
. (68)

Remark 4.
(i) Since

|a3| ≤
2(1− γ)

3
<

(1− γ)(5− 3γ)

3
,

Inequality (65) verifies that the bounds of |a3| is less than that of the bound given by Srivastava
et al. [11].

(ii) The inequality (68) coincides with the result in [26].

3. Coefficient Bounds for KΣ(k, γ) for Some Particular Choices of Functions

In this section, we give special choices for the convex function ψ(ζ) and obtain the

coefficient bounds. For the particular choice of the function ψ(ζ) = ζ − 1
2

ζ2, we denote the

class KΣ(k, γ) by K1,Σ(k, γ). For the above class of functions, we can obtain the following
Theorem 3, and it is stated as below.

Theorem 3. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) be in the class K1,Σ(k, γ).

Then, ∃ ψ(ζ) = ζ − 1
2

ζ2 such that

|a2| ≤
√

4k(1− γ) + 1
12

, (69)

|a3| ≤
2k(1− γ)

3
(70)

and

∣∣∣a3 −Λa2
2

∣∣∣ ≤


2ρ

3
+

Λ(2ρ + 3)
6

for Λ < 0,

2ρ

3
+

Λ
12

for 0 ≤ Λ < 2,

Λρ

3
+

1
12

for Λ ≥ 2

(71)

where
ρ ≤ k(1− γ). (72)

Proof. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) be in the class K1,Σ(k, γ).
Then

h′(ζ)
ψ′(ζ)

= p(ζ),
g′(w)

φ′(w)
= q(w). (73)
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Hence
h′(ζ) = p(ζ)ψ′(ζ) (74)

and
g′(w) = q(w)φ′(w). (75)

Since ψ(ζ) = ζ − 1
2

ζ2, φ(w) = w− 1
2 w2 + 1

2 w3 − · · · .
From Equations (74) and (75), we obtain

2a2 = p1 − 1, (76)

3a3 = p2 − p1, (77)

−2a2 = q1 − 1 (78)

and
6a2

2 − 3a3 = q2 − q1 +
3
2

. (79)

From (76) and (78) we obtain

p1 + q1 = 2. (80)

From (77) and (79), we obtain

6a2
2 = q2 − q1 + p2 − p1 +

3
2

. (81)

Now, by using (80) in (81), we have

6a2
2 = q2 + p2 −

1
2

. (82)

Using (26) and (27) in (82), we obtain

|a2|2 ≤
4k(1− γ) + 1

12
. (83)

This gives (69). Applying (26) and (27) into (77) gives (70).
Now, by (77) and (82), for all real Λ,

a3 −Λa2
2 =

p2

3
(2−Λ)− p1

3
+

Λq2

6
− 1

12
. (84)

Hence ∣∣∣a3 −Λa2
2

∣∣∣ ≤ k(1− γ)

3
+ |Λ| k(1− γ)

6
+
|Λ|
12

+
k(1− γ)

6
|2−Λ|. (85)

Now, by using different ranges of Λ, we obtain (71). This completes the proof of
Theorem 3.

For the particular choice of γ = 0, we have K1,Σ(k, 0) ≡ K1,Σ(k), representing the
class of all bi-close-to-convex functions with bounded boundary rotation with respect to

the function ψ(ζ) = ζ − 1
2

ζ2. For the class K1,Σ(k), we have the following corollary.
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Corollary 6. Suppose 2 ≤ k ≤ 4. Let h given by (1) belong to the class K1,Σ(k) with respect to
function ψ(ζ) = ζ − 1

2 ζ2. Then

|a2| ≤
√

4k + 1
12

(86)

and
|a3| ≤

2k
3

. (87)

For the particular choice of k = 2, we have K1,Σ(2, γ), which represents the class of all
bi-close-to-convex functions of order γ with respect to the function ψ(ζ) = ζ − 1

2 ζ2. For the
class K1,Σ(2, γ), Theorem 3 reduces to the following corollary.

Corollary 7. Suppose 0 ≤ γ < 1. Let h given by (1) belong to the class K1,Σ(2, γ). Then,

|a2| ≤
√

9− 8γ

12
(88)

and

|a3| ≤
4(1− γ)

3
. (89)

Next, let us fix the convex function as ψ(ζ) =
ζ

1− ζ
and for this choice, we denote the

class KΣ(k, γ) by K2,Σ(k, γ). For the above class of functions K2,Σ(k, γ), we can obtain the
following Theorem 4, and it is stated as below.

Theorem 4. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) be in the class K2,Σ(k, γ).

Then, ∃ ψ(ζ) =
ζ

1− ζ
such that

|a2| ≤
√

k(1− γ) + 1, (90)

|a3| ≤ k(1− γ) + 1 (91)

and

∣∣∣a3 −Λa2
2

∣∣∣ ≤



(1 + ρ)(1−Λ) for Λ < 0,

ρ−Λ + 1− 2ρΛ
3

for 0 ≤ Λ < 1,

Λ− 1− ρ

3
+

2ρΛ
3

for 1 ≤ Λ < 2,

(1 + ρ)(Λ− 1) for Λ ≥ 2

(92)

where
ρ ≤ k(1− γ). (93)

Proof. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) be in the class K2,Σ(k, γ).
Then

h′(ζ)
ψ′(ζ)

= p(ζ),
g′(w)

φ′(w)
= q(w). (94)

Hence
h′(ζ) = p(ζ)ψ′(ζ) (95)

and
g′(w) = q(w)φ′(w). (96)
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Since ψ(ζ) =
ζ

1− ζ
, φ(w) = w− w2 + w3 − · · · .

From the equations (95) and (96), we obtain

2a2 = p1 + 2, (97)

3a3 = p2 + 2p1 + 3, (98)

−2a2 = q1 − 2 (99)

and
6a2

2 − 3a3 = q2 − 2q1 + 3. (100)

From (97) and (99) we obtain

p1 + q1 = 0. (101)

From (98), (100) and (101) we obtain

6a2
2 = q2 + p2 + 4p1 + 6. (102)

Using (26) and (27) in (102), we obtain

|a2|2 ≤ m(1− γ) + 1. (103)

This gives (90). An application of (26) and (27) in (98) gives (91).

Now, by (98) and (102), for all real Λ,

a3 −Λa2
2 =

p2

6
(2−Λ) +

(
2p1

3
+ 1
)
(1−Λ)− q2

6
Λ. (104)

Hence∣∣∣a3 −Λa2
2

∣∣∣ ≤ k(1− γ)

6
|2−Λ|+

(
2k(1− γ)

3
+ 1
)
|1−Λ|+ k(1− γ)

6
|Λ|. (105)

Now, using different ranges of Λ essentially gives (92). This completes the proof of
Theorem 4.

For the particular choice of γ = 0, we have K2,Σ(k, 0) ≡ K2,Σ(k), representing the
class of all bi-close-to-convex functions with bounded boundary rotation with respect to

the function ψ(ζ) =
ζ

1− ζ
.

Corollary 8. Suppose 2 ≤ k ≤ 4. Let h given by (1) belong to the class K2,Σ(k) with respect to

function ψ(ζ) =
ζ

1− ζ
and k ≥ 2. Then,

|a2| ≤
√

k + 1 (106)

and
|a3| ≤ k + 1. (107)
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For the particular choice of k = 2, we have K2,Σ(2, γ) representing the class of all

bi-close-to-convex functions of order γ with respect to the function ψ(ζ) =
ζ

1− ζ
, and

Theorem 4 reduces to the following corollary.

Corollary 9. Suppose 0 ≤ γ < 1. Let h given by (1) belong to the class K2,Σ(2, γ). Then,

|a2| ≤
√

3− 2γ (108)

and
|a3| ≤ 3− 2γ. (109)

The bounds of |a2| and |a3| in Corollary 9 verify the result given in [21] for the subclass

K2,Σ(2, γ) with respect to the function ψ(ζ) =
ζ

1− ζ
and 0 ≤ γ < 1. Finally, we will verify

whether the Brannan and Clunie’s conjecture is satisfied for the class K2,Σ(k, γ) and it is
stated in the following Corollary 10.

Corollary 10. If h ∈ K2,Σ(k, γ), then for 1− 1
k ≤ γ < 1, k ≥ 2,

|a2| ≤
√

2.

Therefore, it is evident to note that the familiar Brannan and Clunie’s conjecture is
true for all k ≥ 2, satisfying the condition 1− 1

k ≤ γ < 1.
Finally, we chose the choice of the function as ψ(ζ) = − log(1− ζ). We denote this

class KΣ(k, γ) by K3,Σ(k, γ). For the above class of functions, we can obtain the following
Theorem 5, and it is shown as below.

Theorem 5. Let h given (1) be in the class K3,Σ(k, γ), 0 ≤ γ < 1. Then, ∃ ψ(ζ) = − log(1− ζ)
such that

|a2| ≤
√

10k(1− γ) + 1
12

, (110)

|a3| ≤
2k(1− γ) + 1

3
(111)

and

|a3 − 4a2
2| ≤

2 + 8k(1− γ)

3
. (112)

Proof. Suppose 0 ≤ γ < 1 and 2 ≤ k ≤ 4. Let h given by (1) be in the class K3,Σ(k, γ).
Then

h′(ζ)
ψ′(ζ)

= p(ζ),
g′(w)

φ′(w)
= q(w). (113)

Hence
h′(ζ) = p(ζ)ψ′(ζ) (114)

and
g′(w) = q(w)φ′(w) (115)

Since ψ(ζ) = − log(1− ζ) =
∞

∑
n=1

zn

n
then φ(w) = w− 1

2 w2 + 1
6 w3 − · · · .

From Equations (114) and (115), we obtain

2a2 = p1 + 1, (116)

3a3 = p2 + p1 + 1, (117)
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−2a2 = q1 − 2 (118)

and
3(2a2

2 − a3) = q2 − 2q1 +
1
2

. (119)

From (116) and (118), we obtain

p1 + q1 = 1. (120)

From (117), (119) and (120), we obtain

6a2
2 = q2 + p2 + 3p1 −

1
2

. (121)

Applying (26) and (27) in (121), we obtain

|a2|2 ≤
10k(1− γ) + 1

12
. (122)

This gives, (110). An application of (26) and (27) in (117) gives (111). Now, from (117)
and (121), we obtain

3a3 − 12a2
2 = 2− 2q2 − p2 − 5p1. (123)

An application of (26) and (27) in (123) now gives (112). This completes the proof of
Theorem 5.

For the particular choice of γ = 0, we have K3,Σ(k, 0) ≡ K3,Σ(k), representing the
class of all bi-close-to-convex functions with bounded boundary rotation with respect to
the function ψ(ζ) = − log(1− ζ).

Corollary 11. Suppose 2 ≤ k ≤ 4. Let h given by (1) belong to the class K3,Σ(k) with respect to
function ψ(ζ) = − log(1− ζ). Then

|a2| ≤
√

10k + 1
12

, (124)

|a3| ≤
2k + 1

3
(125)

and
|a3 − 4a2

2| ≤
2 + 8k

3
. (126)

For the particular choice of k = 2, we have K3,Σ(2, γ) representing the class of all
bi-close-to-convex functions of order γ with respect to the function ψ(ζ) = − log(1− ζ),
and Theorem 5 reduces to the following corollary.

Corollary 12. Suppose 0 ≤ γ < 1. Let h given by (1) belong to the class K3,Σ(2, γ). Then,

|a2| ≤
√

20k(1− γ) + 1
12

, (127)

|a3| ≤
4(1− γ) + 1

3
(128)

and

|a3 − 4a2
2| ≤

2 + 16(1− γ)

3
. (129)
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4. Concluding Remarks and Observations

In this article, we investigated the estimates of second and third Taylor–Maclaurin
coefficients for bi-close-to-convex functions of order γ with bounded boundary rotation.
Also, interesting Fekete–Szegö coefficient estimates for functions in this class are obtained.
The authors have verified the special cases where the familiar Brannan and Clunie’s
conjecture are satisfied. Apart from these remarks which are given in the present article,
more corollaries and remarks can be stated for the choice of γ = 0, and those details are
omitted. The authors also investigated the estimates of second and third Taylor–Maclaurin
coefficients for some special functions and obtain a few interesting results.
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16. Goyal S.P.; Goswami, Ṗ. Estimate for initial Maclaurin coefficients of bi-univalent functions for a class defined by fractional

derivatives. J. Egypt. Math. Soc. 2012, 20, 179–182. [CrossRef]
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