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Abstract: In this paper, the single-machine scheduling problems under the common and slack due
date assignments are studied, where the actual processing time of the job needs to consider some
factors, such as convex resource allocation, maintenance activity, and learning effects. The goal of this
study is to find the optimal sequence, maintenance activity location, resource allocation and common
due date (flow allowance). The objective function is (1) to minimize the sum of scheduling cost
(including the weighted sum of earliness, tardiness and common due date (flow allowance), where
the weights are position-dependent weights) and resource consumption cost, and (2) to minimize
the scheduling cost under the resource consumption cost which is bounded. We prove that these
problems can be solved in polynomial time.

Keywords: scheduling; learning effect; maintenance activity; resource allocation; due date assignment
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1. Introduction

In a realistic scheduling system, the job-processing time is often affected by many
practical settings, such as learning effects, resource allocation, and maintenance activities.
Learning effects appear such that, for example, workers continue to process the same jobs,
experience increases, and the actual processing time of the work is gradually shortened (see
Mosheiov [1]; Cheng et al. [2]; Wu et al. [3]; Azzouz et al. [4]; Sun et al. [5]; Zhao [6]; and
Wang et al. [7]). The manager assigns a certain amount of additional resources to the job to
reduce and control the processing time of the artifact. Common limited resources are the
financial budget, energy, fuel, or manpower (see Vixkson [8]; Shabtay and Kasoi [9]; Wang
and Cheng [10]; Shabtay and Steiner [11]; Zhang et al. [12]; Wang et al. [13]). In production,
due to machine failure or the processing time being too long, wear will inevitably occur
and reduce the working rate, so maintenance activities can be carried out to reduce the job
processing time (see Lee and Leon [14]; Wang and Wang [15]; Mosheiov and Sidney [16];
Bai et al. [17]; Yin et al. [18]; and Strusevich and Rustogi [19]).

In order to strengthen global business competition and improve customer satisfac-
tion, new production technologies such as “just-in-time” (JIT) production are adopted.
The emergence of the concept of JIT production and the sequencing problems have at-
tracted widespread attention; in a just-in-time system, jobs (work pieces) can neither be
completed early nor late, otherwise penalty costs will be incurred (see Parwalker et al. [20],
and Cheng et al. [21]). In addition, in actual production, we found that task-processing
rates can be affected by several factors simultaneously. Therefore, in previous studies,
Ji et al. [22] considered a single machine due date assignment scheduling problem with
job-dependent aging effects and a deteriorating maintenance activity, where due dates
are assigned using the SLK due date determination method. He et al. [23] studied the
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single-machine sequencing problem of resource allocation with general truncated learning
effects. A convex resource allocation model under the condition of finite resource consump-
tion cost is proposed, and various optimal algorithms are given for different cases of the
problem. Liu and Jiang [24] delved into due date assignment scheduling problems with
learning effects and resource allocation. Under common due date assignment and slack
due date assignment rules, a bi-criteria analysis is provided. Zhao et al. [25] examined a
single machine scheduling problem with slack due date assignment in which the actual
processing time of a job is determined by its position in a sequence, its resource allocation
function, and a rate-modifying activity simultaneously.

In previous studies, two different resource allocation functions were usually employed.
One was a linear function setting for the amount of resources and actual processing time
associated with each job (Janiak and Kovalyov [26]), and the other was a convex function
setting for the amount of resources assigned to each job (Monma et al. [27]). In general,
there are two ways to model learning effects: one is a location-dependent learning effect
(Biskup [28]), and the other is a time-dependent (sum-of-processing time) learning effect
(Azzouz et al. [4]). Wang et al. [29] considered location-dependent learning effects and

convex resource allocation to build the model p]-‘i (u;) = (%) W, where 17 > 0is a given
constant, & < 0 is the learning factor, 6; is the normal processing time of job J;, and u; is the
resource allocated to the job J;. Zhu et al. [30] addressed the job processing time considering
the rate modification activity, learning effect and convex resource allocation, described as

follows: when the rate modification activity is not carried out, the job-processing time is
A 9]'1’D‘ 17 . .. A ajejr“
pjr(u]«) = (T,) ; otherwise, it is Pjr(”j) = (
comparison with other similar papers (see Table 1; the related symbols are given later), this
article extends the results of Wang and Wang [15], Bai et al. [17], Ji et al. [22], Zhao et al. [25],

Wang et al. [29], and Zhu et al. [30] by scrutinizing a more general scheduling model.

n
, where a; is the modifying rate. For a

Table 1. Models studied.

References Scheduling Problem Time Complexity
9.7\ 1 .
1{BA()) = (=) |61 Comax + 62TC + 65 TADC + 64 - oy O(nlog(n))
Wang et al. [29] f\ T .
1B () = (%) |01 Conax + 62TW + 65 TADW + 8 T vy O(nlog(n))
1|[MALE, RE|6)Cinax + 6,TC + 3 TADC + 64 Y1 vju; O(n2log(n))
Zhu et al. [30] 1|MALE RE|51Cmax +(52TW+53TADW+54 27:1 U]'M]' O(I’lz log(l’l))
Wang and Wang [15] 1|MA, SLK, P; = (6}, B;6;)| Ly (OE; + wT; + Yopt) O(n*)
Bai et al. [17] 1|MADE, P; = (6; + bsj, B;6; + bs;) | Ly (6E; + wT;j + Yqopt) O(n*)
Jietal. [22] 1|MADE, PA = 6(r = 1)" | Ty (OF; + wT; + 1qopr) o(n*)
1|MADE,CRE, Y vjyupy < U| Y1, (6E; + wT; + O(n*
Zhao et al. [25] Z/n*l E/] Ul ‘ 21*1( ] ]n dopt) ( 4)
1|MADE, CRE, T (E; + wT; + 7opt) < V| Ty o o(n*)
1{MALE, CRE| Ty (8;E(;) + w; Ty + vdopt ) + Xy 01715 O(n*)
. . 4
This article 1|MALE, CRE| 27:1 5]Em + w;j TU] + Yqopt ) + 2}1:1 vl U] O(n*)
1|MALE,CRE, 27,10[]-]%] < U| T (65E)) + wiTyj) + ydopt O(n*)
1|MALE, CRE, X}y ojug) < U| X7y (E)j + @i Ty + ¥qopt O(n*)

MA means “maintenance activity”; MADE means “maintenance activity and aging effect”; RE means “resource
allocation”; b means common deterioration rate of all jobs; 4; means aging factor of job J; s; means starting time
of job Ii; 6, w, 61, 03, 63 and &4 are given constants.

This paper’s contributions and novelties are as follows:

*  Single-machine maintenance scheduling with convex resource constraint and learning
effect is modeled and studied;
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¢  Four algorithms are provided for the following two objective functions: (1) minimize
the sum of scheduling cost (including the weighted sum of earliness, tardiness and
common due date (flow allowance), where the weight is the position-dependent
weight) and resource consumption cost; and (2) the resource consumption cost has an
upper bound, minimizing the dispatch cost.

e  Jtis shown that these problems can be solved in polynomial time, and the effectiveness
of the algorithms is presented by numerical study.

The paper is organized as follows. Section 2 introduces the model. Section 3 describes
the optimal properties. Section 4 performs an optimal analysis of the objective function and
proves that it can be solved in polynomial time. In Section 5, an example is calculated, and
numerical experiments are carried out to verify the effectiveness of the algorithm. Section 6
concludes this paper.

2. Problem Description

In this article, the use of symbols is listed in Table 2, and the problem can be stated
as follows: there are n independent and non-preemptive jobs | = {J1,J2,..., ]} to be
processed on a single machine. Each job J; is available for processing at time zero. The ma-
chine can handle one job at a time. In addition, for any sequence ¢ = (][1], i 2 I [n]),
there is a maintenance activity whose duration time is t and no jobs are processed during
this execution.

Table 2. Notations.

Notation Meaning

n the number of jobs

Ji the j-th job

T the job scheduled in the j-th position

GEQ (resp. 0;) the normal processing time of job Jjj) (resp. J;)
Pij (p]A) the actual processing time of job J; (resp. J;)
Bj the modifying rate of job J;

pj‘-‘} the actual processing time of job J; in position r
« the learning factor

t the maintenance duration

) the location of the maintenance activity

ujj (resp. u;)  the resource allocated to job | f (resp. J;)

Cij (resp. Cj)  the completion time of job Jii (resp. J})

Sijj (resp. S;)  the start time of job J};; (resp. J;)

Ejj (resp. Ej))  (=max{0,d; — C;}) the earliness of job Jj; (resp. J;)

Tjj (resp. Tj))  (=max{0,C; —d;}) the tardiness of job j; (resp. J;)

v; (resp. vm) the cost when allocating unit resource to job | [ (resp. J;)

i, wj the position-dependent (but job-independent) weight (cost) of the j-th job
v (n,U) the given constant

In this paper, the model considered is as follows

(.u]- ),T’SZ

Bifi(r)* ()

A
Pjr_
( u]- ),1’>l

wherej=1,2,...,n,7 > 0is a constant, « < 0 is the non-negative learning index, f; is the
modifying rate (it satisfies 0 < §; < 1) and I denotes the position of the job preceding the
maintenance activity (i.e., position [ + 1 is the first position after the maintenance activity).
In addition, in this article, we discuss two due date assignment models, including the
common (CON) due date and slack (SLK) due date assignment. For the CON, d; = dopt,
where d,pt is a decision variable. For the SLK, d i = pJA + qopt, where the common flow
allowance g, is a decision variable. Given that the maintenance activity time is a fixed
value, our goal is to determine the optimal sequence of jobs ¢*, optimal amount of resource
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allocation u*, optimal due date (dopt Or gopt) and maintenance location I*. The first problem
of this paper is to minimize
n n

Z(u, ¢,dl) = Z((S/EU] + (U]‘T[j] + ’)/dopt) + Z vjuj, (2)
= =

using three-field representation, the first problem (P1) can be expressed as

n n
1IMALE, CRE| Y (§;E; + w;Tyj + vdopt) + Y vjuj, (3)
j=1 =1

where MALE means “a maintenance activity and learning effect”, and CRE means “convex
resource allocation”.
The second problem is to minimize

n
(0Egj) + w; T + Yqopt) + Y vjj, (4)
=1

Z(”rgr%l) =

L=

J
using three-field representation, and the second problem (P2) can be expressed as

n n
1|MALE, CRE| ) (6;Ey; + w;Tjj + Yqopt) + ) vju;. (5)
j=1 j=1
n
The third problem is to minimize Y. (6;E(; + w;Tjj + Ydopt) under a common due
j=1

n
date, and the cost of the resource consumption cannot exceed a ceiling, i.e., ), Vil < U,

j=1
and this problem (denoted by P3) is
n n
1|MALE,CRE, ) vju; < U] Y (6;E}; + wjTjj + Ydopt), (6)
j=1 j=1

n
where U > 0 is an upper bound on }_ v;u;. The last problem is to consider the slack due
j=1
date assignment, i.e., the fourth problem (denoted by P4) is

n
1|MALE,CRE, ) vju; < U]
=1

n
Y (§iE(j + Ty + Yopt)- (7)
i =1

]

3. Main Properties

In this section, we show some main properties of the problems. Based on the above
notations and allowing to perform a maintenance activity in position I, the maintenance
time is a fixed constant ¢, and the completion time of each job j (j = 1,2,...,n) can be
presented in the following;:

0"\ .
Cy =Cjq + ( % ) i=1,2..1,

u ]

10 (7)Y .
Cy=Cjn+t+ <W),]:l+1,

_ Bii) 0y (4)* .
Cii) = Cj] +< i ) j=142,..,n
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Under the optimal schedule, the first job starts processing at time 0 and there is no idle
time between jobs.

Lemma 1. For any given sequence & = | ]y, Jj),-- -, ] [n]} , the optimal value of dop; is determined

by the completion time of the k-th job, i.e., dopt = Cjy. The optimal value of the common flow
allowance qopt is decided by the start time of the k-th job, i.e., qopt = S|y

Proof. Now, we prove dop = C[k]. Consider a schedule ¢ = {]m, ][2], ey ][n] , dopt with
Ciip < dopt < Clg1q] and let Z be the corresponding objective value. Define x = dops — Cly
and y = C[kﬂ] — dopt. Let 7' and Z" be the objective values for dopr = C[k] and dopr =
Cik41)- Then

k+1 n
7 —Z—xz Si+wi+v)+x Y, (i+wj+7)
= ]:k

n

kt1
=Z+x[ ). (Gj+wi+7)— 2(5+w+'y

j=k+2
k+1 n
7" =Z+y) (6j+wi+7)—y Y, (6j+wj+7)
j=1 j=k+2
n k+1
ZZ—]/[Z (5]‘+w]'+’)/) 2(5 +w +’)’)}
j=k+2 j=1

, n k+1 ”
Thus, Z < Zif Y. (5j +w; + 7)< ¥ ((5]- + w; + ) and Z* < Z otherwise. This
j=k+2 j=1
implies that an optimal solution exists in which d, is equal to the completion time of
some job.

The proof for gopt = Sy is similar to that for dop = Cpyy. O

Lemma 2. In the optimal sequence, dopt = C[k], Jopt = S[k], where k satisfies

k-1 n k n
(z 5~ zwj+m> < 0and (z 65— % “’j+”7> =0
=1 j=k j=1

j=k+1

Proof. From Lemma 1, in the CON, dopt =C K]/ through the small disturbance technique,
we move dopt = Cly).
(1) If dopt = Cygy, the total cost is
k—1 n n
/= Zl 5j(C[k] - Cm) + ' kzlw]'((:m — C[k]) + n'yC[k] + gvjuj.
= j=k+ j=

(2) If dopt = Cg(xy — x, the total cost is
k—1 n
/1= Z (5]'((:[;{} —X— Cm) + Zw]-(Cm +x— C[ ]) + ny C[k] + Zv]u]
i=1 j=k

3) lf dopt = Cg(k) + y, the total cost is

n

k n
Zy =3, 9(Cr+y=Cy) + ), wi(C =y = Cpy) +my(Cpg +y) + ) ojuj.
a j=kt1 =1
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We have
k—1 n
Z—71= Z(ij— ijx+n7x <0,
j=1 j=k
k n
Z—Zzz—Z(Sjy—i— Z wjy —nyy < 0.
=1 j=k+1
So k satisfies both
k—1 n k n
(X6j— Ywj+ny)<O0and (Y 6;— ¥ wj+ny)>0. 0O
=1 j=k j=1 j=k+1

Remark 1. For a given schedule, if k satisfies both the above inequalities, the optimal common due
date can be determined by Lemma 2. But k may not meet both of the above inequalities, so we need
to set dopt = qopt = 0, and this term can be minimized by the HLP rule (see Hardy et al. [31]).

4. Optimal Analysis

In this section, we perform an optimal analysis of single-machine maintenance activity
scheduling problems with convex resource constraints and learning effects. In each case
of the above problems in Section 2, the decision consists of four parts: optimal sequence
of jobs ¢*, optimal amount of resource allocation u*, optimal due date (dopt or gopt) and
maintenance location [*.

4.1. Results of P1
In this section, we prov1de an optimal solution to the P1 problem. For the 1|MALE, CRE]|

n
E (5 E ] +wj T[]] + 'ydopt) + Z vjuLj, its objective function can be expressed as follows.

If k <1, where dopt = Cjy = Z P[ﬂ’ we have

j=1
-1 n n
2w, &, dopts 1) —’”ZPNZ‘S G+ X wi(Cy =€ }HZlvm”m
j= —
k — 1
:EP[‘;.‘](n'y—kZém) Y. p Zwm—i— Z W)
j=1 m=1 j=k+1 m=I+1
(8)
+ Z PD Zwm +Zv[, i+ Z wit
j=I1+1 m= j=1+1
L (6 <> T B
v [11Y1
A]( ) +Z)‘1<] +ZU J]+Z“’]
]:1 U j=I1+1 il j=1+1
where
j—1
ny+ Y om,  j=12,...,k
m=1
1 n
)\]: Z Wy + Z Wi, ]:k+1,k+2,,l, (9)
m=j m=I+1
Y Wm, j=1+1,14+2,...,n
m=j

! k
Ck}:ZPA+t+ Y. P4 wehave

If k > I, where d,,; = ,
opt = (/] i~ (7]
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1 k k n
Z(u, &, dopt, 1) = ny (L Pl + £+ ) PR+ Y 6i(Crg = Cy) + 3 w;(Cy = Cpy)
j=1 j=141 j=1 =41
+ 2 o
j=1
!
= L ”7+25 )+ Z P,]n7+25 + 2 S
j=1 j=l+1 m=I+1
n n " (10)
f: m=j j=1 j=1
(‘)”‘)’7 L <ﬁm€m(j)“>’7 L
=LY ( + Yi| ——— | + ) vy
Z’ "\ g jz,zﬂ T\ ]; [1%0)
I
ny+ 25]-
=1
where
-1
ny + Z Om, j:1,2,...,1,
¥ = nv+25 + Z by j=1+1,142,...,k (11)
m=I+1
Zwm, j=k+1,k+2,...,n
m=j
Lemma 3. For a given sequence ¢, the optimal resources urj] allocation of P1 is as follows.
I.fk S l/
1 3
L)‘j 7+l Y n+1 -
M*' — (U[/]) . (GU](]) ) ’ ] 1,2,...,[, (12)
(7] DA\ T o
(T,]) (B (N*) 1, j=1+11+2,.
Ifk>1,
1 U
(Zﬂ)w(@m(j)”‘)ﬁ, i=12,...,1,
“h = l[ljﬂ] T 1 (13)
(22 (g (D), = 141,141,

Proof. From (8) and (10), the objective function is a convex function of u ]- For the case

o™\
[
oz B[A’( i > G

au[] - aum

of k < I, deriving (8) with respect to u;;, we have

. -
nA;(85 () W(%m) =121

1
9z _ s (1A Eal
Let duy = 0, we have up = (UU ) (6[1]( )*) T,
Similarly, if k > [, the result (13) can be obtained. O

= [ —

Bringing optimal u* (i.e., Equations (12) and (13)) into the objective function (i.e.,
Equations (8) and (10)) yields

it/

Z(1) = (1 + 7)) Zy (1) + fu (1) (14)
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where
‘ ) (U]'t,k <],
Al =347 (15)
(ny+ ¥ 6,)t, k> |
=1
4 l o %A % . « '7%" %
Z1([1]) = Zi(vm%](]) ) wit + lgl(vmﬁm%](l) ) pi' (16)
j= j=
~ ALk <l
_ jrh =
Hi= { i k> 1 (17)

It is obvious that f; (¢) is a constant (if the location [ of the maintenance activity location
is deterministic), and 2([1]) is only related to the the location ! so that we find the minimal
value of Z([I]) is actually the minimal value of Z;([I]). Let

1

Xir = (U/.Gj) ’#1}7(??(1’)0477) ;1+1,11 <r<| s

(vfrgfgj)m (%@“’7) lr1<r<n

Z1([1]) can be minimized by solving the next assignment problem:

. n o on
Min Z1([1]) = Y Y xirM;jy
j=1r=1

n
s.t Mjrzl r=12,...,n
j=1
n
Y Mp=1j=12...,n (19)
r=1

Mj,=00rl 1<jr<n

where Mj, is a 0 or 1 variable, if the job Jj is atlocation r, M, = 1, otherwise M;, = 0.
Based on the above analysis, it is obtained that the problem P1 can be solved by the
next Algorithm 1.

Algorithm 1: Solution for problem P1.

Initialization: Let Z = o0, (* =0, d;‘pt =0,u*=0and[* =0.
Stepl. Forl=1—n
Step 2. If k < I, then

obtain the minimum value Z ([I]) and the schedule & by using (14)~(19);
If Z1([l]) < Z, then
let Z = Zy([I]), I* = L u* = u, &}, = dopr and &* = &;
If k > I, then
obtain the minimum value Z; ([1]) and the schedule ¢ by using (14)-(19);
If Z1([I]) < Z, then
let Z = 21([1]), I*=1u*=u, det = dopt and * = ¢.
Step 3. Choose the minimum value 2*: min{21 11,1 =1,2,...,n}, and obtain the
corresponding schedule ¢¥, d;‘pt, u* and I*.
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Theorem 1. The problem P1 can be solved by Algorithm 1 in O(n*) time.

Proof. The correctness of Algorithm 1 follows the above analysis. Steps 1 need O(n) time;
for each maintenance position /, the complexity of the assignment problem is O(n%). Hence,
Algorithm 1 can be solved in O(n*) time. O

4.2. Results of P2
n n
For the 1|MALE, CRE| ¥ (0;E;; + w;Tjj + Yqopt) + L vjuj, its objective function (4)
j=1 j=1
can be expressed as follows.

If k —1 < I, where gopr = S 2 P[l]’

k=1 k-1 n L
Z(u,8,qopt 1) = ny Y Pl + ) 6i(Cpey — Cyp) + 3 w;j(Cpj) = Cpq)) + Y- vg
= = =k j=1

k-1

Zmn'erZ(Sm Z[‘;‘] ZmerZwm
j=1 j=k m=I+1 (20)
+ X P wm ) ogup + Y wt
j=14+1 m=j j=1 j=1+1
Lo (04(7)% n n n
=ZM( u¥ ) + LA (ﬁU U ) + ) o+ X wits
j=1 iy j=1+1 ) j=1 j=1+1
where
n'y—i—Z&m,]—lZ Lk—1,
m=1
, 1 n
)‘j: Y wmt+ Y wmj=kk+1,...,1, (21)
m=j m=I+1
n
Y W, j=1+11+2,...,n
m=j
Ifk—1>lwhereq0t—5 ZPA—i-t—I— Z p4
p =l T Ul
j=I+1
1 k—1
Z(u,g, qopt, 1) = Z ,]+f+ Z i +Z5 Cle-1] — Cyj) +Zw Cyj) = Ce-1))
j=1 ik
n
+ X o)
j=1
i M j—1 k=1 " i j—1
= ZPU](n'ynL Z Om) + Z Pm(n'y—I- Z Om + Z Om)
j=1 m=1 j=I1+1 m=1 m=I+1 (22)

n n l n
+ ZPDL‘] Z wm + (ny + Z Om )t + ZU[]]LIM

j=k = m=j m=1

_y (O ) ( W‘)"
];¢’< urj] ]%lp )

n 1
+ ZUU]”U] +(my+ Y m)t,
j=1 m=1

where
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ny -+ Z Om, ]—12 1,
m_
/ j-
m=1 m=I+1
Y W, j=kk+1,...,n
m=j

Lemma 4. The optimal resource u’[‘ﬂ allocation of the problem P2 is as follows.

Ifk—1<1
%
i) oy
(U[’]]> (9[]](]) )’H '] = 1’21 ,l/
0= ] (24)
[ Lo
i\ " e
) BT =111+,
Ifk—1>1

e 7 (25)
] AN o
o) Buby () =1+ 1141,

Proof. The proof process is similar to that of Lemma 3. Taking a partial derivative of
Equation (20) with respect to u}; and making it equal to 0, result Equation (25) can be
obtained. [

Substituting Equations (24) and (25) into Equations (20) and (22), we have

Z/([) = (7 +771)Zy([1]) + fa(t) (26)

where
Z wit,k—1<1,
j=1+1

(ny +]‘§1 5j)t,k —1>1

fa(t) = (27)

= (016 TR,y ) T T
)= 2 () T+ L (opButu()) "

j=1 j=I+1
, { /\;-,k— 1<1, 8)
K= /
1/;].,k —-1>1,

and it is obvious that f,(t) is a constant (if the location ! of the maintenance activity location
is deterministic), and Z'([]) is only related to the location /, so that we find the minimal
value of Z'([I]) is actually the minimal value of Z, ([I]). Let

o (%%>#%<M(”M)#hJ4£r§ 1 N
A = N (29)
(vﬁ]) <r() ) Jd+1<r<n

and Z,’ ([1]) can be minimized by solving the next assignment problem:
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j=1
L !

Y M, =1j=12...n (30)
r=1

M},zOorl 1<jr<n

where M}r is a 0 or 1 variable, if the job ]j is at location 7, M}r =1, otherwise Mjr =0
Based on the above analysis, the problem P2 can be solved by the next Algorithm 2

Algorithm 2: Solution for problem P2.

Initialization: Let Z' = o0, (* =0, qut =0,u*=0andI* =0.
Stepl. Forl =1—n
Step 2. If k — 1 < I, then
obtain the minimum value Z’2 ([1]) and the schedule ¢ by using (26)-(30);
If Z,([l]) < Z', then
let Z = Zy([l]), I* = L u* = 1, g3y = qopr and & = &;
Ifk—1 > 1, then
obtain the minimum value Z;([l]) and the schedule ¢ by using (26)-(30);
If Z5([1]) < Z', then

let 7' = Z’z([l]), " =1,u" =u,q5, =qoptand {* = ¢.
Step 3. Choose the minimum value 7' = min{Z’2 11,1 =1,2,...,n}, and obtain the

corresponding schedule £, g5, u* and I*.

Theorem 2. The problem P2 can be solved by Algorithm 2 in O(n*) time.

4.3. Results of P3
In this subsection, we consider the problem P3, i.e.,

n n
1|MALE, CRE, Z VU < U| Z (5]Em + w]'Tm + ’)’dopt)-
=1 =

If k < I, similarly, we have

n 1 0 (7)% n n 0 (i) 7
Z(‘S Em—f—w Tm—l—’)/dgpt) ZK]< M(]) ) + Z K](ﬁm]/[[s](])) N Z "
J j=11

]_

If k > I, similarly, we have

1 lX U n 2014 (1) U I
Z(‘HSU]J”" )+ vdopt) = Z ( ) + ) %(W) +(ny+ ) o),
) j=T+1 i) =1

j=1 =1

(32)
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L(u,m,1,¢)

where
j-1

ny+ Y, om, i=12,...k
m=1

n

!
Kj = Y wnt Y wm, j=k+1,k+2,...,], (33)
m=I+1 m=j
n
Y wm, j=1+11+2,...,n,
m=j

-1
ny + Z&m, j:1,2,...,l,

oj=4q ny+ 25 + Z Sm, j=1+11+2,...k (34)
m=1 m=Il+1
Zwm, j=k+1,k+2
m=j

Lemma 5. For a given sequence ¢, the corresponding optimal resources u*[‘j] allocation for P3 is as
follows.

Ifk <1
1 ]
()7 [0 )" + Biyeyy ()°] ™
)" T 000" + Bl
M[]] Yot (?J 0 (]) )'l%‘i‘ f: T (z} 816 (]),X 711711/] 1,2,...,n (35)
j / Fid] T ] ilediiNgll
Ifk>1
1 7 T A
upy = (TUJ o™ |8 )" “3[79[71()} i=12,...,n (36)
i 1 i/ n - j=12,...,n
+T RN EVANES 4

n n
Proof. Obviously, when ]51 vjuj = U, jgl(éjEm + ijm + 'ydopt) is the smallest. Thus, this
n
problem becomes a conditional extreme problem of minimizing Y (6;E(;) + w;Tj;) + vdopt)
=1

subject to Z vju; = U. For this problem, we use the Lagrange multiplier method to solve

=
it, and the Lagrange function is

Lo\ (Bfn () "
Y kaniY
:.EKj< . > +’Z ” + Z t+¢ 2 []]Ll[]]—u (37)
j=1 i j=l+1 [l j=l+1 j=1
where ¢(0 < ¢) is the Lagrange multiplier.
Deriving (37) with respect to f u[; and ¢, we have
AV U
oL 0y ()* B9 (7) ,
== ¢y — 1K; ( 1721 — 17K; ( r;+1) =0,j=1,2,..,n (38)
(1) (1)
oL ,
%:Zv[j]u[j]—U:O,]:1,2,...,n. (39)
j=1

From (38), we have
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Uk

O\ e
L{E]—<(;)7;[]]]> (9[]() +ﬁ[79[]()) *1,]':1,2,...,11. (40)

From (39) and (40), we have

1 i (1 )% [(9[]'] ()" + B9 (]')“)U[j]}
Py — 0 i=12,...,n (41)

From (40) and (41), we have

Ui

U(*)"%Kﬂ%[ 0 ()" + By ()]

* 1 .
U = =1,2,...,1n.
[7] I} 1 _n n 1 L’] x4 ’

1T (0ra0ra (7)% '7“_|_ 71 7+l
L™ (opl)) T+ 2 6T (ol G))

Bringing optimal u* (i.e., Equations (35) and (36)) into the objective function (i.e.,
Equations (31) and (32)) yields

Z([) = U=z () + fule) (42)

where fj (t) is given by Equation (15) (is a constant), and

L1 AT v L e
= EW“ (o0 (i)*) ™ + 12 7™ (080 ()*)” (43)
= J=i+
. k<,
Hi= { ok > 1, (44)

it is obvious that the minimal value of Z([l]) is actually the minimal value of Z5([/]). Let

T L
, 0.0;)" (ir(r)*) 71,1 <r < 1
Bj, = ( j J) ;EVV( )*1) 1 (45)
(Uﬁ] )"“( i ()L L+ 1 <1 <n
Z3([1]) can be minimized by solving the next assignment problem:

Min Z3([l]) = 2 2 B;;Nj,

j=1r=1

n
st Yy Npy=1r=12,...,n
i—1

n
Y N, =1 j=12...,n (46)
r=1

Njy=00r1 1<jr<n

where Nj, is a 0 or 1 variable, and if the job J; is at location 7, Nj, = 1; otherwise, Nj, = 0.
Based on the above analysis, the problem P3 can be solved by the next Algorithm 3:
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Algorithm 3: Solution for problem P3.

Initialization: Let Z = oo, {* = 0, d;,, = 0, u* = 0 and I* = 0.
Step1.Forl=1—=n
Step 2. If k < I, then
obtain the minimum value Z3([!]) and the schedule ¢ by using (43)—(46);
If Z3([1]) < Z, then
let Z = Z3([I]), I* =1L u* =u, dypy = dopt and §* = ¢;
If k > [, then
obtain the minimum value Z3([!]) and the schedule & by using (43)—(46);
If Z3([l]) < Z, then
let Z = Z3([1)), I* = 1, u* = u, 4}, = dop and & = ¢.
Step 3. Choose the minimum Value Z* = min{Zg [1],l =1,2,...,n}, and obtain the
corresponding schedule ¢* u* and I*.

7 Dptl

Theorem 3. The problem P3 can be solved by Algorithm 3 in O(n*) time.
4.4. Results of P4
n n
Similar to Section 4.3, the 1|/MALE, CRE, ¥ vju; < U| 1 (5]'15[7] + w; Ty, + Yqopt) prob-
j=1 j=1

lem can be expressed as follows.
Ifk—1<1

n Lo\ & (BT, ¢
Z(‘SjEU]JF“’iTU]JFWopt):ZKJ( 0 > + L) 4L et @)
, j=1+1

j=1 =1 il U j=T+1
Ifk—1>1
2 Lo (oY (B ()
Y1V [ PiPi\Y
Z(SE]]-i—w]T[]-i-’)’qopt) Za,-( o ) + ) g Zét (48)
=1 j=1 [l j=1+1 i
where
ny + Z Oom, j=12,...,k—1,
m=1
! n .
K = Y womt L wm j=kkt1,.. 0, (49)
m=j m=I+1
n
Y wm, j=1+1142,...,n
m=j
j—1
ny+ Y Om, j:1,2,...,l,
m_
=14 ny+ 25 # U G jmranle2 ko, (50)
=1 m=I+1
n
Y wp, j=kk+1,...,n
m=j

Lemma 6. The optimal resource allocation of the problem P4 is as follows.
Ifk—1<1

N
E‘._.
N—
=
+
H
=
=
3
H
—
>
=
—
~.
N~—
=
=
>
=
e
~
~—
2
2,
3
H
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Ifk—1>1

_1

upy = 0 ——j=12...,n (52)

f‘%;ﬁi(vm9m(ﬂ )"“+ » %’“I(Uu5u9u(> )"

j=I+1

Proof. Similar to the proof of Lemma 5. [J

Bringing optimal u* (i.e., Equations (51) and (52)) into the objective function (i.e.,
Equations (47) and (48)) yields

Z() = U™z ) + fa(t) (53)

where f>(t) is given by Equation (27) (is a constant), and

n n

:ilﬂf"l“(vm ) + 3w (b)) ™
L

K, k—1<1,
Hi { k—1>1. (54)
Let ]
e MY ] < r < |
B].,:Hgl“)l—— (55)
(0,86)) ™" (i ()T 141 < <,

and Z,([l]) can be minimized by solving the next assignment problem:

Mmmm:ff%m

j=1r=1

n
Y Ny=1j=12...,n (56)
r=1

Njy=00r1 1<jr<n

where N]-r isa 0 or 1 variable, and if the job J; is at location r, er = 1; otherwise, N ir = 0.
The problem P4 can be solved by the following Algorithm 4:
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Algorithm 4: Solution for problem P4.

Initialization: Let Z = oo, &* = 0, Qopt =0, u* =0and I* = 0.
Stepl.Forl=1—n
Step 2. If k — 1 < [, then
obtain the minimum value Z4([!]) and the schedule ¢ by using (52)-(56);
If Z4([l]) < Z, then
let Z = Zy([l]), I* =1, u* = u, 45,y = qopt and §* = ;
Ifk—1> 1, then
obtain the minimum value Z4([!]) and the schedule & by using (52)—(56);
If Z4([l]) < Z, then
let Z = Z4([]), I =1, u* = u, g}y = qopt and {* = ¢.
Step 3. Choose the minimum value Z* = min{Z4[l],/ = 1,2,...,n}, and obtain the
corresponding schedule ¢*, g5, u* and I*.

Theorem 4. The problem P4 can be solved by Algorithm 4 in O(n*) time.

5. An Example and Numerical Study
5.1. An Example

Since algorithms of P1 and P2 (resp. P3 and P4) are similar, we only consider the
calculation steps of P1 (resp. P3).

Letn =6,t=3,2a =—-02,7 =1,y =4, U = 100, and the remaining data are given
in Table 3.

Table 3. The remaining data.

J;i h 2 I I4 Is J6
0; 9 11 4 13 22 6
B; 0.4 0.1 0.6 05 02 038
5 7 2 8 5 4 10
wj 5 4 2 12 6

v; 22 16 15 20 7 9

Solution: According to Lemma 2, we can obtain k = 2.
Case 1. First, we consider the problem P1.
When | = 3, from Equations (17) and (18), we can obtain

1
1 r—1 2
()} [+ T 6n) )07 r=12
1 n 1
= >2[2wm<> 02|’ r=3 57
m=r
! 2
(0B6))* | ¥ wm(r 0-2] r=4,56
m=r
and it is easy to see that
1
xi1 = (0101)? [(ny }7 = (22 x 9)7 x (24)% = 68.93475;
1
X1z = (0101)2 [(ny + (sl 02]2 = (22 x 9)% x [(24+7) x 2-02]% = 73.09883;
1
2

xX13 = (0101)? [(ws + Wy + ws + we) (3)02] 7 = (22 x 9)% x [(2+12+6+9)
x3702)1 = 67.89213;
X1 = (01B161)2 [(wy + ws + w6)(4)70‘2]% = (22x04x9)2 x [(12+6+9) x 470]3
— 40.25672;
xX15 = (015161)% [(ws + ws) (5)02] 2 = (22 % 0.4 x 9)} x [(6+9) x 5792]} =29,34345;

NI
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1
X16 = (018161)? [we(6)02]7 = (22 x 0.4 x 9)} x [9 x 6702]3 = 22.31869.
Similarly, the rest of the values of Xjr are given in Table 4.
Table 4. The values of x;;.
i\r 1 2 3 4 5 6

68.93475 73.09883 67.89213 40.25672 29.34345 22.31869
64.9923 68.91824 64.00931 18.9772 13.83263 10.52113
37.94733 40.23958 37.37339 27.14108 19.78335 15.04725
78.99367 83.76537 77.79892 51.57599 37.59415 28.59419
60.79474 64.46711 59.87523 25.10448 18.29885 13.9184
6 36 38.17462 35.45551 29.73156 21.67157 16.48345

The bold values are the optimal solution.

Gl LW IN -

We can obtain the optimal schedule & = [J3,]4,J1,Js,J5, J2] by solving the assign-

ment problem (19), and 21 ([3]) = 67.89213 + 18.9772 + 37.94733 + 28.59419 + 18.29885 +
38.17462 = 209.88434, u = (2.5298,4.18827,3.086,3.3035,2.61412,0.65757), dopt = p3 +
pg = 1.58115 + 2.7004 = 4.28155, f1(t) = H{ws+ ws + we) =3 x (124+6+9) = 81, so
2([3]) = (11#1 + 11#)21([3}) + f1(t) = 2 x 209.88434 + 81 = 500.76868.

I = 1: Similarly, we can easily find the values of x;, from Equations (17) and (18),
and solve the assignment problem (19) to obtain the optimal schedule ¢ = [Js5, |5, J3, J6, J4. J1],

and 21([1]) = 169.78529, u = (8.68496, 1.36212,1.93,3.3035,1.8797, 1.0145), L‘lopt = ps5+
F+py = 2.53311 + 3 + 0.70258 = 6.23569, f1(t) = H(ny +061) = 3 x (24 +7) = 93, so
Z(11)) = (7T + 7Y Z1([1]) + fi(f) = 2 x 169.78529 + 93 = 432.57051.

I = 2: With the above calculation, we can obtain the optimal schedule ¢ = [Js, J4, J1, Jo, 3, J2),

and Z;([1]) = 179.81382, u = (8.68496,4.18827,1.95176,3.3035, 1.31889, 0.65757), dopt =
ps + ps = 2.53311 + 2.7004 = 5.23351, £, (t) = H(ws + wy + w5 + we) =3 x (2+12+6+

9) = 87,50 Z([2]) = (471 + y77)Z1([2]) + fi(t) = 2 x 179.81382 + 87 = 446.62764.

I = 4: As above, we can obtain the optimal schedule § = [Jy, J5, 1, J6, J3, J»], and 7 ([4])
= 242.07549, u = (3.94968,9.20959, 3.086, 3.69343,1.31889,0.65757), dopt = pa + p5 =

3.29141 + 2.07827 = 536968, f1(t) = t(ws + we) = 3 x (6 +9) = 45, 50 Z([4]) = (371 +
1 —~

nT1)Z1([A]) + fi(t) = 2 x 242.07549 + 45 = 529.15098.

| = 5: We can obtain the optimal schedule & = [J4, Js, J1,J5, J5, J»], and Z1([5]) =
263.33595, u = (3.94968,3.9395, 3.086, 8.0193,1.70268, 0.65757), dopt = pa + pe = 3.29141 +

~ = 1~

1.32504 = 4.61645, fi(t) = t(we) = 3 x (9) = 27, s0 Z([5]) = (5§71 + 571)Z;([5]) +
() = 2 x 263.33595 + 27 = 553.6719.

I = 6: We can obtain the optimal schedule ¢ = [J4, J5, J1, J6, J3, 2], and 21([6]) =
283.82959, u = (3.94968,9.20959, 3.086, 2.69217,1.70268, 2.07942), dopt = pa+ ps = 3.29141 +

— = 1~
2.07827 = 5.36968, f1(t) = 0,50 Z([6]) = (7T +n71+1)Z1([46]) + f1(t) = 2 x 283.82959 =
567.65918.

After the above calculation, the results of Case 1 are shown in Table 5.

Table 5. The results of Case 1.

I dopt u Z([1) 4

1 623569  (8.68496,1.36212,1.93,3.3035,1.8797,1.0145) 43257051 s, Jo, J3, Jo, Ja, J1]
2 523351 (8.68496,4.18827,1.95176,3.3035,1.31889,0.65757)  446.62764 s, J4, 1, Jo, J3, Jo]
3 428155  (2.5298,4.18827,3.086,3.3035,2.61412,0.65757)  500.76868 I3, ]y, J1, Jo, J5, o]
4 536968  (3.94968,9.20959,3.086,3.69343,1.31889,0.65757)  529.15098 Iy, Js, J1, Jo, I3, J2]
5 461645  (3.94968,3.9395,3.086,8.0193,1.70268,0.65757)  553.6719 Iy, Je, J1. )5, Ja, Jo]
6 536968 (3.94968,9.20959,3.086,2.69217,1.70268,2.07942)  567.65918 Iy, Js, J1, Jo, I3, J2]
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We can see that the optimal solution for Pl is | = 1, &* = [J5, ]2, J3, Jo, Ja J1],
d:pt = 6.23569 and u* = (8.68496,1.36212,1.93, 3.3035,1.8797,1.0145).

Case 2. Next, we compute the problem P3.

When | = 1, from Equations (44) and (45), we can obtain

(vj6))? [(m + rgll am>(r)—0-2] ’ -
Bir=1 (060 {(nv + rgll 5m)(r)‘0-2] : r=2 (58)
(7’1'15191‘)% { i CUm(r)o'z} ’ r=3,4,56

and it is easy to see that

: 1

By = (0161) [(n7)(1)702]7 = (22 x 9)} x (24) = 337.70993;

. 1

Bia = (016101)? [(ny +61)(2)02)% = (22 x 0.4 x 9)} x [(24+7) x 27023
= 257.407552;

. 1

Biz = (v1B161)2 [(w3 + wa + ws + we) (3) 702]
x3702]3 = 231.23228;

. 1

By = (vlﬁlel)% [(ws + ws + we) (4)702]2 = (22 x 0.4 x 9)2 x [(12+6+9) x 47022
= 209.180094;

. 1

Bl5 = (01‘3191)% [(CU5 + w6)(5)‘0'2} 2 = (22 x 0.4 X 9)% X [(6 + 9) X 5_0'2]%
= 113.64671;

. 1

Bis = (01101)7 [we(6) 03] 7 = (22 x 0.4 x 9)% x [9 x 6-02]F = 66.95607.

Similarly, the rest of the values of Bj, are given in Table 6,

NI—

= (22x04x9)2 x [24+1246+9)

Table 6. The values of Bjr.

i\r 1 2 3 4 5 6
1 6893475 4623176 4293875 4025672  29.34345  22.31869
2 6499230  21.79386  20.24152 18.9772 13.83264 1052113
3 3794733 31.16945  28.94930  27.14108  19.78335  15.04726
4 7899367 5923106  55.01214 5157599  37.59415  28.59419
5 60.79474  28.83057 2677702 2510448 1829886  13.91815

6 36 34.14442 31.7124 29.73156 21.67158 16.48345

The bold values are the optimal solution.

We can obtain the optimal schedule & = [Js, J5, J3, Js, J4, J1] by solving the assignment
problem (46), and Z3([1]) = 169.78528, u = (5.60353,2.65995,1.22568,2.92227,1.91124,1.11076),
dopt = p5+ pr = 433963, f1(t) = t(ny+61) =3 % (24+7) = 93,50 Z([1]) = U*”Zgﬂ([l]) +
Fi(f) = 1001 x 169.785282 + 93 = 381.27041.

I = 2: Similarly, we can easily find the values of Bjr from Equations (44) and (45),
and solve the assignment problem (46) to obtain the optimal schedule & = [Js5, J4, J1, J6, J3, 2],
and Z3([2]) = 179.81382, u = (5.29097,2.85518,2.202719,2.75966,1.19380,1.20519),
dopt = p5 +pa = 87116, fi(t) = t(ws + ws+ws +ws) = 3x (2+12+6+9) = 87,
so Z([2]) = U1ZI([2]) + £ (t) = 1007 x 179.813822 + 87 = 404.331.

I = 3: We can obtain the optimal schedule & = [J3,]4, 1, Js,J5,J2], and Z3([3]) =
209.88434, u = (3.02238,2.44322,1.73675,2.36428,3.04078,1.03252), dopt = p3+ps =
6.64431, f1(t) = t(wy + ws + we) = 3 x (12+6+9) = 81,50 Z([3]) = U1ZI([3]) +
£1(£) = 100~ x 209.884342 + 81 = 521.54136.

I = 4: As given above, we can obtain the optimal schedule ¢ = [Jy, J5, 1, Js, J3, J2],
and Z3([4])
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= 242.07549, u = (1.99828,4.16622,1.5058,2.04988, 0.88676,0.89522), dopt = ps+ps =
11.78616, f1(t) = t(ws + we) = 3 x (6+9) = 45,50 Z([4]) = U~1ZIT'([4]) + fi(t) =
10071 x 242.07549% + 45 = 631.00543.

I = 5: We can obtain the optimal schedule & = [Jy, J¢, J1,J5, J3, o], and  Z3([5]) =
263.33595, u = (1.83695,2.16033,1.38423,3.34065,0.81517,0.82294), dopt = ps + ps =
9.85430, f1(t) = t(we) = 3 x (9) = 27, s0 Z([5]) = ufvz'g“(m) + f1(t) = 1001 x
263.335952 + 27 = 720.45823.

I = 6: We can obtain the optimal schedule ¢ = [Jy, J5, J1,Jo, J3, o], and Z3([6]) =
283.82959, u = (1.70432,3.55333,1.2843,1.74832,0.75632,0.76352), dopt = p4 + p5 =13.81905,

Ai(t) = 0,50 Z([6]) = U1ZI T ([6]) + f1(t) = 100~ x 283.829592 = 805.59236.
After the above calculation, the results of Case 2 are shown in Table 7.

Table 7. The results of Case 2.
l dopt u Z( [l] ) g

1 433963  (5.60353,2.65995,1.22568,2.92227,1.91124,1.11076)  381.27041 [Js, J», J3, Je, Ju, J1]
2 871116 (5.29097,2.85518,2.202719,2.75966,1.19380,1.20519)  404.331  [Js, J1, J1, Jer J3, Jo]
3 6.64431  (3.02238,2.44322,1.73675,2.36428,3.04078,1.03252)  521.54136 [J3, J1, J1, Jes )5 Jo]
4 1178616  (1.99828,4.16622,1.5058,2.04988,0.88676,0.89522)  631.00543 |[I4, Js, J1, Je. I3, J2]
5 985430  (1.83695,2.16033,1.38423,3.34065,0.81517,0.82294)  720.45823 [y, Je, J1, J5: J3 Jo]
6 13.81905 (1.70432,3.55333,1.2843,1.74832,0.75632,0.76352)  805.59236 [Ju, s, J1, Je J3, Jo]

We can see that the optimal solution for P3 is | = 1, {* = [J5, )2, J3,J6, Ja 1),
d;pt = 4.33963 and u* = (5.60353,2.65995,1.22568,2.92227,1.91124,1.11076).

5.2. Numerical Study

To test the validity of Algorithms 1-4, we randomly generated the instances. We
implemented all the algorithms in Java language on JetBrains 2023, and coded on a PC
with Intel(R) Core(TM) i5-10500 CPU @ 3.10 GHz, 8.00 GB of RAM on a Windows 10 OS.
The features of the examples are listed below:

(1) n=35,45,55,65,75,85,95,105,115,125,135, t = 10 and « = —0.3;
(2) n=2,v=12and U = 500;
3) Gj (j = 1,2,...,n) is drawn from a discrete uniform distribution in [1, 100] (i.e.,

0; ~ [1,100]);

@ Bi(=12...,m~[051]
6 v (G=12,...,n) ~][1,50]

For each n, 20 instances are generated randomly. The computational tests for
Algorithms 1-4 are given as follows. The average (mean) and maximum (max) CPU times
(milliseconds (ms)) are shown in Table 8. From Table 8, we can see that Algorithms 14 are
effective, and their CPU times increase moderately as n increases from 35 to 135, and the
maximum CPU time is 139,834.75 ms for n = 135.

Table 8. CPU times (ms) of algorithms.

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4
n mean max mean max mean max mean max
35 367.09 390.12 408.67 442.16 302.86 352.29 322.18 349.82
45 896.46 925.06 1250.46 1346.82 759.28 829.51 762.24 837.24
55 1864.52 1876.59 2386.35 2587.35 1562.37 1582.65 2118.32 2297.14
65 3624.21 3703.29 4103.54 4346.54 2993.52 3121.57 3314.17 3504.02
75 6735.58 6898.34 7827.50 8786.35 5615.58 5754.39 6849.91 6928.42
85 13,683.45 13968.32 1507253 16,855.50 11,394.35 11,528.39 13,864.47 14,941.57
95 23,877.03  24,120.57 26,147.35 27,84536 2157270 23/489.86 2447850 26,116.25

105 34453.85 34,635.58 40,527.32 4296550 28,712.15 28,892.27 34,785.23  37,123.85




Mathematics 2023, 11, 3536 20 of 21

Table 8. Cont.

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4
n mean max mean max mean max mean max
115 53,679.54 54,008.94 61,296.86 63,085.45 44,731.62 45,021.23 52,246.21  54,004.32
125 7762353 7798572  89,614.36 95238.62 64,685.83  65,023.21 76,372.23  81,823.32
135 114,304.61 114,892.56 136,835.45 139,834.75 95153.30 95,802.52 117,325.23 120,115.84

6. Conclusions

In previous studies, the influence of learning effects and resource allocation factors in
single-machine scheduling was considered. In this paper, we extend this setting by allowing
the execution of a maintenance activity. It is revealed that these four problems can be solved
in O(n*) time (see Table 1). In future work, we will incorporate more realistic settings, such
as multiple maintenance activities, or multiple machine (e.g., flow shop) conditions.
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