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Abstract: The aim of this paper is to focus on a fuzzy metric called Deng’s metric in [0, 1]-topology.
Firstly, we will extend the domain of this metric function from My x My to M x M, where My and M
are defined as the sets of all special fuzzy points and all standard fuzzy points, respectively. Secondly,
we will further extend this metric to the completely distributive lattice LX and, based on this extension
result, we will compare this metric with the other two fuzzy metrics: Erceg’s metric and Yang-Shi’s
metric, and then reveal some of its interesting properties, particularly including its quotient space.
Thirdly, we will investigate the relationship between Deng’s metric and Yang-Shi’s metric and prove
that a Deng’s metric must be a Yang-Shi’s metric on [ X and consequently an Erceg’s metric. Finally,
we will show that a Deng’s metric on I X mustbe Q — Cy, and Deng’s metric topology and its uniform
structure are Erceg’s metric topology and Hutton’s uniform structure, respectively.

Keywords: Deng’s pseudo-metric; expansion; My; M; metric topology; way below; Q — C;

MSC: 54A40; 03E72; 54E35

1. Introduction

In 1968, C.L. Chang [1] introduced the fuzzy set theory of Zadeh [2] into general
topology [3] for the first time, which declared the birth of [0, 1]-topology. Soon after that,
J.A. Goguen [4] further generalized the L-fuzzy set to the proposed [0, 1]-topology and
his theory has been recognized as L-topology nowadays. From then on, this kind of
lattice-valued topology formed another important branch of topology and thereafter many
creative results and original thoughts have been presented (see [5-38], etc.).

Nevertheless, how to reasonably generalize the classical metric to the lattice-valued
topology has always been a great challenge. So far, there are a significant number of fuzzy
metrics introduced in the branch of learning (see [6,12,14,15,29-33,39-42], etc.). Considering
that the codomain is either ordinary number or fuzzy number, these metrics are roughly
divided into two types.

One type is composed of these metrics, each of which is defined by such a function
whose distance between objects is fuzzy, while the objects themselves are crisp. Addi-
tionally, each of them always induces a fuzzifying topology. In recent years, these met-
rics have been promoted by many experts, such as I. Kramosil, J]. Michalek, A. George,
P. Veeramani, V. Gregori, S. Romaguera, J. Gutiérrez Garcia, S. Morillas, EG. Shi, etc.
(see [17,18,32,33,40,43-49], etc.).

The other type consists of these metrics, each of which is defined by such a mapping
p:MxM — [0,+00), where M is the set of all standard fuzzy points of the underlying
classical set X. In this case, every such fuzzy metric always induces a fuzzy topology
(see [6,12-14,31,36], etc.).
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Regarding the latter, there are roughly three kinds of fuzzy metrics in the history, with
which the academic community has gradually become familiar. Regarding the three fuzzy
metrics, we will list them below one by one.

The first is Erceg’s metric, presented by M.A. Erceg [14] in 1979. Since then, many
scholars have been engaged in its research and have obtained many compelling results on
this fuzzy metric. Among them, a typical conclusion is the Urysohn’s metrization theorem
presented by J.H. Liang [24] in 1984: an L-topological space is Erceg-metrizable if it is Ty,
regular and Cy;. In 1985, M.K. Luo [26] listed an example of Erceg’s metric on I X whose
metric topology has no o-locally finite base. Therefore, the [0, 1]-topological space of this
example is not Cyj, of course. Later on, based on Peng’s simplification method [50], Erceg’s
metric was further simplified by P. Chen and F.G. Shi (see [9,10]) as seen below:

(I) An Erceg’s pseudo-metric on LX is a mapping p : M x M — [0, +c0) satisfying the
following properties:

(Al)ifa > b, then p(a,b) = 0;
(A2) p(a,c) < pla,b) +p(b,c);
(B1) p(a,b) = V p(ac);

b

(A3)Va,be M, 3x £ a'st. p(b,x) <r< 3y LV st play) <r.

An Erceg’s pseudo-metric p is called an Erceg’s metric if it further satisfies the following
property:
(A4) if p(a,b) =0, thena > b.

where “ <" is the way below relation in domain theory and L¥ is a completely distributive
lattice [51-53].

The second is Yang-Shi’s metric (or p.q. metric), proposed by L.C. Yang [36] in 1988,
where Yang also showed such a result: each topological molecular lattice with Cj; property
is p.q.-metrizable. After that, this kind of metric was studied in depth by E.G. Shi and P.
Chen (see [9,10,29-31], etc.), whose definition is as follows:

(I1) A Yang-Shi’s pseudo-metric (resp., Yang-Shi’s metric) on LX is a mapping p : M x
M — [0, 400) satisfying (A1)-(A3) (resp., (A1)~(A4)) and the following property:

(B2) plab) = A pleb).

The third is Deng’s metric, supplied by Z.K. Deng [12] in 1982. Soon, Deng [13]
proved that if a [0, 1]-topological space is Ty, regular and Cjj, then it is Deng-metrizable.
Unfortunately, since Deng’s research is only limited to this special lattice X and the family
of special fuzzy points My (see Definition 1), not many scholars later studied this metric.
In this paper, we will extend the domain of Deng’s pseudo-metric from I¥ to LX and its
definition from My to a class of standard fuzzy points M (see Definition 8 in this paper) as
seen below:

(IT) An extended Deng’s pseudo-metric (resp., extended Deng’s metric) on LX is a mapping
p:Mx M — [0, +c0) satisfying (A1)-(A3) (resp., (A1)-(A4)) and the following condition:

(B3) p(a,b) = A pla,c).
b<c

Therefore, based on this extension result, we will compare this metric with the other
two fuzzy metrics, Erceg’s metric and Yang-Shi’s metric, and then reveal some of its
interesting properties, particularly including its quotient space. Additionally, we will
investigate the relationship between Deng’s metric and Yang-Shi’s metric and prove that
a Deng’s metric must be a Yang-Shi’s metric on I%, and consequently a Deng’s metric
also must be an Erceg’s metric. Finally, we also will show that a Deng’s metric on [X
must be Q — C;, and Deng’s metric topology and its uniform structure are Erceg’s metric
topology [14] and Hutton’s uniform structure [22], respectively.
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2. Preliminaries

All through this paper, (L,\/, A, ) is a completely distributive lattice with an order-
reversing involution “’ ” [51,52]. X is a nonempty set. L-fuzzy set in X is a mapping
A : X — L, and LX is the set of all L-fuzzy sets. If L = [0,1] and denote [0,1] as I,
then each element in IX is claimed a fuzzy set in X [2]. A subfamily 6 of IX is called a
[0, 1]-topology if it satisfies the following three conditions: (O1) 1,0 € J; (O2) if A,B € §,

then AAB € 6; (O3)if {Ay | A € A} C 6, then \V A, € 4. The pair (X, J) is called a
AEA
[0, 1]-topological space. Two fuzzy sets A and B are quasi-coincidence if there is x such that

A(x) + B(x) > 1 (see [53-55]). An open set A [12] is called an open neighborhood of x, if
A < A(x). X(x) =1and X(x) = 0 are denoted by 1 and 0, respectively. And a is way below
b, denoted by a < b, if and only if for every directed subset D C L%, the relation b < sup D
always implies the existence of d € D with a < d (“<” refers to the following Definition 3).
A family of fuzzy sets ¥ is called locally finite (resp., discrete) in a space (X, ) if and only if
each fuzzy point x, of the space has an open neighborhood which is quasi-coincidental
with only finitely many members (resp., at most one member) of ¥ (see [52]). A family of
fuzzy sets is called o-locally finite (resp., o-discrete) in a space (X, d) if and only if it is the
union of a countable number of locally finite (resp., discrete) subfamilies. A subfamily o of
X (resp., o of ¢) is called a (resp., an open) cover of a fuzzy set A in a space (X, 9) if for each
Xy € A, there exists B belonging to ¢ such that x, € B. Stipulate VO = 0, and A® = 1.

In addition, the subsequent proofs also require some preliminary knowledge of defini-
tions and theorems as follows:

Definition 1 ([12]). A special fuzzy point x, in X is a fuzzy set with membership function
x) : X — I defined by
_l A y=x
x/\(y)_{ 0, ]/i’éx/
where A € (0,1). x,(y) is usually written simply as x,. x, A, and x1_  are called support, value, and

complementary point of x,, respectively, and the family of all special fuzzy points is denoted by M.

With the help of the above special fuzzy point, Deng [12] put forward a type of fuzzy
metric as follows:

Definition 2 ([12]). A Deng’s pseudo-metric on IX is a mapping p : Mg x My — [0, +00)
satisfying the following conditions:
(A1) if Ay > Ao, then p(x),,x),) = 0;
(A2) p(xr;,205) < P(xag, Yay) + P Yy 20);
(A3) if p(xa,,Yp,) <1, then X > Ay such that p(xp,,yy) <1;
(A4) p(xr;, ¥a,) = P12y X1-0,)-
A Deng’s pseudo-metric p is called a Deng’s metric if it further satisfies the following condition:

(A5) ifp(x,\l,yAZ) =0, thenx =y, A1 > Ap.

Definition 3 ([12]). Let xa, yp belong to M and let A, B be fuzzy sets in X. Then,
(1) xx<Asa<A(x)

(2 xx€Aea<Ax);

@) xu<ypex=ya<p

4 A=B & A(x)=1-B(x),Vx e X.

Definition 4 ([12]). Let p be a Deng’s pseudo-metric on IX and let r > 0 and a € M. Define
Uy(a) = V{b € My | p(a,b) < r}. Then, U,(a) is called an open sphere of p.
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Theorem 1 ([12]). If p is a Deng’s pseudo-metric on 1%, then the family of arbitrary unions of
members of open spheres {U,(a) | a € My, r € [0,+00)} is a fuzzy topology denoted by {,, and
{U;(a) | a € My, r € [0, +00)} is a base for (.

Therefore, the pair (IX,{,) and {;, are called Deng’s pseudo-metric space and Deng’s
pseudo-metric topology, respectively.

Definition 5 ([12]). The closure A of a fuzzy set A is the intersection of the members of the family
of all fuzzy closed sets containing A.

Definition 6 ([13]). (IX,6) is Ty if and only if for each g € Mo, g = 3.

Definition 7 ([52]). (I%,6) is said the second axiom of countability denoted by Cyj if and only if
there is a countable base for 6.

Pu and Liu [54] and Wang [52] have developed convincing theories about the Q-
neighborhood and Remote-neighborhood, respectively. Therefore, corresponding with
these theories, nowadays a standard fuzzy point on IX has been accepted widely as follows:

Definition 8 ([52-54]). yu(x) € IX is called a standard fuzzy point if y,(x) satisfies
_l & Yy=x
elx) = { 0, y#x,
where o € (0,1]. For convenience, yu(x) is denoted by y,. The set of all standard fuzzy points is
denoted by M.

Definition 9. For any r > 0 and a € M, define B,(a) = \/{b | p(a,b) < r}, where p isa
mapping from M x M to [0, +00).

Definition 10 ([24,25,54]). Let (X,6) be a [0, 1]-topological space. An open set B is called an
open neighborhood of a fuzzy set A if A < B. An open set A is called a Q-neighborhood of x, if
A+ A(x) > 1. If the family Q(x)) = {A | A is a Q-neighborhood of x } is countable for each x),
then the space (X, ) is called Q — Cj.

Theorem 2 ([30]). If p is a Yang-Shi’s pseudo-metric on L%, then it is Q — Cj.

Theorem 3 ([12]). If p is a Deng’s pseudo-metric on 1%, then for any A € 1%, A° = \/{a | Ir >
Ora e MO/ uf(a> S A}

Theorem 4 ([12]). Let v belong to IX. Then, v = \/{xs € My | x5 € v}=\/{x) € My | x; < v}.

Definition 11 ([12]). A fuzzy point x, is called a cluster point of a fuzzy set A if and only if each
neighborhood of x1_, is quasi-coincidence with A.

Theorem 5 ([12,52]). Let A be a fuzzy set. Then, xo < A if and only if x, is a cluster point of A.
Evidently, A = \/{xx | x4 is a cluster point of A}.

Theorem 6 ([30]). Let p be a Yang-Shi pseudo-metric on LX and define P,(b) = \/{c € M |
p(c,b) > r}. Then, for c,b € M,c < P,(b) < p(c,b) > .

Theorem 7 ([10]). Let p be a Erceg pseudo-metric on IX. For any a € Mg and each r € [0,1)
define B,(a) = \/{b € My | p(a,b) <r}. Then,

1. B,(a) = B/(a);
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2. b<B.(a)epab)<r

Theorem 8 ([10]). If p is a Yang-Shi pseudo-metric on L%, then it is an Erceg pseudo-metric.
However, the converse is not true.

3. Expansion Theorem of Deng’s Metric

In this section, we will show that Deng’s metric can be equivalently defined by using
My and M, and then its corresponding metric topology and uniform structure are Erceg’s
metric topology [14] and Hutton’s uniform structure [22], respectively.

Definition 12. An extended Deng’s pseudo-metric metric on 1% is a mapping p : M x M —
[0, +00) satisfying the following conditions:

(E1) ifa > b, then p(a,b) = 0;
(E2) p(a,c) < p(a,b) +p(b,c);
(E3) p(a,b) = b/<\ p(a,c);

(E4) Ya,b € M, 3x £ b'such that p(a,x) < r < 3y £ a'such that p(b,y) < r

Theorem 9. If p is a Deng’s pseudo-metric on 1%, then p can be extended to p* : M x M —
[0, +c0) and p* is an extended Deng’s pseudo-metric.

Proof. Based on the given conditions, we can construct a mapping p* : M x M — [0, +0)
as follows:

(@) ifa,b € My, then p*(a,b) = p(a,b);
(b) ifa € My,b=y, then p*(a,y1) = \/lp(a,ye);
e<

(c) ifa=uxy,be My, then p*(x1,b) = A\ p(xe, b);

e<1
(d) ifa=b=uyy, then p*(y1,y1) = 0;
(e) Zfa - xl/b = ]/1/11 7é b/ then P*(xlzyl) - /\] p*(xC/yl) - /\ V P(xc/]/e)~
c<

c<le<1
Next, we will prove that p* satisfies (E1)~(E4) and p = p* | My x M.
(E1). Case 1. For any y; € M, by (d) we can obtain p*(y1,y1) = 0. Case 2. For any
Yyr € My, by (c) we can obtain p*(y1,y)) = /\ p(Ya,yp) = 0. Therefore, p* satisfies (E1).

(E2). Case 1. Let xq,z1,b € M. Assume that x;y = z1. Then, it is evident that
p*(x1,y2) + P (yr,z1) > p*(x1,21) = 0. Assume that x; # z1. Then, we can obtain the
following situations:

(1) Let b = y), € My. By definition, we have

P (x1,z1) <p eva) +p unz) © NV p(xwzy) < A plxwyr) + \ pyazy).

a<ly<1 a<l <1

Since Xu,z,,yx € M)y, it is true that p(xa,z,) < p(xa,yr) + p(Ya,2z,). Therefore,
we have

V p(xa,zy) < p(xaya) + \ Py, zy),
<1 y<1

and then A\ V p(x4,2,) < /\ p(xXa,ya) + v p(Ya, zy)-

a<ly<l

2)Letb=y1. Ifyy = x1 oryj = zy, then

p*(x1,21) < p*(x,y1) +p"(Y1,21) © p(x1,21) < p*(xe,x1) +p*(x1,21) = p*(x1,21)
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or

p*(x1,21) < p*(xn,y1) +p"(Y1,21) © p(x1,21) < p*(x1,21) +p*(21,21) = p*(x1,21).

Therefore, p* satisfies (E2).

Hence, let us assume that 17 # x; and y; # z;. In this case, we have the following
formula:

P (x,z1) < pr(apy) + iy z) © A\ OV p(raze) < AV plxwyp) + AV pyp zy).
a<ly<l a<lp<1 B<ly<1

Since when xy, 24, Y5 € My, p(xa,z4) < p(xa,yﬁ) + p(yﬁ,zv), we have

Zy V p(xa,z9) < p(xasyp) + \ p(yp zy);
<1 <1
K V p(xa,z9) < plxasyp) + N\ V pyp 20);
r<1 B<1v<1
Yp: \/ p(Xa,zy) < \/ p(xa,yp) + /\ \/ p(Yp,2zv);
<1 B<1 B<ly<1
Xy /\ \/ p(Xu,2y) < /\ \/ P(xtx’l/ﬁ) + /\ \/ P(?//S/ZW)-
a<ly<l a<1lp<1 B<19<1

Therefore, p* still satisfies (E2).
Case 2. Let x1,z) € Mpand letb € M.
(1)if b = yg € My, then

P (x1,22) < p(xryp) + 0" (g z0) & N p(xwza) < N plxwyp) + p(yp.221)-

a<l a<l

In fact, since for x4, z), yg € Mo, p(Xa,2)) < p(Xa,yp) +P(Yp,20), wehave A p(xq,z))
a<l

< A p(x0,yp) + p(yp,22). And so p* satisfies (E2).
a<l
(2) Let b = y1. If y; = x3, then
p*(x1,22) < p*(x,y1) + P (y1,20) € pr(x,20) < pP(xa,x1) +pt(x1,2a0) = p(x1,22).

If y1 # x1, then

P (x1,za) < prleLy) + P (v za) © A plxwza) < AV pleayp) + N plygza)-

a<l a<lp<1 B<1

Due to any x4, 2),Yp € Mo, p(xa,z)) < p(x,x,y,g) + A p(yﬁ,zA), we have the follow-
B<1

ing formulas:

Yp plxa,za) <\ plxyp) + N\ plyp za);
p<1 B<1
A Gaz) < AV playp) + A ppzn)-
a<l1 a<l1p<1 p<1

Therefore, p* fulfills (E2).

Case 3. Let x), € Mg and letzy, b € M.

(1) Assume that b € M. Then,

p*(xr,z1) < p*(xp,b) +p*(bz1) & \</1P(XA,Z/X) < plxa,b) + \</1P(b/2a)‘
14 ®

For any z, € My, we can obtain
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p(xr,za) < p(xa,b) + p(b, 2a)-

Furthermore, we have

Za V p(xaz) < plxa,b) + \ p(b,z0).

a<l a<l

Therefore, p* satisfies (E2).

(2) Assume that b = y1. Then, we have the following two cases:
If y; = z1, then

p*(xa,z1) < p*(xa,y1) + P (y1,21)
<~ p*(x/\/zl) < p*(x/\/zl) + P*(Z1,Z1) = P*(x)wzl)-
If y; # z1, then
p*(xa,z1) < p*(xa,y1) + P (y1,21)

&\ prnza) <V oplnypg) + A\ V pyy,20)-

a<l B<1 r<14<1
For X\ Za,Yp € My, we have

p(xr,za) < p(xa,¥p) + P(Yp, Za)-

Zy : p(xr,za) < plea,yp) + \ pyp 2s)-
o<1

Yp p(xa,za) < pxayp) + N\ Py, 2s),
y<lé<1

Yp: p(xaze) <\ plevyp) + N\ V p(ye,2s),

B<1 r<14<1
Zy: V p(erza) <V oplanyg) + N\ V ey 2s)-
a<l B<1 r<14<1

Therefore, in this case, p* still satisfies (E2).
Case 4. Let x4, zy € My and letb € M.
Iy = Yp € My, then

p*(Xa,z9) < p* (X0, yp) + 10" (Yp,29) & P(Xa,29) < p(Xa,yp) + P(Yp, 2y)-

(2)If b = yq, then

P (Xa,29) <P (e, y1) + P (V1,29) © p(x029) <\ plxayp) + N pyp 29)-

B<1

For xq,z+,yp € Mo, we have

p(xuzy) < p(xa,yp) + pyp 29)-
Taking union and intersection for yg, respectively, we can obtain
p(xa,z9) <\ p(xayp) + N pyp29)-
B<1 B<1

Hence, p* fulfills (E2).
In summary, p* satisfies (E2).
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(E3). Case 1. Let x,,,y5, € M. Since p* satisfies (E1) and (E2), we have p*(x;,,y1) >
p*(xa,,y2)- Thus,

P yn) = N P (anys) Apt(xany1) € plxanya,) = N\ p(xa,vs)-
1>s>A; s>Ap
Therefore, we have
p(xa,yn,) = N pxa,,ys).

s>Ap

Therefore, p* satisfies (E3).
Case 2. Let x), € Mp and let y,, = y1.
Since p* satisfies (E1) and (E2), we can obtain

P (xa, 1) = N pr(xa,,ys)-

s>1

Case 3. Let xy, = x1 and lety,, € My. Then, we have

pi(x,yn) = N Pruyg) € A p(xayr,) = NN p(xayp).

B>A2 a<l B>Ar a<1
Since p* satisfies (E1) and (E2), it is true that p*(x1,y5,) < A p*(x1,¥p)-
B>A2

Conversely,

ve< A payp) = N\ A plxayp)

B>An B>Ap a<1

=VB> A e< /\ p(xa,yﬂ) = VB> A, Va<1,e< p(xa,yﬁ)

a<l

=Va<le< A plxwyp) = plxayr,)
B>Az

=e< N\ p(xa,yr,) =P (x1,12,)

a<l

= p*xLy,) = N\ P, yp).
B>A2
Case 4. Let x), = xq and let y), = y;. This situation is meaningless and negligible.
In summary, p* satisfies (E3).
(E4). Let x),,ya, € M.
Case 1. Let x), = xq and let y), = y) € Mp.

Since (E4) & A p*(xa,¥s) = A p*(ya, Xn), we need to testify
s>1—Ayp h>1-A

A P (anys) = A pr(va x).

s>1—-A h>0

(1) Let x; = y1. Owing to {\ Ap* (x,ys) = AN pP*(y1,¥s) ANp*(y1,y1) = 0and
s>1—

1>s>1—-A

A rwnx) = N P x) Ap*(xn, 1)
h>0 1>h>0

= /\ p(xp, xp) Ap*(xr,x1) =0 (Because h > 0= Fh = A = p(x,,x,) =0),
h>0

we can obtain A p*(xl,ys) = A p*(yA,xh)~
s>1—-A h>0
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(2) Let x1 # y1. By (E1) and (E2), we have p*(x1,ys) < p*(x1,y1) and p*(ya, x,) <
p*(ya, x1). Thus,

N Prxnys) = Nriva) < N pr(xuys) Ap*(x,yr) =
s>1—-A h>0 1>s>1-A

A NAprGuys) = A prnx) Aptvax) = N plyaxn).

s>1—-Aa<l 1>h>0 1>h>0

Therefore, we need to prove

A A rGwys) = N plya ).

s>1-Aa<l 1>h>0
In fact, by (A4) we have
AN ArGuy)= A Aprisxiw) = N\ N plypxy).
s>1-Aa<l s>1-Aa<l B<A >0

Thus, we need to prove

A rnx) = N\ N plyp xq).

1>h>0 B<A >0

This proof is as follows: for eache < A A p(yp, xy), we can obtain
B<A >0

e< A A p(yp, xy) & VB <A and Vy >0,e < p(yg, xy) & ¥y >0 have e < A p(yp, Xy)
B<A >0 B<A

S Vr>0e< A plypxy) =plynxy) S e< N plynxy) = N plya x).
B<A >0 h>0

Conversely, it is true for inequality similarly.

Case 2. Let x), = x) € My and let y), = y;. By above Case 1 and (A4), we exchange
x1 and y, to fulfill. This proof is omitted.

Case 3. Let x), = xq and let y), = y1.

Since
AN (s ys) = AN P axa) & A pr(xLys) = A pr (v xn)
s>1—Ay h>1-Aq 5>0 h>0
< AApGuys) = A CA pyr ) = A (A p(xionyir)
s>0 t<1 h>0 r<1 h>0 r<1
= /\ ( /\ pP(X1—p,Yo)) = /\ ( /\ p(xu,yv)),
h>0 v>0 u<l v>0

it is necessary to prove

A A pGeys) = N\ O plaw o).

s>0 t<1 u<l v>0

This proof is based on the following equation:

w= N(Apx,ys) = Vs >0Vt <1,pxr,ys) >w= N\ (N plxwy)) >w

s>0 t<1 u<l v>0

Similarly, the inequality holds conversely.

In summary, p* satisfies (E4).

Therefore, p* is an extended Deng’s pseudo-metric on IX. Let p = p* | My x M.
Then, it is obvious that p is a Deng’s pseudo-metric. [J
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Now, we analyze the relationship between the two topologies induced by p* and p,
respectively. For this purpose, we will need the following two lemmas:

Lemma1l. Let p: M X M — [0, +o0) be a mapping and define W,(a) = {b € M | p(a,b) < r,
r € [0, +0c0)}. Then, p satisfies (A4) if and only if foreachb € M, \/ Wy(b) = W,(a).
b<a

Proof. Because W, (b) £ a’ <, there exists x £ a’ such that p(b, x) < r, (E4) is equivalent
to Wy(a) £ V' < W,(b) £ a’ for any a,b € M. Therefore,

Wr(a) <V & We(b) <a' = \

Sx<aW(b) <X ex<aW(x) <V & \/ W(x) <V
Therefore, the proof is completed. O

Lemma 2. Let p be an extended Deng’s pseudo-metric on 1X. Then, the family {W,(a) | a €
M, r € [0,+00)} is a base for a topology.

Proof. We need to prove that the family 7, of arbitrary unions of members of {W;(a) | a €
M,r € [0,+0)} is a [0, 1]-topology, whose base is exactly the family {W,(a) |a € M,r €
[0, +00) }. Hence, we only need to prove that the intersection of any two elements of T,
belongs to 7.

Let A = Ws(a) AWi(b). If s =0or t =0, then A = 0. Thus, we may as well suppose
s #0and ¢t # 0 and let A # 0. For any standard fuzzy point ¢ < A (here and in the
proof, each "< " is strictly smaller), we have ¢ < W;(a) and ¢ < W¢(b), and then we have
p(a,c) <sand p(b,c) < t. Letr. = (s —p(a,c)) A (t — p(b,c)). Now, we come to prove
A=V Wy (c).

c<A

It is obvious that A < \/ W, (c). Conversely, let a standard fuzzy point e <
c<A
V Wi (c), then there exists ¢ < A such thate < W, (c), and then p(c,e) < r.. There-
c<A

fore, there are p(c,e) < s — p(a,c) and p(c,e) < t — p(b,c), which imply that p(a,e) < s
and p(b,e) < t hold. Hence, we can obtain ¢ < Ws(a) and e < W;(b), and thene < A.
Therefore, A > \/ W;_(c). The proof is completed. O

c<A

Theorem 10. Both p* and p induce the same topology.

Proof. By Theorem 1 and Lemma 2, {U,(a) |a € My, r € [0,+00)} and {W,(b) | b € M,r €
[0, +00) } are a base for {, and T+, respectively.

(i) let b = x4, € My.

Because Wy (xa) = V{yg € M | p*(xa,yp) < r}, we have

Wi (xe) = \/{yﬁ € Mo | p(xa,yp) <1} = Ur(xa)

for each yg € M = yg € M. Thus, in this case, Wi (xy) = Up(xy).
In the other case, besides yp € M, there exists index I" with Vi € T such that Yg, =11
and p*(xq, 1) <.
By (b) in definition of p* (see Theorem 9), we can obtain ﬁ\/ p(xa,yp) = p*(x0,y1) <
<1

Therefore, for each i € T, we have p(xy,yp) < rif p*(xa,y1) < r, where p < 1. It
follows that yg € U, (x,), and then Vyg =y1 < U, (xy), which implies Wy (xy) < Uy (x4).

Conversely, it is evident that U, (xy) < W, (xa).

(ii) let b = x3.
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Since p* is an extended Deng’s pseudo-metric, by Lemma 1 and (i) we can obtain

Wr(x1) = \/ We(xa) =\ Ur(xa).

a<l a<l

Therefore, for any W, (xq), it is the union of some members of {U,(b) | b € My, r €
[0,4+00)}. O

Corollary 1. If p is a Deng’s pseudo-metric, then {,=Tp~.

Proof. From Theorems 9 and 10, it is evident. O

Just because of Theorems 9 and 10, it is very natural for us to use My to research
Deng’s pseudo-metric and its deduced topology. Therefore, it is no surprise that many
scholars have achieved many excellent works by utilizing My to investigate Deng’s metric
(for more details, see [12,13] etc.).

It is equivalent for us to use My and M to characterize Deng’s metric topology. There-
fore, if we do not offer a special explanation, the subsequent discussions are based on
M.

4. Quotient Space and the Further Extension of Deng’s Metric

In this section, in order to discuss the properties of quotient space related to Deng’s
metrics, first of all, we define T = {p | p as an extended Deng’s pseudo-metric on ¥} and
D = {p, | pa is a Deng’s pseudo-metric on IX}. Then, we can acquire the following result:

Theorem 11. Define a mapping f : T — D, where f is defined by Vp € T, let f(p) = ps =
p | My X My. Then,

(i) pgisa Deng’s pseudo-metric.

(ii) The mapping f is subjective.

Proof. (i). By the definition of extended Deng’s pseudo-metric, it is evident that (i) holds.
(ii). By Theorem 9, we easily obtain that (ii) holds. [

According to Theorem 11, we can obtain a very interesting quotient space of the family
of all extended Deng’s pseudo-metrics. The details are as follows:

Take any p; € D and let By, = f~!(p;). Then, B, is the equivalence class of
D = {p4 | pa is a Deng’s pseudo-metric on [X}. Define Q = {B,, | ps € D}. It is evident
that () is a quotient space of T. The metric topology of each extended Deng’s pseudo-metric
in the equivalence class f ~!(p,) is the same topology induced by the expansion function
pj; of pa. It follows that there is a one-to-one mapping from D to Q).

In addition, by Theorem 9, we can define an extended Deng’s pseudo-metric on LX,
by using M (LX) as follows:

Definition 13. A mapping p : M(LX) x M(LX) — [0, +c0) is called a Deng’s pseudo-metric
on LX if it satisfies the following conditions:

(M1)Va,b € M(LX), ifa>b, then p(a,b) = 0;
(M2)Va,b,c € M(LX), p(a,c) < p(a,b) + p(b,c);
(M3)Va,b € M(LX), p(a,b) = A p(c,b);
a<c
(M4)Va,b eM(LX), 3x £ a'such that p(b, x) <r< 3y £ b'such that p(a,y) < r.
This is a type new metric on completely distributive lattice LX, which is parallel to

Erceg’s metric [14] and Yang-Shi’s metric [29]. So far, there almost is not any research about
it on LX. Maybe, this extended Deng’s metric should be investigated.
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5. The Relationship between Deng’s Metric and Yang-Shi’s Metric

In this section, we will show a commutative property of Deng’s metric and investigate
the relationship between Deng’s metric and Yang-Shi’s metric on I%.

Theorem 12. If a mapping p : My X My — [0, +00) satisfies (A1)~(A3) and the following
property: (C4)* Vx,,,yx, € Mo, p(xp,,Yp,) = P(Yr,, XA, ), then p is a Deng’s pseudo-metric.

Proof. Case 1. Let x),,y), € Mg and lety = x. (i) if Ay > Ay, then by (A1) p(x,,,x),) = 0.
In addition, since 1 — Ay < 1 — Ay, it is true that p(x;_,,,x1-,,) = 0. Therefore, we
can obtain p(x,,,xa,) = p(x1-a,, X1-,)- (ii) when Ay < Ay, by (C4)*, this conclusion is
also valid.

Case2. Letx),, ¥, € Mpand x # y. In this case, we will discuss it in two different situations.

Situation 1. Let A; < 1 — Aq. Under this condition, we still divide the discussion into
two sub-situations (a) and (b) as follows:

(a) Assume that A, <1 — A,. Then,

P(Yay xa) = P(Xay,Y0,) < p(Xa,Y1-2,) + P(Y1-0y0 Yay)

= p(x)\yyl*)tz) = p(ylf/\zrxf\l)'

Moreover, we can obtain the following equation:
P(Y1-ny%0y) S P(Y1-a0 Y2,) + P(Yay Xay) = P(Yay X2, )-
Thus,
PYryr X)) = P(Y1-2,, X0, )- 1)
Similarly, we can obtain
P(W1-ay%a;) S p(W1-ay ¥1-a,) (X120, 20,) < P(Y1-2, X1-0,)-
In addition, we have
P(Y1-2rX1-2,) < PY1-ay Xa) + (XA, X1-0,) = P(Y1-2y0 X0, )-

Thereby, we can assert

P(Y1-2y%r,) = P(Y1-2p, X1-2,)- )

Furthermore, by (1) and (2), we know p(y,,, X)) = p(¥1-a,, X1-1, ), thatis to say, we
have the following equation:

pOr,Yag) = P(Y1-2p %10, )- ®)
(b). Assume that A, > 1 —Ay. If B = 1 — Ay, then A; = 1 — B, and consequently,

1—B = Ay >1— Ay = B. Due to the fact that j satisfies (a), by (3) we have p(x,,,yp) =
p(y1-p,x1-2,)- Hence, let p(x),,y1-4,) replace p(y1-,,, ), ). Then, in this way we can obtain

Py1-ap%0,) = pYag X1-0,)- ()
Moreover, by (4) we have the following formula:
P(Y1-n X1-2,) = P(¥1-a1, Y1-2,) < p(x1-aYay) + P(Ya Y1-2,)

= p(x1-a,Y0,) = PWay X1-1,) = P(Y1-2p0 X2, )-
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Again by p(y1-a,,%x,) < p(Y1-ay X1-2,) + P(¥1-2,,%0,) = p(Y1-2,, X122, ), We can
obtain

P(Y1-2yX2,) = P(Y1-7ps X121, )s )

According to (5), we need to prove
P(Yay xay) = p(X1-a Y1-2,) = P(Y1-2p0 X¥1-2,)

© PWry Xa,) = p(Y1-ay, X0,) < py1-p xn,) = Py, xa,)-
This is exactly the case of (a). Thereby, it is true for p(ya,, x),) = p(¥1-a,, X1-»,), that
is, it holds for
p(xa,¥ay) = P(Y1-ap X1-2,)- ©6)

Situation 2. Let Ay > 1 —Ay. If a =1 — Ay, then Ay =1 — a. Thus, 1 —a > a. By case
1, we can assert either A, < 1 — A, or Ay > 1 — Ay. Therefore, when 1 — a > &, we must
have the following equation:

P(Xu,Yr,) = P(Y1-1pr X1-a)- (7)

Namely

p(xlf)\ﬂy/\z) = p(yl*/\zr x/\l)' (8)

Similarly, by repeating the process from (4) to (6), we can obtain p(x),,¥x,) = P(Y1-1,,
X1—),)- In summary, this conclusion is true. Therefore, this proof is completed. [

Theorem 13. If p is a Deng’s pseudo-metric on 1%, then p is a Yang-Shi’s pseudo-metric.

Proof. For any two fuzzy points x, and y;, we only need to prove p(xs, yp) = A p(xc, yp).
c<a

If ¢ < a, then p(x4,yp) < p(xc,yp), and then p(x,,y,) < A p(xe,yp). I p(xa,yp) =1 <
c<a

A p(xc,yp) = t, then by (A4) we have p(y;_p, x1—,) = ¥ < t, so that by (A3) there exists

c<a

anumber s > 1 — a such that p(y,_p, xs) < t, i.e., p(x1_s,¥p) < t. But this contradicts
A p(xc,yp) = t. Consequently, p(x4,yp) = A p(xc,yp), as desired. [
c<a c<a

Conversely, we have the following conclusion:

Theorem 14. If p is a Yang-Shi’s pseudo-metric and further satisfies the following condition: (K3)*
p(xp,,¥r,) = V p(Xs,¥a,), then p is a Deng’s pseudo-metric.
s>Ay

To prove Theorem 14, we first need to prove the following two Lemmas.

Lemma 3. Let p be a Yang-Shi pseudo-metric on IX and for each r € [0,1) define U, (a) = \/{b €
IX| p(a,b) < r}. Then, Uy(y)) = V APr(ya)’.
a>1—

Proof. Let xg € 'V P,(y,x) and take 7 such that x5 < x, < \/ APr(ya) Because
a>1—

1—-vy> A Pr(y,x)( ) there exists a number « > 1 — A such that 1 — v > Pi(ya)(x), and

a>1—

then for each 0 >1— v wehave d > Pr(yq)(x). Therefore, by Theorem 6 we can obtain
p(xs5,ya) < r. Again, by (A3) of (I) in Introduction ((A3) on the special case I X of LX is : for
any xp,,Ya,, 3t > 1= Ay s.t. p(ya,, x1) <71 < 3Is > 1Ay st p(xy,,ys) < 1), there exists
Xw(x5) (xe which has something to do with xs5) with w > 1 — J such that p(y,, xo) < 7.
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Let x; = V{xw(xs) | 6 > 1 —7}. Then, x5 £ x1_g, i.e., x5 > x1_4. This implies that as long
as Xs > X1_,, it must hold that x5 > X1-g- Thus, x, < x;. Since xp < Xy < Xg, there exists
X (x5) such that xg < x4, and so p(yx, xg) < p(ya, Xw) < r. Hence, xg < Uy(y,). Because
xp is arbitrary, we have \1/ APr(ya)’ < U (yyp).
a>1-
Conversely, let x, € U;(y,). Then, p(y, xa) < r. For each Xp > X1_g i€, 0 >1—B,
by (A3) there exists v > 1 — A such that p(xg,y,) < r, and then by Theorem 6, x5 £ P;(y)-

Hence, xs £ A P (yy)- That is to say, as long as Xg > X1_g, 1€, Xg £ X1, itis true
¥>1-A

that xg Z A Pi(yy). Consequently, A Pr(y,)(x) < x1_y, i€, 2 <V Pry,).
r>1-A r>1-A y>1-A

Because ¥, is arbitrary, we have U, (y,) < V P.(y,), as desired. O
Y>1-A

Lemmad. Ifpisa Yang-Shi’s pseudo-metric on IX, then \/ p(xa,yr,) = V p(yAﬁ,xAl).
a>1-Aq B>1-2z

Proof. Denote \/ p(xa,¥p,) = V p(yAﬁ,xAl) as (H1). Then, it is easy to verify that
a>1-X4 B>1-Az

(H1) is equivalent to the following property:

(H1)* 3a > 1 - Ay sit. p(xa,yp,) >7r e IB>1—Agsit. p(y)\ﬁ,x;\l) > 7.

Now;, let us prove (H1)*.

Assume that there is & with & > 1 — A; such that p(x4, y,,) > r. Take a number s such
that p(x4,y),) > s > r. By Theorems 7 and 8, we assert that A, > Bs(x4)(v). Therefore, by
Lemma 3, we can obtain the following formula:

A2 > Bs(xa)(y) > Us(xa)(y) = \/  Ps(xy) ().
>1—ua

Thus, for every ¢ > 1 — a it is true that A, > Ps(x,)’(y). That is to say, as long as
> 1— A, ie, xy, £ x1_, such that p(xa,yp,) > 7, it is true that Ay > Ps(xy,) (y), ie.,
1 — A3 < Ps(xy,)(y)- Therefore, there exists y,, such that y;_,, < y» < Ps(x,),), and then
P (Yew, x)\l) > s > r by Theorem 7. Similarly, so is the reverse, as desired. [

Proof. The proof of Theorem 14 is as follows:
Let p be a Yang-Shi’s pseudo-metric on IX and it satisfies p(xy,, yx,) = V p(xs,ya,)-
s>Ap

Then, we only need to prove that p satisfies (A3) and (A4).
(Ad). Given any x, ,y), € Mp. According to Lemma 4, we have

\/ P(xﬁ/y/\2> = \/ p(y/\ﬁ/x)q)/
a>1—Aq ﬁ>l*/\2

and then p(xl,Al,y,\z) = P(]/l—)wx/\l)-
(A3). By (A1) and (A2), if A3 > Ay, then p(ya,, xa,) < P(Ya, Xa,)- Thus, p(ya,, xa,) <

A Py xas). -

Az>Aq

Conversely, take any r with 7 € (0, +0) such that p(yy,, x),) < r. Then, by (A4) we
have

pPWnyxa,) = pP(xianvi-a) = N\ ployioa,) <.
h<l—M\q

Therefore, there at least exists & with h < 1 — Ay such that p(x,y1-),) < 7, ie,
p(y;\z,xl_h) <r.Letl—h=A;5.Then,h<1—A1 A <1—h=Ajand p(y)\z’x)\s) <r.
Consequently, p(y)\Z,x,\l) > A p(yAZ,x,\3), as desired. O

3>M

Example: Suppose that py is distance function in usual sense on X. For any by, a, €M,

let p(by,a,) = po(b,a) + max{A — u,0}. Then (I%, p) is a Deng’s pseudo-metric.
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Let us use Theorem 14 to verify this example. In fact, because 2, % b;, impliesa =b
and A > 1—y,and a, < by, is equivalent to 2 = b and A < y, we need to verify that
p satisfies the following conditions: (A1)—(A2), (B2), (A4) and (K3)* by max{A — u,0} =
3A =+ A —ul).

(Al). For any a,,b, € M and a, < by, we can obtain a = b and A < p. Therefore,
p(by,ay) = 0.

(A2). For any a,, by, c, € M, we have

P(bwﬂA) + P(Cv/ )

= po(ba) +3(A— ot 1A= pl) 4 pole,b) + +a(p—v+lp—v)

— po(b,a) + polc,b) + 2 —v) + (1A — | + | — )

Zm@ﬂ%+%A*V+M ul) = plev,an).

(B2). For any a,,b, € M, we have

A plenar) = A lpo(e,a) +3(A =7+ A —1)]
cr<by c=bT<pu

—mwa%%A Fw—p+v—nul)

= po(b,a) + AA pt A =pl) = plowan).
(A4). To prove (B3), it only suffices to verify A p(by,xy) = A p(ar, yq). Infact,
Xy ﬁal)‘ Yt ﬁb;x
its proof is as follows:

A plbux)= A [polb,x)+3(v—p+|v—pu])]

xy £d) x=a,y>1-A
=po(b,a)+ A %W—M+W—MD
v>1—
= po(b,a) + 2O—A—F+H—A—um+ A F(T=A+|T—Al

™>1—p
- /\ P (ﬂ)\, yT) .
Yz ﬁb]a
(K3)*. For any a;_,, b, € M, we can verify the following equations:
Vopleb) =V [po(xb) +3(n—v+ | —v])
xy £aly x=a,y>1-A
=polab)+ V 3(p—v+|u—vl)

v>1-A

=po(a,b) + 3(A+p =1+ A+ p=1))] = par_p, by).
Corollary 2. A Deng’s pseudo-metric on X is Q — Cy.

Proof. By Theorem 2 and Theorem 13, it is evident for the result to hold. O

According to Theorem 8, we have known that an Erceg’s metric must be a Yang-Shi’s
metric. Again by Theorem 13, we can obtain that a Deng’s metric must be an Erceg’s metric.
In addition, existing achievements (refer to [14,24,25]) have shown that Erceg’s metric’s
uniform structure must be Hutton’s uniform structure [22]. Therefore, we can assert that
Deng’s metric topology and its uniform structure are Erceg’s metric topology and Hutton’s
uniform structure, respectively.

6. Conclusions

In this paper, firstly, we extend the domain of Deng’s metric function from My x My
to M x M. Secondly, we further extend this metric to LX and, based on this extension
result, we compare this metric with the other two kinds of familiar fuzzy metrics: Erceg’s
metric and Yang-Shi’s metric, and then reveal some of its interesting properties, particularly
including its quotient space. Thirdly, we prove that a Deng’s metric must be a Yang-Shi’s
metric on [X, and consequently an Erceg’s metric. Finally, we will show that a Deng’s
metric must be Q — Cy, and Deng’s metric topology and its uniform structure are Erceg’s
metric topology and Hutton’s uniform structure, respectively.
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In the future, we will continue to consider Deng’s metric on L-topology. Additionally,
we will further investigate Erceg’s metric, Yang-Shi’s metric and Deng’s metric on LX.
Moreover, we will continue to conduct research on the kind of lattice-valued topological
spaces, each of whose topologies has a o-locally finite base. Beyond that, we also intend to
inquire into the metrization problem in [0, 1]-topology.
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