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Abstract: This paper presents mathematical models to estimate the kinematics and dynamics of
wheeled and tracked robots. The models account for the physical–mechanical characteristics of the
ground, the influence of the center of gravity displacement on the cornering moment of resistance,
and the influence of the interaction of the crawler with the roadway. The results of the models are
characterized by defining computational relationships for a robot’s equations of motion, longitudinal
forces, transverse forces, and resistive turning moments generated via longitudinal forces and
transverse forces.
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1. Introduction

The design, construction, experimentation, and functional analysis of wheeled or
tracked robots have experienced exponential development over the past 30 years [1,2];
consequently, scientific articles, books, and conference papers have also experienced a
veritable explosion, resulting in an immense amount of scientific and technical information
concerning the kinematics and dynamics of robots. In specialized works, the kinematics
and dynamics of robots are addressed according to the type of robot, which are classified
based on two criteria: (1) the type of propulsion, i.e., with wheels [3–5], with tracks [6], or
with legs [7,8]; (2) the mass of the robot, i.e., light or heavy.

Wheeled robots have widespread applications due to a wide range of advantages,
including constructive simplicity, versatility in the layout of the motor-reducer, very high
versatility allowing for the configuration of the propulsion in accordance with the specific
application, and various possibilities for individual and group control of the wheels.
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The structure of the wheel drive is built from a rational technical compromise of
the following: moving in a straight direction on terrain with an imposed microgeometry,
crossing obstacles, executing a turn (moving on a curvilinear trajectory), and ensuring
stability during movement.

Depending on the vertical displacement capacity of the plane containing the wheel axis,
the following types of constructive solutions are found for wheeled propulsion systems [1]:

1. Propulsion systems where the horizontal plane, which contains the wheel axis, cannot
move vertically because, from a physical point of view, the wheel is mounted on the
fixed axis of the gearmotor; it is the most often used solution for small-sized wheeled
robots intended to move relatively short distances, most often via real-time human
control, which allows for avoiding critical situations; from a constructive point of
view, the solution is simple, robust, and leads to lower costs; the gearmotor can be
arranged by fixing on the platform, or it can be arranged in the wheel.

2. Propulsion systems where the horizontal plane, which contains the wheel axis, can
move vertically for very short distances (maximum equal to the wheel radius); this is
the case for the propulsion systems where the wheels are provided with individual
suspension for each wheel to improve the stability of the platform; this is the solution
used for medium and large robots intended to move over medium and long distances
autonomously on steep terrain.

3. Propulsion systems where the horizontal plane, which contains the wheel axis, can
move vertically for large distances; these structures have individually articulated
wheels at the extremities of planar structures comprised of articulated bars that can
be controlled independently (legs).

Depending on the relative position in the space of the wheel centers, there are wheel
drive solutions in which the wheel center position is kept constant. These wheel drive
solutions have variations within the functional limits of the suspensions or structures in
which the wheel center position changes substantially, allowing for the exploitation of the
advantage offered in the possibility of changing the turning radius only when traveling at
low speeds, which would provide time for the modification of the structure and the use of
appropriate systems to change the configuration under conditions where the wheels are in
contact with the ground [9,10].

Depending on the number of wheels; the role of the wheels in the movement of the
robot; driving, free, or directional wheels; and the execution of the turn via turning or
skid steering, the following wheeled thrusters are distinguished: two-wheel propulsion
systems [11,12], three-wheel propulsion systems, or four-wheel propulsion systems [13,14].

Four-wheel propulsion systems ensure superior stability in turns and a more favorable
distribution of a robot’s weight. As a rule, the wheel centers are grouped two by two to be
located in the corners of a rectangle. In the case of robots with the axes of all fixed wheels,
the turn is performed by changing the speed of the wheels on one side in relation to the
speed of the wheels located on the opposite side (the turn is performed by skidding off the
wheels, i.e., skid steering). When the axes of the two wheels coincide, and the respective
wheels keep their plane of symmetry, and at the same time, the planes of the other wheels
can rotate, the turn is executed by turning the wheels.

Tracked robots are used in multiple military applications or actions with a high degree
of danger due to their increased ability to move in an unstructured environment (rough,
off-road terrain) but also due to the increased ability of the propulsion system to tackle
complex obstacles with a positive contribution to mobility. The vast majority of tracked
robots have a structure consisting only of two tracks arranged on one side and the other of
the chassis (platform). In the case of tracked robots, the propulsion system is a component
of the running system that also includes the suspension system [15]. The main advantages
of tracked robots are the simplicity of actuation and control using two electric motors, high
maneuverability and wide range of turning radii, low average ground pressure which
allows for good mobility on soft soils, high load capacity, high stability, and constructive
compactness. The major disadvantages of this type of propulsion are complicated track
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and drive wheel construction, low efficiency, need for higher drive power, and higher dead
weight compared to a wheeled robot.

The novel aspect of our research concerns the exhaustive exemplification of kinematic
and dynamic models for wheeled and tracked robotic vehicles. This research has the
advantage of presenting in a single, succinct material the advantages and disadvantages of
the two propulsion systems. When designing a ground robot and knowing locally where
it needs to intervene, the highlighted patterns help to easily identify the best solution.
Analytical models are simple and allow for loading them into robot controllers [16,17].
These models allow for the identification of disturbances that occur when making turns.
Also, the data coming from navigation sensors can be immediately associated.

This paper is structured as follows: Section 2 presents the general aspects of the
kinematics and dynamics of wheeled and tracked Unmanned Ground Vehicles (UGVs);
Section 3 presents the study on the kinematics and dynamics of two- and four-wheel
drive/directional UGVs; Section 4 describes how four-wheeled UGVs behave when turning
and their behavior during skids; Section 5 describes the kinematics and dynamics of tracked
UGVs; Section 6 presents the conclusions and potential for further development.

2. Aspects Regarding the Kinematics and Dynamics of Wheeled and Tracked UGVs

Kinematics aims to determine the trajectory on which the robot moves depending on
the position of the planes of the guide wheels and the angular velocities of the wheels.

In the case of direct kinematics, the values of the angular velocities of the wheels, their
disposition, and the position of the symmetry planes of the steering wheels, as well as the
moments applied to the driving wheels, are considered to be known, and the purpose is
determining the robot’s trajectory.

In the case of inverse kinematics, the trajectory on which the robot must move is
imposed, and the values of the kinematic parameters that allow this are determined.

The absence of slips is considered in the longitudinal plane. In the transverse plane,
there may be slips due to the following functional aspects:

• The positioning of the steering wheel planes does not rigorously respect the calculation
relationship that conditions the absence of lateral slips;

• Elasticity in the transverse direction of the tires used in the construction of the wheels;
• Executing the turn via skidding (skid steering).

The execution of the turn frequently intervenes in the movement of the robots, aiming
to follow the trajectory of the imposed curve, avoid the obstacle, and correct the move-
ment trajectory to minimize the deviations from the imposed trajectory and change the
displacement trajectory as a result of the reconfiguration of the imposed trajectory.

In the case of rigid platforms with wheels that do not change their position on the plane
of symmetry, the turn is executed only via the method of introducing speed differences
for the left-right wheels; this method of executing the turn involves the significant lateral
sliding of the wheels, which is known as skid steering [18].

Regarding the propulsion systems where the turn is performed by rotating the
plane of symmetry of the wheels, the more frequently used solutions are distinguished in
Figure 1a,b [19].

In the case of tracked platforms, the turn is performed by skidding, i.e., by rotating
the two tracks at different angular speeds. The following situations can be distinguished
(Figure 2) [20]:

• The track that is on the outside of the turn will have a speed ∆v higher than the speed
at which the platform was traveling before entering the turn, while the track located
toward the center of the turn will have a speed lower than the speed of the lower outer
track with ∆v compared to the speed with which the platform was moving before
entering the turn;

• The track on the outside of the turn maintains its speed unchanged, while a track on
the inside of the turn decreases its speed, possibly reaching zero.
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Figure 2. The turning of tracked robots [20].

The execution of the turn via skidding is characterized by the following essential aspects:

• The wheels keep their plane of symmetry unchanged;
• The turning radius depends on the speeds of the wheels on the two sides of the robot;
• The turning process is accompanied by the lateral slipping of the wheels.
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A disadvantage of this method of turning is the significant energy consumption re-
quired to compensate for the friction generated in the wheel/track skidding process,
as well as the control difficulties due to longitudinal slips. The existence of intense
wheel-ground relative slips also causes the accelerated wear of the wheel/track contact
surface [21–23], especially for heavy robots.

In the case of wheeled robots that perform a turn by turning the steering wheels, the
trajectory characteristics depend only on the dimensions and structure of the propulsion
system and have a weak correlation with the dynamic model, assuming pure rolling of the
wheels (no longitudinal/lateral slips).

In contrast to the above situation, in the case of robots performing a skid turn, there is
a close correlation between the kinematic model and the dynamic model of the propulsion
system. Thus, it is necessary to determine from the dynamic model the forces and moments
acting on the wheels/tracks to estimate the longitudinal and lateral slips based on them to
determine the characteristics of the robot’s trajectory [24]. The forces and moments that
appear in the turn depend, among other factors, on the kinematic characteristics of the
movement (speed, turning radius, propulsion dimensions, etc.).

Next, considering the works from the analyzed specialized literature, applied kine-
matic and dynamic models for wheeled and tracked robots are presented. As demonstrated
in [25–27], tracked vehicles with power steering are well received via UGV configurations.
The analytical models used allow for obtaining a high degree of prediction regarding
traversability. Also, the concepts of mobility and stability for non-cohesive terrains can be
generalized, with applicability, including for UGVs on wheels.

The authors of [28–30] demonstrate the need to achieve very precise control of land
robots on wheels and tracks. The control laws and the adaptive and predictive control
algorithms must lead to values close to the experimentally obtained values with maximum
errors of 2–3% [31–34]. The kinematic and dynamic representations must allow for the
estimation of sideslip angles without increasing the noise level.

By going through the models in [35–41], it was found that the consideration of slip
effects is especially useful, as it does not introduce complexity from dynamic calculations in
the loop. The best way to obtain results is a combined method starting from experimental
results to form the basis of an optimized kinematic model for tracked and wheeled UGVs,
which accounts for the instantaneous centers of rotation (ICR).

Kinematic models focus on the presentation of assumptions, calculation schemes, and
main constitutive equations. Dynamic models focus on determining the forces and mo-
ments acting on the wheels and the robot and determining the influences that longitudinal
and transverse slips have on the travel trajectory.

3. Kinematics and Dynamics Study of Four-Wheeled Robots with Two-Directional
Wheels

The conditions for executing the turn by rotating the planes of the wheels that belong
to the same axle are taken from the kinematics of the turning of the vehicles [36–38]. The
parameters that define the kinematics are determined based on the scheme in Figure 3
(adapted from [39]), using the following relations:

S =

√
R2 −

(
L
2

)2
−W

δL = arctg
(

L
S

)
δR = arctg

(
L

B+S

) , (1)

where O is the instantaneous center of rotation.
The diagram of the kinematic parameters, as well as the forces acting on the robot, is

presented in Figure 4.



Mathematics 2023, 11, 3735 6 of 20Mathematics 2023, 11, x FOR PEER REVIEW 6 of 22 
 

 

 
Figure 3. Diagram of the kinematics of the Ackerman turning system (adapted from [39]). 

2
2

2

arctg

arctg

L

R

LS R W

L
S
L
B S

δ

δ

   = − −   

  =  

 
  =  + 

, (1) 

where O is the instantaneous center of rotation. 
The diagram of the kinematic parameters, as well as the forces acting on the robot, is 

presented in Figure 4. 

 
Figure 4. Calculation scheme for the dynamics of a four-wheeled robot (adapted from [30]). 

Figure 3. Diagram of the kinematics of the Ackerman turning system (adapted from [39]).

Mathematics 2023, 11, x FOR PEER REVIEW 6 of 22 
 

 

 
Figure 3. Diagram of the kinematics of the Ackerman turning system (adapted from [39]). 

2
2

2

arctg

arctg

L

R

LS R W

L
S
L
B S

δ

δ

   = − −   

  =  

 
  =  + 

, (1) 

where O is the instantaneous center of rotation. 
The diagram of the kinematic parameters, as well as the forces acting on the robot, is 

presented in Figure 4. 

 
Figure 4. Calculation scheme for the dynamics of a four-wheeled robot (adapted from [30]). Figure 4. Calculation scheme for the dynamics of a four-wheeled robot (adapted from [30]).

The robot’s trajectory is defined if its angular acceleration is known relative to the
following fixed coordinate system:

..
θ = f (X, Y, δL, δR). (2)

The longitudinal forces depend mainly on the moments applied via the electric motors
to overcome the forward resistances (rolling resistance, slope resistance, and acceleration
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resistance), while the transverse forces depend on the cornering conditions, i.e., on the
angles of turns denoted as (δL, δR).

If slips are taken into consideration, as a result of the introduction of lateral slip angles,
denoted as (β), the model can be reduced to the simplified form with only two wheels
(Figure 5), where O is the center of the rear wheel subject to the trajectory control action Γ,
θ̃ = θ − θΓ is the angular deviation from the trajectory Γ, and M is the point located on the
trajectory Γ at the smallest distance from O (this point is considered unique).
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Based on these notations, the relationships that describe the robot’s kinematics are
written as follows [30–33]: 

.
s = v · cos(θ̃+βR)

1−c(s)·y
.
y = v · sin

(
θ̃ + βR

)
.
θ̃ = v · [cos(βR) · λ1 − λ2]

, (3)

where λ1 = tan(δF+βF)−tan(βR)
L and λ2 =

c(s)·cos(θ̃+βR)
1−c(s)·y .

The determination of the lateral deviation angles is carried out by initially determining
an estimated value that serves as an input variable for an iterative process implemented
within the controller [34].

4. Kinematics and Dynamics Study of Four-Wheeled Robots That Execute Skid Turning

For a four-wheeled robot platform (Figure 6), the absolute speed of the robot, tak-
ing into account the hypothesis that it executes a planar movement, is determined us-
ing the relation [28] v =

[
vx vy 0

]T , and the angular velocity with the relation [28]

ω =
[
0 0 ω

]T .
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If the state vector is q =
[
X Y θ

]T , then the velocity vector has the components
.
q =

[ .
X

.
Y

.
θ
]T

, as presented schematically in Figure 6.
Since the robot executes a planar motion, the velocities and the angular velocity in the

inertial frame of reference (XG, YG) become as follows:
[ .

X
.

Y

]
=

[
cos θ − sin θ
sin θ cos θ

]
·
[

vx
vy

]
.
θ = ω

. (4)

Assuming no longitudinal slippage of the wheel (Figure 7), the longitudinal speed of
the wheel (i) is given in the relationship vix = ri ·ωi, where (ri) is the wheel radius.
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The velocities of all wheels are schematically represented in Figure 8, where ICR is
the instantaneous center of rotation, located at the intersection of the perpendiculars to the
speed vectors of the four wheels, and COG is the center of mass of the platform, to which
the coordinate system (x1, y1, z1) is associated.
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The vectors (di) of the wheel centers can be defined using their projections
di =

[
dix diy

]T , and the position vector of the center of gravity relative to the instan-

taneous center of rotation is dC =
[
dCx dCy

]T .
The angular velocity of the robot can be written in the following forms:

vix
−diy

=
vx

−dCy
=

viy

dix
=

vy

−dCx
= ω. (5)

We consider the coordinates of the center of gravity in the moving frame of reference,
and it follows that the relation can be introduced ICR = (xICR, yICR) =

(
−dxC,−dyC

)
,

and, consequently, the expression of the angular velocity takes the following form:
ω = vx

yICR
= − vy

xICR
.

From the schematization presented in Figure 8, the following relations may be obtained:∣∣∣∣∣ d3y = d1y = dCy + c d2y = d4y = dCy − c

d3x = d4x = dCx − (L− a) d1x = d2x = dCx + a

∣∣∣∣∣. (6)

By combining the above relations, we finally obtain the following relations for
the velocities: 

vL = v1x = v3x
vR = v2x = v4x
vF = v1y = v2y
vB = v3y = v4y

. (7)
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The above relations can be written condensed in the following form [28]:
vL
vR
vF
vB

 =


1 −c
1 c
0 −xICR + L− a
0 −xICR − a

 · [vx
ω

]
. (8)

Consequently, it can be concluded that the above relationship establishes the connec-
tion between the wheel speed and the longitudinal speed of the robot, respectively, and the
angular speed [40].

The proposed dynamic model for a four-wheeled robot performing a skid turn aims
to evaluate the forces acting on the wheels and, via summation, on the entire robot. The
forces acting on one wheel are detailed in Figure 9a, and those acting on all wheels of the
robot platform are shown in Figure 9b.
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Figure 9. (a) Forces acting on a wheel; (b) the forces acting on a four-wheeled robot (adapted
from [28]).

We assume that the vector Fsi results from the rolling resistant moment (τri), and the
vector Fli denotes the lateral reactive force.

The longitudinal forces acting on the wheels depend on the moments (τi) applied to
them via the electric motors, and they are calculated with the following relation:

Fi =
τi
r

, (9)

The normal forces on the roadway and acting on the wheels obey the following relations:
N1 · a = N3 · (L− a)
N2 · a = N4 · (L− a)

4
∑

i=1
Ni = m · g

. (10)

The above relationships form a system that allows the normal forces to be determined
as follows: {

N1 = N2 = (L−a)
2·L ·m · g

N3 = N4 = a
2·L ·m · g

. (11)
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Lateral forces are considered to result from the Coulombic friction of the wheel with
the roadway plus the viscous friction Ff (σ) = µc · N · sign(σ) + µv · σ, where (σ) is the
linear speed, and (N) is the force perpendicular to the surface.

Given the planar motion of the robot, the potential energy variation is zero, so the
kinetic energy of the robot is defined with the following relation:

T =
1
2

m · vT · v +
1
2

I ·ω2. (12)

Because vT · v = v2
x + v2

y = X2 + Y2, the following expression for the kinetic energy of
the robot may be yielded: T = 1

2 m ·
(
X2 + Y2)+ 1

2 I · θ2 [28].
Applying the Lagrange method, the derivatives of the total energy of the robot are

calculated to determine the inertial forces as follows:

d
dt

(
∂EK

∂
.
q

)
=

m ·
..
X

m ·
..
Y

I ·
..
θ

 = M · ..
q, (13)

where M =

m 0 0
0 m 0
0 0 I

.

The components in the inertial system of the forces acting on the wheels are expressed
as follows: 

Frx
( .
q
)
= cos θ ·

4
∑

i=1
Fsi(vxi)− sin θ ·

4
∑

i=1
Fli
(
vyi
)

Fry
( .
q
)
= sin θ ·

4
∑

i=1
Fsi(vxi) + cos θ ·

4
∑

i=1
Fli
(
vyi
) . (14)

Consequently, the resisting moment generated by these forces relative to the center of
mass is determined via the following relation:

Mr
( .
q
)
= −a · ∑

i=1,4
Fli
(
vyi
)
+ b · ∑

i=2,3
Fli
(
vyi
)
+ W ·

[
− ∑

i=1,2
Fsi(vxi) + ∑

i=3,4
Fsi(vxi)

]
. (15)

For the approximation of resistance forces, the vector of generalized resistance forces
is defined with the relation:

R
( .
q
)
=
[
Frx
( .
q
)

Fry
( .
q
)

Mr
( .
q
)]T (16)

The components of the traction forces in the inertial frame of reference and the active
moment that allows the turn to be executed are determined using the following relationship:

Fx = cos θ ·
4
∑

i=1
Fi

Fy = sin θ ·
4
∑

i=1
Fi

M = c · (−F1 + F2 − F3 + F4)

(17)

It follows that the vector of active forces has the following expression:

F =
[
Fx Fy M

]T (18)
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Considering that all wheels have the same rolling radius, the vector of active forces
becomes as follows:

F =
1
r
·


cos θ ·

4
∑

i=1
τi

sin θ ·
4
∑

i=1
τi

W · (−τ1 − τ2 + τ3 + τ4)

 (19)

The notation τ =

[
τL
τR

]
=

[
τ1 + τ3
τ2 + τ4

]
is introduced, where indices (L) and (R), re-

spectively, refer to the wheels on the left and right side of the robot, and the condensed
form is obtained F = B(q) · τ, where (B) denoted the following transformation matrix:

B(q) = 1
r ·

cos θ cos θ
sin θ sin θ
−c c

.

This results in the following condensed form describing the dynamic model of the
robot [28]:

M(q) · ..
q + R

( .
q
)
= B(q) · τ (20)

The dynamic model leads to a simple expression of the equation that allows for the
determination of the accelerations of the robot according to the moments applied to the
wheels. To determine the resistance forces, the model does not take into account the
characteristics of the terrain on which the movement is performed.

5. Kinematics and Dynamics Study of Tracked Robots

Characteristics related to the kinematics and dynamics of small-sized tracked propul-
sion systems are developed starting from the kinematics and dynamics of large-sized
tracked vehicles, especially military-tracked vehicles [20,25,26].

For wheeled and tracked vehicles traversing unstructured terrain [1,22,27], approaches
based on the generalized Newton Raphson (GNR) method are proposed for the exhaustive
identification of the unknown soil parameters necessary to predict the ground force trac-
tion [42]. This method takes into account the track slip, soil cohesion, angle of internal soil
friction, and soil shear modulus.

The proposed model depends on the soil characteristics and the interaction of the
track with the terrain. Thus, for the calculation of the forward resistance and the traction
force, the following relations are used:

Rc · l =
b·l·( W

b·Ls )
n+1

n

(n+1)·( kc
b +kφ)

1
n

F = (A · c + E · tgφ) ·
[
1 + K

i·Ls
·
(

1− e−
i·Ls

K

)] (21)

The diagram of the forces and moments acting on a tracked robot during turning is
shown in Figure 10.

The traction forces applied to the two tracks have the following expressions [25]:
Fo =

W
2

(
1 + h·ay

c·g

)
· µr +

W·ay ·so
2·g·R′ + µt ·W·Ls

8·c ·
[
1−

(
ay

g·µt

)]
Fi =

W
2

(
1− h·ay

c·g

)
· µr +

W·ay ·so
2·g·R′ −

µt ·W·Ls
8·B ·

[
1−

(
ay

g·µt

)] (22)

where
(
ay
)

is centrifugal acceleration: ay = v2

R′ ; (V) is longitudinal speed; (µr, µt) is longitu-
dinal and transverse resistance coefficients; (so) is the displacement of the turning center
expressed as so =

l·ay
2·µt ·g .
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Figure 10. Diagram of the forces and moments acting on a tracked robot during a turn (adapted
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The cornering resisting moment is expressed as follows:

Mr =
µt ·W · Ls

8 · c ·
[

1−
(

ay

g · µt

)]
(23)

The longitudinal resistance coefficient is determined with the relation µr =
2·Rc
W , or

with the empirical relationship µr = 4.45
Cn

+ 0.045, where Cn = 2·CI·b·Ls
W , where (CI) is the

conic index.
The general diagram of the forces and moments acting on a tracked robot is shown in

Figure 11 [25].
The center of gravity is displaced from the center of symmetry. Also, on the two tracks,

two elementary surfaces are considered that slide in relation to the running path.
Under uniform turning conditions, the displacements in the two directions of the fixed

X-Y reference system are calculated using the following relations [26]:

iXo = (R′′ + c + Cx + x1) ·
{

cos
[
(0.5·Ls+Cy−So−y1)·Ωz

ri ·ωo

]
− 1
}
−

−y1 · sin
[
(0.5·Ls+Cy−So−y1)·Ωz

ri ·ωo

]
iYo = (R′′ + c + Cx + x1) · sin

[
(0.5·Ls+Cy−So−y1)·Ωz

r·ωo

]
−

−
(
0.5 · Ls + Cy − So

)
+ y1 · cos

[
(0.5·Ls+Cy−So−y1)·Ωz

ri ·ωo

]
(24)

The resultant displacement is determined using the following relation:

io =
√

i2Xo + i2Yo (25)
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The relations for the inside track of the turn are also written similarly as follows:

iXi = (R′′ + c + Cx + x2) ·
{

cos
[
(0.5·Ls+Cy−So−y2)·Ωz

ri ·ωo

]
− 1
}
−

−y2 · sin
[
(0.5·Ls+Cy−So−y2)·Ωz

ri ·ωo

]
iYo = (R′′ + c + Cx + x2) · sin

[
(0.5·Ls+Cy−So−y2)·Ωz

ri ·ωo

]
−

−
(
0.5 · Ls + Cy − So

)
+ y1 · cos

[
(0.5·Ls+Cy−So−y2)·Ωz

ri ·ωo

]
(26)

The resultant displacement is determined using the following relation:

ii =
√

i2Xi + i2Yi (27)

The elementary forces acting on the two surfaces considered are expressed as follows:

dFo,i = τo,i · dA = σo,i · µ ·
(

1− e
−io,i

K

)
· dA (28)

For the calculation of the unit shear stress, the following generalized relation is used:

τo,i = (cc + σo,i · tan φ) ·
(

1− e
−io,i

K

)
(29)
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The longitudinal forces and the forces in the transverse direction are calculated via the
following integration:

Fx(o,i) = −
Ls
2 +Cy−So∫

− Ls
2 +Cy−So

b
2∫
− b

2

(cc + σo,i · tan φ) ·
(

1− e
−io,i

K

)
· cos δ1,2 · dx1,2dy1,2

Fy(o,i) = −
Ls
2 +Cy−So∫

− Ls
2 +Cy−So

b
2∫
− b

2

(cc + σo,i · tan φ) ·
(

1− e
−io,i

K

)
· sin δ1,2 · dx1,2dy1,2

(30)

The resisting bending moments generated via the longitudinal forces are calculated
with the following relations:

ML(o,i) = −

Ls
2 +Cy−So∫

− Ls
2 +Cy−So

b
2∫

− b
2

(c + x1)(cc + σo,i · tan φ) ·
(

1− e
−io,i

K

)
· sin δ1,2 · dx1,2dy1,2 (31)

Similarly, the resisting moments due to transverse forces are determined as follows:

Mr(o,i) = −

Ls
2 +Cy−So∫

− Ls
2 +Cy−So

b
2∫

− b
2

(c + x1)(cc + σo,i · tan φ) ·
(

1− e
−io,i

K

)
· cos δ1,2 · dx1,2dy1,2. (32)

Angles (δ1, δ2) are determined using the following [25]:
sin δ1,2 =

(R′′+c+cx+x1,2)·Ωz−r·ωo,i√
[(R′′+c+cx+x1,2)·Ωz−r·ωo,i]+(y1,2·Ωz)

2

cos δ1,2 =
−y1,2·Ωz√

[(R′′+c+cx+x1,2)·Ωz−r·ωo,i]+(y1,2·Ωz)
2

(33)

In order to determine the transverse resistance coefficient that intervenes in the rela-
tionship with the determination of the resisting moment in the turn, it has to proceed to
equalize the resisting moment in the turn (Mr) with the sum of the resisting moments in
the turn generated via the transverse forces (Mro, Mri) as follows:

Mr = Mro + Mri (34)

Eventually, we yield the following equation:

µ2
t −

[
4 · (Mro + Mri)

W · Ls

]
· µt −

(
ay

g

)2
= 0 (35)

Solving the above equation allows us to calculate the moment of resistance to steering
using Equation (22).

This model is based on the basic equations of terramechanics, so it requires knowing
the coefficients that allow for the determination of the physical–mechanical characteristics
of the soil [43,44]. The real-time determination of soil parameters and their correction
within the model leads to improved estimation accuracy and improved trajectory control
estimation capability.

6. Conclusions

Within this present work, the kinematic and dynamic models for wheeled and tracked
robots were identified and analyzed. The model for estimating the kinematics and dynamics
of tracked robots takes into account the physicomechanical characteristics of the ground,
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the influence of the center of gravity displacement on the cornering moment of resistance,
and the interaction of the track with the terrain.

During the development of the model, simplifying calculation assumptions are im-
posed by which the track is considered to be rigid, the turn is made uniformly and at a
constant speed, and the terrain is considered horizontal. Also, for the determination of the
resistance forces and the traction force, specific calculation relations of the Wong model
and those of the Bekker model for the experimental determination of soil characteristics
are used. Consequently, the model requires prior knowledge of the physical–mechanical
characteristics of the soil.

The results of the model are characterized by defining the computational relations for
a robot’s equations of motion, longitudinal forces, transverse forces, and resistive turning
moments generated via longitudinal forces and transverse forces. In the case of tracked
robots, some of the power from the inner track is transmitted to the outer track during a
turn, thus relieving the traction motor.

The proposed models for estimating the kinematics and dynamics of wheeled robots
are specific to four-wheeled robots where turning is achieved by turning the steering wheels
or skidding (as in the case of tracked robots). The imposed goal is to determine the radius
of the trajectory in the turn knowing the angular velocities of the two tracks or groups of
wheels and the position of the planes of the drive wheels, respectively, to determine the
forces and moments that load the wheels and the entire robot as a whole.

The execution of a turn via skidding is carried out under the assumption that the
wheels keep their plane of symmetry unchanged, the turning radius depends on the speeds
of the wheels on the two sides of the robot, and the turning process is accompanied by the
lateral skidding of the wheels.

Consequently, due to the influence of the physicomechanical characteristics of the soil
on the turning process, a strong correlation between the kinematic and dynamic modes is
required. Under these conditions, the dynamic model results in the determination of the
expressions for the forces and moments at the wheels, which are later used as input data
via the kinematic model to estimate the longitudinal and lateral slips, and based on these,
the characteristics of the robot’s trajectory are determined.

In the case of models for robots that perform a turn by turning the directional wheels,
the trajectory characteristics depend only on the dimensions and kinematics of the wheel
drive and have a weak correlation with the dynamic model, assuming the pure rolling
of the wheels, with no longitudinal or lateral slips. Hence, in this case, it is noted that
the longitudinal forces depend mainly on the moments applied via the electric motors to
overcome the forward resistances, while the transverse forces depend on the cornering
conditions, i.e., on the steering angles of the wheels. The trajectory of the robot is given in
the centrifugal acceleration of the robot and depends on the longitudinal forces, transverse
forces, and steering angles of the wheels.

The proposed models do not take into account the longitudinal slips due to the small
size and weight of the configurations of the robotic platforms, but they deal with the
problem of the transversal slips of the propulsion system and, consequently, provide the
ability to estimate the deviation of the actual trajectory from the theoretical trajectory when
walking straight and during turning. Moreover, from the point of view of computational
convenience, the models provide relatively simple computational relationships that can be
easily implemented in wheeled and tracked robot trajectory estimation algorithms.

Considering models for estimating the kinematics and dynamics of wheeled and
tracked ground robots, which consider the physicomechanical characteristics of the ground,
we propose, for the future, the instrumenting of ground robots with a system to identify the
track profile and position of the center of gravity, which changes due to sinking. Through
this sensor system, the sensor system for navigation will be completed, and the validation
will be conducted by making a fleet of two robots, one on wheels and one on tracks.

On top of that, we will develop the research starting from the models presented,
following their implementation in the NRMM (NATO References Mobility Model) applica-
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tions (software). Since the mobility of ground robots is becoming as important a topic as
the mobility of wheeled and tracked vehicles (including the area of military applications),
we will develop a measurement system that will allow us to determine the characteristics
of the soils on which we will perform tests.

We also propose an improvement of the models starting from the realization of an
analysis process of the interaction of the undercarriage with the ground and from the sensor
system that will allow us to identify the position of the robot. With this data, we will make
corrections within the formulas used. In this paper, we reviewed the existing models, and
we analyzed the kinematics and dynamics of wheeled and tracked vehicles with predefined
scenarios. In future research, we intend to create a semi-autonomous/autonomous robot
driving system after creating a sensor system to identify the robot’s position and an analysis
of the propulsion/deformable terrain interaction. Then, we will use mathematical models
that refer to the control theory method.
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Abbreviations

A Surface area of contact between track and soil
a Distance from COG to front axle
ay Vehicle centrifugal acceleration
b Width of the track
CI Cone index
Cx COG lateral displacement relative to the symmetry center
Cy COG longitudinal displacement relative to the symmetry center
c(s) Curvature of the trajectory Γ at point M
cc Cohesion coefficient
2c Vehicle tread
dC Vector of the COG
di Vector of the wheel i center, i ∈ {1, 2, 3, 4}
Fi Longitudinal force acting on the wheel i, i ∈ {1, 2, 3, 4}
Fi Thrust of the inside track of a tracked vehicle
Fo Thrust of the outside track of a tracked vehicle
Fli Lateral force acting on the wheel i, i ∈ {1, 2, 3, 4}
Fsi Resistance force acting on the wheel i, i ∈ {1, 2, 3, 4}
g Acceleration due to gravity
h Height of COG
I Moment of inertia of the robot in relation to the center of mass COG
i Longitudinal slip of the track
K Shear modulus of the soil
kc Cohesive modulus of terrain deformation
kφ Friction modulus of terrain deformation
L Vehicle wheelbase
Ls Length of surface of contact between track and soil
m Mass of the vehicle
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Ni The normal forces on the roadway acting on the wheel i, i ∈ {1, 2, 3, 4}
n Exponent of terrain deformation
R Distance from the instantaneous center of rotation to the COG
R′ Turning radius considering slip
Rc Resistance due to soil compaction
Ri Motion resistance of the inside track of a tracked vehicle
Ro Motion resistance of the outside track of a tracked vehicle
ri Wheel radius
S Turning radius
S0 Displacement of the center of turn
T Kinetic energy of the robot
v Velocity of vehicle COG
vCG Speed of center of gravity of tracked vehicle
vL,R,F,B Wheel velocity. Indexes: L—left side; R—right side; F—front wheels; B—rear wheels
vout, vin Speed of the outer track and the inner track, respectively
vx, vy Components of vehicle COG velocity in longitudinal and transversal

directions, respectively
v0 Speed of the vehicle before steering
W Vehicle weight (W = m · g)
X Longitudinal force acting on wheel. First index: F—front wheels; R—rear wheels.

Second index: L—external wheels; R—internal wheels.
Y Lateral force acting on wheel. First index: F—front wheels; R—rear wheels.

Second index: L—external wheels; R—internal wheels.
y Lateral deviation of point O from the trajectory Γ
β Vehicle sideslip angle
βF, βR Lateral slip angles at the front and rear wheels, respectively
δL, δR External/internal wheel heading (steering angles)
θ Vehicle heading
θ̃ Angular deviation from the trajectory Γ
θΓ Vehicle heading in presence of wheel slip
µc Coulomb friction coefficient
µr Longitudinal resistance coefficient
µv Viscous friction coefficient
µt Transverse resistance coefficients
σo,i Unit vertical stress of outside and inside track, respectively
τi Torque acting on wheel i, i ∈ {1, 2, 3, 4}
τo,i Unit share stress of outside and inside track, respectively
τri Resistant torque acting on wheel i, i ∈ {1, 2, 3, 4}
φ Angle of internal shearing resistance
Ωz Turning angular speed
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