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Abstract: In this study, we explore the implications of a third-order differential subordination in
the context of analytic functions associated with fractional differential operators. Our investigation
involves the consideration of specific admissible classes of third-order differential functions. We
also extend this exploration to establish a dual principle, resulting in a sandwich-type outcome.
We introduce these admissible function classes by employing the fractional derivative operator
D6 s¥(z) and derive conditions on the normalized analytic function f that lead to sandwich-type
subordination in combination with an appropriate fractional differential operator.
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1. Introduction

Complex numbers have been provided in the past for solving real cubic equations,
which paved the way for the emergence of an interesting theory called the theory of
functions of a complex variable (complex analysis). The history of this discipline goes
back to the 17th century. Pivotal scientists include Riemann, Gauss, Euler, Cauchy, Mittag—
Leffler, and others. In the 19th century, Riemann proposed the delightful Riemann mapping
theorem in 1851, which led to the birth of a significant and attractive theory, the Geometric
Function Theory (GFT) [1]. It has developed remarkably and has implementations in
operator theory, differential inequality theory, and other scientific fields. In 1907, Koebe [1]
employed a univalent (one-to-one) function defined on an open unit disk to refine the
Riemann mapping theorem. Later, Lindeof [1] presented the subordinate concept in 1909.
This idea is utilized to analyze two complex functions in terms of the Schwarz function. In
this regard, differential subordination theory on a complex domain is the generalization
of differential inequality theory on a real domain, which is a substantial theme that Miller
and Mocanu excitingly discussed in 1978 [2], 1981 [3], and 2000 [4]. In 2003, Miller and
Mocanu [5] developed the dual idea of differential subordination theory, namely differential
superordination. Actually, differential subordination and superordination are essential
tools in GFT utilized in investigations to acquire sandwich outcomes. In 2011, Antonino
and Miller [6] extended the differential subordination formula of the second order to the
third order. In 2014, Tang et al. [7] presented the dual idea of third-order differential
superordination by utilizing admissible functions. They also investigated third-order
differential subordination and superordination outcomes for meromorphically p-valent
functions involving a complex operator. In addition, sandwich outcomes were also yielded.
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This theory is very significant, and several complex analysts have contributed outstandingly
to investigating the connected problems, such as Ibrahim et al. [8], Srivastava et al. [9],
Tang et al. [10], Ghanim et al. [11,12], Al-Janaby et al. [13], Lupas and Oros [14], Morais and
Zayed [15], Attiya et al. [16], Ghanim et al. [17], Mishra and Gochhayat [18], and others.

In 2015, Ibrahim et al. [8] defined a new operator by using a convolution tool between
a fractional integral operator and the Carlson Shaffer operator to study the properties of the
subordination and superordination. In 2021, Morais and Zayed [15] extended a fractional
derivative operator for higher-order derivatives for certain analytic multivalent functions.
In 2021, Lupas and Oros [14] studied subordination and subordination properties using
the fractional integral of the confluent Hypergeometric function. In 2022, some other
researchers worked on some subordination and subordination properties [19-21].

The fractional integral operator is a mathematical concept used in various fields of
science and engineering. It has applications in several domains. The integration of a
fractional calculus into physical models has been accomplished in recent decades. The use
of the generalized Mittag-Leffler function has also been employed in both mathematical and
physical contexts since it naturally represents solutions to fractional integral and differential
equations. A fractional order calculus is often used in several practical applications, for
example [22-26]. This work makes a contribution to the field of mathematical applications
by using fractional operators in the resolution of differential equations. Additionally, it
highlights the significance of these operators in the domains of physics and engineering,
especially for the development of geometric function theory, a specialized area within
complex analysis.

The approach of subordination is applied to relevant types of admissible functions.
Antonino and Miller [6] define the admissible functions as follows:

Let H(U) be the class of functions which are regular in the open unit disk, i/ ={z: z € C
and |z|< 1}, whenever a € C and n € N (for C is the complex plane and N is a positive
integer), and let

Hia, n]= {8 € H(U) :0 (z)= ptpe 2+ per 271+,

which is called the class of the regular functions in the unit disk ¢/ and suppose that
Ho = H[0, 1] and H; = H][1, 1].

Also, let A denote the class of analytic functions in ¢/ and have the normalized form

0 (z) :z—i—zzo:z ezt (ze U) 1)

For two functions #; and ¢ analytic in ¢/, the function 9; is subordinate to &, written
as
< HinlUor gy (Z) < 192(2) (Z € Z/[)

if there exists a function w analytic in ¢ with w(0) = 0 and |w(z)| < 1 satisfying
% (z) = O (w(z)), for (zeU ).

In particular, if the function ¢; is univalent in ¢/, then
% (z) < %2(z) (z € U) is equivalent to 9 (0) = 9(0) and ¢ (U) C S(U).

Definition 1 ([6]). Let T: C* x U — C and suppose that the function (z) is univalent in U. If
the function p (z) is analytic in U and satisfies the following third-order differential subordination:

T (p(2), 2/ (2), 22wy’ (2), 29" (2);2) < K(2), @
then p(z) is called a solution of the differential subordination (2).

In addition, a given univalent function ¢(z) is referred to as a dominant of the solutions
of the differential subordination (2); or, to put it another way, it is a dominant if p(z) < g(z)
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for every p(z) satisfying (2). A dominant E(z) that satisfies ;(z) < ¢(z) for all dominants 4(z)
of (2) is said to be the best dominant.

Definition 2 ([7]). Let T: C* x U — C and let the function k(z) be univalent in U. If the

functions p(z) and T (p(z), z¢'(z), 2°p" (z), 229" (2);z), are univalent in U and satisfy the
following third-order differential superordination

1(2) < T (p(), 27/ (2), 29" (2), 29" (2);2), ©)

then p(z) is referred to as a differential superordination solution according to (3). An analytic
function q(z) is defined as a subordinant of the solutions of the differential superordination provided
by (3) (or, in simpler terms, a subordinant) if q(z) < p(z) for all p(z) satisfies (3).

The best subordinate of the differential superordination provided by (3) is a univalent
subordinate E(z) that fulfills q (z) < E(z) for all subordinates g(z) of (3).

Definition 3 ([27]). The fractional derivative of order w is defined for function f by

wgiy L d = 9()
Dzﬁ(z)_r(l_“)E/O Gt 0sa<t @)

Let ¢ be a regular function in a simply connected region of the complex z-plane C
involving the origin and the multiplicity of (z — 7) " is extracted by demanding log(z — 7)
to be real when (z — ) >0, « > 0.

I'(y+1)

Dgzvzmzvﬁ‘,’y>—l,0§a<l

o I(p+on) 1,
)3 T(o)T(nt1) - e

Nopolz)= 3 TOEOR) x (b eC 0<R(0)). 5)

Then, by using & /,s8(z), we consider a new complex linear operator D&y, s8(z):
A — A which has the following convolution definition:

IF'p+o(k—1)T(k+a+1)

DG ys=Diz" % Gys=2+) 4y T2+ a)T(p)TnT(x+1) (©)
N N o I(p+o(x—1DI'(k+a+1) ;
DGy ,s0(z) = DGy sxb(z)=2+) , ., T2+a)l(p)TkT(k+1) "
N N
(DG 9(2)) = < DEGi5,58(2) - (a —~ 1>D§‘6N’Sﬁ(z). @)

The following specific cases related to the operator D&\, 58(z) are also introduced
by assumption values of the parameters. We obtain

1. D%Ml,lﬂ(z) =z+Y>, (Kzl) thi 25;
2. D;Mz,lﬂ(z) =z+ Yo @W z*

Definition 4 ([6]). Denote by Q the set of all functions q that are analytic and injective on U \ E(q),
whered =U J{z € U} and

E() = { cau: lim ¢(z) = oo} ®
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are such that f'({) # 0 for { € Ea(—l/q’) Further, let the subclass of Q for which ¢(0) = a be denoted
by (a),
Q(0) = Qo and Q(1) = ©)

Definition 5 ([6]). Let U beasetin C, ¢ € H [a, n] with q/(z) # 0and n € N\{1}. The
class of admissible functions T, [0, q] consists of those functions T : C* x U — C that satisfy the
following admissibility condition:

T(/\l/ AZ/ /\3/ /\4;2) ¢ U/

whenever
M= q(0), A2 = kzq'(2),
As 29" (0)
Re{ 241} 2 arefi+ Sl
and

me{} s

wherez € U, { € 0 U-E(q) and k > n.
The next lemma is the foundation result in the theory of third-order differential subordination.

Lemma 1 ([6]). p € H[a, n| withn > 2. Also, let ¢ € Q(a) and satisfy the following conditions:

Tq" (D) zq'(2)
Re{ () }20' 7(0)

where z € U,{ € OU\E(q) andk > n. If Gisasetin C, T € T,[U, q] and

<k,

T(p(@), 2 (), 29 (2), 27" (2);z) €5
then
p(e) < qlz) (z € U).

Definition 6 ([7]). Let U bea setin C,q € H [a, n] with q/(z) # 0and n € N\{1}. The

class of admissible functions T, [Q), q] consists of those functions T : C* x U — C that satisfy the
following admissibility condition,

T (A, Mg, A3, Agsz) €0,

whenever

and

and when z €U, { €0U and m > n.

Lemma 2 ([7]). Let T € T,[U, q]. If the function

T(p2), 2/ (@), 29" (2), 29" (2):2)
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is univalent inU, p € Q(a) and p € H|a, n], satisfy the following conditions:

0] 61" (8) >0,
{ 7(C) }
2;

wherez €U, { € dUandm >n >

zp/(2)
7(¢)

<m

then

UcC {T(p(z), zp (), 2°p' (2), 2°p" (z);z) 1z € L{},

implies that
9(2) <p(2), (z€U).

In this investigation, the fractional calculus concept for complex numbers is utilized,
and a new complex fractional operator of normalized analytic function is stated. Then,
differential subordination theory is employed to admissible functions in order to examine
the condition of the sandwich-type complex of the following form holds:

Al(z) < D76, s8(2z) < p(z)(z €U),
where ¢, ¢ are univalent in I/ and @ is a suitable operator.

2. Results Related to the Third-Order Subordination

In this part, we start by considering a given set U and a given function ¢ and proceed
to ascertain a set of acceptable operators 7 so that the condition expressed in Equation (2)
is satisfied. In order to establish the fundamental third-order differential subordination
theorems for the operator D2 &, s9(z) described using Equation (5), we develop a new
class of admissible functions. These functions will play an important role in the proof.

Definition 7. Let U be a set in C, q € H [a, n] with q/(z) # 0and n € Qo N Hog. The class of
admissible functions ¢;[U, q] consists of those functions ¢ : C* x U — C that satisfy the following
admissibility condition:

o, 1w 1w, wz) £0;

’ N _
whenever y = ¢(0),1p = Zw/

S

%<N(A£+1)>_(N*5)‘(S/2V+1*S)y1 IN 41 Zq"(9)
(g ) e )

2 A [— _S)—(N— _ [42—
NW +}S)2(N+2) 3y, ((/\/;1)) N(A£+1)>+[<3 13 )N =8)(N+1 S)Séf\ S)(N+1-8)(N+2 5)]y1

Re n(%)-(5-1)n
BN+3 )N +1-8)—(N=8)(N+1-8) (N +2-S)
+ 5 ]

<erf S

whenever z € U, ( € UI-E(g) and k > 2.

Theorem 1. Let ¢ € ¢,[0, q]. If 0 € Aand q € Qy attain the following situations:

() P

< k, (10)

{9(DI6x s9(2), D26 r11,50(2), DiGprins8(2), DiSpri5s0(2);z€U)} CT; (11)



Mathematics 2023, 11, 4021

6 of 14
then
D;6 s s9(z) < A(2).
Proof. Consider an analytic function p(z) in i/ as
p(z) = D26y s9(2). (12)
It follows from (7) and (12) that
27/ (2) + (X —1) p(z
prey , s0(e) = O£ 150 )
S
A comparable argument is obtained as follows
Y N=8) (N+1-8
) 2p'(2) + (25— 1)z (2) + WG9,
D; 6N+2,Sl9(z) = N (N+1) ’ (14)
S2
and
Di6ya,58(2) =
N=8)N+1-8)(N+2)(2N+1-8 N=8)(N+1-S)(N+2-8
By (2 )+3(L)Z2p”(z)+ (( JN+1 )gz +2)(2N+1 )))Zp’(z)—i— ( ) +183 JN+2 )P(Z)
NN V+2) (15)
33
Now, we will define a transformation from (* to C using
N-=8) N+1-§
A+ (X —1)n A3+(2N+1 )Az+—( )fgﬁ o
n = /\l/!fz = N sPB = N(N+1) ’ (16)
S 32
and
Ay +3( )/\3 i ((Nfs)(./\f+17$)‘(9(2/\f+2)(2/\/+178)))A n (N—S)(N+1$735)(N+2—5)A
b= NN+ (N +2) (17)
S3

Let T (A1, A2, A3,A4;2) = @(u1,10,13,442)

N AH(A-Da Ak (PR -1 e
1,

N=8) (N+1=8
)é2 + ))\1
N 4 /\/(/\/+1) ’
— S o ) (18)
¢ A4+3( )A 3+(( —S)(N+1— 5)‘;(2/“2)(2]”173)) /\ LW S)(/\/+}SSS)(/\+2 S) ),
NN+1)(N+2)

,Z
S3

Employing (12) to (15), we yield

zp

T(p(2), 20/ (2), 29 (2), 2" (2)iz) =
P(DEG yr 50(2), DEGpry158(2), DEGpryns9(z), DES yr 3,50(2);2). (19)
Therefore, evidently, (11) is given as follows:

T (p(z), 2/ (2), 229 (2), 29" (2);2) €0
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and

NWN+1) (N+2) (N+1)\ (NN+1) BN43 Y N=8)(N+1-8)=(N=-8)(N+1-8)(N+2-85)
U s (S0 (M) & Jn

a n(¥)-(¥-1u

n [(3N+3 )(2N+175)7(/\/’78)(J\/’+178)(/\f+278)}
SZ

Hence, evidently, the admissibility situation for ¢ € ¢,[U, 4] in Definition 6 is equiv-
alent to an admissibility situation for 7 € T[D, #]. Thus, by means of Definition 4 and
Lemma 1 with n = 2, and by using (10), we acquire

DI6 . 58(2) < g(2).

This completes the theorem.
The next outcome is an expansion of Theorem 1 to the state when the behavior of ¢(z)
isonol. JJ

Corollary 1. Let U C C and q(z) be univalent in U, g(0) = 0. Let ¢ € ¢,[U, gv| for some o €
(0, 1) where ¢,(z) = q(0z). If ¢ € Aattains

" DrS 4
Re(gqa/ (g)> > o, | P28 s @] -,
%' (g) ' (5)
and
P(DE6 )y s9(2), DEGpriq,50(2), DiGprips0(2), DEGSpry558(2);2) €,
then

D;6 )y s9(z) < q(z), wherez € U.

Proof. Theorem 1 leads to
DEG 58(2) < go(2).

Therefore
w(z) <4q(z) (z€U).

This completes the proof of Corollary 1.

If U # C is a simply connected domain, then U = A(U/) for some conformal mapping
(z) of U onto U. In this case, the class ¢;[(U), q] is written as ¢;[4, q]. The next result is an
immediate implication of Theorem 1. [J

Theorem 2. Let ¢ € ¢;[U, q]. If 0 € Aand q € Q attain the situations, then
Re(gq‘j (Q)) >0,
7(c)

(p(Dg‘GN,Sz?(z), DEGpri1,69(2), DGy 5 58(2), DQ‘GNH,SlS‘(z);z) < (2), (21)

then D26, s8(z) < ¢(z) (z € U).
The conclusion presented is a direct outcome of Corollary 1.

DQ‘GNH,Sﬁ(z)
7(g)

<k (20)

Also, if
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Corollary 2. Let U C C and q(z) be univalent in U, (0) = 0, and let ¢ € $j[h, q;] for some
o € (0, 1) where ¢,(z) = q(0z). If ¢ € Aattains

Re(%/”(@)) >0, DIG pr11,59(2)
' (¢)

4’ (¢)
P(Dr6s9(2), DyGr11,58(2), DrGr1558(2), Dr6ry3,50(2)iz) < h(2),

then DGy s8(z) < ¢q(z) (z € U).

<k, wherez € Y and ¢ € U \ E(qv)

and

The next outcome produces the best dominant of the differential subordination
Equation (21).

Theorem 3. Let fi be univalent in U. Further, let ¢ : C* x U — C and T be given by (18).
Consider the differential equation

T (p(2), 2 (2), 229 (2), 2" (2);2) = (), @2
Which has a solution ¢(z) with ¢(0) = 0, which attains (10). If & € A attains (21) and

P(DEG r 50(2), Di6ryq 58(2), DES 0 58(2), DEG pr,359(2);2)

is analytic in U, then
DIGys8(z) < q(z)(z €U)

and q(z) is the best dominant.

Proof. Theorem 1 leads to ¢ is dominant of (21). Since ¢ attains (22), it is also a resolution
of (21). Thus, ¢ will be dominated by all dominants. Therefore, g is the best dominant. [J

In light of Definition 6 and the specific case 7(z) = Mz (M > 0), the admissible class
of functions ¢;[U, 7] indicated by ¢;[U, M | ] is stated as:

Definition 8 Let Ube a set in C and M > 0; the admissible class of function ¢;[U, M| includies
@ : C* x U — C which attain the following:

e, (((CEIMET) 4 LA (e
7 - N ) / F 7

S AN

2 N+3(NT+1)L+[(Nf.S)(NH—S);(NJrZ)(2N+1—S) K+{(N—S)(NHBES)(NH—S)]Mel-g ¢ U/ (23)
NN+1)(N+2) , Z
S3
where z € U,
Re(Le_19> > (k—1)k M,

and

Re (Ne*ie) > 0forallreal € R; k > 2.

Corollary 3. Let ¢ € ¢;[U, M]. If ¢ € A attains the following situation:
}DQ‘GNJrl,Sz?(z)! <kM,zeU;k>2; M >0,
and

P(D26 ) 58(2), DS pr 41 59(2), DEG pr 10 59(2), DEG \ry5,50(2);2) €T,
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D26y s8(2)] < M.
In the specific case U = q(

symbolized by ¢;[M]

={t:[tr| <M}, (M>0), theclass ;[U, M] is simply
Corollary 4. Let ¢ € ¢;[M]. If ¢ € Aattains the following situation

DR 59(2) | < KM
Also if
we obtain

|DEG )\ 58(2), DEGpry1 58(2), DS pryy s9(2), DES pry359(2);2

<M,
z) | <M.

Corollary 5. Letk > 2, 0 # N € Cand M > 0. If ¢ € A attains the following situation
Also, if

’D GNH 819

| < kM.
" M
DG pr11,59(2) = DEGy s8(2)| < -
S
we obtain
}D 6/\[519 | <M.
Proof. Let ¢ (11, 1, 13, ya;2)
whenever

p—y, and U € A(U)

i(z)=
S

(M >0).

achieves the next condition

o(n, 1, 1B, W 2)

(k —

Apply Corollary 3 to demonstrate that ¢ € ¢,[0, M]; the admissibility condition (23)

)
N >
S

\ =

vz

When z € U,k > 2 and 6 € R, the required result follows from Corollary 3. [

Definition 9. Let U bea set in C, ¢ € Q N Hy. The class of admissible functions ¢; 1[0, q] consists
of those functions ¢ : C* x U — C that satisfy the following admissibility condition
where

@(m, 1, 1B, w;z) €U

and
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N1y (N2 ()4 14 WF) NE1Y|3(5—1)
Re{( ) (4F) m—n K 3 )( S )} B—H +(1+(2Ag+1)>[3(1+(N;1))_(1+(N;1))}+

(562 ()b ).

whenever z € U, { € oU-E(g) and k > 2.

Theorem 4. Let ¢ € ¢;1[U, ¢]. If 0 € Aand q € Q1 attain the following situations:

DIGpri1,50(2)
7(s)

<k (24)

and

DI s0(z) DES1s0() DESyvinst() DiSyisst(a)  \1 4 o)
(p z 4 z 7 z 7 > 7 .
Then,
DiG s s¥(z
zYN,S ( ) < Q(Z)
z
Proof. Consider an analytic function p(z) as:
DG, s¥(2)
plz) = 25—, (26)
It follows from (7) and (26) that
DGy s0(2)  zp/(2) + (X)p(2) 27)
z o %/ )
A comparable argument is obtained as follows:
DEG ., s8(z) 20 () + (14251 )27(2) + (45) (¥) #2) o
z - (M) (M)
S S
and
DeSn13,50(2)
z
_ 2 @302 @)+ () () (8240 (R @)+ () () (42 )et2) *)
($)EH ) '
Then, consider the transformation from C* to C using
A+ () A
n=>A1p= (A}S) =,
S
M+ (B +1) b+ (5) (45 )M 30
6= (%) (%) ’ (30)
S)\U S

and
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ha ) e ((E)(5) (5 ) (8 ) (6) (5 ()0

W= (31)
(5) (1) (%)
Let T()\1, A, Az, /\4,'2) = (p(yllyz,yg,yzl,‘z)
At(F) M At (B Ao (8) (A5 )M
S S Hes
=Pl s 4 n () (S B (D (S | PP
($)FFH () '
By means of (26) to (29) and (32), we yield
T (p(2), 27 (2), 220 (2), 2" (2);2) =
DiGy s8(z) DEG)rq50(z) DEGpri50(2z) DEG )y 550(2) Ny 33)
Z 7 Z 4 Z 4 Z 4 .
Therefore, evidently, (25) is given as follows:
T(p(2), 20/ (2), 2 (2), 2" (2)iz) €O
A () m—w) (2/\/+1)
AT n—un S '
d
) () (452) = [(1+ 262 (562) o)
ﬁ S K u—un 3 3 B—H
Az n =y
(o () 1 ) (02 (),

Hence, evidently, the admissibility situation for ¢ € ¢;1[U, ] in Definition 8 is
equivalent to an admissibility situation for 7" € T3[U, g]. Thus, by means of Definition 4
and Lemma 1, we acquire

DI, sP(z
z /\;,S ( ) < q(z).
This completes the desired outcome. [
The next outcome is an expansion of Theorem 4 to the following theorem stated below.

Theorem 5. Let ¢ € ¢; 1[K, q]. If & € Aand q € Qq attain the following situations:

" DrS ¥(z
Re(gq/ (f;)) S0, ’ SRR (z) <k (34)
7 (c) z4'(g)
and
DiS v B(2z) DS 3(z) D46 d(z) D46 3z
(qo( 2 /\;,s (), z N;l,S (), z N;z,s (), z N;?),s ();Z€u>) < h(2). (35)
Then,

DIGys0(2)

. <q(z).(zel)
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Using Definition 9 and ¢(z) = M; (M > 0), the class ¢;,[U, q] of admissible functions
is expressed as follows:

Definition 10 ([7]). Let U be a set in C and M > 0; the admissible class of function ¢;,[0, M]
includes ¢ : C* x U — C which attain the following:

e, (LK L ()5 e

) CITC=)
¢ ¢0, (36
N L () () (K5200) (B ) () () (2wt
B ED) '

and
Re (Ne*ie) > 0 (for all real € Rand k > 2).

Corollary 6. Let ¢ € ¢;1[U, q]. If ¢ € A and attains the following situations:

Dr6 3z
’N?S() < kM, (z € U;k > 2; M > 0)
and
DiGys8(z) DiGpi1,50(z) DSy s9(2) D?6N+3,$l9(z),z cw
Z 7 Z 7 Z 7 Z 7 7
then DA 8
z
‘Z“N.'S() < M’ (Z c u)

Corollary 7. Let ¢ € ¢;1[U, q. If ¢ € Aand q € Qy attain the following situations

Dr6 9(z
‘N/ﬂs() < kM, zeUandk>2,M>0,
q'(g)
and
‘(p <Dge Nz s(6z) DiSy ?’8&(2)’ D;‘GN?,Sﬂ(z)/ DQGN;B),S&(Z);Z c u)‘ M
then DEG o B
Z
‘ZNrS() <M (z €l).

3. Conclusions

The investigation of third-order differential subordination and differential superordi-
nation for s\analytic functions through the use of fractional differential operators represents
a profound and extremely specific domain within the field of mathematics. This integra-
tion of fractional differential operators with third-order differential subordination and
superordination is a highly specialized and advanced area of mathematical research. It
requires a deep understanding of complex analysis, fractional calculus, and the properties
of analytic functions. Researchers in this field aim to establish relationships that will help
analyze and compare the behavior of analytic functions in complex domains, considering
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the higher-order derivatives, which can have significant implications in various scientific
and engineering applications.
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