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Abstract: We develop the method of averaging in Clifford (geometric) algebras suggested by the
author in previous papers. We consider operators constructed using two different sets of anticommut-
ing elements of real or complexified Clifford algebras. These operators generalize Reynolds operators
from the representation theory of finite groups. We prove a number of new properties of these
operators. Using the generalized Reynolds operators, we give a complete proof of the generalization
of Pauli’s theorem to the case of Clifford algebras of arbitrary dimension. The results can be used in
geometry, physics, engineering, computer science, and other applications.

Keywords: Clifford algebra; geometric algebra; method of averaging; Reynolds operator; Pauli’s
theorem

MSC: 15A66; 11E88

1. Introduction

In the present paper, we develop the method of averaging in Clifford (geometric)
algebras suggested by the author in [1-3]. Namely, we introduce generalized Reynolds
operators in Clifford algebras and prove a number of new properties of these operators.
Theorems 1-10 are new. We use generalized Reynolds operators to prove generalized
Pauli’s theorem (see Theorems 11 and 12), which has been formulated for the first time in a
brief report [4] without a proof. The main idea of these theorems is to present an algorithm
to compute the element T that connects two sets of Clifford algebra elements that satisfy
the main anticommutative conditions. The proofs of Theorems 11 and 12 are presented in
this paper for the first time. The results are used in geometry, physics, and engineering,
in particular, for n-dimensional Weyl, Majorana, and Majorana-Weyl spinors, to study
relations between spin and orthogonal groups for the Dirac and the Yangs-Mills equations
in pseudo-Euclidean space and on non-trivial curved manifolds, etc.

This paper is organized as follows. In Section 1, we discuss Reynolds operators and
generalized Reynolds operators in Clifford algebras and representation theory of finite
groups. In Section 2, we prove some auxiliary statements about sets of anticommuting
elements of the Clifford algebra. In Section 3, we prove a number of new properties of
generalized Reynolds operators in Clifford algebras. In Section 4, we consider some other
operators and prove their properties. In Section 5, we prove that these operators are also
related to generalized Reynolds operators in the case of odd dimension. In Section 6, we
use these operators to deduce an algorithm to compute an element that connects two sets
of anticommuting elements of the Clifford algebra. The discussion follows in Section 7.

Let e; be generators of the real Clifford algebra (¥,, (or geometric algebra, see,
for example, [5-9]), and ey = e€aay..q; = €a,€a, - - - €q, are basis elements enumerated
by ordered multi-indices A = aya...a, a1 < ap < --- < a; with a length between
0 and 7 (the element e := ep with empty multi-index is the identity element). The indices
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a,ai,ay,. .. take the values from 1 to n. The generators satisfy the main anticommutative
conditions of Clifford algebra

eqep + epes = 2158,

where 17 = (17,,) = diag(1,...,1,—1,..., —1) is the diagonal matrix with its first p entries
equal to 1 and the last g entries equal to —1 on the diagonal, p 4+ g = n. We denote inverses
of generators by
el = n”beh = (ea)*l, a=1,...,n,
and inverses of basis elements by e# := (e4)~!. We use the Einstein summation convention.
Let us consider the Reynolds operator acting on the Clifford algebra

1

G| Z gilug/ Uedy,,

8€G

where |G| is the number of elements in a finite subgroup G of the group C/ p,q of allinvertible
elements of (Y}, 4. Reynolds operators are widely used in the representation theory of finite
groups (see [10-13]).

In [1], we consider the operator

1
Tl Y ealle?, 1)
Ael

which is the Reynolds operator of the Salingaros vee group [14-18]

GW] = {ieA/A S I}, dlmGp,q — 2}’1—&-1, (2)
1={0,1,...,n,12,13,...,1...n}. 3)

Theoperator (1) is a projection onto the center Cen(Cl;4) of the Clifford algebra C/),;.

We can consider Reynolds operators acting on (/) 4 of the Salingaros vee group G,
of another Clifford algebra C/,y ,, C Clp4. These operators “average” an action of the
Salingaros vee group G, on the Clifford algebra CZ;, ;. For example, the operator

1 _
5 U+ (ea) " Uen) )
is the Reynolds operator of the group {#e, te4} of order 4, where (e4)? = e or (e4)? = —e,
which is isomorphic to the Salingaros vee group Gy g (or Go1). This operator is a projection
onto the subset of elements that commute with the generator ¢4 (see [1], Section 6).

More generally, we can consider the operators

1

A
H ZeAUe , Ueddy,, 5)

A€eS

where |S| is the number of elements of some subset S of the set I (3). In particular cases, we
obtain (1) and (4). For some subsets S, the operators (5) are not Reynolds operators. In the
present paper, we consider the following new operators, which generalize (5):

1

5] Y. Baly®,  Uelp, 7" :=(va)" (6)

A€S

where the elements y4 and B4 are generated by two different sets of Clifford algebra
elements {y,,a =1,...,n} and {Bs,a = 1,...,n} that satisfy the main anticommutative
conditions of the Clifford algebras C/;, ;. If S = I, then the corresponding sets of elements
{£74,A € 1} and {+4, A € 1} form Salingaros vee groups of dimensions 2" ! or 2"
(see Lemma 1). We call the operators (6) generalized Reynolds operators in the case S = I.
Sometimes we consider operators (6) with subsets S such that the corresponding sets of
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elements {£74,A € S} and {£B4, A € S} do not form groups (see Section 4) but are
related to generalized Reynolds operators in the case of odd #n (see Section 5).

We formulate statements of this paper not only for the case of the real Clifford algebras
Cly,q, but also for the case of the complexified Clifford algebras C @ C/;, 4 (see, for exam-
ple, [7] (p. 139) and [5] (p. 80)), which are important for applications. It is convenient for
us to use the notation C@f,,q (F = R or C) when results are true for both cases C@E,q = Clyy,

Cly = C@Clpy.

2. On Sets of Anticommuting Clifford Algebra Elements

Let us consider a set of Clifford algebra elements

{(vor a=1,...,n} €y YaYo+ VY = 2ape )

and the corresponding set

B ={va,Acl} ={e,Ya, Yav Yabcr---»V1.m}, A<b<c<---, 8)

where 7,, - - - 794, is denoted by 7,4, for a; < --- < a;. We have the following lemma
(see also [19] (pp. 289-290) and [20] (pp. 127-128)). We present the proof for the convenience
of the reader.

Lemma 1.

1. Ifn = p+qiseven, then the set (8) is linearly independent.
2. Ifn=p+qisodd, then either

*  wehave vy, , = *eq. , and (8) is linearly independent, or

*  we have 1., = =£e and (8) is linearly dependent (this is possible only in the case
p —q = 1mod4), or

e we have vy, , = *ieand (8) is linearly dependent (this is possible only in case F = C,
p —q = 3mod4).

Note that in the cases F = R when the set (8) is linearly independent, this set is another
basis of (/5. In the cases when the set is linearly dependent, it is the set of two bases of the
subalgebra of (!4, which is isomorphic to another Clifford algebra CZ,/ ; of dimension
on—1 p'+4q = n—1. For example, in (/1 with the set of generators ey, e5, €3, we can take
Y1 = e1, 72 = €3, v3 = 12 and obtain the set B = {e, e1, €5, €12, €12, €2, —€1, —e} of two bases
of ngro.

Proof. Suppose that the set (8) is linearly dependent. Then there exist not all zero scalars
u,ui,..., U1, such that

we+uyyr+ - +ur 1.0 =0.

At least one scalar is non-zero ug # 0 for some multi-index B. Multiplying both sides
of the equation by 12, we obtain

v
up
e+uvy1+- -+ 4710 =0 )

for some other scalars vy, ...,v1._,. At least one of these scalars is nonzero because e # 0.

For any element 7y 4 (except ¥1.., in the case of odd n and except e in the case of any n),
there exists the element <y, such that v 4 anticommutes with vy, (if |A| is even, then we can
take a € A; if |A| is odd, then we can take a ¢ A). Let us choose some y4 and some 7y,
that anticommutes with 4. Multiplying both sides of (9) on the right by 7, and on the left
by (74) !, we obtain the equation like (9) but with another sign of the term v 4y 4 (the signs
of some other terms may also change). Adding both sides of this new equation and both
sides of (9), we obtain again the equation like (9) but without the term v4y 4 (and some
other terms) and with other scalars. Further, we repeat this process for other terms.
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In the case of even 1, after a finite number of steps, we obtain e = 0, i.e., a contradiction.
Hence, the set (8) is linearly independent.

In the case of odd n, after a finite number of steps, we obtain e + wy_,¥1.., = 0 for
some scalar wq_,, i.e., 71.., = Ae for some scalar A. We have

(r.a)?=(-1)" 7 (=1)fe. (10)

If @ + g is even, which is equivalent to p — g = 1mod4, then v, , = =*e.
If @ + g is odd, which is equivalent to p — g = 3mod4, then 71 , = =ie, which
is possible only in the complex case. In other cases, the set (8) is linearly indepen-
dent. Since the conditions (7), it follows that 1 _, is in the center (note that the center
Cen(@]};;’q) ={U e C€]E,q |uv = Vu,vv € Cglg,q} of C@f;lq is the subspace CKB,H; in the
case of even n and the subspace Cég,ﬂ; & Cﬁglg in the case of odd n) of the Clifford algebra.
We have 71, = ae + beq._,, for some scalars a and b. We obtain

n(n—1)
(1m)? = (a2 + B(=1)"" )¢ + 2abey . (1)

From (10) and (11), we obtain ab = 0. If b = 0, then 71, = ae, and we obtain
a contradiction because the set (8) is linearly independent. Hence, 2 = 0 and b =1,
i.e., Yi.n = :l:el...n- ]

Let us consider the operator

1

F(U) = 5,

Yoralr?t,  ati=(va)h, Uedy,
A€l

where we have a sum over the multi-index A € I (3). Note that in the real case F = R,
if {ya, A € I} is a basis of (/}, 4, then F is the Reynolds operator of the Salingaros vee
group, see [1].

Let us denote a vector subspace spanned by the elements e;, .. ;, enumerated by the
ordered multi-indices of length k by CKI;,E. Any Clifford algebra element U & Cg% can be
written in the form

U= ue +Zua3a + Z UgiayCajay + -+ UL n€ln, U Ugyo .., UL € F.
a

a1<ap

We use the projection operator (note that this operation coincides up to a constant
with the trace of the corresponding matrix representation, see [21,22]) 7to(U) = u onto the
vector subspace ng,]g (where e = 1). Additionally, we consider the following operator:
m(U) =uy_, forU € Célg,q.

If the set {y4, A € 1} is linearly independent, then we have (this is proved for the real
case F =Rin [1])

1 mo(U)e if n is even;
FU) = Uy = ' / 12
(L) = g Lvally { mo(U)e + mu(U)er.n, if nis odd., 12)
Operator F is a projection F?> = F onto the center of Cé]g’q. Note that here and after
we use notation F2(U) := F(F(U)) # (F(U))? and a similar notation for the squares of all
other operators in this paper. In the language of [11], Cen((/, 4) is the “ring of invariants”
of the Salingaros vee group.
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3. Generalized Reynolds Operators

Let us consider two different sets of Clifford algebra elements
{ve, a=1,...,n}e€ Cglg,qf YaYb + VbYa = 21ape, (13)
(B, a=1,..,n} €CE,  Bafy+ Buba = 2use, (14)
and generalized Reynolds operators
1 1

HU) = 5; Y paly”, P(V) =5 Y 1aVE",  UVed,, (15)

A€l Acl

where we have the sum over multi-index A e 1={®,1,...,n,12,13,...,1...n} of 2"
termS, ﬁA = ,Bal...uk = ,Bul o ',Bﬂk for a < - < Ak, r)/A = (r)/A)ill ﬁA = (ﬁA)71 We

consider both operators (15) at the same time because we want to study how they are
related (see Theorem 2).
Theorem 1. We have
BsH(U) = H(U)ys,  7sP(V) = P(V)Bs, VBeEL (16)
The operators H and P are projections:
H>=H, DP*=P,
where H>(U) := H(H(U)) and P?>(U) := P(P(U)).

Proof. We have

BRHU)Y = Brgy L palir™y® = oo Y (Bua)Ulvr") = o Y pally* = H(U).
A A A

Thus,
1

HAU) = g5 D psH(U? = 55 Q" H(D) = H(U),

Proof of the statement for the operator P is similar. [

Theorem 2. Let us consider C/%

p,q linearly independent sets {y4, A € 1}, {Ba, A € 1}, and
the operators (15).

1.  Ifn=p+qiseven, then

P(V)H(U) = HU)P(V) = mp(VH(U))e, (17)
where
m(VH(U)) = mo(H(U)V) = mo(UP(V)) = mo(P(V)U).
2. Ifn=p+qisodd, then
P(V)H(U) = HU)P(V) = mo(VH(U))e + ma(VH(U))er..n, (18)

where

Proof. Using (12) and Theorem 1, we obtain
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PVIHW) = g5 DvaVB H(U) = g5 D avH(U)
{ mo(VH(U))e, if n is even;
mo(VH(U))e + my(VH(U))e1..n, if nis odd.

We can similarly obtain

PV)H(U) = 2:P(V) Lpalir’ = o L vap(v)uy"
{ o(P(V)U)e, if n is even;
- mo(P(V)U)e + mu(P(V)U)ey. n, if nis odd.

Further, we use the properties 71o(AB) = 11p(BA) for arbitrary A, B € Cglgrq (see [21,22])
and 77, (AB) = 7, (BA) for arbitrary A, B € Cﬁ]g,q with odd n = p + g (see [23]). O

We use the following notation
Iy ={A €1, |A]iseven}, Iy ={A €L |A]isodd}.

Note that the parity of an element -y 4 is not the parity of length of the corresponding
multi-index A. The same element y4 may have multi-indices with lengths of different
parity in different representations. In the case 1., = £e, n is odd (see Lemma 1); we have
2"~1 pairs of coincident (up to sign) elements in the set B = {74, A € I}. In this case,
the same element 1, = %e has a multi-index with even length in one representation (+e)
and multi-index with odd length in another representation (y1. ).

To prove Theorem 3, we need the following statement.

Lemma 2. Let us consider Cégw p +q = n and the set of elements B = {y4, A € I} with the
property (13). Then, each element of this set (if it is neither e nor 1. ) commutes with 22
elements of the set B with a multi-index of even length, commutes with 2" =2 elements of the set 5
with a multi-index of odd length, anticommutes with 2"~2 elements of the set B with a multi-index
of even length and anticommutes with 2""~2 elements of the set B with a multi-index of odd length.

The element e commutes with all elements of the set B.

1. ifnis even, then 71, commutes with all 21 elements of the set B with a multi-index of
even length and anticommutes with all 2"~ elements of the set B with a multi-index of odd
length;

2. ifnisodd, then 1., commutes with all 2" elements of the set B.

Proof. In [1], we proved the particular case of this statement for the set {e4, A € I}.
In this proof, we did not use the fact that this set is linearly independent (we use only
anticommutative properties of the elements). Hence, the statement is valid for the set
B = {va, A € I}, which is not always linearly independent (see Lemma 1). O

Theorem 3. Let us consider Cl5 ,, n = p + q and two sets (13) and (14). Then,

P4’
B§0>H(73)73 = ;;Bgo)ﬁmmfiwz{ %Eii[gizﬁzg Z;Zizzzzn (19)
o = R g et = LG B @
;H(’YB)’YB - ;;;ﬁMByMB_{ ?+[31...wl"'”, Zzzzzzn 1)

Proof. Let us consider the following expressions in the case of even n (we swap all
g and 74 and obtain plus or minus in each case):
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Y Baey”
A
Y Bamr?
A

Y Bamiar?
A

= e+ ﬁlr)/l 4t ﬁl...n')/l"'n _ (e + '31,),1 NI ﬁl...n'}’lmn)e,

= m+pmr + A+ Bamy = e+t = = By,

= T+t ,81')’1..11')’1 +oo 4+ ﬁl...n'Yl...n'Ylmn

= (e—B1r = +PBra?"") 1

Let us multiply (on the right) both sides of the first equation by e, the second equa-
tion by 91, ..., the last equation by 7!". Summing equalities with B € Loy (or B € I(y))
and using Lemma 2 (we must take into account the number of pluses and mmuses)
we obtain the statement of this theorem. In the case of odd #n, the proof is similar.
Summing (19) and (20), we obtain (21). O
Theorem 4. Let us consider Cé]};q, n = p+ g, two sets (13) and (14), and the operator H(U) (15).
1. Ifnis even, then there exists an element U € {y4, A € 1} such that H(U) is nonzero. More-
over, we can take U € {ya,A € Lo} if Br.a # —71.n and we can take
Ue{raAelny}ifrn#1n
2. Ifnis odd and ,31n # —71..n, then there exists an element U € {ya, A € 1} such
that H(U) is nonzero. Moreover, we can take U € {ya, A € I} and we can take
U € {va, A € L1y} at the same time.

Proof. Let n be even. Suppose that for all elements U the operator H(U) = 5 ¥4 faU7"
equals zero. It follows from Theorem 3 (see (21)) that

Z Zﬁ/mw 207

and we obtain a contradiction. Using (19) and (20), we can similarly prove the statement in
the other cases. [

We use Theorems 1, 2, and 4 to prove generalized Pauli’s theorem in Section 6.

4. Some Other Operators
Let us consider the following operators for the sets (13) and (14)

()
H(W) = L(EpatiA - D) - T g, uear, @
AEI() AEI() A
(=D A F
P'( Z’YAV,B =Y vaVp?) 2 o 1aVES, Ved,,
AEI() AEI()

Theorem 5. We have

BpH'(U) = H'(U)yp, 7P (V) =P'(V)Bg, VB €Iy,
BpH'(U) = —H'(U)yp, 7P (V) =P (V)ys,  VB€lpy,

in particular,

BpH'(U) = —H'(U)7y,  mP'(V) =P (V)By, Vb=1,...,n

The operators H' and P’ are projections:
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H'(H'(U)) = H'(U),  P'(P'(V)) = P'(V).

Additionally, we have

H(H'(U))=0, H(HU)=0, PP (V)=0, P(P(V)) =0.

Theorem 6. Let us consider Cglg,q and linearly independent sets {ya, A € 1}, {Ba, A € I}.

1.

2.

Theorem 7. Let us consider C/E¥

Ifn = p+ qis even, then

H'(U)P' (V) = P'(V)H' (U) = mo(H (U)V)e,

where
mo(H'(U)V) = mo(VH'(U))
Ifn = p+qisodd, then

= my(P'(V)U) = 7o (UP'(V)).

H'(U)P'(V) = mo(H' (U)V)e + my(H'(U)V)er. .,
where
mo(H' (U)V) = mo(VH'(U)) = mo(P'(V)U) = mo(UP'(V)),
0, (H' (U)V) = m,(VH' (U)) = 7, (P'(V)U) = 7, (UP'(V)).

pqe = p + g and two sets (13) and (14). Then,

1 1.n . . .
s(e+Bi.,y "), ifniseven;
L H)' = Z Y (1) Baypyty® { %(e ) S
Belp) A Bely, y(e—=Bray™"), ifnisodd,
1 l.n . . .
H'(vp)y DB pypyAaB = { se—PBr.ar"), zfn is even;
Bg) ;BGZI:) %(6—,31,,,”71'“”), if nis odd,
l e if n is even;

Y H(vm)P =Y}, o
B A B

Theorem 8. Let us consider C/E
1.

|A\
Barer’y” { e—Br.ayt", ifnisodd.

pgr 1 = P +q, two sets (13) and (14), and the operator H'(U) (22).

If n is even, then there exists an element U € {ya, A € 1} such that H' (U) is nonzero. More-
over, we can take U € {y4,A € Lo } if Bi.n # —v1.n and we can take
UG{’YA/AEI }lfﬁl nF Mo

If nis odd and /31“.7, # Y1..n, then there exists an element U € {y4, A € 1} such that H'(U)
is nonzero. Moreover, we can take U € {ya, A € I} and we can take U € {7y, A € I(1)}
at the same time.

Note that we have the condition $1_;, # 1., in Theorem 8 and the condition ., #

—1...n in Theorem 4 in the case of odd .

Proof. We omit the proof of Theorems 5-8 because it is similar to the Proof of
Theorems 1-4. O

Let us consider the following operators for the sets (13) and (14)

1 F
Ho)(U) = on—1 ZﬁAu'YAr Hpy(U) i1 ZﬁAU’Y , Ued,,
AGI() AGI 1)
F
Po(V) = 57 L vaVEY, Py (V) = T it LAV, Veds,

AEI( 0)

AGI( 1)



Mathematics 2023, 11, 3607

90f18

The corresponding operators in the particular case y4 = B4 = e4, F = R, are considered
in [2]. We have

H(U) = 3 (Ho)(U) + Hyy (W), /() = 3(Ho)(U) ~ Hy (1),
P(V) = 3 (P (V) + Py(V)),  P(V) = 5(Py(V) — Py (V)

BsHo)(U) = Hoy(U)vs, 18P0)(V) = Poy(V)Bs, VB €L,
BsHo)(U) = Hay(U)vs, 718P0)(V) = Pqy(V)Bs, VB €y,
BeH1)(U) = Hyy(U)ys, v8Pa)(V) = Pr)(V)Bs, VB €1,
BsH1)(U) = Hoy(U)ys, v8Pa)(V) = P)(V)Bs, VB €1,
and

H{y, (U) = Hpyy (U) = Hy(U), PG, (V) = P (V) = Py (V),

Hy)(Hoy(U)) = Hgy(H1)(U)) = Hpy)(U),

Py (Poy(V)) = Pioy(P1y(V)) = Pqy(V),

Proof. The proof is similar to the proof of Theorem 1. [J

Using the previous theorems, we obtain the following multiplication tables (see
Tables 1 and 2) for the operators H, H', H (0)/ H(l) and the operators P, P/, P(O), P(l).

Table 1. Multiplication table for the operators H, H’, H, ) Hqy-

H H H H 0
H) H H) Hp H’
H) H H,) H o) —H’

H 0 H' —H H

Table 2. Multiplication table for the operators P, P/, P(O)/ P(l).

P o) P(1) P’

P P P P 0
P P P() Pa) P’
Py P Py P() —P'
P! 0 P! —p’ P’

5. Relation between Operators in the Case of Odd n

In this section, we prove that the operators considered in the previous section are
related to the generalized Reynolds operators in the case of odd 7.

We need the concept of adjoint multi-indices introduced in the previous work [1] of
the author. We call ordered multi-indices a5 ... ay and by . .. b; adjoint multi-indices if they
have no common indices and they form a multi-index 1...#7 of the length n. We write

bi...by=ai.. .arand a;...a; = by ...b;. We denote the sets of corresponding 21 multi-
indices by Igj and Iag; = 1 \I Adj- Therefore, for each multi-index in I5g;, there exists an
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adjoint multi-index in IX;]-. Wehave B = {eg| A €1} = {ea| A € Ipgi} U{ea| A € Ing}-
For example, Ingj = Ipirst, [agj = 1 \ Igirst = Ipast, where Igirs; consists of the first (in the order)
2"~1 multi-indices of the set I. In the case of odd 1, we can write Iyt = {A €1, |A| < ”T’l 1,
Iiast = {A €1 |A| > FL}. In the case of odd 7, we can consider the following adjoint sets
Lagj = Loy, Tagj = L-

Let us consider the following operators in C@grq with odd n = p + g for the sets (13)
and (14), and some Ipqj, [agj:

1 1
Hagi(U) = 5 Y Baln?, Hyg(U) = 5= Yo Baln?,
A€lpgj A€l

1
H(U) = 5 (Hagi(U) + Hyg (W),  Ue Cly g

Using Lemma 1, we conclude that the elements 1, and 1., are equal to the elements
+e and +e;_, in the case of odd n and F = R, they are equal to the elements +e, Lie,
and =£e;_, in the case of odd n and IF = C. Thus, we have four (six in the complex case)
different cases

Y = EP1.ns Y..n = e uP1..ns Y..n = Eier uP1.n-

We use notation

1 1
Hpirst (U) = n—1 Z ﬁAu’)’A/ Hpast(U) = on—1 Z :BAU'YA
AEIFirst AEILaSt

in the following theorem.

Theorem 10. Let us consider C€Ig,q with odd n = p + q and the sets (13) and (14).

1. Ify1i.n = Bi1.n then
Hagi(U) = H(U).

In particular, we have

H(U) = H)(U) = Hpyy(U) = Hrirst(U) = Hat(U),  H'(U) = 0.

2. If’)’l...n = _ﬁl...nr then

H(U) =0,  Hag(U) = —Hzg(U).

In particular, we have
H(O)(u) = _H(l)(u) = H/(U), HFirst(u) = _HLast(u)-
3. Ify1.n =e1.uP1..n (inthecase p — g = 1mod4), then

e+te
Hagi(U) = er.nHyg(U),  H(U) = 21.__,1

A Hag;(U).

4. Ify1.n = —e1.nP1..n (in the case p — q = 1mod4), then

e—e1.n
2

Hagi(U) = —e1_nHyg(U),  H(U) =

5 Hag;(U).
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5 Ifyi.,=ie1 nP1.n (inthecase F = Cand p — q = 3mod4), then

_etie p

Hag(U) = iey_nHyg(U),  H(U) >

Hagi(U).
6. Ify1.n= —ie1 uPi1.n (inthecase F = Cand p —q = 3mod4), then

e—iey y

Hag(U) = —ier nHzg(U),  HU) = —

Iy Hagi(U).

In particular, we have in Cases 3—6:
Hagj(U) = Ho)(U) = H1)(U) = Hpirst(U) = Hyast(U).

Proof. Using Lemma 1, we conclude that the elements 1, and 1., are in the center
of Cé]g’q with odd n = p + g. Thus, these elements commute with all elements of Cﬁ]g,q.
If B1..n = 71..n, then

—

,BLI]..‘ﬂm u,)/al...llm — ﬁl...n')/l"'n,Ba]...am U')’al"'am — ‘BN U’yal""l’”,

ai...am

Thus, we obtain }_ 4 B4 Uyd =2y Alag BaF 74 and the first statement of the theorem.

If B1..n = —71..n, then analogously By, . 4, Uy " = — —~— U’y“ml and

aj...am

Y Balyt = Y Baly*+ Y Balyt =o.

A A€l pg; A€lg
If y1..n = €1..nB1..n, then
ai...a 1l..n ai...a a1l
Bay..an Uy " = B1 ne1.nY " Bay.a, Uy = el...nﬁumu’)/ T,

Thus, we obtain }_4 f4 Uy = (e+er.) L A€lag Ba U4 and the third statement of
the theorem. -
If Y..n = *el...n,Bl...n/ then ,Bal...am u,),al...am = *el...nﬁam u,yal...um and

Y Balv? =(e—e1..) Y. Balr™

A AEIAdj

If y1..n = i€1..nP1..n, then

ai...am

ar..0m __ : 1l..n ar..am __ 2
Bay..any Uy " = By nie1 Y " Bay.a, Uy = 181---":8am1u7

Thus, we obtain Y4 BaUYy* = (e +ie1. ) ZAeIAd]- BalyA.
Ifyi.n= —ie1. nB1..n, then ﬁal...am Uryfire-bm = —iey. nBig u,},a/liu/m and

aj...am

Y Balny® = (e—ier. ) Y. Baln™
A

AEIAdj

This completes the proof. 0

We use Theorem 10 to prove generalized Pauli’s theorem in Section 6.

6. Using Generalized Reynolds Operators to Prove Pauli’s Theorem in Clifford Algebras

In this section, we show the application of generalized Reynolds operators to prove
generalization of Pauli’s theorem [24] in the case of Clifford algebras of arbitrary dimension.
We use the theorems from the previous sections of this paper.
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Note the following well-known fact. The Clifford algebras C@E,q withevenn = p+¢q
and (fp4, p — q = 3mod4 are simple. The Clifford algebras C/ 4, p — g = 1mod4 and
C® dy,q with odd n = p + g are not simple; they are direct sums of two simple algebras.
The existence (or non-existence) of an element T that connect two different sets of Clifford
algebra elements that satisfy the main anticommutative conditions can be proved using
representation theory. The main idea of the following statements is to present an algorithm
to compute this element T. These statements have been formulated in a brief report [4] of
the author without proof. In this paper, we demonstrate how we can prove them using
generalized Reynolds operators.

We repeat the formulation of the theorems here (Theorems 11 and 12) for consistency
of the presentation. The proof of the theorems is new and shows us the application of the
method of averaging and generalized Reynolds operators.

Theorem 11 ([4]). Let us consider Cé]g’q with even n = p + q. Let two sets of Clifford algebra
elements 7,4, Ba,a = 1,2,. .., n satisfy conditions

YaVb + YoVa = 21ave,  BaPp + BvBa = 21ape-

Then, the sets {ya, A € 1} and {Ba, A € 1} are linearly independent (in the real case F = R,
they are new bases of Cly, 4), and there exists a unique (up to multiplication by a real (respectively,
complex) number) element T € Cglgrq such that

Yo=T7 g, T, Va=1,...,n.

Additionally, we can obtain this element T in the following way:
1
T=H(U) = 5 Y Balr”, (23)
A

where U is an element

* oftheset {ya, A€ I(O)} Bl Vs
o oftheset {ya, A€} if Prn # Y1ms
such that H(U) # 0.

Proof. To obtain this statement, we use the properties of generalized Reynolds operators,
namely, Theorems 1, 2, and 4. Linearly independence of the sets follows from Lemma 1.
For two arbitrary elements U,V € Cé]glq and elements (15), we have (17) by Theorem 2.
There exists U such that H(U) is nonzero by Theorem 4. Further, we take element V such
that 71o(VH(U)) # 0 (we can take V from the set of basis elements {e4, A € 1}). Therefore,
from (17), we see that T = H(U) is invertible. Using Theorem 1, we obtain y, = T‘lﬁa T,
Va =1,...,n. We obtain an algorithm to compute the element T (23) from Theorem 4.

Let us prove that T is unique up to multiplication by a constant. Suppose that we have
two elements Ty, T, that satisfy v, = T‘l‘Ba T,Ya=1,...,n Then, foranya =1,...,1n, we
have T, 18,T) = T, 18, T,. Let us multiply both sides of this equation on the left by T; and
on the right by (T)~!. We obtain [Ty T, }, Bs] = 0fora = 1,...,n. Using Cen(C@H;,q) = @25
(niseven), weobtain Ty = uTp, whereu A0,y € F. [

To prove Theorem 12, we need Lemmas 3 and 4.

Lemma 3. Let us consider C€1§,q,
1. Ifn=p+qiseven, then mo(vay..q) =0, k=1,...,n.

2. Ifn=p+qisodd, then my(7yay..q,) =0, k=1,...,n—1and

n = p+qand the set (7).

1o ) = 0, if (8) is linearly independent;
O\Tn) = 11, 4, if (8) is linearly dependent.
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Values +i are possible only in the case of the complexified Clifford algebra.
If nis odd, then 71, (vay..q,) =0, k=1,...,n—1and

7 ) = +1, if (8) is linearly independent;
m\Tn) =30, if (8) is linearly dependent.

Proof. For any element 4 (except 1., in the case of odd n and except ¢ in the case of
any n), there exists an element 7, such that v 4 anticommutes with v, (if |A| is even, then
we can take a € A;if |A| is odd, then we can take a ¢ A). We obtain

o(va) = 70(—Yava(va) ') = —70(74)

and 71p(y4) = 0. Further, we use Lemma 1.

The statement for the operator 7, can be proved similarly using the following property:
for any two elements U, V of Cé]g,q with odd n = p + g, we have 7, (UV) = m,(VU). It
follows from the fact 7r, ([U, V]) = 0 (see [23]). O

Lemma 4.
1. Let us consider ng,q with odd n = p 4 q such that p — q = 1mod4, the set (7), and elements

Uﬂ = el...n')’a/ a= 1/ oo n

2. Let us consider C @ Clp,; with odd n = p + q such that p — q = 3mod4, the set (7), and
elements
U'u - iel‘..n’)/ur a= 1/ oo ,1’1
In both cases, the elements 0,, a = 1,...,n satisfy the conditions o,0p + 0p0, = 27 pe.

If {ya, A € 1} is linearly independent, then {o 4, A € 1} is linearly dependent. If {4, A € 1} is
linearly dependent, then {c4, A € 1} is linearly independent.

Proof.
(1) Using (7), we obtain

0a0p + 0p0a = €10 Ya€l..nVb + €1..nVbe1..nYa = 21ape

because ¢, € Cen(C@f;lq) and (e1.,)?> = (=1)"z (~1)7¢ = e because

p — g = Imod4.

Ify1.n = Eer p theno , = £(e1. n)" 1.0 = Fer ner.n = Fe. i 11, = Le,
then o1, = +(e1..4)"v1..n = te1. e = *e1. . Further, we use Lemma 1.

(2) The proof of the second statement of the lemma is similar to the proof of the first
statement. We have

0a0p + 0p0a = 1€, nYale1. .nYb + 1€1. .nYple1..nYa = 21ape,

because e; , € Cen(C® (p,;) and (e1.2)> = (=1)"7 (~1)7e = —e because
p —q = 3mod4.

If y1..0 = ey u, then oy, = x(ie1 )" v1..n = Lier per., = Lie. If y1.,, = *Lie,
thenoy , = i(iel...n)n'h...n = tiey nie = *ey ,. O

Theorem 12 ([4]). Let us consider ng,q with odd n = p + q. Suppose that two sets of Clifford
algebra elements vy,, Ba,a = 1,2, ..., n satisfy the conditions

YaVb + YoVa = 21ave,  BaPp + BoBa = 21ape-
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Then, for @E,q of signature p — g = 1mod4, the element 71, either takes the values teq._,
and the set {4, A € 1} is linearly independent or takes the values e and then the set is linearly
dependent. The same is for the set {4, A € I}. We have cases 1-4 below.

For @Erq of signature p — q = 3mod4, the element 1, either takes the values +eq_, and
the set {ya, A € 1} is linearly independent or takes the values =ie (this is possible only in the case
F = C) and then the set is linearly dependent. This is the same for the set {4, A € 1}. We have
cases 1-2, 5—6 below.

There exists a unique element T of Cé% (up to multiplication by an invertible element of the

F
center of (), ;) such that

Yo = T‘lﬁuT, Va=1,....,.n & Bi.n=7.w

Yo= T8, T, Va=1,....,n & Br.,= 71

Yo=e1 T BT, Ya=1,...,n & Biy=er aY1n;
Yo=—e1. T BT, Va=1,...,n & B1n=—€1 V1.0
Yo =ier T BT, Va=1,...,n & B n=ie1 a1
Ya = _iel...nTil.BaT/ Va = 1,...,n g ,Bl...n = _iel.A.n'Yl...n

SRS S I

For all cases, we have v = (B1..ny"")T 17, T,a=1,...,n.

Additionally, in the case of the real Clifford algebra Cfp ; of signature p — q = 1mod4 and
the complexified Clifford algebra C @ Cl), 4 of arbitrary signature, the element T, whose existence is
stated in cases 1-6 of the theorem, equals

1 _
T=Hp(U) = 5= Y, Balyy' (24)
AGI(O)

where U is an element of the set {ya + v, A, B € Ig)}.

In the case of the real Clifford algebra Clp ; of signature p — q = 3mod4, the element T, whose
existence is stated in cases 1 and 2 of the theorem, equals T = H ) (U), where U is element of the
set {va, A € Lo} such that Hg) (U) # 0.

Proof. Linearly independence (or linearly dependence) of the sets follows from Lemma 1.
This implies that we have four cases in (), ; and six cases in C @ (/) 4.

Cases 3-6 of the theorem are reduced to cases 1 and 2 by Lemma 4. We must change
one of the given sets by the set 0, in these cases. Case 2 of the theorem (when we have

Bi..n = —71..n) is reduced to case 1. We must consider the seto, = —B,fora =1,...,n.
For this set, we have 0_,, = (=1)"B1.., = —B1.n = 71..n and obtain 7, = T !¢, T
=T 1B,T.

Thus, we will consider and prove only case 1 of the theorem (when B1._, = ¥1..1)-
We will consider only the case 1., = 71..» = %e1..n (other cases are reduced to this case
by Lemma 4).

Let us consider arbitrary elements U, V € Cg]};,q and expressions (15). Then, we have
(16) and (18) by Theorems 1 and 2. We must prove that there exist elements H(U) and V
such that ro(VH(U))e + 1, (VH(U))ey.. , is invertible. Then, from (18), we will see that
T = H(U) is invertible, and from (16), we will obtain v, = T~!8,T. We have

(mo(VH(U))e + ma(VH(U))er..n) (o (VH(U))e — 7tu (VH(U) er...n)

= (M (VH(U)) — mp(VH(U))(~1)

o (C1))e = (RA(VH(U)) £ 72 (VH(U)))e,

where sign “4-” is in the case p — g = 3mod4 and sign “—" is in the case p — ¢ = 1mod4.
(I) Let us consider the case p — g = 1mod4. We must choose elements H(U) and V
such that 1o(H(U)V) # £m,(H(U)V). By Theorem 4, there exists the element U €

{78, B € I(g)} such that H(U) # 0. Since {74, A € 1} is a basis, H(U) can be written
inthe form H(U) =Y s haya, ha € F.
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If there exists a multi-index C such that h¢c # 0 and hz # +hc (where C and C are
adjoint multi-indices, see the previous section and [1]), then we can take V = . Using
Lemma 3, we obtain

mo(H(U)V) = hc # +hs = £m,(H(U)V).
If there is no such index C, then H(U) can be represented in the form

k I
H(U) = ) Ajyae+ern) + ) pjvsle—ern),  Ajup#0, (25)
= =

where all multi-indices A; and B, are different and any two of them do not constitute the
full multi-index 1...n.

Using Theorem 3, we obtain ZBeI(O) H(vp)7Y® = e. We have at least one U € {3, B €
Ig)} such that k # 0 and at least one U € {5, B € 1) } such that [ # 0. Therefore, there
exists the element U € {74 + 75, A # B, A, B € Ig) } such that k, ] # 0 in (25). Taking (25)
and the element

we obtain

k
HU)V =k(e+er..)+ (), %'YA'Y +ZZ %47 J(e+er.n)

ijzli;é] j=1i=1 Hi
I
Hj
+l(e—e1.n) ZZAW Y+ Y. Lwpae—ein),
j=1li=1 ]117&]%

andk+1=m(HU)V) # £m,(HU)V) = £(k —1).

(I) Let us consider the case p — g = 3mod4. We must choose elements H(U) and V
such that 73(VH(U)) + 72(VH(U)) # 0. By Theorem 4, we always have element
U € {va, A € Lg} such that H(U) # 0. We can always take element V € {e4, A € I}

such that 7o (VH(U)) # 0 or 71,(VH(U)) # 0. In the case of the real Clifford algebra,
the theorem is proved.

In the case of the complexified Clifford algebra, we must choose elements H(U) and V
such that mo(H(U)V) # +im,(H(U)V). Further proof is similar to the proof of the case
p — q = 1mod4, but we consider the elements

k I
H(U) = ) Ajya (e +iern) + ) ujys (e —iern),  Ajpj #0 (26)
= =

instead of the elements (25).
Proof of uniqueness of element T = H(U) up to multiplication by an invertible
Clifford algebra element is similar to the proof of uniqueness in the case of even n.
According to the proof above, we can find element T in different cases in the following
form (up to multiplication by a nonzero constant):
Brn=710 = T=YaBaly”,
,81...;1 = —T..n = T= ZA( )‘A‘:BAu'Y
Prn=eraVm = T =Lacr, BaUr" +ernLacr, Balr?,
Br.n= =1 = T= ZAGI Baly® —e1 ZAeI | Balin?,
Pr.n =ie1n1.m = T = Laer, ,BAU’Y +ier.n Laery, ﬁAU’Y ,
Pr.n=—te1. n11.n = T = ZAEI(O) Balny? —ier ZAeIm Baly?.

=
| \

A
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Using Theorem 10, we conclude that all these elements T equal (24) up to multiplication
by a nonzero constant. [

7. Discussion

In this paper, we develop the method of averaging in Clifford algebra suggested by the
author in [1,2]. We consider specific operators (generalized Reynolds operators) in Clifford
algebras and study their properties (see Sections 3-5). These operators allowed us to
deduce an algorithm to compute elements that connect two different sets of Clifford algebra
elements that satisfy the main anticommutative condition of Clifford algebra (see Section 6).

The results obtained in this paper are used in geometry, physics, engineering, and
other applications. We use the results in the study of n-dimensional Weyl, Majorana, and
Majorana—-Weyl spinors [25] and in the theory of spin groups [26,27]. Using the algorithm
from this paper, the method of calculating of elements of spin groups is presented. Some
modification of this algorithm using zero divisors is discussed in [28,29] by other authors.
The results of this paper are also used in problems related to the Dirac equation and
spinors [30-32], the Higgs model [33], and applications of Riemannian geometry [34].
Note the other possible applications of the results in geometry, engineering, physics, and
analysis [35-38]. We use generalized Reynolds operators in the proof of the local Pauli’s
theorem [39] when both sets of Clifford algebra elements depend on the point of Euclidean
space. These operators can be used to study the same question and other problems for
the Dirac and the Yang-Mills equations on non-trivial curved manifolds. The technique
developed in this paper can be generalized to the case of other algebraic (for example,
to matrix algebras using the Cartan-Bott 8-periodicity) and geometric structures (the
Atiyah-Kéhler algebras [40-45] and the algebra of h-forms [46—48], which are geometric
generalizations of the Clifford algebras).
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