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1. Introduction

Tangent bundle geometry has long been a source of interest in differential geom-
etry. Tangent bundle investigation introduces several novel challenges to the study of
modern differential geometry. Using the lift function, it is convenient to generalize dif-
ferentiable structures on any manifold M to its tangent bundle. The theory of vertical,
complete, and horizontal lifts of geometrical structures and connections from a manifold
to its tangent bundle was developed by Yano and Ishihara [1]. Numerous researchers
have examined various connections and geometric structures on the tangent bundle like
Yano and Kobayashi [2], Tani [3], Pandey and Chaturvedi [4], and Khan [5,6]. Different
lifts of metallic structures to tangent bundles have been studied in [7-9]. Tangent bundles
immersed with quarter-symmetric non-metric connections, semi-symmetric P-connections,
and semi-symmetric non-metric connections on almost Hermitian manifolds, Kdhler man-
ifolds, Kenmotsu manifolds, Sasakian manifolds, para-Sasakian manifolds, Riemannian
manifolds and their submanifolds, and statistical manifolds and their submanifolds have
been studied in [5,10-18]. Recently, Khan et al. [19] studied the tangent bundle of P-Sasakian
manifolds endowed with a quarter-symmetric metric connection (QSMC).

On the other hand, the notion of quarter-symmetric connection in a Riemannian
manifold with affine connection was introduced by Golab in 1975 [20]. This was fur-
ther developed by many geometers like Yano and Imai [21], Rastogi [22,23], Mishra and
Pandey [24], Mukhopadhyay et al. [25], Biswas and De [26], Sengupta and Biswas [27],
Singh and Pandey [28], and others.
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Let V be a linear connection on an n-dimensional differentiable manifold M" of class
C®. If the torsion tensor T of V defined by

T(Xo,Yo) = Vx,Yo — Vy,Xo — [Xo, Yo, (1)

satisfies
T(Xo,Yo) = Ao(Yo)PoXo — Ao(Xo)¢oYo, )

where Aj is a 1-form and ¢y is a (1,1) tensor field, then the connection V is called a
quarter-symmetric connection [21,29,30]. Also, if V satisfies

(Vx,8) (Yo, Zo) #0, 3)

for all Xy, Yo, Zg € X(M"), the set of all vector fields on M", then V is called a quarter-
symmetric non-metric connection (QSNMC).

We start this paper with Section 1. Section 2 is devoted to preliminaries. In Section 3,
a QSNMC in an LP-Sasakian manifold is studied. The complete lifts of LP-Sasakian
manifolds and QSNMC in an LP-Sasakian manifold to its tangent bundle are investigated in
Sections 4 and 5. In Sections 6 and 7, the complete lifts of the curvature tensor and symmetric
and skew-symmetric condition of the Ricci tensor in an LP-Sasakian manifold endowed
with QSNMC to its tangent bundle are investigated. The skew-symmetric properties of the
projective Ricci tensor and Einstein manifold endowed with QSNMC in an LP-Sasakian
manifold to its tangent bundle are studied in Sections 8 and 9. Lastly, an example of the
lift of four-dimensional LP-Sasakian manifolds to its tangent bundle is shown in Section 9,
followed by a conclusion section.

2. Preliminaries

Let M" be a differentiable manifold and ToM" = U,epn Top M" be the tangent bundle,
where Tp, M" is the tangent space at a point p € M" and 7 : ToyM" — M" is the natural
bundle structure of TyM" over M". For any co-ordinate system (Q, x") in M", where (x'*)
is a local co-ordinate system in the neighborhood Q, then (7~1(Q), x",y") is a co-ordinate
system in ToM", where (x",y") is an induced co-ordinate system in 77— (Q) from (x") [1].

2.1. Vertical and Complete Lifts

Let us define a vector field Xy, a tensor field Fy of type (1,1), a function fy, a 1-form
wy, and an affine connection V in M"; their vertical and complete lifts are denoted by
fo, X§, wg, E5, V?, and f5, Xg, wy, F5, V€, respectively. The following formulas of
complete and vertical lifts are defined by [1,5]

(foXo0)" = foX§, (foXo)® = f5 X0 + fo X, )

Xofo =0, Xgfo = Xofo = (Xofo), Xofo = (Xofo), @)

wo(fy) =0, wy(Xp) = wy(Xg) = wo(Xo)®, wo(Xg) = wo(Xo)S, (6)
Fy X5 = (FoXo)?, FgXgy = (FoXo)S, )

[Xo, Yo]” = [X5, Y51 = [X0, Y5], [Xo, Yol = [XG, Yo, ©)

Veixe Yo = (VxoY0), VxgYg = (Vx,Y0)" )

Suppose ToM is the tangent bundle and let Xy = Xé% be a local vector field on M,
then its vertical and complete lifts in the term of partial differential equations are

9
oyt

;0 oXi .9

X§ = X}
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2.2. LP-Sasakian Manifolds

An n-dimensional differentiable manifold M" is called a Lorentzian para-Sasakian
(briefly LP-Sasakian) [31] of dimension 7 if it admits a (1, 1)- tensor field ¢, a contravariant
vector field &g, a 1-form 7y, and a Lorentzian metric ¢ which satisfy

$0*(Xo) = Xo +170(X0)&0, (10)

10(Go) = —1, (11)

8(¢0Xo, PoYo) = g(Xo, Yo) + 170(Xo0)10(Y0), (12)

8(Xo,60) = 10(Xo), (13)

(Vxo90) (Yo) = g(Xo, Yo)Go + 170(Yo) Xo + 210(Xo)170(Yo)Go, (14)
Vx,60 = $oXo. (15)

In an LP-Sasakian manifold, the following relations also hold:

$oGo =0, 1oodo =0, (16)
rank o =n — 1. (17)

If we take a tensor field ®y(Xp, Yp) as
q)O(XO/ YO) = g(XO/ (POYO)/ (18)

for any vector fields Xy and Yy, then the tensor field @ (X, Yp) is a symmetric (0,2) tensor
field [31]. Since the 1-form 7 is closed in an LP-Sasakian manifold, we have [31,32]

(Vx,10)(Yo) = Po(Xo, Y0), Po(Xo,Go) =0, (19)

for all Xy, Yp € M". In an LP-Sasakian manifold, the following relations hold [32,33]:

8(Ro(Xo, Yo)Zo, o) = &(Yo, Zo)1o(Xo) — &(Xo, Zo)1o(Yo), (20)
Ro (8o, X0)Yo = g(Xo, Yo0)&o — 110(Yo) Xo, (21)

Ro(Xo, Y0)Go = 10(Yo)Xo — 170(Xo) Yo, (22)

Ro(&o, Xo0)&o = Xo + 110(Xo0)So, (23)

So(Xo,Go) = (1 —1)10(Xo), (24)

So(¢oXo, PoYo) = So(Xo, Yo) + (1 — 1)n0(Xo)n0(Yo), (25)

where Ry is the Riemannian curvature tensor and S is the Ricci tensor of the manifold.

3. QSNMC
In an LP-Sasakian manifold (M", g), the linear connection V on M" is given by [29]

Vi, Yo = Vi, Yo + 70(Yo)poXo + a0(Xo)do Yo, (26)
where 79 and ag are 1-form associated with vector field ¢y and Ay on M" is given by

10(Xo) = g(Xo, Go), (27)
QO(X()) = 8(XO/ AO)/ (28)

for all vector fields Xy € Xo(M"), where Xo(M") is the set of all differentiable vector fields
on M" and the torsion tensor is given by

T(Xo, Yo0) = 1710(Yo)poXo — 110(Xo) o Yo + a0(Xo)PoYo — ao(Yo)poXo. (29)
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A linear connection satisfying (29) is called a quarter-symmetric connection. Further, by
using (26), we have

(Vx,8) (Yo, Zo) = —110(Y0)8 (¢ X0, Zo) — 10(Zo)g(¢poXo, Yo) — 2a0(X0)g(¢0Yo, Zo)- (30)
A linear connection V defined by (26) which satisfies (29) and (30) is called QSNMC.

4. Complete Lifts from an LP-Sasakian Manifold to Its Tangent Bundle

Let the tangent bundle be denoted by ToM" in an LP-Sasakian manifold (M",g).
Taking complete lifts by mathematical operators on (10)—-(16) and (18)—(25), we obtain

(95(X0))* = X5+ 16(X6)85 + 16 (X5)6, (31)

16(86) = 16(88) =0, n5(6) = n5(&o) = —1, (32)

g ((4’0X0)C/ (4’0Y0)C) = (X5, Y5) + n5(X0)ns (Y5) + 15 (X)n5(Y5), (33)
8°(X0,60) = 16(Xp), (34)

(Vie#0) Yo = 8°(X5, Y5)Go +8°(Xo, Y5)&6 + 115(Yg) Xo + 716 (Y5) Xo

(
)

(35)
+ Z{WS(XS)WS(Y(?)CS +116(X0) 10 (Yg) 8o + ﬂS(XS)WS(YS)CS},
x:60 = (¢0Xo)*, (36)
$660 = Po%0 = Po¢o = ¢060 =0, (37)
nooPo="10°90 =1n5°¢0 =15°¢, =0, (38)
D (Xp, Yo) = & (X0, $6Y0), (39)
(Vie16) Yo = @5(X5,Y5), (40)
(X4, 65) =0, (41)
§°(R(X4, Y5)Z0, 66) = 8° (Yo, Zo)mo (Xp) + 8° (Y5, Z5)m5(X) (12)
— 8°(X5, Zo)no (Vo) — 8°(Xq, Z)mo(Yp),
RE(&5, Xp) Yo = 8°(X4, Y5)G0 + 8 (X0, Y5) 8o — mo(Yo) Xo — 10 (Y5) X0, (43)
R(X5,Y5)60 = m6(Yo) Xo + 10 (Y5) Xo — 16(X0) Yo — 16 (X5) Y, (44)
R(&5, X5)&6 = Xg +n6(X5)80 + 16 (X6)86/ (45)

¢ (965, 95Y5) = 5°(X6, Y§) + (1 — D{H6 (XS 08 + i XOOH ) @)

5. Complete Lifts of QSNMC of an LP-Sasakian Manifold in the Tangent Bundle

In an LP-Sasakian manifold (M", ) and its tangent bundle ToM", let us take complete
lifts by mathematical operators on Equations (26)—(30), and we have

Ve Y5 = Vi Y6 + 15(Y5) (¢oXo)” + 115 (Y5) (g0 Xo)° + a*(X5) (¢oYo)°

(48)
+a%(Xp)(9oYo)",
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T(XE,Y5) = 15(Y5) (P0X0)” + 16 (Y5) (poXo) — 15(X5) (doYo)*
—15(X5) (¢0Y0)" + a5 (X5) (¢0Yo)” + ag(X5) (o Yo) (49)
— a5 (Y5) (poXo)” — a5 (Yg) (poXo)
15(X5) = 8°(X4,80), (50)
a“(Xp) = g°(Xo, Ap), (51)

(V58956 Z6) = —n5(¥§)° ((9oX0)", 75 ) = 1 (%6)g ((90Xo)", Z5)
— 5(Z5)8° ((#oX0)", 5 ) = 8 (Z6)g ((90Xo0)", ¥5) (52)
—20°(X§)g" ((90¥0)", Z5) — 2" (X§)s" (90Y0)", Z5)-

The connection given by Equation (48) is said to be a QSNMC on an LP-Sasakian manifold in
its tangent bundle if the torsion tensor T¢ of TyM" endowed with V* satisfies Equation (49)
and the complete lifts of Lorentzian metric g¢ fulfill the relation (52).

Theorem 1. If an LP-Sasakian manifold (M", g) with an almost Lorentzian para-contact metric
structure (¢o, €0, M0, ) admitting a QSNMC V which satisfies (49) and (52), then the QSNMC in
the tangent bundle is given by

Vs Yo = Ve Yo +16(Y5) (90X0)” + 115 (Y5) (90 Xo0)” + a*(X5) (¢0Y0)” + a”(X5) (¢oYo)".
Proof. Let V° be the complete lifts of a linear connection in M" given by
Ve Yo = Vi + Ho(Xp, Yp). (53)

Now, we shall determine the complete lifts of the tensor field Hj such that V¢ satisfies (49)
and (52). From (53), we have

T(X5,Y5) = Ho (X5, Y5) — Ho (Y6, X5)- (54)

We denote
Go (X5, Y6, Z6) = (Vie8) (Y5, Z)- (55)

From (53) and (55), we have
g (H§ (x5, Y8), Z5) + g (H5 (X5, 76), Y5 ) = —Go(X5, Y5, Z§)- (56)

Using (52), (53), (55), and (56) we have
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& (X6, Y6), 25) + & (126, X5), Y5 ) +° (T°(25,Y6), X5

= g (H5(x5, Y§), 25) — &° (H5(¥5, X5), 25) + 8° (H§(25, X5), ¥§)

— g° (H5(X6,26), Y5 ) +8° (H6(26,Y§), X5) — &° (H5 (%6, 26), X5

:gC(HS(Xo,Yo ) g

— 2g° (H§ (X5, Y§), Z5) + Go(X5, Y6, Z5) + G (Y6, X6, Z6) — G5 (76, X5, ¥5)

:ng(HaXO,YO  75) = 2{n5(Z8)8° ((90X0)", Y5 ) + 13 (Z6)g° ((90X0)", Y5 ) }
5(X5)g° ((90Y0)", Z5) +a§ (X6)g* ((#0¥0)", Z5) | —2{ a5 (¥5)g" ((g0X0)", Z5)

+ a5 (06)g ((90X0)°, Z5) } +2{ab(Z6)g° ((#0X0)", ¥§) + ab(Z6)g ((90X0)", ¥5) },

“(H5(X5, 25), Y5 ) — Go(Z5, X5, Y§) + G5 (Y, X5, Z)

or,

Hj(X5,Yg) = {TC X5, Y§) + 'T°(X5, Y5) + /TC(YSIX(CJ)} +a5(X5) (¢oYo)”
(X5)(¢0Y0) + a5 (Y5) (¢0Xo0)” + ag(Y5) (¢oXo)*
+g <¢0X0 Yo)Co +8° (¢0X0)01Y8)€6

-8 <¢0Xo) /Yo)AS -8 (4’0X0)v1 Yé)Aé,

l\)\b—‘

+a

ogQ

[}

where 'T¢ is a tensor field of type (1,2) defined by
g ('T°(X6,¥6), 25) = 8° (1°(25, X5), %5 ),
or,
Hy(X5,Y5) = 15(Y6) (¢0X0)” + 176 (Y5) (PoXo0)® + a°(X5) (o Y0)" + a”(X5) (¢0Y0)",
which gives
VY5 = Ve Yo + 16(Y6) (¢0Xo)” + 176 (Y5) (PoXo0)  + a°(X5) (9o Yo)” + a” (X5) (o Yo)*-
O

6. Curvature Tensor of LP-Sasakian Manifolds Endowed with QSNMC to
Tangent Bundle

Let RS and R} be the curvature tensors of the connections V¢ and V¢ to tangent bundle
ToM", respectively.

RO (X5, Y5)Z = Ve Ve Z6 — Vie Vi Z6 = Vixe ve Z6: (57)
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Using (48) in (57), we have

RE (X5, Y6)Z5 = R§(X6, Y§)Z6 +8° ((#0X0)", Z5) (40¥0)°

(90X0)°, Z§) (#0Y0)" — &° ((90Y0)", Z§) (b0 X0)”

U/Zc)(%Xo)C+778(Y5)’75(ZS)X3
)Xo 0(Z6)Xo

Z5)Yy ﬂo(Xo)Wo(Zo)Yo
)Y§

Y§)8° (X5, Z5)E5 + af (Y5) 8" (X6, Z6)%5 58)
8 (Yo, Z5)60 — ap(X5)8°

8 (Y5, Z5) 8o + ag (o)
(X5)18(Z6)G6 + ag (Y,

(X0)16(Z5)¢

(Y§)n5(Z5

(Y5)16(Z5

+d”3(Xof 0)(¢0Zo)",

5
f
)2~ ab(XE 5 (s
)2 — a6 (XE) 3 (1
)2+ (X

|
IS
oQ
—
24
o0
N
=
23
=
~
—
<
(=]
N
(=
~
<

—~

where
RS (X5, Y6)Z5 = Ve Ve Zo — Vi Vs Zo — Vixe ve Z6, (59)

is the curvature tensor of V¢ with respect to the Riemannian connection. Contracting (58),
we obtain

S5(Y5, 25) = S5(¥5, 25) — "8 ((9o¥o0)", Z5 ) + [1 — a§(5)] 8°(¥s, 26)

+ [ — @b (6) | [16066) 8 (Z6) + 6 (X85 (25)] (60)
+daj ((90Z0)¢, Y5 ),
and ,
7" =15 — (m—1)ap(8p) + A — 7, (61)

where 56 and 7( are the Ricci tensor and scalar curvature with respect to Ve.
Ag = trace daﬁ((quZO) C) and 7 = trace ¢y. (62)

Theorem 2. In an LP-Sasakian manifold (M", g) with tangent bundle ToM" admitting QSNMC,
we have the following:

1. The complete lifts of curvature tensor R§ are given by Equation (58).
2. The complete lifts of Ricci tensor S are given by Equation (60).
3. The complete lifts of scalar curvature ¥(y are given by Equation (61).

Let us consider that RS(XS, Y5 ) = 0in (58), and by contracting it we also obtain
S5(Y5, 25) = v°g° ((9o¥0)", 76 ) — [1 - ab(5)] 8°(¥5, 25)
= 16— a5(25)] [m5 068 (Z6) + s (Y§)m6(26) | (63)
— da§ (7o), Y5 ).
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which gives

(64)

(n—1)a§(2§) — A5+

ry =

Theorem 3. In an LP-Sasakian manifold, (M",g), with tangent bundle ToM" endowed with

QSNMC whose curvature tensor vanishes, then the complete lift of r(; is given by (64).

From (58), it follows that

(65)

"RG(XE, Y5, Z6, WS) + "R§(YS, X§, 25, W§) =0,

'Ro (X6, Y5, 26, W) + "Ro(Xp, Yo, Wo, Z5)

16(Y6)70 (Z5)8° (X5, Wo) =+ 116 (Y )116(Z5) 8 (X5, W)
= 16(X0)m0(Z5)8° (Yo, Wo) — 110 (X5)116(Z5)8° (Yo, W)

+15(Y6) 16 (Wo)8* (Xo, Z5) + 16 (Y5)16(Wo)8° (X5, Zp)

= 16(X0)10 (W5)8° (Y5, Z5) — 110 (X5)1m6(W5)8* (Yo, Z5)

+a5(Y5) 1m0 (Wo)8“ (X5, Z5) + ag(Y5)15(Wg)8° (X5, Z5)

— aq(Xp) 10 (Wo)8“ (Y6, Z5) — ap(Xp)n6(Wo)g" (Y5, Z5)
+ag (Y5) 16 (Z5) 8" (X5, Wo) + a5 (Y5)115(Z5)8° (X5, W)
— ap(Xp) 0 (Z5)8° (Yo, Wo) — ap(Xp)6(Z5)8" (Y5, Wo)

(66)

o+ 2§ (5 )16 (X516 (Z6) 1§ (W) -+ a (Y8 ) 7§ (X6) 17§ (Z6) 7§ (W)
+ a5 (Y5 )16 (X6)§ (Z5) 16 (W) -+ ab (Y6 7§ (X6 )& (26)m (W) |

—Z{ﬂé( 0)116(Yo)16(Z5) 10 (Wo) + a5 (X5)116(Yo) 16 (Z5)716 (W5)
+ag (X5)15 (Y6)15(Z0)16(Wo ) + ag (X5)116 (Y6 )115(Z5) 16 6)}

+2da§ (X5, Y§)g* ((#0Z0)", W6 ).

"RG(X§,YS, 25, W) — "R§(Z§, W§, X5, Y5)

= 16(Y5)110(Z5)8" (X5, W) + 116 (Y5)116(Z5)8 (X5, W)

— 116(X5) 10 (WE)8 (Y5, Z5) — 116 (X5)me (W) &« (Y5, Z5)

+ag (Y5)11 (Wo) 8" (X5, Z5) + ao (Y5) 115 (Wo )& (X6, Z5)

— ap(Xp) 10 (W) (Y6, Z5) — ag (X5) 6 (Wo)g“ (Y5, Z5)

+a5(Z5)n5 (Y5) 8" (Xo, W) + a5 (Z5)115(Y5) 8" (X5, Wo)

— ay(Wo) 1o (Y5)8" (X5, Z5) — ap (Wo)15(Y5)8" (X5, Z5)

+ a5 (Y5)16(X0)16 (Z5) 15 (Wo ) + a5 (Y16 (X6) 16 (Z5) 115 (Wo)

(67)

+ag (Y5) 16 (X0)15(Z0) 16 (Wo ) + a5 (Y5) 16 (X5)116(Z6) 15 (Wo)

— a(X5)15(Yo)15(Z5) 1m0 (Wo) — a6 (X5)m6 (Y6)116 (25)15(Ws)

— a(X5)10 (Y56 (Z5)16(Wo) — a5 (X5)m16 (Y6 )16 (Z5) 16 (Wo)

+a5(Z5)m6(X5) 16 (Y6 )1 (Wo) + a5(Z6)16(X5) 10 (Y6) 11 (Wo)
+ag(Z5)1m0 (Xo) 15 (Y516 (Wo ) + ag(Z5)15.(X5)716 (Y5) 16 (Wo)

— ag (W6 )115(X0)116 (Y6) 116/ (Z5) — a5 (W )16(X5) 10 (Y6)115(Z)

— g (Wo) o (X5)15(Y5)6(Z5) — ao (W) o (X5) 6 (Yo )116(Z5)

) — a5 (25, W) (9 Xo)", ),

c
0

)8 <(4’0Z0)C/

0 Yo

+ dag (X,
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and
"R(Xo, Y5, Zo, Wo) + "Ro (Y5, Zo, Xo, W) + "RG(Zg, X, Y5, Wo)
= daf (X5, Y6)g° ((90Z0)°, Wi ) + dab (Y5, Z6)g° ((90Xo)°, W5 ) (68)
+da)(Z6, X5)° ((¢oYo)°, WS )-
If the 1-form aj is closed, then from (68) we have

TRE (X5, Y5, Z5, WE) + 'R5(Y5, Z6, X5, W) )
+ "R5(Z5, X5, Y5, W) = 0,
where
"RG(X5, Y5, 26, W) = 8° (R (X5, Y5)Z5, W5 )
and 'R§ (X5, Y5, 25, WE) = 8° (R§ (X5, Y5)Z6, W ).

Theorem 4. In an LP-Sasakian manifold, (M", g) with tangent bundle TyM" endowed with a
QSNMC, the curvature tensor satisfies relations (65)—(68). In particular, if the complete lift of
1-form ag is closed, then

"Ro (X5, Yo, Zo, Wo) + "Ro(Ya, Zo, X5, W) + "Ry (2, Xo, Y5, Wo) = 0.

7. Symmetric and Skew-Symmetric Condition of the Ricci Tensor of V¢ in an
LP-Sasakian Manifold Endowed with a QSNMC to Tangent Bundle

From Equation (60), we have
$6(26,Y5) = S5(26,Y6) — 1°8° ((¢oZ0)", Y5 )
+ (1= ad(6)] 87 (¥, 28) + [ — ab(5)] [n6(vE)n§ (25) (70)
+ 5 (V)5 (Z5) ] +da ((poYo)©, Z)-
From (60) and (70), we have
S5(5,75) — 8525, Y§) = dag ((¢oZ0)*, ¥§) — dap ((9oYo)", Z5)- (71)
If 5§(Y§, Z§) is symmetric, then the left-hand side of (71) vanishes, and then
day((#0Z0)°, Y5 ) = da ((poYo)", Z)- 72)
Moreover, if Equation (72) holds, then from (71), 5§(Y§, Z) is symmetric.
Theorem 5. In an LP-Sasakian manifold (M", g) with tangent bundle ToM" endowed with

QSNMC V¢, the Ricci tensor S5(Y§, Z5) with respect to QSNMC is symmetric if and only if
relation (72) holds.
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From (60) and (70), we have
S6(Y8, 26) + 8525, Y6) = 2865, 26) — 20" (o Y0)", 25
+2 [1 - “0@0)]8C(Y0rz0)
+2[n — aj(5)] [n6 (x5 (Z6) 73)
+%W&M%ﬂ+wd@mﬁl®
+ dajy ((‘POZO)Cf YS) :

By taking the skew-symmetry of S5(Y§, Z5), the left-hand side of (73) will vanish and
we have

S6(Y5,26) = v°g°((90¥0)", Z6)
— [1—-a5e9)] 845, 25) — [n—a5(25)]
6 (Y88 (25) — 06 (Y6 ) s (2)]

-3 [daﬁ ((fPoYo)c’ zg) + daf (((PoZo)C, ygﬂ ‘

(74)

|—|

Moreover if S{(Y§, Z§) is given by (74), then from (73), we have
S6(Y5, Z5) + So(Z5, Y5) =
Theorem 6. The necessary and sufficient condition for the Ricci tensor of V¢ in an LP-Sasakian

manifold (M", g) endowed with QSNMC V* in the tangent bundle ToM" to be skew-symmetric is
that the Ricci tensor of the Levi-Civita connection V¢ is given by (74).

8. Skew-Symmetric Properties of the Projective Ricci Tensor in an LP-Sasakian
Manifold Endowed with QSNMC V¢ in the Tangent Bundle

Chaki and Saha defined the projective Ricci tensor in a Riemannian manifold as [34]
__n _To
Po(Xo, Yo) = —— [SO(XOI Yo) =~ 8(Xo, Yo)} (75)
So, the projective Ricci tensor with respect to QSNMC V is defined as

Py(Xo, Yo) = % [50()(0, Yo) — %Og(xo, Yo)} (76)

Taking a complete lift by mathematical operators on (76), we have

=C

B (X5, ¥5) = — [ 3506, Y6) — 28 (X5, ¥6) . 77)
Using (60) and (61) in (77), we have
B (X5, Y§) = — [S6(X6,Y8) — 18" ((90X0)", Y5 )
+ (11— a5(26) ) 87 (X6, Y§) + (n — ab(@5) ) (s (X6 (¥6)
+ 8 (X5)5(Y6) ) + da ((90¥o)°, X5)

B %(To (n—1)ag(So) + A — Cz)gc Xo Yo }

(78)
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Similarly, we have
B§ (Y6, X§) = = [ 85046, X6) — v°g* ((#0Y0)", X5
+(1—ao<5o>) (Y6, X6) + (1 — a5 (25) ) (n6 (X35 (X6)
+ 15 (X35 (Y) ) +dap ((¢oX0)°, Y5 )
(6~ (= 1)a5(E5) + 45— 27 )0, X))

From (78) and (79), we have

(79)

B (X5, Y§) + B (Y5, X)
= 2565, Y6) — 298" ((90X0)", Y5 )
+2(1 - a5(85) ) 8°(X6, ¥5) +2(n — a5 (5))
(5 (XE)mE (¥6) + s (X6)m6 (¥5))

2 2
— = (16— (n—1)aj(25) + 26 =1 )8° (X, X5)

o da ((¢X0)", Y5 ) +daj((90¥0)", X5) .

(80)

If P§(XS, Y§) is skew-symmetric, then the left-hand side of (80) vanishes and we have
S6(X6,Y8) = [v°8 ((#oX0)", Y5 ) — (1 - a5(26) )3 (X6, ¥6)
— (= a5(25) ) (n(X5)m8 (X6) + 15 (X6)m5 (¥5))

1 ) (81)
+ = (= (1= 1)a5(E5) + A5 — 1 ) 8°(X6, ¥§)
— 5 (da5 ((gox0)7, 5 ) + das ((9o¥0)", X5) )|
Moreover, if S§(X§, Y5) is given by (81), then from (80) we obtain
F§ (X5, Yg) + Py (Y5, X5) = 0 st Pi(X5,Yg) = —F5(Yg, X5)- (82)

which gives a skew-symmetric condition of the projective Ricci tensor of V°.

Theorem 7. The necessary and sufficient condition for the projective Ricci tensor of V¢ in an
LP-Sasakian manifold (M",g) endowed with QSNMC V° in the tangent bundle TyM" to be
skew-symmetric is that the Ricci tensor of the Levi-Civita connection V° is given by (81).

9. Lifts of Einstein Manifold Endowed with QSNMC V¢ in an LP-Sasakian Manifold
to the Tangent Bundle
A Riemannian manifold (M", g) is called an Einstein manifold with respect to Rieman-

nian connection if .

T
So(Xo,Yg) = ;Ogc(XSIYS)- (83)
Then, the Einstein manifold with respect to QSNMC Ve is given by

=C

.. T,
85(X6, Y5) = 07 (X6, ). &)
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Using (60) and (61) in (84), we have
. 7§
8506, Y5) — 0g°(X5, ¥5)
= 5506, 5) — (25, Y§) — "5 (90 X0)", Y5
n (85)

+daf ((9Y0)%,X5) + - [n+0 — A5 — a6(25)] (5, ¥6)
+ (= a5(26)) [15 (X6 5 (8) + s (XE)m6 () -
If
7" ((90X0)°, Y5 ) +da (X5, (9oY0))
= [ - 25 ab(69)] 506, %5) (86)
+ (= ad(5) ) [ (X658 (Y8) + 5 (X6) 5 (45|
then from (85), we have
85065, 5) — Dge (X6, ¥5) = S5(5,Y§) — g (36, 5). 7

Theorem 8. In an LP-Sasakian manifold (M", ) with tangent bundle ToM" admitting QSNMC
if Equation (86) holds, then the manifold reduces to an Einstein manifold for the Riemannian
connection if and only if it is an Einstein manifold for the connection V°.

10. Example
Let M be a four-dimensional manifold defined as

M = {(x1/x2/ x3,x4) € Ry xq # 0}, (88)

where R is the set of real numbers. Let x1, x2, x3, x4 be given by

x1 0 X, 0 X3 0

e = —— ey = —— €3 = —— ey = Xq4=—
! X4 ax1 ! X4 aJCz’ 3 X4 aX3’ 4 48)(4/

where {ej, e, e3,e4} are a linearly independent global frame on M. Let the 1-form 7 be
given by
10(Xo) = g(Xo, e4).

The Lorentzian metric g is defined by

-1, i=j=4
gleie)) =41, i=j=123
0, otherwise.

Let ¢ be the tensor field defined by

s 0 =4
7 Ve, i=1,2,3.

Using the linearity of ¢ and g, we acquire 19(es) = —1, p3Xo = —Xo + 170(Xo)es and
(PoXo, PoYo) = §(Xo, Yo) +10(Xo0)10(Y0)- Thus, for es = &y, then the structure (¢, &o, 70, )
is an almost para-contact metric structure on M and M is called an almost para-contact
metric manifold. In addition, M satisfies
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(Vx,90)Yo = &(Xo, Yo)es + 170(Yo) Xo + 2170(Xo)70(Yo)es.

Here, for e4 = ¢, M is an LP-Sasakian manifold. In tangent bundle Ty M, let the complete
and vertical lifts of e, e, €3, e4 be €], €5, €5, €5 and €7, €5, €5, e; on M and let ¢° be the complete
lift of the Lorentzian metric g on ToM such that

(X5 €) = (5°(Xo.ea)) = (10(X0) )’ (59)
(X5¢) = (5°(Xoen)) = (m0(X0))’ (90)
() =1 (X5 ) =0 g(efe) =0, ©1)

and so on. Let ¢f and ¢j be the complete and vertical lifts of the (1,1) tensor field ¢
defined by

¢o(es) = P5les) =0, (92)
Poler) =ei,  phler) = e, (93)
Poe2) = ez, Ph(ed) = e (94)
Po(e3) =5, g5(e5) = o5 (95)
Using the linearity of ¢ and g, we infer that
(95X0)° = X§ + 115(Xo0)ef + 173 (Xo)e, (96)
g ((<Po€4)cf (4?063)C) = g° (el e5) +116(eq)no (e3) + 11 (€)1 (e3)- 97)

Thus, for ey = o in (89)—(91) and (96), the structure (¢, &f, 775, &) is an almost para-contact
metric structure on Ty M and satisfies the relation

(VE96)e5 = 8° (€5 )88 + 8° (el e5)26 + 1 (e5)e§ + 1 (e5)¢f
+2{ 6 (515 (5)26 + 15 (655 (526 + 1 ()5 (e5)¢5 |-
Thus, (¢, &6, 16, 8%, ToM) is an LP-Sasakian manifold.

11. Conclusions

The current work investigates the lifts of a QSNMC and LP-Sasakian manifold to the
tangent bundle. First, the LP-Sasakian manifold lifts to the tangent bundle are presented.
The relationship between the Riemannian connection and the QSNMC from an LP-Sasakian
manifold to the tangent bundle is established. An expression of the curvature tensor
of the lifts of an LP-Sasakian manifold associated with QSNMC to its tangent bundle is
given. The Ricci tensor and the scalar curvature lifts to the tangent bundle are provided.
Some theorems regarding the properties of the lifts of the curvature tensor of an LP-
Sasakian manifold endowed with QSNMC in an LP-Sasakian manifold to the tangent
bundle are given.

Necessary and sufficient conditions for the symmetric and skew-symmetric properties
of the lifts of the Ricci tensor are investigated. Sufficient conditions for the skew-symmetric
property of the lifts of the projective Ricci tensor in the tangent bundle are provided.
The lifts of the Einstein manifold associated with QSNMC on an LP-Sasakian manifold to
the tangent bundle are also established. An example of the lifts of LP-Sasakian manifolds
in the tangent bundle is constructed.



Mathematics 2023, 11, 4163 14 of 15

Author Contributions: Conceptualization, RK,, L.C,, S.S., and N.B.T.; methodology, R K., L.C.,S.S,,
and N.B.T.; investigation, R K., L.C., S.S., and N.B.T.; writing—original draft preparation, RK., L.C.,
S.S., and N.B.T.; writing—review and editing, RK., L.C., S.S., and N.B.T. All authors have read and
agreed to the published version of the manuscript.

Funding: This project was supported by the Researchers Supporting Project number (RSP2023R413),
King Saud University, Riyadh, Saudi Arabia.

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the reviewers and the editor for their thorough
review of the article and for their insightful suggestions that helped to improve the overall quality of
the paper. This project was supported by the Researchers Supporting Project number (RSP2023R413),
King Saud University, Riyadh, Saudi Arabia. The second author is thankful to the Government of
India, Ministry of Tribal Affairs (Scholarship Division), New Delhi, India, for financial support in the
form of the National Fellowship and Scholarship for Higher Education of ST Students (202122-NFST-
MIZ-00686).

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Yano, K, Ishihara, S. Tangent and Cotangent Bundles: Differential Geometry; Marcel Dekker, Inc.: New York, NY, USA, 1973.

2. Yano, K,; Kobayashi, S. Prolongations of tensor fields and connections to tangent bundles I general theory. ]. Math. Soc. Jpn. 1966,
18, 194-210. [CrossRef]

3. Tani, M. Prolongations of hypersurfaces to tangent bundles. Kodai Math. Semin. Rep. 1969, 21, 85-96. [CrossRef]

4.  Pandey, P; Chaturvedi, B.B. On a Kédehler manifold equipped with lift of quarter symmetric non-metric connection. Facta Univ.
Ser. Math. Inform. 2019, 33, 539-546.

5. Khan, M.N.I. Tangent bundle endowed with quarter-symmetric non-metric connection on an almost Hermitian manifold. Facta
Univ. Ser. Math. Inform. 2020, 35, 167-178. [CrossRef]

6.  Khan, M.N.L. Novel theorems for the frame bundle endowed with metallic structures on an almost contact metric manifold. Chaos
Solitons Fractals 2021, 146, 110872. [CrossRef]

7. Khan, M.N.L; Choudhary, M.A.; Chaubey, S.K. Alternative equations for horizontal lifts of the metallic structures from manifold
onto tangent bundle. J. Math. 2022, 2022, 5037620. [CrossRef]

8.  Khan, M.N.L; De, U.C. Liftings of metallic structures to tangent bundles of order r. AIMS Math. 2022, 7, 7888-7897. [CrossRef]

9. Khan, M.N.IL; De, U.C. Lifts of metallic structure on a cross-section. Filomat 2022, 36, 6369-6373. [CrossRef]

10. De, U.C; Khan, M.N.I. Kenmotsu manifolds endowed with the semi-symmetric non-metric ¢-connection to its tangent bundle.
Novi Sad ]. Math. 2022. [CrossRef]

11.  Khan, M.N.I. Lift of semi-symmetric non-metric connection on a Kahler manifold. Afr. Mat. 2016, 27, 345-352. [CrossRef]

12.  Khan, M.N.L Tangent bundles endowed with semi-symmetric non-metric connection on a Riemannian manifold. Facta Univ. Ser.
Math. Inform. 2021, 1, 855-878.

13.  Khan, M.N.I. Complete lifts of a semi-symmetric metric p-connection on a Riemannian manifold to its tangent bundle. Int. J.
Math. Comput. Sci. 2022, 17, 909-916.

14. Khan, M.N.I. Submanifolds of a Riemannian manifold endowed with a new type of semi-symmetric non-metric connection in the
tangent bundle. Int. J. Math. Comput. Sci. 2022, 17, 265-275.

15. Khan, M.N.I. Liftings from a para-sasakian manifold to its tangent bundles. Filomat 2023, 37, 6727-6740.

16. Khan, M.N.I;; De, U.C.; Velimirovic, L.S. Lifts of a quarter-symmetric metric connection from a Sasakian manifold to its tangent
bundle. Mathematics 2023, 11, 53. [CrossRef]

17.  Khan, M.N.L; Jun, J. Quarter-symmetric metric connection on tangent bundles. Far East J. Math. Sci. 2017, 101, 2219-2229.
[CrossRef]

18.  Kumar, R.; Colney, L.; Khan, M.N.L. Lifts of a semi-symmetric non-metric connection (SSNMC) from Statistical Manifolds to the
tangent bundle. Results Nonlinear Anal. 2023, 6, 50-65. [CrossRef]

19. Khan, M.N.L; Mofarreh, F; Haseeb, A. Tangent bundles of P-Sasakian manifolds endowed with a quarter-symmetric metric
connection. Symmetry 2023, 15, 753. [CrossRef]

20. Golab, S. On semi-symmetric and quarter-symmetric linear connections. Tensor N. S. 1975, 29, 249-254.

21. Yano, K; Imai, T. Quarter-symmetric metric connections and their curvature tensors. Tensor N. S. 1982, 38, 13-18.

22. Rastogi, S.C. On quarter-symmetric metric connection. C. R. Acad. Sci. Bulg. 1978, 31, 811-814.

23. Rastogi, S.C. On quarter-symmetric metric connection. Tensor N. S. 1987, 44, 133-141.

24. Mishra, R.S.; Pandey, S.N. On quarter symmetric metric F-connections. Tensor N. S. 1980, 34, 1-7.

25. Mukhopadhyay, S.; Roy, A.K; Barua, B. Some properties of a quarter-symmetric metric connection on a Riemannian manifold.

Soochow J. Math. 1991, 17, 205-211.


http://doi.org/10.2969/jmsj/01820194
http://dx.doi.org/10.2996/kmj/1138845833
http://dx.doi.org/10.22190/FUMI2001167K
http://dx.doi.org/10.1016/j.chaos.2021.110872
http://dx.doi.org/10.1155/2022/5037620
http://dx.doi.org/10.3934/math.2022441
http://dx.doi.org/10.2298/FIL2218369K
http://dx.doi.org/10.30755/NSJOM.13758
http://dx.doi.org/10.1007/s13370-015-0350-7
http://dx.doi.org/10.3390/math11010053
http://dx.doi.org/10.17654/MS101102219
http://dx.doi.org/10.31838/rna/2023.06.03.007
http://dx.doi.org/10.3390/sym15030753

Mathematics 2023, 11, 4163 15 of 15

26.

27.
28.

29.
30.
31.
32.

33.
34.

Biswas, S.C.; De, U.C. Quarter-symmetric metric connection in an SP-Sasakian manifold. Commun. Fac. Sci. Univ. Ank. Ser. A1
Math. Stat. 1997, 46, 49-56.

Sengupta, J.; Biswas, B. Quarter-symmetric non-metric connection on a Sasakian manifold. Bull. Cal. Math. Soc. 2003, 95, 169-176.
Singh, R.N.; Pandey, M.K. On a type of quarter-symmetric non-metric connection in a Kenmotsu manifold. Bull. Cal. Math. Soc.
2007, 99, 433-444.

Prakash, A.; Narain, D. On a quarter symmetric non-metric connection in an Lorentzian para-Sasakian manifolds. Int. Electron. J.
Geom. 2011, 4, 129-137.

Friedman, A.; Schouten, J.A. Uber die Geometrie der halbsymmetrischen Ubertragungen. Math. Zeitschr. 1924, 21, 211-223.
[CrossRef]

Matsumoto, K. On Lorentzian paracontact manifolds. Bull. Yamagata Univ. Natur. Sci 1989, 12, 151-156.

De, U.C.; Matsumoto, K.; Shaikh, A.A. On Lorentzian para-Sasakian manifolds. Rend. Del Semin. Mat. Messina 1999, 3, 149-158.
Matsumoto, K.; Mihai, I. On a certain transformation in an Lorentzian para-Sasakian manifold. Tensor N. S. 1988, 47, 189-197.
Chaki, M.C,; Saha, S.K. On pseudo projective Ricci-symmetric manifolds. Bulg. Phys. 1994, 24, 1-7.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/BF01187468

	Introduction 
	Preliminaries 
	Vertical and Complete Lifts
	LP-Sasakian Manifolds

	QSNMC 
	Complete Lifts from an LP-Sasakian Manifold to Its Tangent Bundle 
	Complete Lifts of QSNMC of an LP-Sasakian Manifold in the Tangent Bundle 
	Curvature Tensor of LP-Sasakian Manifolds Endowed with QSNMC to Tangent Bundle 
	Symmetric and Skew-Symmetric Condition of the Ricci Tensor of c in an LP-Sasakian Manifold Endowed with a QSNMC to Tangent Bundle 
	Skew-Symmetric Properties of the Projective Ricci Tensor in an LP-Sasakian Manifold Endowed with QSNMC c in the Tangent Bundle 
	Lifts of Einstein Manifold Endowed with QSNMC c in an LP-Sasakian Manifold to the Tangent Bundle 
	Example 
	Conclusions
	References

