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Abstract: In this article, we are interested in the study of the following Kirchhoff-Choquard equations:
—(a+b [g |Vul?dx)Au+ V(x)u = A(In|x| *u?)u+ f(u), x € R?, where A > 0,a > 0,b >0,V and
f are continuous functions with some appropriate assumptions. We prove that when the parameter A
is sufficiently small, the above problem has a mountain pass solution, a least energy solution and a
ground state solution by applying the variational methods and building some subtle inequalities.
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1. Introduction and Main Results

This paper is dedicated to the study of the existence of solutions to the following
Kirchhoff-Choquard problem in R?:

- (a + b/RZ |Vu|2dx> Au+V(x)u = An|x| * u?)u+ f(u), x € R?, (1)

where A > 0,a,b >0,V € C(Rz, R) and f € C(R,R). Moreover, the following hypotheses
are imposed on V and f:

(V) V eCHR?0,0)), V(x) = inf,cp2 V(x) = 0, and there exists m > 0, such that the set
{x € R?: V(x) < m} is nonempty and has finite measure;
(V1) 6V (x) + (VV(x),x) = 0;
(VV(t1x),t71x) —2V(t1x)
t6|x|6

(V,) for all x € R?, the map t

(0, +00);
(F1) there exist constants C > 0 and p > 5, such that

is nondecreasing on

FOI<CA+[HP), VieR;

(F2) f(t) =o(]t]) ast — 0;
FD o
It o 1t ’

(Fy) there exist constants «9,C > 0 and g > 1, such that f(#)t > 5F(¢) for all t € R.
Ltt)‘ > wp implies that ‘Ltt)‘q < C[f(t)t —5F(1)];

(F5) the map t +— W

Moreover, there holds:

is nondecreasing on (0, c0), for all u € R.
There are some examples of functions V and f:
Vix) =
f1(u)
fa(u)

rlx[8, r >0, g €0,2];
[ulP~2u, p € (5,0);
[ulP"2u+ 1ul7%u, 1> 0,2 < g <5< p < 0.
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One can easily determine that V; (x) satisfy (V), (V1), (V2). Furthermore, f; (1) satisfies
(F1) — (Fs), while f(u) satisfies (F7) — (F3) and (Fs).
Now, we recall the Choquard equation introduced by Pekar [1]:

—Au+u= (|1x|*|u|2>u in RN, ()
which was derived from the approximation of Hartree-Fock theory, and this problem can
be viewed as a model of an electron trapped in its own hole. Later, in [2], the author
introduced the above problem as a model of self-gravitating matter. Hence, the Choquard
Equation (2) can also be regarded as the Schrédinger-Newton equation, which is used to
model the coupling of the Schodinger equation of quantum physics and nonrelativistic
Newtonian gravity. We refer to [3-7] for more physical background.

Here, we present some relevant results of Problem (1). In [8], Arora et al. concerned
the Kirchhoff problem as follows:

—m( o |V dx) A = ( fo (20 dy ) f(x,u), u>0in Q)
u =20, onoQ),

where () is bounded in R”, n > 2. According to the variational methods, the authors

obtained weak solutions to the above problem. In their study, Chen et al. [9] investigated

the following problem:

P42
g

{ (a+b1Zy ™) (=85 ) = (L |u]7) ]2+ ,u>0inQ,

u=0, in]RN\Q,

where Q) is bounded in RN, 0 < « < ps < Nwith0 <s<1,p>1,1<6 < p:/p. The
authors proved that there exists a positive weak solution to the above problem which uses
the mountain pass theorem and concentration-compactness principle. Boer et al. [10]
studied the following Kirchhoff-Choquard problem:

~M(|[Vull3)du + Q(x)u + p(V(| - ) * u*)u = f(u) inR?, ®)

where M(t) = a+bt,uy > 0,V is a sign-changing potential and Q, f are continuous
functions. By applying the variational techniques, the authors proved the existence and
multiplicity of solutions to Problem (3). Actually, V(|x|) can be the logarithmic kernel In | x|
under some special conditions.

Next, we introduce some results with the nonlocal term In |x| * u? on the left side of
the problem. Chen et al. in [11] considered the following Schrodinger-Poisson system:

~Ap+ o+ ¢9=fg), x€R? 4@
Ap = ¢?, x € RZ.

Using the Gagliardo-Nirenberg inequality and the Hardy-Littlewood-Sobolev in-
equality, they proved the existence of ground state solution and mountain pass solu-
tion of Problem (4). In 2021, Alves et al. [12] investigated the following Schrodinger—
Poisson system:

—Ap+Ap+pu(n|-[+[¢P)p = f(p), x €R? )
Jg2 lolPdx =¢, ¢ >0,

where A, y € R. The authors showed the existence of normalized solutions of system (5) by
using the Hardy-Littlewood—Sobolev inequality and the variational methods. For more
related results, we refer to [8,9,12-34] and the references therein.
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To the best of our knowledge, there is no result for the existence of solutions for
Problem (1). In this article, we consider the existence of solutions to Problem (1). And we
can obtain the following corresponding functional for Problem (1):

) = ;/Rzm?d”i(/@ |Vu|2dx> 2/ Juldx
3 Lo [0l = ) dady - /R2F(u)dx- ©

Let H'(R?) be the Sobolev space with the following inner product and norm

1

(u,v):/RZ(VuVU—i—uv)dx, [P </RZ(|V14|2+u2)dx>2.

Moreover, let E = {u € H(R?) : [p, V(x)u?dx < +oo} be the Hilbert space with
the norm

ul|? = /]R2(|W|2 +V(x)u?)dx.

From the assumption(}) and the Poincaré inequality, one can deduce that the embed-
ding E < H'(R?) is continuous. Similar to Lemma 2.2 in [15], we can conclude that I is of
class C! on E. Moreover, it is evident that the critical points of I correspond to the weak
solutions to Problem (1).

Similar to [35], Lemma 2.4, and [15], Proposition 2.3, we can obtain the PohoZaev
funtional of (1):

W =5 [LVE) + (V) de—A// (In |x — y[)u? ()12 (y)dxdy

— g =2 [ Fuds. @)

It is standard to find that P(#) = 0 if u is the solution of (1). Define
J) = 2(I'(u),u) — P(u)

211/2 |Vu|2dx+2b</z |vu|2dx>2+;/ 2V (x) — (VY (), 1) |udx
/RZ/ (In |x — y[)u? (x)u(y )dXder—Hullz /}Rz[f(u)u—F(u)]dx. ®)

Then, we denote the Nehari—-PohoZaev manifold of the functional I as follows:

M = {u € E\{0} : J(u) = 0}. )

Obviously, all nontrivial solutions of (1) are included in M.
Now, we present the main results of this article.

Theorem 1. Assume that (V), (V1) and (F1)—(Fy) hold. There exists A* > 0, such that for
0 < A < A*, Equation (1) admits a nontrivial least energy solution in E. Moreover, Equation (1)
admits a solution of mountain pass type in E with positive energy.

Theorem 2. Assume that V satisfies (V), (V2) and f satisfies (F1)—(F3), (Fs). There exists
A** > 0, such that for 0 < A < A**, Equation (1) has a ground state solution in E.

Remark 1. Compared with [2], we consider the Problem (1) in which the nonlocal term In |x| % u?
is on the right-hand side of the equation. Due to the sign-changing property of this nonlocal term,
the approach for the nonlocal term on the left side of the problem does not apply with the present
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article. We tested this situation by introducing some subtle analysis. Moreover, we give a gentle
assumption (V,), compared to [2].

There are two nonlocal terms in this problem, which make the Problem (1) no longer
a pointwise identity. It is worth noting that the approach for situation |x|~! * u? is not
often adapted to the Equation (1) since In |x| x u? is sign-changing and is neither bounded
from above nor from below. Moreover, compared with the problem where the nonlocal
term In |x| * 12 is on the left, such as [11,12], we cannot use the Hardy-Littlewood—-Sobolev
inequality to determine the boundedness of the Cerami sequence. Also, it is difficult to
show that the energy functional of Equation (1) satisfies the mountain pass geometry.

In this paper, using the variational methods introduced by [15], we investigate the
existence of the least energy solutions. Specifically, we begin by building a Cerami sequence
{un} with P(u,) — 0, then, by establishing a contradiction and some subtle analytical
techniques, we verify that the Cerami sequence is bounded in H'(R?). To prove the
existence of ground state solutions, based on the method developed in [36], we construct a
important inequality between the corresponding functional with the PohoZaev identity;
hence, we can determine the boundedness of the Cerami sequence.

This paper is organized as follows. Section 2 shows the preliminaries. Section 3 gives
the proof of Theorem 1, and Section 4 illustrates the proof of Theorem 2.

Throughout this paper, we use the following notations: L1(IR?) denotes the Lebesgue
space equipped with the norm |ulls = ( [z |u|5dx)1/s, where 2 < s < +oo; [[u? =
Jg2 In(1 + [x])u?(x)dx; B,(z) denotes the open ball centered at z with radius r > 0.

2. Preliminaries

In the first part, we define

@z2) = )= [ [ 0+ g —yhwz)ddy,
(w,z) — xo(w,z)= /RZ /RZ ln<1 + |x1_y|)w(x)z(y)dxdy,
@32) = )= [ [ in(x—yhw)z(y)drdy.
Then, we determine that xo(w,z) = x1(w,z) — x2(w,z). Indeed, all of the above
definitions are limited to measurable functions w,z : R?2 — R, such that the double

integral in the right hand is well defined in the sense of Lebesgue. According to the
Hardy-Littlewood-Sobolev inequality [5], we have

/]RZ /]RZ 1“(1 T . J ) uz(x)uz(y)dxdy‘

1 2 2 4 g m2
< o foo ey W) ldxdy < Cluls, v e LR, (10)

Furthermore, since
In(1+ |x —y|) <In(1+ [x|+ |y|) <In(1+ |x[) +In(1+[y|),

for w,z,u,v € E, one has

’./ﬂ.gz ./Rz In(1 + |x — y|)w(x)z(x)u(y)v(y)dxdy

< [, [ In( ) +In(1 4+ [y lw(x)z(0) [u(y)o(y)drdy

< llwlllizllllullzllvllz + llwll2lizll2f[u]l« o]l (11)
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Next, to obtain the solutions of (1), the minimax principle (see [37], Proposition 2.8) is
presented here.

Lemma 1. Let Y be a Banach space, and Q) be the closed subspace of the metric space Q, A’ C
C(Q,Y). Denote
A:={0e€C(QY):0|n, €A}

IfY € CY(Y,R) satisfies

¢’ := sup sup ¥(0'(u)) < c:= inf sup¥(0(u)) < o0,
o' N ueQy SN

then, for 6 € (0,(c —c')/2),& > 0and 6 € A such that
sup‘I’ of<c+5,

thereis u € Y, such that

(i) c—20<¥(u)<c+245

(ii) dist(u,0(Q)) < 2¢;
(iid) ¥ (w)]| < %

Inspired by [35] (Lemma 3.2), we find that there exists a Cerami sequence for func-
tional I.

Lemma 2. Suppose that (V) and (F1) — (F3) hold. Then, there exists A* > 0, {u,} C E such
that, for A < A

I(up) = ¢ >0, [|I'(un)lle= (1 + |lunllg) =0, J(un) =0, (12)
here,
c:= inf max I(y(t)), T :={y € C([0,1],E) : 9v(0) =0,I(y(1)) < 0}.

v€T te(01]

Proof. We certify that 0 < ¢ < oo first. For any t > 0, set u; := u(tx) here and in what
follows. Then,

b 12
I(Puy) = Et“HVuH%—i—ftSHVuH%—i—E/ZV(t_lx)Lﬂdx

4
At /RZ/ (In|tx — ty| — Int)u?(tx)u?(ty)d(tx)d (ty)_l/R F(f2u)dx

_ 74 2 78 4 2 _ _

= vl v+ b [ vt A [T (e gy dvay
AMnt, o, 1 9
T”””Z_Tz/wm uw)dx, Wt > 0. (13)

It follows from (F7)—(F3) and (13) that

hm I(Pu;) = 0, sup I(tPu) < oo, lim I(tu;) = —oco.
>0 t=o0

Then, we may choose T > 0 that is sufficiently large, satisfying I(T?ur) < 0. Now, we
define y7(t) = (tT)%ur for t € [0,1]; thus, we can deduce that y7(0) = 0,1(y7(1)) < 0,
v € C([0,1], E) and max;¢[gq) I(77(t)) < o0. Consequently, I' # 0, ¢ < co.

According to (F;) and (F,), for any € > 0,s € R, there exists a constant C; > 0, such
that

f(s)s < es® + Cels|P, F(s) < es® 4 Cels|P, Vs € R. (14)
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Fix e = a/4, then let A* > 0 be sufficiently small such that, for A < A*,

1 A
s min{min{a |Vl b1V} — 5 [ [ im0+ |y -y )y - i o

Then, from (6), (10), (14), (15) and the Sobolev imbedding inequality, we know

1) > IValg+gIvuli+ 3 [ vewrax—5 [ [ in(x - ywsz(y)dxdy
*EHL‘HZ*CHL‘Hg
> min{a,1}31|\u||2—C||u||P, Vu € E.
We can conclude that & > 0 and d > 0, fulfilling
I(u) > 0 for ||ul| <&, 1(u) > 1 for ||ul| = é. (16)

For any v € T, we have 7(0) = 0 and I(y(1)) < 0. Thus, it follows from (16) that
[l7(1)]| > é holds. Since 7(t) is continuous, by applying the intermediate value theorem,
we can deduce that there is tj € (0,1) satisfying ||y(tp)|| = é. Thus,

sup 1(7(t) > 1(7(t)) > 1>0, ¥y €T,
te[0,1]

which means

0 <1< inf max I(y(t)) = c < 0. (17)
€T te[0,1]

Set X as the Banach space endowed with norm
1
1(tw)llx == (It2 + [[w]*)=.
Next, let X := R x E; we define

P:X — E, P(t,w)(x) := e*w(e'x) fort € R,w € E,x € R?,

Then,
Y(tw) = I(P(t,w)) 2/ Vth)de+b(/ |VP(tw|2dx>2 %/ ) |P(t, w) 2dx
5 fo [ il = D PG () P21 () dxdy — / w))dx

= ge‘”/ |Vw|2dx+68t(/ Vw|2dx> / yw?dx
2 4 R2

et Atett S
2 [ L = b ) sy + 2 (/szzd) - L[ E

Hence, we get
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2
oY (t,w) = 2ae4t/2 |Vw|?dx + 2be® (/2 |Vw|2dx> + e /RZ V(e tx)w?dx
Zt
—5 (VV(e fx), (e7x))wdx — /\e4t/ / In(|x — y|)w?(x)w?(y)dxdy
+A (te‘“ + e4t> (/ wzdx) + i/ w)dx — —/ f(*v)e* wdx
4 R2 2t R2
— 24| VP(t,w)|3+ 2| V(¢ ||2+/ )| P(t w) \zdx—%/Q(VV(x),x)|P(t,w)|2dx
—A/RZ /Rz In(|x — y|)P2(t, w(x))P2(t, w(y) )dxdy + 4(/]1%2 |P(t,w)2dx)2
-2 /Rz [F(P(t, w))P(t, w) — F(P(t, w))]dx
= J(P(t,w)), VtER,weEE, (18)

which shows that ¥ is of class C! on X. In addition, as the map w + P(t,w) is linear, for
any t € R,w,z € E, one has

9, ¥ (t,w)z = I'(P(t,w))P(t,w), (19)

Now, define
¢ = inf max I(§(t)),
el te(0,1]

where
I'={yec([0,1],X):7(0) =0,1(7(1)) < 0}.

Duetol = {Po9: 4 € ['}, we have ¢ = ¢. With the definition of ¢, for any n € N,
choosing v, € I such that

1
Y (0, t 1 <c+ —.
max (0, 7(t)) = max Iy (t)) p”

From Lemma 1,let QO = [0,1],Q0 = {0,1} and X, T in place of Y,T. Fix 4,(t) =
(0,7n(t)), en = 2 and &, = 1 . Using (17), for n € Nlarge, ¢, = 2 € (0,5). Consequently,
in terms of Lemma 1, we deduce that, as n — oo, there is (t,, wn) eX sat1sfymg

Y(ty, wy) — ¢, (20)
I (b wn) [ (14 | (b, wn) [ x) = O, (21)
dist((wy, wy), {0} x v,([0,1])) — 0. (22)
By (22), we have
tn, — 0. (23)
Noticing that

(Y (tn,wn), (v,2)) = (I'(P(tn,wy)), P(tn,wn)) + J(P(tn, wn))p, ¥(v,z) € X. (24)
Then, from (18) and (19), fix v = 1 and z = 0 in (24), we have

J(P(ty, wy)) — 0, asn — co. (25)
Define uy, := P(t,, w,); combining (20) with (25), one has

I(uy) = ¢, J(uy) =0 asn — oco.
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Set 7, = e 2"w(e~'"x) € E forw € E. Using (21) and (24), we have
(14 un DI ()| = (1 + [Jun )| () P(tu, wn) | = 0(1) [ Tull, asn — oo.

Furthermore, from (23), one has

lsl? = IVal3+ [, vt
= || Vw3 4 e Hn /RZ V (et x)w?dx
= [T+ o0)]|Vw|?+[1+0(1)] /Rz V(x)widx
= [14o(D)]||w|?, asn — .
Hence,
(14 |unl[E) 1T (un)||gs — 0, asn — oco.
Now, we complete the proof. 0

Next, we prove that the Cerami sequence is bounded.

Lemma 3. Suppose that (V), (V1) and (F1)—(Fa) hold. Let {u,} C E, such that (12) holds.
Then, there is A* > 0, such that for 0 < A < A*, {uy} is bounded in H'(R?).

Proof. Using (F4), (V1), (12), (15), the Gagliardo-Nirenberg inequality (see [38], Theorem

1.3.7), we have
1
cto(l) = I(“n)—gf(“n)
1
- HV s+ = / Juldx + — (VV(x),x)u%dx
8 16
5 [ L e =y o <>dxdy sl 5 [ L), — SF(u)dx
> Ivul+3 [ v 2dx+16/ (VV (), x)ucix+ a4
5 [ L =y )y — S+ 5 L), — SF(o))dx
> il (26)
which shows _
]2 < C, /Rz[f(un)un—SF(un)]deC. 27)

Now, we illustrate that {||u, ||} is bounded. With reduction to absurdity, we suppose
that ||u,| — oco. Defining z, := u,/||ux||, by (27), one has ||z,|| = 1, ||zx|[2 — 0. Set
r = q/(g — 1); then, by applying the Gagliardo-Nirenberg inequality, one has

1Zall3; < Cllzall3 1 Vzall3 2 = o(1). (28)
Let
Ay = {xERZ: ’f(u") <¢x0}.
Un
Thus,
u
[ P20 < aglle 3 = o0). 29)
n n
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Moreover, it follows from (Fy), (27), (28) and the Holder inequality that

/ f(un) z%dx
R2\ A,

Un
- 9 Ni/ g ¥
(/ dx) </ |zn|27dx)
JR2\ A, JR2\ Ay

f(un)
< ([, Lt = SFldx )l = o(1), (30)

Up

Thus, from (6), (12), (29) and (30), for A < A*, we have
g min{a, 1} un|[> — (I (un), tn)
[[un |12

min{a, 1} ||u,||? — al| Vi, |3 — [po V(x)usdx
[[4n 12

~ Jmin{a, 1} a2~ A fg fo2 In(1 + |x — y])u?(x)u2(y)dady
1t

+—/\fR2 Jr2 ln(1+ |x1y‘)u2( Yu (y)dxdy+fR2 Uy ) updx

a2
f(un)

< /.

= o(1),

1 .
> min{a,1} +0(1) =

N

fun) 72

2dx + z2dx

u'rl RZ\AH “n

which is a contradiction. Then, {u,} is bounded in H'(R?). O

In order to obtain the existence of nontrivial solutions for (1), now we show the
following lemma.

Lemma4 ([15] Lemma 2.1). Let {u,} bea sequence in L?(R?) satisfying u, — u € L*>(R?)\{0}
a.e. on R2. If {wy } is a bounded sequence in L?(R?), such that

sup//ln1+|xfy\) 2 (x)w? (y)dxdy < oo,

neN

then {||wy ||« } is bounded. If, moreover,
/Rz/ In(1 + |x — y|)u (x)w? (y)dxdy — 0, [wnl — Oas n — o,

then ||wy ||« — 0asn — oo,

3. Proof of Theorem 1

In this section, we give the proof of Theorem 1.
First of all, in view of Lemmas 2 and 3, for some constant p > 0, there is a sequence
{u,} C E that satisfies ||u,||> < p and (12). Here, we claim

0 := lim sup sup |up[*dx > 0.
n—eo  yeR2 Y B2y

Actually, if 6 = 0, using the Lions’ concentration compactness principle (see [39],
Lemma 1.21), one has u,, — 0 as n — oo in L¥(R?), s € (2,0). Thus, from (10), we have

/Rz/Rzln<1+

1y|>u%(x)u%(y)dxdy —0asn — .
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From (14), fix e = ¢/ (3p), we have

e

Using (6), (12), (15) and (31), one has

1

3 c
Ef(“n)”n — F(uy)|dx < 53”“11”% +CS||un||£ < 5 +o(1). (31)

c+o(l) = I(un)—%U’(un),un)

. b 4 A 1 2 2
= —Z||Vun||2+1/R2 /Rzln(l—l— |x—y|)u (x)u”(y)dxdy

A 1 1
4 /Rz /Rz In(1+ W)uz(x)uz(y)dxdy + /R2 {2f(un)un — F(uy) |dx

N

%—i—o(l),

which yields a contradiction; then, § > 0.
Passing to a subsequence if necessary, we suppose that there is y, € R?, satisfying

6
lun|?dx > =.
/Bl(yn) " 2

Define 7, (x) := uy(x + yn), then
/ |6, ?dx > 0 (32)
Bi0) 2

From (12), we conclude that
I(y) = ¢ >0, (I'(diy),dy) =0, asn — co. (33)

Passing to a subsequence if necessary, we have i, — @ in H'(R?), 1, — @ in L}, _.(R?)
for 2 < s < +oo, i, — @l a.e. on R? as n — co. And then, using (32), one has @ # 0. By
using the boundedness of {||i1, ]|} in E, going to a subsequence if necessary, we deduce

fy — 0in E, i, — 0in L1(R?) for2 < g < +00,0, — flae.onR*asn — co.  (34)
Next, we certify that I' (1) = 0. To this end, we claim

(I'(4),w) = lim (I'(4,),w) = lim (I'(u,), w(x —y,)) =0, Vw € E. (35)

n—o0 n—o0

Actually,
(I (), w) | = [{I' (), w(x = yu)) | < I (un) - w]|E = 0(1), Vo € E. (36)

Thus,
(I'(An), 0) = o(1). (37)

From (F7), (F2), (34) and the Lebesgue’s dominated convergence theorem, one can
conclude that

[ £ (@) (1 — )dx = 0(1). (38)

Furthermore, by (10) and (34), one has

1
/]RZ /]Rz In <1 + [x — y|>ﬁ,21(x)(ﬁn(y) —i(y)) i (y)dxdy < C”ﬁan/gnﬁn —1llg/3 = o(1). (39)
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Analogously to [15], Lemma 2.6, we have

/RZ /R2 In(1+ |x — y|)a2 (x) (2 (y) — 2(y))w(y)dxdy = o(1), Yw € E.

Setting w = i1, — 11, we have

[ Lm0+ () — i) 2y = o(0).
From (33), (34), (37)-(39) and (41), we know
o(1) = (I'(ftn), 0t — 1)
= ”HVﬁnH%—ﬂ||Vﬁ\|%+b|\Vﬁn||%—b||V12||§+/RZ V(x)ﬁgdx_/Rz V(x)2dx
- /R /R In(1 + |x — y )5 (x) (@t (y) — A(y)) dxdy
— a2 A 4 .
)\/l‘y /1%2 11‘1(1 + |x ]/|)Mn(X)(un(y) u(y))u(y)dxdy
1
+ /R2 /]Rz In (1 + M)ﬁ(ﬁc)(ﬁn(y) — i(y))in(y)dxdy — /]R f (i) (2 — )dx
= al| V|3 —al| V2|3 + b Vi |§ — b Va4
_ - ) n A )
AL [ e gD () — aty) Py +o(1),

then, we deduce thatas n — oo
[ty — [ — 0

since 11, — i in H!(R?). In terms of Lemma 4, we have ||il, — [« — 0. Then,
[ [t = gD ) — )iy

L, [ In(+ D)+ In(1 4y )13 (x) = 83(2)] - i(y)eo(y) | dxdy
it — alls | dn + all 2 ll2llwl2 + s — allalldn -+ all2|all]w].
= o(1), Yw € E.

/N

N

Similar to (38) and (39), one has
[ [ (14 5 ) B 0) - aw(ardy = o)
./RZ ./RZ 1“(1 + |xiy) (@5 (x) — 2% (x))a(y)w(y)dxdy = o(1)

and

/ﬂ%z [f (1) — f(@)]wdx = o(1), Yw € E.
From (34), (40)—(45), we have

(41)

(42)

(43)

(44)

(45)
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(I'(thn) — I'(1), w)
= a(Vi, — Vi, Vo) 4 b||Vit,|3(Vil, Vw) — b||Via|3(Va, Vo)

[, v@iady— [ Viods = [ I+ =y 6 () — 2(0)o(y)dxdy
A [, [ In(+ =) (#3() = 22(0))i(y)ew(y)dely

-HL/ / ln<1—|— x—y|> —4(y))w(y)dxdy
)i

s f L1 (N a(y)w()drdy — [ [F(i) = (i) wdx
= o(1), Vw € E. (46)

Thus, based on (36) and (46), we can deduce that (35) is true. Consequently, ii € E is a
nontrivial solution to (1) and I(i7) = ¢ > 0.
Now, we define

N :={u € E\{0} : I'(u) = 0}.
Note that # € N, one has N/ # @. From (F7) and (F>), one has

|f(u)u] < %min{a,l}u2 + Clul?, Yu eR. (47)
Foru € N, (I'(u),u) = 0, in terms of (15), (47) and the Sobolev embedding inequality,
we obtain
min{a, 1} u® < o Va3 + 0 Vuli+ [ V(utdr =2 [ [ In(1+ =y (e)rd(y)dxdy

+/\/ / ln<1+ |x_y|>u2(x)u (y)dxdy
/f u)udx

Emm{a 1Y|ul|® + Cllu||P, Yu €N, (48)

N

which implies
1
-2
lu|| = 6o := <2C min{a, 1}) >0, YueN. (49)

We can conclude that infyr I > —oo. Choosing {u,} C N such that I(u,) — infy I.
Then, (12) holds. By applying Lemma 3, {u,} is bounded in H!(R?). Now, we claim that
{u,} does not vanish. If not, using the Lions’ concentration compactness principle (see, for
example, [5]), we have u, — 0 in L¥(R?) for s € (2,0). Hence, it follows from (10) and (14)

that
/}R2 /R2 ln<1 + iy|>u%(x)u%(y)dxdy =0(1), /sz(un)undx =o0(1),

which contradicts (48) and (49). Consequently, by applying the same argument as above,
we obtain that there exists ug € A that satisfies I(uy) = infy [ > —oo. Therefore, uy € E is
the least energy solution to Problem (1). g

Remark 2. It is natural to ask whether the nontrivial solution 1i of Problem (1) is equal to the least
energy solution ug. This would be an interesting question to explore in the following work.
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4a(1 — t*

IVullz -

4. Proof of Theorem 2

To prove the existence of ground state solutions for Equation (1), we firstly illustrate

some important lemmas.

Lemma 5. Assume that (Fy), (F) and (Fs) hold. Then

18 -5 1 .,
g(tu):= 1 flu)u + ) F(u)+t—2F(t u)>0, Vi >0,u € R.

Proof. It is clear that (50) holds for u = 0. For u # 0, by (F5), we have

U _ gp,a HEOPL P _ S F

dt 42 B u?

20,t=21,
<0,0<t«],
then, g(t,u) > ¢(1,u) =0fort > 0.

Lemma 6. Suppose that (V) and (V,) hold. Then,

— 8 148

1
14

h(t) o= 5V(x) - %tZV(rlx) -

Proof. Based on the calculation,

W(t) =

t7 6{(VV(t ), 7)) —2v(t ) (VV(x),x) —2V(x)

2 t6x6 x6

>20,t>1,
<0,0<t«],

then, h(t) > h(1) =0 for t > 0.

(VV(x),x) >0, Vt>0.

(50)

(51)

O

Lemma 7. Assume that (V), (V2), (F1), (F2) and (Fs) hold. Then, there exists A** > 0 such

that, for A < A*¥,

_ 48
1(“)>I(f2ut)+l i J(u), Yu €E, t >0,
1 A
Z < A .
I(u) > 8](“) + 32||M||2, Yu € E

Proof. Choosing A** > 0 to be sufficiently small such that, for A < A**,

ML= E)ullf =8t ntfufl$ =42 (1= #)? [ [ In(fx = yl)ud(x)u (y)dxdy > 0

holds. By (50), (51), (54), (8) and (13), one has

(52)

(53)

(54)
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b||Vul3
I(u) — I(FPu;) = g/Rz(l—t4)]Vu|2dx+u/w(l—tSMVu\zdx

+% [V(x) — V(7 1x)|utdx — 1 —t*) / / In(|x — y|)u?(x)u?(y)dxdy

AR g+ [ [re - <u>]dx

118 14 Al —t8 /\t Int
= 0+ U gug - A0 B g - A0
171‘4 2
MR [ [ =y sy >dxdy+2/ dx
_1,52/ V(i x)uldx — 1t8/ V(x)u?dx + 1-# (VV(x) x)u’dx
2 Jre 8 Jre 16 Jr2 ’
1 18 t#—5
+/]RZ |:t2F(t21/l)+ St —; F(u)]dx
118
> 3 J(u), Yu € E, t >0,

then, (52) holds. Furthermore, in terms of Lemmas 5 and 6, we have

limg(t,u) = f(u)u - §F(u) >0,ueck
t—0 4
and 3 1
i =2 — > .
}g%h(t) 8V(x) + 16(VV(x),x) >0, xeR

Moreover, let t — 0 in (54); one has

0| Vulf — Al =42 [ [ In(lx =y ()dxdy > 0

Hence, using (55), (56), (57) and (15), we have
1
W) - gl = SIValE+3 [ Viowar+ o [ <vv<x>,x>u2dx

5 o L=yl anay + Al + [5G

§Hu||2, Vu € E.

WV

Thus, (53) holds.

By virtue of Lemma 7, we deduce the following corollary.

(55)

(56)

(57)

Corollary 1. Assume that (V), (V2), (F1), (F2) and (Fs) hold. Then, there is A** > 0 such

that, for A <A™,

I(u) = max I(t*u;), Yu € M.
>0

(58)

Lemma 8. Assume that (V), (V, ) (F1)—(F3) and (Fs) hold. Then, for u € E\{0}, there is a

constant t(u) > 0, such that [t(u)]*u;,) € M.

Proof. Let u € E\{0}, define #(t) := I(t>u;) for t € (0,00), then we have
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P =0 & Zat3||w\|§+2bt7\|w||§+t/2V(t-lx)uzdx— %/RZ(VV(t_lx),x)uzdx

483 1Int + 3 2
3 4 2
—t )t/ / In(|x —y|)u 2(x)u ( )dxdy + — /\||u|\2+t—3/RzF(t u)dx
2 _
—?./sz(t u)udx =0
& J(Pu) =0

Puy e M, Vt> 0.

¢

From (Fj)-(F3), one can easily determine that }in& n(t) =0, y(t) > 0 for ¢ sufficiently
—

small and 7(t) < O for t large enough. Therefore, there is a constant t(u) > 0, such that
7 (t(u)) = maxy=o7(t). Hence, '(t(u)) = 0, and then, t(u)zut(u) € M. O

By applying Corollary 1 and Lemma 8, we obtain the following lemma.
Lemma 9. Assume that (V), (Va), (F1)—(F3) and (Fs) hold. Then,

inf I(u) :=mqy = inf I(Fuy).
ugl/\/l ( ) ! uegi{O}r}’;a(i( ( t)

Lemma 10. Assume that (V;), (F1)—(F3) and (Fs) hold. Then,

(i) thereis a constant ¢ > 0 that satisfies ||u|| > o,Yu € M;
(i) my = inf I(u) > 0.
ueM

Proof. (i) It follows from (F;) and (F;) that

|f (w)u| +|F(u)| < % 24 ClulP, Yu eR. (59)

For any u € M, we have J(u) = 0. From (54), (8), (59), Hardy-Littlewood-Sobolev
inequality and Sobolev emmbedding inequality, we know

1
min{a, 1} |u]? < 2a|\Vu||2+2b||Vu||2+2/ 2dx—§/ (VV(x), x)udx

—A/Rz/ In(fx =yl () (y) ey + 5 [l

- 2/ (u)]dx

frmn{a 1}|u|® + Cllu||P, Yue M,

N

which implies
1
-2
lul| = o0:= <21C min{a, 1}) Yu € M. (60)

(ii) We may choose {u, } C M, satisfying I(u,) — my. There are two cases that need
to be distinguished: irllf\I |lttn]|2 > 0 and irlIf\I |lttn||2 = 0.
ne ne

Case 1: ir11£I llitn]l2 :== 01 > 0, from (53), one has
ne

A A
my+0(1) = I(un) > 25 Junllz > 3.
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Case 2: in1£1 |lun|l2 = 0, by (60), passing if necessary to a subsequence, one has
ne
lunll2 =0, [Vunll2 > . (61)
Then,
1
Vuy ||2

my +0(1)

_1
Set t, = |Vuyl|, ?, for any u, € M, by (10), (13) and (14) in Lemma 2, together with
(57), (58), (61), (62) and the Gagliardo—Nirenberg inequality, we have

() > I(t2<un)tn)

2
*t4||V |3 + fSHVunszLg" V(t tx)uydx

Aty At Int 1
T oo foa I = yDidi o () dxdy + S /sz%un)dx
a AttInt 2p=2
5 tull Va3 + = llunll3 — £ llunll3 — CE ™ [[unl 3l Vunll; ™ + o(1)
a _ AIn(|[Vunlo) g lual3 1413
= — ————||uyl|; — -C +o(1
2" vl T Vs~ TVl T
%—i—o(l)
Combining the above two cases, we conclude that m; = in/{/t I(u) > 0. ]
ue

Motivated by [11] (Lemma 4.7), we verify that the Cerami sequence given in Lemma 2
is also a minimizing sequence.

Lemma 11. Suppose that (Fy)—(F3) and (Fs) are satisfied. Then, there exists a sequence {u,} C
E, such that

I(up) — c € (0,my], ||I'(tn)|lg+(1+ ||un]]) = O, J(un) — 0. (63)

Proof. By means of Lemmas 9 and 10, we choose v;, € M, such that
0<m <I(v )<m1+f vn € N. (64)

In terms of Lemma 2, there is a sequence {u,} C E that satisfies (12) for n € N.
And then, we can choose T, > 0, such that I(T?(v,)1,) < 0. Next, we define 7, (t) =
(tTn)Z(vn)tTn for t € [0,1]. Then, 7, € . Moreover, according to (16), one has

€ [d,sup I(tz(v,,)t)}.

t>0

According to Corollary 1, one has

I(vy) = sup I(t*(v,)s).

t>0
Hence, using (64), one has
c <sup (3 (v ))<m1+— Vn € N. (65)
£>0

Let n — o0 in (65); in terms of Lemma 2, we obtain the desired conclusion. O
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References

m1 +0(1)

WV

WV

WV

Proof of Theorem 2. By virtue of Lemma 11, there is a sequence {u,} C E that satisfies
(63). From (53) and (63), one has

c+0(1) = I(u) = gI(u) > 35l (66)

which yields the boundedness of {||ux]]2}. And then, we verify that {||Vu,||»} is bounded.
1

4,/my
Va|Viunl2
ty — 0 and t}Int, — 0asn — co. Then, according to (10), (13) and (14) in Section 2,

together with (52), (54), (63), (66) and the Gagliardo-Nirenberg inequality, one has

With reduction to absurdity, we suppose || Vu,|, — co. Set t, = ( ) ? we have

c+o0(1) = I(uy)
_ 48

HE )y, )+ T )

2
*t4I|V n\|z+*f8||VunHz+5” V(t, tx)undx

Ay Mint, o, 1 )
Mi [ i -y ey + M0 g L] R

2p 2|

a
jlt%HV”nHz_th”nHz_ |tullp +0(1)

a 2 2
il Vunllz = G lunll = CE ™ (lun |12l Vi[5 + 0(1)
4

LTS L i
N O WA= E oS
4m1+0(1),

4my — 3 +0(1)

which is impossible; hence, {||Vuyl||2} is bounded. Consequently, {u,} is bounded in
H'(RR?). By applying the similar arguments as those in the proof of Theorem 1, we conclude
that there exists ## € E\{0}, such that

I'(it) =0, I(@#i) = c € (0,my].

Moreover, from 7 € M, one has I(ii) > my. Thus, il € E is a ground state solution
of (1). This completes the proof. O
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