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Abstract: In this paper, we study the solution of a singularly perturbed inhomogeneous mixed
problem on the half-axis for the Schrédinger equation in the presence of a “strong” turning point
for the limit operator on time interval that do not contain focal points. Based on the ideas of the
regularization method for asymptotic integration of problems with an unstable spectrum, it is shown
how regularizing functions should be constructed for this type of singularity. The paper describes in
detail the formalism of the regularization method, justifies the algorithm, constructs an asymptotic
solution of any order in a small parameter, and proves a theorem on the asymptotic convergence of
the resulting series.
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1. Introduction

At present, a huge number of works are devoted to various methods of asymptotic
integration of singularly perturbed problems. There are so many of them that it is not
possible to give a complete review in a paper of limited volume. We refer the reader to the
monographs [1,2], where detailed bibliographies on existing approaches in the theory of
singular perturbations are given, and a review is made of the current state of the S.A. Lomov
regularization method, the main principles of which, according to the author himself, are
in the monograph [1], and were laid down in the late fifties and early sixties of the last
century in the series [3-8]. The main problem that the researcher faces when applying the
regularization method is related to the search and description of regularizing functions
that contain a non-uniform singular dependence of the solution of the desired problem,
highlighting that you can search for the rest of the solution in the form of power series in a
small parameter. The development of the regularization method led to the understanding
that this search is closely related to the spectral characteristics of the limit operator. In par-
ticular, it is established how the singular dependence of the asymptotic solution on a small
parameter should be described under the condition that the spectrum is stable (see [1]).
When stability conditions are violated, things are much more complicated. Moreover, there
is still no complete mathematical theory for singularly perturbed problems with an unstable
spectrum, although they began to be studied from a general mathematical standpoint about
50 years ago. Of particular interest among such problems are those in which the spectral
features are expressed in the form of point instability (see, for example, [9-12]). In works
devoted to singularly perturbed problems, some of the features of this type are called
turning points, and their classification is as follows:
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(1) Simple turning point: the eigenvalues of the limit operator are isolated from each
other and one eigenvalue vanishes at separate points;

(2) Weak turning point: at least a pair of eigenvalues intersect at separate points, but the
limit operator retains the diagonal structure up to the intersection points, and the
basis of eigenvectors retains smoothness;

(38) Strong turning point: at least a pair of eigenvalues intersect at separate points, but in
this case, the limit operator changes the diagonal structure to Jordan at the intersection
points, and the basis of eigenvectors loses smoothness.

Here, we give links to several recent studies in the framework of the method of
regularization of singularly perturbed problems with singularities in the spectrum of the
limit operator of the indicated form: for a simple turning point, see papers [9,10], for a
weak turning point, see [11], and for a strong turning point, see [12,13].

Typical physical examples of singularly perturbed problems are the Navier—Stokes
equation with low viscosity and the Schrodinger equation, if the Planck constant 7 is con-
sidered a small quantity. Strictly speaking, the Planck constant 7 is a dimensional quantity
and has a very specific value, and the assertion that i is small should be understood in the
sense that it is always possible to single out a dimensionless combination of parameters
that contains 7 to some extent, which is small compared to other dimensionless parameters
that do not contain 7. The formal passage to the limit # — 0 in the relations of quantum
theory makes the transition from quantum to classical mechanics (see, for example, [14], §6);
therefore, in cases where it is expedient to look for i solutions of the Schrodinger equation,
speak of a semiclassical approximation (see [14], Chap. 7). The described semiclassical
transition in the nonstationary Schrodinger equation in the coordinate representation on the
semiaxis with the Hamiltonian H(p, x) = p* + £? generates a singularly perturbed problem
whose asymptotic integration dedicated to the present work. It should be immediately
noted that the problem we are considering is considered on a time interval in which no
focal points arise, but only a turning point x = 0 is present. In addition, it contains an
inhomogeneous Schrodinger equation, which, as will become clear in the main text of the
article, significantly complicates the process of constructing a regularized asymptotic series
. In many ways, our studies on the asymptotic integration of a mixed problem on a semiaxis
for a nonstationary and inhomogeneous Schrodinger equation with the above-mentioned
Hamiltonian at # — O represent the development of ideas from [12,13], where the Cauchy
problem for a parabolic equation with “strong” turning point.

2. Nomenclature

All quantities in the article are dimensionless:

x, t, T variables;

x€[0,4), 7,t €[0,T]and 0 <t <t <T;

e is a small parameter varying within 0 < & < gg;

fx,t), u(x,te), oxt), p(t), vixte), v(xte), yi(te), zi(te), w(xte),
W(x,t, ), H(x,t,¢) functions;

G, F, Tg, 0; operators;

M, k, m, C, C1, C, constants;

7.  Qr =[0,4+) x [0, T] problem solution area.

L N

AN

3. Formulation of the Problem

Let the task be given
isa—u = —ezaz—u + x%u + h(x, t)
ot ox? "
u(x,0) = f(x), ©)

u(x,t) = 9(t), f(0) = ¥(0), 0<x < +eo,
t €[0,T], 0 < T < F(no focal point condition).
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and the following conditions are met:

(1) f(x) € C2(0,+00);

(2)  h(x,t) € C®(0,+00) x [0, T};

3) wax2|f(x)|dx < oo and Tx2|h(x,t)|dx < oo converge uniformly in ¢ (sufficient
C(gnditions for the existenceoof a classical solution to the problem);

(4) Vk,m,n € N: 7wxm\f(§k)(x)|dx < 0o, Jrfooxm|h(k'”)(x,t) vertdx < oo converge uni-
formly in ¢ (whic% are sufficient conditior015 for constructing an asymptotic series).

A classical solution to the problem (1) is a function u(x,t,e) continuous in
ou du 9*u
ot’ ox’ 9x2
at all points of Qr, and continuously adjoins the initial conditions f(x) and edge ¢ (t). The
following theorem is true.

Qr = [0,+00) %[0, T], having continuous in Qr, which satisfies Equation (1)

Theorem 1. The classical solution of the problem (1) under conditions (1)-(3) exists and is unique.

Proof. See Appendix A. [

For a visual representation of the form of the spectral feature in the problem posed,
one should switch to the matrix form of notation:

ii(e) = (2 0 () (2 5) () 6)

here, the replacement edu /dx = v. is introduced. Then, the matrix of the limit operator has
the form:

Now, it is easy to see that the matrix A(x) is diagonalizable and has a smooth basis
of eigenvectors at x # 0, and at the intersection point of the eigenvalues (that is, at x = 0)
the corresponding limit operator changes diagonal structure onto a Jordan structure and
the basis of eigenvectors loses smoothness in x. According to the classification given in the
introduction, such a spectral feature is a strong turning point.

In the general case, regularizing functions must be constructed based on the canonical
form of the limit operator, which can be reduced by smooth transformations (see, for
example, [15]), and the corresponding basis, but in the proposed problem, the operator
already has the canonical form and there is no need for corresponding constructions.
Moreover, it is necessary to regularize the right side of hi(x, t), due to the fact that the limit
operator with matrix A(x) at the point x = 0 is not invertible.

4. Formalism of the Regularization Method
4.1. Regularizing Function

The regularizing function of the problem (1) will be sought in the standard form
e~ '?(D/¢ For solutions of linear homogeneous equations, such singularities were high-
lighted by J. Liouville in [16]. So, substituting u(x,t) = v(x, t)e~#(*!)/¢ into the corre-
sponding homogeneous equation of (1) and collecting the terms for the same powers of ¢,

we obtain:
dp  (99\2 (90 _9gdv ¢ ,0%0
(at (5¢) ")““(at Zxax o)t =0 @)
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An analysis of the last expression allows us to state that to search for u(x, t) as a regular
series in ¢; we need to take the solution of the following problem as ¢(x, t):

a‘P_ Ip\2 _ 5 _
m (5) = x5, ¢(x,0) =0. 3)

The choice of the initial condition for ¢(x, t) is due to the fact that, in what follows, the
initial condition for v(x, t) does not contain a singular dependence on . Moreover, with
such a choice, the initial condition on v(x, t) inherits the initial condition of the (1) problem.

The problem (3) is a problem for a nonlinear partial differential equation of the first
order, which we will solve by the method of characteristics (see [17], Ch. 5, §4, pp. 268-272).
Denoting p = d¢/0dt and g = d¢/0x, we obtain the following characteristic system for the
equation of problem (3):

at  dx djf@f dp

T 24" 0 & poap T @)
NW.:t=0,x=5¢=0,g=0,p=s"

The initial conditions in the last system are obtained by parametrization (s—parameter)
of the initial condition of problem (3).
Integrating system (4), we obtain the desired surface in a parametric form:

in(4
t=1,x=scos(27), ¢ = szM.

4
Then, finally, for the function ¢(x, t) we explicitly have:
2
x- tan (2t
plx 1) = 220G ®
. x2 tan(2t)

1

Thus, the regularizing function has the form e™" 2

4.2. Regularizing Singular Operators

Additional regularizing singular operators, related to the pointwise irreversibility of
the limit operator A(x), are constructed using the fundamental solution of problem (1) on
the entire line (see item 8). We write here only the final form of the fundamental solution:

exp {i (cot(Zt) i ;; < e sii%Zt) )]

1—1
K(x,¢,t) = ———=
(x.&1) 2/ mesin(2t)

K(x,¢&,t) has the property K(x,¢,0) = 6(x — &).

Additional singular integral operators for the regularization of the right-hand sides of
iterative problems are obtained by integrating K(x, {, t) over the variable ¢ (see Section 5)
and dividing by i for convenience. Then, we obtain:

t +00
oo(x, t,€) (- z/ dT/Kth—Tg
0 —00
/ 1 ix? tan(2(t—1))
1x“ tan —T
= —i/(-)—e =z,
cos(2(t —T))

t 400
o1(x,t,e)(- zx/ d'c/inxij,t—T)dC:
0 —o0

t

. 1 ix? an(2(t—1))

= —IX /()—3€_t275d'['
0 cos2(t — 1)
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In fact, the singular operators op(x, t,€)(-), 01 (x, t, €)(+) are solutions of the Schrodinger
equation with right-hand sides —ie, —iex. The actions of operators on a function will be
written as:

t f(T) ix2 tan(2(t-7) ~ 2 tont2n)
T ix“ tan —T e €
oo (f(¢ :—i/ie_ 2% At = —if(t) ¥ ——,
o(f(1)) s \/cos2(t — ) f® cos(2t)
t ix? tan(2t) (6)
. ("L’) ixztan(Z(th)) , e 2
Ul(f(t)):—zx/f—g’e* = dr = —ixf(t) x ————.
o V/cos2(t—T) \V/ cos 2t

4.3. Singular Integral Operator for Describing the “Boundary Layer” in the Vicinity of the Point x = 0

This operator has the form:

t -3 arctan(b))e’zz

‘I’):/t‘I’(T)W £)dt = 1+1\/> / e dz,
0

25 tan(2t)

ix zcof(Zf)
1+i)x e =
where W(x, t,€) = (1+ ) = "—22 We note the properties of the operator G:

Ve \/sm 2t 2z

T.G(Y) =0, G(Y)|

o= (1)

5. Construction of a Regularized Asymptotic Series: Iterative Problems

The regularizing function e~#(*)/¢ introduced in the previous section, and the ad-
ditional regularizing operators oy (x, t,¢),01(x, t, €), allow us to expect that the rest of the
solution can be sought in the form of power series in . The regularized solution of the
problem (1) is sought in the form

ix? tan(Zt)

u(x,t,e) =v(x,t,e)e” +G(¥(te)) +oo(y(te)) +o1(z(te)) +w(x, te). (7)

Substituting (7) into (1) and extracting the terms of the regularizing functions, we
obtain the problem:

2

v v )
5 2x tan(2t)£ —tan(2t)v = les g
Y(t,e)« TW(te) =0,

_ ix? tan(2t)
2¢

e
te) kT (——
y(te) x Te( cos(2t)
7ix2tan(2t)
2¢
z(t,e)*TS(xeig =0, 8)
cos(2t)

)=0,

ow  ,0%w
20y — — — 4
xw = —h(x,t) +ie o e 2 +ey(t,e) +exz(t,e),

v(x,0) +w(x, 0)—f( )

y(T,¢)
\/cos t—T

v(0,t,e) +¥(t,¢) +/ ———————dt+w(0,t,€) = P(t).
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From (8), we obtain a series of iterative problems:

aUk avk azvk,1
T 2x tan (Zt)g —tan(2t) vy = 52
Y () « T,W(te) =0,
7ix2tan(2f)
e 2¢
t)* Te(—————=) =0,
elt) * Te( cos(2t))
ixztan(zt)
e 2¢
2k(8) # Te(x——) =0, )
cos(2t)

dwg_1 | *wi_o

2 — —
Xwy = —h(x, £)0k + i o T a2

vy (x 0)+wk(x 0)—f( x)5y,

+yr—1(t) +xzk1 (),

WD (0,8 = (), k= T

0,t) + ¥ +/
oc(0,) k \/COSZt*T

Here, (5,2 is the Kronecker symbol: (58 =1, (52 = 0 for k # 0. The system at step k = —1
has the form

80,1 80,1
2t)—— +tan(2t)v_1 =
o ()ax+an()v1 0,
Y _1(t) « T W(te) =0,
_ixztan(zt)
e 2e
1) % Te(—————=) =0,
ya(t) < Te( cos(2t))
7ix2tan(2t)
e 2¢e
z_1(t) % Te(x——=) =0,
cos(2t)
xzw,l =0,

v_1(x,0) +w_1(x,0) =0,

/m

Solutions at the iterative step k = —1 willbe v_1(x,t) =0, w_1(x,t) =0,and ¥ _4 (),
y—1(t), z_1(t) are arbitrary functions. To determine them, consider the iteration problem at
the zero iteration step k = 0:

~1(0,t) +¥_4 dt+w_1(0,t) = 0.

% +2xta n(Zt)%— +tan(2t) vp = 0,

Yo(t) « T.W(t,e) =0,

ix2 tan(2t)
- 2

e
)k Te(—————=) =0,
volt) * Te( cos(Zt))
7ix2tgn(2t)
20(t) * T (x——) =0, (10)
cos(2t)
XPwy = —h(x, ) +y-1(t) +xz41(t),

vo(x,0) +wp(x,0) = f(x),

Yo(7) ———————dT +w((0,t) = P(t).

0,1) + ¥o( +/
( ) 0 \/cos2t—T
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The functions yo(t), zo(t) are arbitrary at this step. For the equation to be solvable
with respect to wy(x, t), it is necessary and sufficient that the relations y_1(t) = h(0,1),
z_1(t) = %(O, t). From here,

h(x,t) —h(0,t) — x3(0,t)
2

wO(xl t) =

= h()(x, t).

where hy(x, t) is a smooth function. Having determined y_1 (¢), we find the function ¥_1 (¢)
from the boundary condition:

0/ \/de

Now, we can write the solution at step k = —1:
2 tan(2(t—7))
U_q (x, t) / — S dt+
\/cos t -T)
t ah(0,7) S
— tan(2(t—1))
+x a—x3€f”‘ = dr.
o Vcos2(t—1)
To solve the equation for vy(x, t), we make the change vy (x,t) = “(x’gt) . Then, we
cos

obtain the equation

on ou(x,t)
§+2xta n(2t) gy

Let us write the equation of the characteristics:

=0.

- 4x___dx
~ 2xtan(2t) 0

The first integral is, respectively, equal to:

x
cos(2t)

= (1.

From this, we obtain the general solution

a(x,t) = Qo (cos?Zt))

where the function go(x,t) is determined from the initial conditions. Thus, the general
solution vy (x, f) has the form:

Uo(x t) _ go(cosgg%)).
’ cos(2t)

From the initial condition, we define an arbitrary function go(x,t). For t = 0, we have
go(x) +ho(x,0) = f(x).

Hence, go(x) = f(x) — ho(x,0) (here, it is taken into account that ¥,(0) = 0).
Or, expanded,
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. ( X ) - h(cosJEZt)’O) - h(0,0) - cos( t) ox (0 0)
7\ cos(2t) 2
(COSJEZt) )
To determine arbitrary functions yo(t), zo(t), consider the problem at the ¢ step:
87)1 a 8200
> +2x tan(Zt)a— + tan(2t)vy =5
Yi(t) * T.W(t,e) =0,
_ ix? tan(2t)
e 2e
t)x Te————= =0,
p(t) T cos(2t)
- ix? tan(2t)
e 2¢
21 (t) ¥ Te(x——=) =0, (11)
cos(2t)
oh
¥y = ato (x,t) = yo(t) — xzo(t),

v1(x,0) + wy(x,0) =0,

t
y1(7)

mmﬂ+%m+/ ——

To define w1 (x, t) it is necessary and sufficient that

———<——dt+w(0,t) =0.

2
wol) = ~000,8),  z0(t) =~ 21 0,1),

Now, from the boundary condition of problem (5), we define the function ¥ (t). To
do this, consider the boundary condition for x = 0:
/ aa}? 0,7)dt

Folt) =9) _%Ot+/V%st—T

Thus, at this step, the term at the zero step is found. It can be written as:

—wp(0, t).

t aho(o 7) 5 ¢ 9%hy .
tan(2(t—1)) =—2(0, T 2 tan(2(t—7))
/ —=—— S dt —x aTax( ) 3{7/;( e dr+
5 Veos(2 t*T ) 0 V/cos(2(t — 1))

h(x,t) —h(0,t) — xax (O t)
+ 2
X
Now, we can write the leading term of the asymptotics:
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gy (x, 1) = 1[G(‘I’-1(t))+0/tcozézog)me“2““§wdr+
" xo/t cosZ%Ti T))3€_ ) e dT] * cols(Zt) [f(cosJEZt) ) a
— hO(COS)EZt)/O)]EW + G(Yo(t)) — O/t co(:()z%:)— T))e’ ixzmn(zi(t_r))dr—
B t gig(jc (0,7)) e_ix%anéﬁ(pr))dT N h(x,t) —h(0,t) — xg—ﬁ(O,t)' 12)

) \Jeos(2(t—1))° x?

Now, we can write the solution w1 (x, t) of system (11):

oh oh 9%h
ot (X 1) — G0, 1) — x551 (0, ¢)
2
X

wi(x,t) = — = hy(x, t).
where h1(x, t) is a smooth function.
Let us solve the inhomogeneous equation with respect to v1 (x, f)

801
3 + 2x tan(2t)

dv, B 920y
g + tan(2t)vl = ﬁ

a(x,t)

To solve the equation for v1 (x, t), make the change vy (x,t) = s 2D

and compute

2
%—vf. We obtain the equation
X

X

da(x,t) 80 (oezmy)

ow
— 4+ 2x tan(2t = .
+2xtan(2t) ox cos?(2t)

ot

Let us write the equation of the characteristics:

dt = dx - cos?(2t)du
2x tan(2t) gg(m)

The first integrals are, respectively, equal:

X
cos(2t)

1
= C1, lx(X, t) — 5 tan(Zt) . g(/)/(cl) = (9.
From this, we obtain the general solution

a(x, t) = %tan(Zt) -0 (C()S?Zt)) +g1 (cos?Zt))'

where the function g7 is determined from the initial conditions. Thus, the solution vy (x, t)
has the form:

or(xf) = Cols(Zt) [tan2(2t)gg(C0572t)> & (COSJEz’f))]
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We define the function g; ( ) Let us use the initial condition g1 (x) = —hy(x,0).

cos(2t)

ol ) = Cols(Zt) [tan2(2t) gé’(cos?Zt)) —h (cosx(Zt)'Oﬂ'

The functions y1(t), z1(t) are at the next iterative step. They are found from the
condition of solvability of the equation with respect to wy(x, t):

Hence,

o 8hy
yi(t) = —j(o t)+ 872(0 t),

P ho
z21(t) = =550, 8) + 55 (0. 1).

Thus, at this step, the term at the k = 1 step is found. It can be written as follows:

wi(nh) = L [@n@) e x N x )] e
R cos(2t) 2 %0 cos(2t) 81 cos(2t)

: %(0, T) — a ho 2(0, T) ix? tan(26)(t—7)

+ (1)~ [ COS(Zt(H) T
0

e 2% dr — >
cos(2(t — 7)) x

t 92 3Bh,
/arauo,r)—axgo(o,r) i) 0 (x,4) — (g, ) — x P (g, 1)
0

Using this scheme, the following terms of the asymptotic series are found by induction.

6. Estimation of the Remainder Term

Let (N + 1) iteration problems be solved. Then, the solution of the problem can be
represented as

(x,t,€) Z up(x, ) + eNTIRy (3, 8 €), (13)
k=1

where Ry (x, t, €) is the remainder.

1xt

ug = op(x, t)e” e + G(¥(t) + 00(yi(t)) + o1 (2 (8)) + wie(x, 1)

Substituting Equation (8) into (1), we obtain the problem for the remainder Ry (x, ¢, €):

BR 0’R
N | 2 N — xRy = H(x,t,¢),
ot dx2 (14)
Rn(0,t€) =0,
Rn(x,0,e) =0,
ip(x 2
where H(x,t,€) = x’wy41(x, ) + s(% e %ﬁ) Note that since the itera-

tive problems are solved up to eN*1, the term x?wy1(x,t) = O(1).

A classical solution problem (14) is a function R(x,te€) continuous in
Qp = (0,+00)x[0, T] with continuous %—If, %—5, ?:TI; in Qr and satisfies Equation (14) at
all points of Q7 and the initial conditions for t = 0.

Theorem 2 (Evaluation of the remainder term). Let the requirements be met:

(1)  conditions (1)—(4) for problem (1);
(2)  H(x,t,¢) satisfies condition (4) (1) (see Appendix A).

Then, 3C > 0 |Ry(x,t,€)| < CV(x,t) € (0,400) x [0, T] Ve € (0,¢0].
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Proof. Extend the right-hand side H(x, t, ¢) and the initial condition by zeros to the negative
semiaxis Ox. Using Mehler’s fundamental solution, we write the solution of problem (14)

in the form
. t 4o
Ry(x,t,) = E/dT / H(E, t,e)K(x,¢,t — T1)d¢.
0 —00

Let us evaluate the remainder modulo. Then, we obtain

—+o00

t
IRn(x,t,e)] <1 [dt [ |H(E T, e)|[K(x,&t—T)[dE =
0 —oo

ix? tan( 2(1‘ 7))

t ,
= "“f HE w8l iy |exp<”°t<é§—f”<¢—cos@ 5)°)ldg =
t
cot(2

*%{m“ T + iy 0l exp (3002 g =

\/2£sm

t
= Elﬂode,f |H(z 2esin(2(t — 7)) + =, T lexp (icos(2(t — 1))2z2)|dz =

t +o00
= 81ﬂ()fd-r [ |H(z Zssin(Z(t—T))—kﬁ,T,s)\dz <M

We write the remainder term in the form
RN = uN41 + €RN+1-
Then, |RN|<|uN+1|—|—s <(CC>0 0O

7. Construction of the Fundamental Solution
To find a fundamental solution, consider the problem:

ou  ,0%u 5
zsa—i—s 2 F u=0, u(x,0) =6(x —¢).

X2
We make the change u(x,t) = ez "v(x,t). As a result, we obtain the task:

0 " O .02 T
a—z — sz% = zsﬁ, v(x,0) = e_l%é(x — ).
Let us carry out the Fourier transform. Then, we obtain a linear equation in the space
of images with respect to F:
oF oF

. 2 .
o Ti2Asy = —i(eA2+2)F,  F(A,0) =% AL, (15)

where F(A,t) = [ v(x,t)e”dx.
—o0
—Dt— Q — 72 (1 e*i4t)7l'/\§efi2t
Solution (15) has the form F(A, t) = e .
Making the inverse Fourier transform and taking into account the change u(x,t) =

o3 tit v(x,t), we obtain:

Selecting the full square in the exponent and calculating the Fresnel integral, we
finally obtain:
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1—1i . (cot(y)Y +¢2 M:(é;f))
2./ e sin(2t)

The kernel K(x, &, t) has the property K(x,&,0) = 5(x — &).

K(x, & t) =

8. A Singular Integral Operators for Regularization of the Right Parts of Iterative Problems

Additional regularizing singular operators related to the pointwise irreversibility of
the limit operator are constructed using the fundamental solution. Their task is to embed
the right side of the equation in the image of the limit operator. The limit operator is
obtained by putting (1) ¢ = 0 into the equation of the problem.

Additional singular integral operators for the regularization of the right-hand side
of the problem are obtained by integrating the kernel K(x, {, t) over the variable ¢. Then,
we obtain:

t +00
oo(x, t,€) (- z/ / (x,&,t—T1)dE =
0 —00
1 ix? tan(2(t—7))
e~ e dT,

t
:_io/“ cos(2(t — 1))
t +00
o1(x,t,€) zx/ ydt / gK(x, & t —1)dg =

ix? tan(2(t—7))
e 2% dr.

0
/ 1
~ix [() ;
o \Vcos(2(t—1))
In fact, the singular operators oy (x, t,€)(-), 01 (x, t, €)(+) are solutions of the Schrodinger

equation with right-hand sides —ie, —iex. The actions of operators on a function will be
written as:

a(f(t) = T=

[ f@ sween
1/ cos(2(t — T))e d

ix2 tan(2(t—1))
e~ 2

= f(t)*—i

cos(2t)
t
ixz an! —T
a1(f(t) = —ix/ f(x) 3¢ e A
o Vcos(2(t— 1))
wztan(Z(t 7))
e 2¢
= f(t) % —ix 3
cos(2t)
Let us introduce the operator T; = ie% + 82% — x2. Then,
7ix2tan(2t)
e 2¢
Te(oo(f(1) = ef () + f(1) * Te( — i——==) =
cos(2t)
=ef(t),
7ix2tan(2t)
. e 2
T (01 (f(1))) = exf(£) + f(1) # Te(— ix*——5) =
cos(2t)

= exf(t).
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9. A Singular Integral Operator for Describing the “Boundary Layer” in the Vicinity of
the Point x =0

Let us solve a mixed problem:
zea—u+saz—u—x2u—0 u(x,0) =0 u(0,t) =
ot 0x2 e e

2
We make the change u(x, ) = e v(x,t). As a result, we obtain the task:

dov(x, t) izxav(x,t) Z,Eazv(x, t)

ot 5 vlnt) =iem—ra, 0(x,0) = 0, 0(0,) =

Let us perform a sine transform. Then, in the space of images, we obtain:

%f + iz/\% = —i(eA? +1)F +ieA, F(A,0) =0, (16)

where the notation

oo
/v x,t) sin Axdx.
0

Let us write the characteristic system for the linear equation in the problem (16):

ar dF
T 20 Zi(eAZ+ 1)F +ieA’

The system of first integrals for it has the form:

e —i2t _ C1/
2 T2
TAﬁF+§/e%¢ﬁdy:c2.
A

Now it is easy, given the initial condition, to obtain a solution to the original problem

in the space of images:
A

F(At) = ; / o5 (-A242) \/Edy’
Ae—i2t
The replacement of the variable y = Ae—i2(t=7)
convenient relation in what follows:

in the last integral will lead to a more

t

F(A 1) = isx\/exp(—%\z(l — D) (¢ — 7)) .

0

It remains to carry out the inverse Fourier sine transform, which in the end will allow
us to obtain a solution to the problem of interest to us:

v(x, t) %/F/\tsm)\xd)\—
0

00 t

_ 2 €320 _ k(=T _ia(y ~

= /exp( 4)& (1—e ) —13(t T))d’f Asin AxdA.
0

o
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By changing the order of integration in the resulting iterated integral and performing
simple transformations, we obtain

t 2
1—i)x [ e &
v(x,t) = (1—i)x / ¢ 54T, (17)
VETL & \/sin2(t —7)
where a = 1 — ¢=*4(t=7)_ From here,
t 1x2 cot 2 ix~ cot(2(t—1))
(1—
u(x,t) Z x/ 54T
Ver o Vsin(2(t — 1))

The solution for an arbitrary boundary condition 1 (t) can be written as

t ix? cot(2(t—1))

(I —-i)x e =
u(x, ) = \/a/lp(r)sm(z(t_r))gdr. (18)

Let us give a different representation of solution (18), having previously made the

change of variables z2 = %

L arctan(b) ei?’
x,t) = (1—1i) E 2 ) dz,
u(

V14 b2

\/25 tan (2t)

. Namely,

2
where b = 2—

10. Conclusions

In conclusion, to understand the method, we note that the regularization method in
practice consists of the following stages:

(1) Identifying regularizing functions, operators containing a non-uniform dependence
of the solution to a singularly perturbed problem on the parameter ¢ (this is the most
difficult stage);

(2) Introduction of additional variables corresponding to regularizing functions and
operators;

(3) Using complex differentiation formulas, an extended problem is formulated in a space
of higher dimension, in which the singularly perturbed problem becomes regular;

(4) A solution to the extended problem is constructed in the form of a power series in the
parameter ¢, to determine the coefficients of which theorems of solvability and unique
solvability of the corresponding iterative problems are proved;

(5) At the final stage, the solution is narrowed to regularizing functions and operators,
which gives a solution to the singularly perturbed problem.

In the proposed work for a mixed problem on a half-line for an inhomogeneous Schrodinger
equation with a spectral feature in the form of a “strong” turning point, regularization con-
sisted of introducing one regularizing function and three additional singular operators. Note
that in this work, we developed an algorithm for the regularization method for solving a
singularly perturbed problem for the Schrodinger equation in the presence of a “strong”
turning point at x = 0 on a time interval that does not contain focal points. Regularization of
the task in the presence of focal points in time will be described in the following articles.
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Appendix A

Let us show that the function

x% 4 &2 x
cot(2(t — 7)) ;é B £sin(2(§— T)))]h(é, T)dg =

i /W/QXPH
oL (/‘exp[ (ExeosOl_ EnB0) | ey

7te sin( 2t esin 4t 2¢

(A1)

1—1

/ \/m / exp[ ( fsiﬁz((zt(iff D _& tan(iitr)))]h(é,r)dé‘

where f(x), h(x,t) are continuous bounded functions satisfying the conditions

—+o0
/ X2|f(x)|dx < oo, / x2|h(x,t)|dx < oo, which satisfy the problem.
2% 2% 2yt u(x0) = f(x) (A2)
o o2 ’ ’

Note that the integral (A1) converges uniformly on (—co, +00) X [0, T]. Indeed, the
score gives:

u(x, t)] <

—x 2 tan
cos(2t))? Gt (Zt)ﬂ (@) det

L A s
vl (o
1 dt T (& —xcos(2(t —1)))?
" V2me 0/ sin(2(t — 1)) [O |exp {l( esin(4(t—71))

Ztan(2(t — T (& — xcos(2t))?

28)))} Ih(E, 7)ldE= \/ZH;W Z |exp {l(ssm(élt)ﬂ £(2)ldg+

x cos(27)?

ot s [ (2 s

_ < G- xcos(2) _ e 2£sin(2t)d2> =
2esin(2t)

t o)
= \/1%4 | f(x cos(2t) 4 zy/2esin(2t))|dz + \/1%0/1174 |h(xcos(2t))+
+z4/2esin(2t), (t — 1)) |dz < C;.

In what follows, without loss of generality, we will consider only the part of the
solution (A1) that satisfies the homogeneous Equation (A2).

Step 1. Formal differentiation and substitution of formal derivatives into the equation.
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Let us find formally (that is, without thinking about the legitimacy of these actions) the
derivatives of the function u(x, t) entering the equation. Then, we check that the resulting
integral satisfies the homogeneous equation in problem (A2).

Jdu
ie— =

ot

1—i i . x2+(;‘2—2x§c082t

= Z\/W/ exp () <zecot(2t) + 220 )f(g"f)d@’ —
— L ooex —1ieco —x2 M —
- 2@4 P(>< ecot(2t) =3+ o )f(é)d&—
2821/[

Frei

—q iyt 2

—1 T cos —&)?2
- 2\/7;&% / eXP (18 cot(2t) + W)ﬂg)d&

Here, the ellipsis denotes the exponent of the fundamental solution.
Substituting the calculated u;, 1y into the equation, we obtain:

. $2 (xcos(Zt) &)?
\/27resm (2t) f P ( ) |:l€ COt(Zt) + sin?(2t) +
iecos(2t) — (XSER | ] F(@)dE = 0.

Step 2. Justify the eligibility of formal actions.

In order to show that the function u(x, t) satisfies the equation, it is necessary to justify
the possibility of differentiating with respect to x and t under the integral sign for ¢ > 0,
—o0 < x < +00. Let us prove this fact for t > t(, fp > 0 whence, due to the arbitrariness of
to, this fact will hold for ¢t > 0.

Theorem A1 (Existence of a classical solution). Let the following conditions be met:

(1)  f(x) € C(—o00,+00) satisfying / xX2|f(x)|dx < oo;
(2)  h(x,t) € C((—o0,+00) x [0, T]) satisfying the conditions / x2|h(x, t)|dx < oo uniformly

—00

int.

Then, the classical solution to problem (1) exists.

Proof. Let us estimate the derivatives obtained at step 1 on the rectangle [—L, L] x [to, T|:

Ju 1 + |x
BT S VS ( ET5)
ot V/27e sin 2t | sin 24| sin? 2t
1
S —V————
\/27I€\/sin2t0

1 2
| | MMS((1+L)MO+2LM1+M2).

)|f< £)lde <

(1 +2L%) My + 2LM; + M,),
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Considering that f(x) satisfies condition (1) of the theorem, the integrals

M= [[¢ [/If(&)|dE, j = 0,1,2, exist. Therefore, the integrals converge uniformly on the

rectangle  [—L, L] x (0, T]. It follows that the function u(x, t) € C1) (oo, +00) x (0, T]
and satisfies the homogeneous equation (A2). Let us prove that (Al) satisfies the
initial condition.

The function u(x, t) is not defined for t = 0. However, it can be extended at the initial
moment of time by continuity, ie., take equal to its limit at time t = 0 at
t — 04 0. Since the integral (A1) converges uniformly on (—oo, +0c0) x [0, T], it is possible
to pass to the limit under the integral sign:

1—i : [ (& —xcos(2t))?> &% tan(2t) B
u(x,0) = t—>0+0 2. /ngsm 2t) / xp {l( esin(4t) + 2¢ )}f(é’)d@f o
| &—xcos2t o _
= < T = ) z, d¢ = /2esin(2t)dz >

o)
1—i

; gztan( 2t)
= Var tligrioe (COS(”)Jr )f(x cos(2t) + z4/2esin(2t))dz =
7T —

IZd 1_i)(1+i)ﬁ
\/ﬂ B 2\n

f(x) = f(x).

Thus, u(x, t) really sets the solution to the problem. O
Comment Al. Let us prove that the solution of the problem (A2) belongs to the space Ly (—oo, +00).
Let us present the solution in the form:

[e9)

u(x, t) = WL 7rlsgi§1(2t) [Of(g) exp [z’ (cot(zt)xzztgz B 85;%121%))}15 =

1—i ' 2+§2
Zm /f - ssm( ))exp (zcot(Zt) )dgf
B 1—i i XE B
_zm/f ssm( )) P(x,t,&)dE =
_ 1—i _ esin(2t) (i xE N
= el R S OROeR(i ) 172+

. +o0
2B [exp(-i 2 S @wEN e =

—00

_ 1—i  esin(2t) e _xe 2
sy i P i e

Estimating u(x,t,€) modulo and taking into account the conditions of the problem (1),

we obtain
My/esin(2T) C
V27 |x| |x|

Given the estimate on u(x, t, €), we can write the estimate |u(x, t, s)\ <

|x| — o0

1+\x|’ |x| — oo.

It follows that u(x, t,€) € Ly(co, +00). It is similarly proven that b€ Ly)(oo,+0c0) >
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+00 —+oc0
Comment A2. f(x), h(x, t) satisfy the conditions Vm € N 3 / |x|mf(x)|dx,/ [x|"|h(x,t)|dx

converging uniformly with respect to t, then u(x,t) has continuous derivatives of any order with
respect to x and t for t > 0.

Indeed, if u(x, t) is differentiated with respect to x and t an arbitrary number of times, then
the factor (& — x cos(2t)) will be allocated to a positive power, and the factor sin(2t) to a negative
degree. Thus, the matter reduces to the uniform convergence of an integral of the form

e —xe 2 2tan
]—(sin(2t))k_[o exp[z((@ Ssiniz(sﬂ) s taz‘s(zoﬂ(C—xcos(Zt))mf(g)dg.

Let us estimate the integral modulo. Then,

T — X COS 2 2 an
1 < lsin(ato) * [ expli( EZZ BN | S — ycontanile s =

= [sin(2t0)| ¥ [ 1~ xcos(26) " £(@)1dg < | sin(2t)| Y- Chlx" T [ [eVIf(&)1dE =
—o00 j=0 —00
= | sin(2to)| iC%|x|m7ij < |sin(2to)[(L + 1) M.
j=0

Considering that f(x) satisfies condition (1) of the problem (A2) the integrals

M; = [ |GV|f( xi)|d exist. Therefore, the integral ] converges uniformly for 0 < tg < t < T.

—o0
This implies that the function u(x,t) is continuous and has continuous derivatives of any order
with respect to x and t for t > 0. Moreover, since all the integrals involved in our formal operations
are uniformly convergent in the parameters x, t in any closed rectangle (x,t) € [—L, L] x [to, T],
to > O, then they can be differentiated in this rectangle with respect to x and t arbitrarily times.

Theorem A2 (Uniqueness theorem). The problem for a homogeneous equation with a homoge-
neous initial condition 5

Lou | ,0%u 5

z£§+s ﬁ—xuzo, u(x,0) =0, (A3)

has only a trivial solution.

Proof. Let u(x, t) be a solution to problem (A3), then

ou . Pu i,
5 = €5y — XU
(A4)
82 = —isaZ—u + "2
ot ox? ’
where the bar denotes complex conjugation.
Now, consider the following integral:
1) = [ dx-Ju(x0)P. (A5)

Differentiating the integral I(t) with respect to t and taking into account that the
function u(x, t) tends to zero as x — +oo together with its partial derivatives, we have:



Mathematics 2023, 11, 4328 19 of 20

. ya Ju ou . .
I(t) = / dx(é)t + uat) = [substltute the relations (A4)} =

o . o] .
= /dx(ieuxxu— ;x2|u|2) + / dx(—ieuuxx+;x2|u|2> =
— 00 —00

— e (ux /dx|ux| ) ie (uux /dx|ux| )

Therefore, I(0) = I(t), where I(0) = 0 due to the initial conditions in the (A5) problem.
Thus, the integral (A5) vanishes forall t € [0, T]. And this is possible only if u(x, ) = 0. O

Appendix B
'Xz an
.0 2 0 2 o€ 5 . .
Proof that the operator T; = ie— + ¢°=— — x“ nullifies —————, is confirmed by

ot ox? \/cos(2f)

direct verification:

- x2 tan(2t) .22 tan(2t)
_jx-tan{at) -

0 (e el x2 . .
ot ( V/cos( 2t)>_ \/cos(2t) (cosz(zz‘) + zstan(2t)>,

az i x2 tazn(Zt) i x2 tazn(Zt)
= < ) = ¢ <—x2 tan?(2t) — ie tan(Zt)).
Bx cos(2t) cos(2t)

Hence, it follows that

.22 tan(2t) . x2 tan(2t)
—i— e i x2 ) )
Te < Jeosal) ) = Jeos(2D (cosZ(Zt) + ietan(2t) — x* tan tan(2t) — e tan((2t)) — xz) =0.
. x2 tan(2t)
L. et
It can be proved similarly that Te ( x——— | = 0.
cos(2t)
Appendix C

The equation for determining the particular solution wy is:

2wy (x,t) = h(x,t) —h(0,t) — xg—Z(O,t).

From here,
h(x,t) —h(0,t) — x3(0,t)
12

wo(x, i’) =

where hy(x,t) is a smooth function. Let us run a chain of evaluations:

= ho(x,t),

05a (&),

tion (4) in the statement of problem (1), since h(x, t) satisfies this condition.

1. |ho(x,t)| = where 0 < ¢(x) < x. Consequently, i (x, t) satisfies condi-

aZUO aho o 1 83h awo .
2. S By —(x t)‘ = ‘6ax3(§1,t) , where 0 < ¢(x) < x. Consequently, S satis-
fies condition (4) in the formulation of problem (1), since & (x, t) satisfies this condition.
a 2
S+ Sy () + xzia (b),

Since wy = 2 , k > 1, then all wy(x, t) obtained by

solving iterative problems also satisfy condition (4). Estimating x?wj gives
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19%h

oh
5@@/1‘)

|x%w| = [h(x,t) —h(0,t) — xax(O,t)‘ =
that x2wy also satisfy condition (4), and similarly for all x?wy.

Estimating x?wq gives x?wy = h(x,t) — h(0,t) — xg—’;(O,t) = 0.5x2327§(§(x),t), ie,
x“wy satisfies condition (4) of (1). From the above, and because f(x) belongs to the declared
class of functions, the solutions of iterative problems also belong to this class.

Similarly, one can show that all solutions of iterative problems for ve(x, t) satisfy
condition (4) in the statement of problem (1).

, which leads to the statement

2

[e)

The considerations given here allow us to conclude that the integral / |H(x,t,¢€)|dx

converges. Here, H (x,t,¢€) is the right hand side of (14) for the remainder term.
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