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Abstract: The present study deals with electrically conductive fluid flow across a heated circular
cylinder to examine the oscillatory magnetic flux and heat transfer in the presence of variable surface
temperature. The proposed mathematical formulation is time-dependent, which is the source of the
amplitude and fluctuation in this analysis. The designed fluctuating nonlinear computational model
is associated with the differential equations under specific boundary conditions. The governing
equations are converted into dimensionless form by using adequate dimensionless variables. To
simplify the resolution of the set of governing equations, it is further reduced. The effects of surface
temperature parameter β, magnetic force number ξ, buoyancy parameter λ, Prandtl number Pr, and
magnetic Prandtl parameter γ are investigated. The main finding of the current study is related
to the determination of the temperature distribution for each inclination angle. It is seen that a
higher amplitude of the heat transfer rate occurs as the surface temperature increases. It is also
noticed that the oscillatory magnetic flux becomes more important as the magnetic Prandtl number
increases at each position. The present magneto-thermal analysis is significantly important in practical
applications such as power plants, thermally insulated engines, and nuclear reactor cooling.

Keywords: variable surface temperature; oscillatory heat transfer; periodic magnetic flux; amplitude;
phase angle; magnetized cylinder

MSC: 76R05; 76R10

1. Introduction

Mixed convection typically occurs when forced and free convective processes interact
to provide simultaneous flow and heat transfer. There are several mixed convective heat rate
mechanisms which are less considerable due to high temperature difference between the
system and the fluid. To avoid these higher temperature-dependent systems, the induced
magnetic field serves to control the flow and heat transfer. The magnetic geometries are very
important in modern technologies and industries to protect heating devices from cracking,
melting, and excessive temperature. Since mixed convection in magnetic fluids have
various practical implications, particularly in overheating processes, multiple scientists
have recently focused on this phenomenon. Due to the technical nature of its uses including
sunlight conservation, transpiration equipment, electric equipment temperatures, and heat
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exchangers, mixed convective thermal transmission around circular shapes is a significant
problem. Several industrial uses, including ultraviolet preservation, heat exchangers,
condensation apparatus, electrical devices, biomedical research, nutrition, and nuclear
reactors, can benefit from the implementation of MHD free/forced flows to enhance the
heating control mechanisms. The presence of an electromagnetic field within the liquid
affects, controls, and regulates how fluid flow and transfer of heat processes behave. It
occurs in a number of topics, including stellar physical science, biotechnology, transfer of
heat and mass, metals, thermally active plasma, magnetic energy sources, magnetic power
plants, thermally insulated engines, and nuclear reactor coolers.

Farid [1] computationally investigated magnetohydrodynamic convection in a cavity
equipped with an internal hot cylinder. The outcomes were presented in terms of stream-
lines, thermostatic segments, and averaged Nusselt numbers. Wang et al. [2] provided
a general assessment of the stagnation point combined with the convective heat transfer
between a static fluid and a circulating or nonrotating cone. They employed a suitable linear
interpolation that is universally valid across the entire spectrum of mixed convection flow
and computationally intensive for calculations. Dinarvand et al. [3] investigated the MHD
mixed convection of a noncompressible viscoelastic and electrically conductive hybrid
nanofluid flowing towards a flat stagnant region on a parallel perforated stretched surface.
The mathematical model of the transient MHD free convection across a vertical channel
immersed in a porous material having surface concentration and temperature along with
radiant heat was reported by Reddy [4]. The Crank–Nicolson approach was used to convert
the governing equations into their dimensionless form. Javaherdeh et al. [5] carried out a
computational assessment of the double stagnation point free convection flow with mass
and heat transport through a movable vertical surface in a porous media subjected to a
transverse magnetic field. The concentration and temperature at the boundary surface were
expressed according to a power-law model. Mahdy [6] conducted a computational study to
examine the electrically charged non-Newtonian Casson flow of a nanofluid in the forward
stagnation point area of a spontaneously revolving sphere with a changeable heated wall
under hydromagnetic free and forced convection. A range of experimental formulations for
the efficient temperature and viscosity of a nanofluid indicated a single-phase movement
of nanofluid hypothesis.

Ali [7] quantitatively examined the mixed convection in a nanofluid-filled curved duct.
It had been assumed that the duct held two revolving spheres. The duct is heated from the
bottom curved surface and cooled from the surface. Bég et al. [8] proposed the conceptual
and computational modeling of the MHD free convection of micropolar biological non-
Newtonian polymers parallel to a cylinder. Al-Farhany et al. [9] analyzed the effect of
using baffles on the nanofluids convection in 2D cavities. Using the Keller box approach,
Al-Mdallal et al. [10] performed an optimization study of the entropy generation during
the MHD pseudoplastic nanopolymer coating flow over a circular cylinder.

Sofiadis [11] performed a numerical analysis of the micropolar flows in channels.
Heckel et al. [12] considered the transient convective flow in a laminar boundary layer
circulation along a thin vertical cylinder. The Nusselt number was found to vary linearly
with the mixed convection index. Chen et al. [13] studied numerically the transfer of heat
and flow features of laminar heat convection over horizontal, angled, and vertical flat
surfaces. The effect of the thermal stability on the flow of a viscoelastic second-grade
fluid past a vertical, continuous, stretched surface, where the temperature and velocity
gradients are expected to oscillate according to a power-law shape, was evaluated by
Mushtaq et al. [14]. To statistically address the issue, the bvp4c code system integrated into
MATLAB was used. Hossain et al. [15] evaluated the laminar two-dimensional unsteady
mixed-convection boundary-layer flow of a viscous incompressible fluid past a sharp
wedge. Koh and Hartnett [16] approximated the boundary-layer system of equations for
fluid flow through permeable wedges with suction, incorporating isothermal and changing
wall thermal performance.
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In the work of Lim et al. [17], the finite-element method was used to create an opti-
mized slipping motion framework, using a changed wall requirement. Sodeifian et al. [18]
performed rheological tests in the region of linearity, such as static kinetic moduli, con-
tinuum relaxation range, and zero-shear thickness, to highlight the solid-like properties
generated in unaltered epoxy. A rheometer with large scales of shear was used to measure
complex viscous characteristics. In the paper of Sodeifian [19], a movable surface rheometer
with a shearing stress transmitter was created. Alharbi et al. [20] investigated the ther-
modynamic characteristics of an MHD fluid across a symmetrical shape under slipping
behavior. Ullah et al. [21] studied the effect of surface energy flux on the flow separation
across a heated geometry under thermal convection effect. Hossain et al. [22] investigated
the effect of a small fluctuation in the flowing stream and the surrounding temperatures on
the damping free/forced laminar fluid motion via an inclined wedge. Maranna et al. [23]
investigated the mechanisms of mass consumption of a dense liquid, using MHD and
radiative impacts. Mabood et al. [24] successfully conducted a numerical study on the
Jeffrey nanofluid flow under heat dissipation and magnetohydrodynamic effects. The nu-
merical simulation of skin friction was well compared with the existing literature in [25,26].
Ullah et al. [27–29] assessed the thermodynamic behavior of a magneto-viscous fluid across
a circular surface under induced magnetic distribution.

Heat transfer is a process that occurs in several engineering and industrial applica-
tions such as heat exchangers, microelectronic freezing machines, structural ventilation
and temperature control systems, renewable power generators, and nutrition heating and
cooling machines. Scientists have paid a great deal of interest in the impact of circular
geometries on convection and heat flows at specific boundary conditions because of their
numerous practical uses. The exploration of magnetically charged fluids, including plasma,
minerals, seawater, and liquid metals materials, refers to magnetohydrodynamics. Numer-
ous mechanical and commercial uses for this kind of liquid exist, including crystallization,
electromagnetic drug concentration, MHD detectors, and energy production. The strength
of inductive magnetic force increases the MHD. Due to its practical application in a variety
of technological and science-related fields, including thermonuclear generators, fiber-optic
filtration, crystallization, metalworking, photonic transplants, and material bending, MHD
has attracted a lot of interest. When electromagnetic fields and electrical energy communi-
cate, Lorentz forces are produced.

The objective of the present work is to illustrate the transitory, oscillating, amplitude,
and phase angle behavior of heat transfer and magnetic flux across a magnetized cylinder
with variable surface temperature. This study is very significant to control overheat rate
between the cylinder and the fluid. The novelty of this study is in the investigation of
the computational and physical characteristics of the oscillatory heat transfer rate and
oscillatory magnetic flux at three positions (α = π/6, α = π/3, and α = π) with variable
surface temperature. The heat transfer and current density phenomena are examined
numerically. The primary innovation of the present study is the direct solution of periodical
coupled partial differential equations, using the finite-difference scheme and permittivity
variable transformations. The phase angle, periodic rate of heat transfer, fluctuating skin
frictions, and oscillatory magnetic flux are illustrated by analyzing steady-state values at
prominent angles.

2. Problem Statement and Mathematical Formulation

A two-dimensional oscillatory mixed convection flow separation phenomenon around
a warmed cylindrical surface is considered. Figure 1 shows the studied configuration with
the y-axis taken perpendicular to the cylinder’s area and the x-axis taken parallel to its
heated portion. The terms u and v denote the x-axis and y-axis’s velocity vector components,
Hy is the normal component of the magnetic field, and Hx denotes the component of the
magnetic field parallel to the surface of the cylinder. Moreover, Tw is the temperature at the
cylinder’s surface, T∞ is the temperature far from the surface of the cylinder, Ho represents
the magnetic intensity at the circular heated surface, y = 0 corresponds to the surface of the
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cylinder and U(x, t) for external fluid velocity. The gravity force is acting downward. The
surface temperature is assumed to be variable by taking T = Tw = T∞ + bxβ in the energy
equation and boundary conditions. The dimensionless governing equations are expressed
as follows:

∂u
∂x

+
∂v
∂y

= 0 (1)

∂u
∂τ

+ u
∂u
∂x

+ v
∂u
∂y

=
dU
dτ

+
∂2u
∂y2 + ξ

(
hx

∂hx

∂x
+ hy

∂hx

∂y

)
+ λθsinα (2)

∂hx

∂x
+

∂hy

∂y
= 0 (3)

∂hx

∂τ
+ u

∂hx

∂x
+ v

∂hx

∂y
− hx

∂u
∂x
− hy

∂u
∂y

=
1
γ

∂2hx

∂y2 (4)

∂θ

∂τ
+ β

uθ

x
+ u

∂θ

∂x
+ v

∂θ

∂y
=

1
Pr

∂2θ

∂y2 (5)
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The dimensionless boundary conditions are as follows:

u(0) = 0, v(0) = 0, θ(0) = 1, hy(0) = 0, hx(0) = 1 at y = 0, (6)

u(∞)→ U(τ), θ(∞)→ 0, hx(∞)→ 0 , as y→ ∞.

The present model is dimensionless, and the nondimensional values of x, y, hx, hy, t, u, v,
and T are given in Equation (7).

u = u
U∞

, v = v
U∞

ReL
1
2 , x = x

L , y = y
L ReL

1
2 , τ = U∞t

L , hx = Hx
Ho

, hy =
Hy
Ho

ReL
1
2 , α = x

a ,

∆T = Tw − T∞, T−T∞
∆T = θ

(7)

Mixed convective parameters λ and ζ represent the variable surface temperature
numbers, γ is the magnetic Prandtl parameter, Pr is the Prandtl parameter, ξ represents the
electromagnetic force number, and L represents the diameter of the cylinder.
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α =
κ

ρCp
, λ =

GrL

ReL2 , ReL =
U∞L

ν
, θ =

T − T∞

Tw − T∞
, Pr =

ν

α
, GrL =

gβ∆TL3

ν2 , γ =
ν

νm
, ξ =

µH0
2

ρU∞2 (8)

Now, the nondimensional form of PDEs is reduced to a steady and oscillatory form to
explore the amplitude and phase changes of fluctuating fluid by using Equation (9).

u = u0 + εuteiωτ , v = v0 + εvteiωτ , hx = hxo + εhxteiωτ , hy = hyo + εhyteiωτ , θ = θ0 + εθteiωτ (9)

Additionally, assuming expression (9) and following [20,21,27–29], we separately
replaced the nondimensional oscillating and nonfluctuating models by transforming similar
orders of O

(
ε0) and O

(
εeiωτ

)
.

Steady Equations:
∂u0

∂x
+

∂v0

∂y
= 0 (10)

u0
∂u0

∂x
+ v0

∂u0

∂y
=

∂2u0

∂y2 + ξ

(
hxo

∂hxo

∂x
+ hyo

∂hxo

∂y

)
+ λθosinα (11)

∂hxo

∂x
+

∂hyo

∂y
= 0 (12)

uo
∂hxo

∂x
+ vo

∂hxo

∂y
− hxo

∂uo

∂x
− hyo

∂uo

∂y
=

1
γ

∂2hxo

∂y2 (13)

β
uoθo

x
+ uo

∂θo

∂x
+ vo

∂θo

∂y
=

1
Pr

∂2θo

∂y2 (14)

with appropriate boundary conditions as follows:

u0 = 0, v0 = 0, θ0 = 1, hy0 = 0, hx0 = 1at y = 0, (15)

u0 → 1, θ0 → 1, hx0 → 1 , as y→ ∞

Oscillating Equations:
∂ut

∂x
+

∂vt

∂y
= 0 (16)

iω(ut − 1) + uo
∂ut

∂x
+ ut

∂uo

∂x
+ vo

∂ut

∂y
+ vt

∂uo

∂y
=

∂2ut

∂y2 + ξ

(
hxo

∂hxt

∂x
+ hxt

∂hxo

∂x
+ hyo

∂hxt

∂y
+ hyt

∂hxo

∂y

)
+ λθtsinα (17)

∂hxt

∂x
+

∂hyt

∂y
= 0 (18)

iωhxt + uo
∂hxt

∂x
+ ut

∂hxo

∂x
+ vo

∂hxt

∂y
+ vt

∂hxo

∂y
− hxo

∂ut

∂x
− hxt

∂uo

∂x
− hyo

∂ut

∂y
− hyt

∂uo

∂y
=

1
γ

∂2hxt

∂y2 (19)

iωθt +
β

x
(utθo + uoθt) + uo

∂θt

∂x
+ ut

∂θo

∂x
+ vo

∂θt

∂y
+ vt

∂θo

∂y
=

1
Pr

∂2θt

∂y2 (20)

along with boundary conditions as follows:

ut = vt = 0 , θt = 1 , hyt = 0, hxt = 1, at y = 0 (21)

ut → 1, θt → 1, hxt → 0 , as y→ ∞

Considering expression (22), let us introduce the next section of primitive factor
formulations of the static and oscillatory sections.
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u0 = U(X, Y), v0 = X−
1
2 V(X, Y), θ0 = θ(X, Y), hx0 = φxs(X, Y), hyo = x

−1
2 φys(X, Y), x = X , y = X−

1
2 Y (22)

The unsteady part is again converted in the form of imaginary and real equations. The
identifiable real and distinct imaginary formulations can be produced by using the Stokes
parameters for oscillations provided in expression (23), as in [20,21,27–29]:

ut = u1 + iu2, vt = v1 + iv2, θt = θ1 + iθ2, φt = φ1 + iφ2 (23)

Steady Primitive Equations:

X
∂U
∂X
− 1

2
Y

∂U
∂Y

+
∂V
∂Y

= 0 (24)

XUs
∂Us

∂X
+

[
Vs −

Y
2

Us

]
∂Us

∂Y
=

∂2Us

∂Y2 + ξ

[
Xφxs

∂φxs

∂Y
+

(
φys −

Y
2

φxs

)
∂φxs

∂Y

]
+ λθ sinα (25)

X
∂φxs

∂X
− Y

2
∂φxs

∂Y
+

∂φys

∂Y
= 0 (26)

XUs
∂φxs

∂X
+

[
Vs −

Y
2

Us

]
∂φxs

∂Y
− Xφxs

∂Us

∂X
−
(

φys −
Y
2

φxs

)
∂Us

∂Y
=

1
γ

∂2φxs

∂Y2 (27)

βUsθs + XUs
∂θs

∂X
+

[
Vs −

Y
2

Us

]
∂θs

∂Y
=

1
Pr

∂2θs

∂Y2 (28)

U = V = 0, θ = 1 , φys = 0 , φxs = 1, at Y = 0 (29)

U → 1, θ → 1, φxs → 0 , as Y → ∞.

Real Primitive Equations:

X
∂U1

∂X
− 1

2
Y

∂U1

∂Y
+

∂V1

∂Y
= 0 (30)

X
[
Us

∂U1
∂X + U1

∂Us
∂X

]
+
[
Vs − Y

2 Us

]
∂U1
∂Y +

[
V1 − Y

2 U1

]
∂Us
∂Y −ωX(U2 + 1)

= ∂2U1
∂Y2 + ξ

[
X
(

φxs
∂φx1
∂x + φx1

∂φxs
∂x

)
+
(

φys − Y
2 φxs

)
∂φx1
∂Y +

(
φy1 − Y

2 φx1

)
∂φxs
∂Y

]
+ λθsinα

(31)

X
∂φx1

∂X
− Y

2
∂φx1

∂Y
+

∂φy1

∂Y
= 0 (32)

X
[
Us

∂φx1
∂X + U1

∂φxs
∂X

]
+
[
Vs − Y

2 Us

]
∂φx1
∂Y +

[
V1 − Y

2 U1

]
∂φxs
∂Y −ωXφx2

−
[

X
(

φxs
∂U1
∂x + φx1

∂Us
∂x

)
+
(

φys − Y
2 φxs

)
∂U1
∂Y +

(
φy1 − Y

2 φx1

)
∂Us
∂Y

]
= 1

γ
∂2φx1
∂Y2

(33)

β(U1θs + Usθ1) + X
[

Us
∂θ1

∂X
+ U1

∂θs

∂X

]
+

[
Vs −

Y
2

Us

]
∂θ1

∂Y
+

[
V1 −

Y
2

U1

]
∂θs

∂Y
−ωXθ2 =

1
Pr

∂2θ1

∂Y2 (34)

U1 = V1 = 0 , θ1 = 1 , φy1 = 0, φx1 = 1 at Y = 0 (35)

U1 → 1, θ1 → 0 , φx1 → 0 , as Y → ∞

Imaginary Primitive Equations:

X
∂U2

∂X
− 1

2
Y

∂U2

∂Y
+

∂V2

∂Y
= 0 (36)
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X
[
Us

∂U2
∂X + U2

∂Us
∂X

]
+
[
Vs − Y

2 Us

]
∂U2
∂Y +

[
V2 − Y

2 U2

]
∂Us
∂Y + ωX(U1 − 1)

= ∂2U2
∂Y2 + ξ

[
X
(

φxs
∂φx2
∂x + φx2

∂φxs
∂x

)
+
(

φys − Y
2 φxs

)
∂φx2
∂Y +

(
φy2 − Y

2 φx2

)
∂φxs
∂Y

]
+ λθsinα

(37)

X
∂φx1

∂X
− Y

2
∂φx1

∂Y
+

∂φy1

∂Y
= 0 (38)

X
[
Us

∂φx2
∂X + U2

∂φxs
∂X

]
+
[
Vs − Y

2 Us

]
∂φx2
∂Y +

[
V2 − Y

2 U2

]
∂φxs
∂Y + ωXφ1

−
[

X
(

φxs
∂U2
∂x + φx2

∂Us
∂x

)
+
(

φys − Y
2 φxs

)
∂U2
∂Y +

(
φy2 − Y

2 φx2

)
∂Us
∂Y

]
= 1

γ
∂2φ2
∂Y2

(39)

β(U2θs + Usθ2) + X
[

Us
∂θ2

∂X
+ U2

∂θs

∂X

]
+

[
Vs −

Y
2

Us

]
∂θ2

∂Y
+

[
V2 −

Y
2

U2

]
∂θs

∂Y
+ ωXθ1 =

1
Pr

∂2θ2

∂Y2 (40)

U2 = V2 = 0, θ2 = 0, φy2 = 0, φx2 = 0, at Y = 0 (41)

U2 → 0, θ2 → 0, φx2 → 0 , as Y → ∞.

3. Computational Scheme

The mathematical Equations (24)–(41) are integrated in their fundamental version,
using the finite-difference method (FDM). This method is efficient for the problems with
two or more missing initial conditions and contains the coefficient matrix of the algebraic
equations in tri-diagonal form. The finite-difference scheme is a valid, stable, and frequently
used technique to solve boundary value problems. Further in this study, the domain of
interest is taken as 30 × 30 with a step size ∆x = 0.02, ∆y = 0.05 in the FORTRAN
language software, and the obtained results are asymptotic within the domain, by using
Tecplot-360 as shown in Figures 2–9. The Gaussian elimination approach is used to quantify
the physical results of updated algebraically defined equations containing U, V, θ, and
φ—undetermined coefficients in tridiagonal grid format. The discretized procedure for
first- and second-order derivative terms involved in the model is given in (42).

∂U
∂X

=
U(i, j) −U(i, j−1)

∆X
,

∂U
∂Y

=
U(i+1, j) −U(i−1, j)

2∆Y
,

∂2U
∂Y2 =

U(i+1, j) − 2U(i, j) + U(i−1, j)

∆Y2 . (42)
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Figure 4. Effect of surface temperature index (β) on (a) velocity profile U, (b) temperature profile θ,
and (c) magnetic field profile φ.



Mathematics 2023, 11, 3045 9 of 17Mathematics 2023, 11, x FOR PEER REVIEW 11 of 18 

Figure 5. Effect of Prandtl number 𝑃𝑟 on (a) velocity profile 𝑈, (b) temperature profile 𝜃, and (c) 
magnetic field profile 𝜙. 

Y

U

0.0 1.0 2.0 3.0 4.0
0.0

2.0

4.0

6.0

8.0

10.0

12.0

14.0
0.7
2.0
7.0
10.0
0.7
2.0
7.0
10.0

(a)

Pr

π/6 rad

π rad

Y

θ

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

1.0
0.7
2.0
7.0
10.0
0.7
2.0
7.0
10.0

(b)

Pr

π/6 rad

π rad

Y

φ

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0
0.7
2.0
7.0
10.0
0.7
2.0
7.0
10.0

(c)

Pr

π/6 rad

π rad

Y

U

0.0 1.0 2.0 3.0 4.0
0.0

1.0

2.0

3.0

4.0

5.0

6.0
0.1
0.5
1.0
1.5
0.1
0.5
1.0
1.5

(a)

λ

π/6 rad

π rad

Y

θ

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.2

0.4

0.6

0.8

1.0
0.1
0.5
1.0
1.5
0.1
0.5
1.0
1.5

(b)

λ

π/6 rad

π rad

Y

φ

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0
0.1
0.5
1.0
1.5
0.1
0.5
1.0
1.5

(c)

λ

π/6 rad

π rad

Figure 5. Effect of Prandtl number Pr on (a) velocity profile U, (b) temperature profile θ, and
(c) magnetic field profile φ.
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Figure 6. Effect of mixed convection parameter λ on (a) velocity profile U, (b) temperature profile θ,
and (c) magnetic field profile φ.
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Figure 7. Effect of surface temperature index (β) on (a) shear stress αs, (b) heat rate αt, and
(c) magnetic flux αm.
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Figure 8. Effect of Prandtl number Pr on (a) shear stress αs, (b) heat rate αt, and (c) magnetic flux αm.
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Figure 9. Effect of surface temperature index (β) on (a) shear stress τs, (b) heat rate τt, and (c) magnetic
flux τm.

The results related to the oscillating skin friction, heating efficiency, and magnetic
flux at different locations of a horizontally created magnetized cylinder are obtained using
Equation (44), where As, At, and Am are used for amplitude, and αs, αt, and αm for the
phase positions. To obtain accurate numerical solutions for steady and unsteady parts of
the flow model, the convergence criterion is as follows:

max|Us(i, j)|+ max|Vs(i, j)|+ max|θs(i, j)|+ max
∣∣φys(i, j)

∣∣+ max|φxs(i, j)| ≤ ε (43)

The resulting data were employed to figure out the transitory rate of oscillating skin
friction τs, temperature gradient τt, and magnetic flux τm according to [25–29].

τs =
(

∂U
∂Y

)
y=0

+ ε|As|Cos(ωt + αs),

τt =
(

∂θ
∂Y

)
y=0

+ ε|At|Cos(ωt + αt),

τm =
(

∂φ
∂Y

)
y=0

+ ε|Am|Cos(ωt + αm),

(44)

where

As =
(
u1

2 + u2
2) 1

2 , At =
(
θ1

2 + θ2
2) 1

2 , Am =
(
φx1

2 + φx2
2) 1

2 ,

αs = tan−1
(

u2
u1

)
, αt = tan−1

(
θ2
θ1

)
, αm = tan−1

(
φx2
φx1

)
4. Results and Discussions

The most interesting power generation technology of physics is magnetohydrody-
namics, where magnetic effects can be used to control the flow characteristics. Mag-
netohydrodynamic power plants and magnetohydrodynamic generators are the main
applications to generate electricity from ionized moving fluids across heated and magne-
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tized surfaces. In the present study, the amplitude, phase angle, and fluctuating mixed
convective periodic flow of oscillating heat and oscillating magnetic flux through a ther-
mally magnetized cylinder at three positions with combined magnetohydrodynamic and
variable-surface-temperature effects are computationally solved. The designed fluctuating
nonlinear computational model is established as a set of partial differential equations under
specific boundary conditions. The governing equations are converted into dimensionless
form by using the necessary non dimensional variables. Surface temperature parameter β,
magnetic force number ξ, buoyancy parameter λ, Prandtl number Pr, and magnetic Prandtl
parameter γ are used to find numerical and graphical solutions.

Figure 3 presents the streamlines around three angles α = π/3, α = π/2, and
α = 2π/3 of the cylinder. It can be seen that the velocity in the boundary layers is quite
different at each angle. It is clear from this figure that each boundary layer is separate
around each angle of the cylinder.

4.1. Steady Profiles of Velocity U, Temperature θ, and Magnetic Field Graph φ

Figure 4a–c illustrates the behavior of the electromagnetic field, temperature domain
graphs, and distribution of velocity for two inclinations: α = π/6 and α = π for various
values of surface temperature parameter β. In the graphs, the significant variations in
velocity plot U, magnetic field φ, and temperature field θ are shown for each value of β,
by considering the magnetohydrodynamic effect and using water as fluid (Pr = 7.0). The
highest velocity U values are found for lower values of β (β = 0.1) at the angle α = π,
but the highest temperature values occur at the angle α = π/6. Practically, the fluid
temperature increases with higher surface temperature. Because magnetic fields operate
as a layer of insulation, the magnetic field magnitude decreases by increasing the surface
temperature. When the surface temperature is increased, the flow becomes more intense
due to the increase in the buoyancy forces, which leads to the enhancement of the fluid’s
temperature and velocity.

The profiles of φ, θ, and U for various Prandtl number values are shown in Figure 5a–c.
The graphs demonstrate that U is increased with decreasing Pr values at circular position
α = π, and θ is increased due to the higher surface temperature and lower fluid viscosity.
Physically, the thermal behavior is increased with prominent amplitude due to the enhanced
buoyancy effects. The magnetic distribution is increased at both circular angles for higher
Pr values. Higher surface temperature leads to more effective heat transfer and thus to
an increase in the temperature of the fluid. Figure 6a–c illustrates the effects of buoyant
coefficient λ on the temperature, velocity, and magnetic field profiles. It is found that
at α = π, the flow intensity becomes more important with the increase in λ, but the
temperature values and magnetic field magnitudes are decreasing with λ.

4.2. Phase Angle Behavior of Periodic Shear Stress αs, Heat Rate αt, and Magnetic Flux αm

Figure 7a–c presents the phase angle behavior of periodic skin friction αs, heat rate
αt, and magnetic flux αm at two angular positions α = π/6 and α = π for diverse values
of surface temperature factor β. The maximum phase angle behavior is noticed for lower
surface temperatures at both angles, but decreasing behavior is illustrated for higher
surface temperatures. Physically, this is caused by the density increase that opposes the
fluid motion. The phase angle of the temperature gradient along the cylinder near to the
leading edge reduces as the surface temperature rises. Physically, a periodic wave’s feature
represents the phase angle of the periodic flow, which gives an idea of the viscous and
elastic behavior of materials. In Figure 8a,b, the increasing behavior in phase angle of shear
stress and heat transfer is evaluated for liquid flow (Pr = 7.0). The profiles asymptotically
approach phase lag. A similar trend in phase angle of magnetic flux is noticed at each angle
(Figure 8c). A physical retarding pressure is generated by magnetic flux and the slip effect.
The fluid’s motion can be controlled by this retarding force, which has a variety of uses,
including the extraction of magnetic hydrodynamic energy and the magnetic coating of
filaments and metals. The outcome shows that the intensities of magnetic flux for fluid
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(Pr = 7.0) are considerably reduced for small temperature fluctuations. The magnetic field is
increased at each angle with the minimum surface temperature because the magnetization
acts similarly to a coating material that reduces excessive heating between the surface and
the fluid.

4.3. Oscillatory Profiles of Skin Friction τs, Heat Rate τt, and Magnetic Flux τm

Figure 9a–c is plotted to show the transient oscillating behavior of skin friction τs, heat
transfer τt, and fluctuating magnetic flux τm at the angular positions α = π/6 and α = π/3
for various values of surface temperature parameter β in the presence of buoyancy forces
and magnetic effects. The highest oscillation amplitude of τs and τt occurs at α = π/3,
while it occurs at α = π/6 for τm. Figure 10a–c are plotted in order to describe the transient
variation of the magnetic flux, heat rate, and skin friction around the circular heated and
magnetized cylinder. Due the enhancement of the convective forces, the highest oscillating
amplitude of the heat transfer rate τt increases with γ and occurs at α = π/3. The skin
friction τs oscillation amplitude increases with γ and occurs also at α = π/3. The temporal
variation of the magnetic flux τm, is independent of the angular position, and its amplitude
of oscillation increase with the magnetic Prandtl number. From Figure 11a–c, it can be seen
that the amplitudes of the oscillation of τt and τs are increased by increasing the values of
Prandtl number Pr, and the maximal values occur at α = π/3. The temporal variation of
τm is independent of the Prandtl number and angular position.

Mathematics 2023, 11, x FOR PEER REVIEW 14 of 18 
 

 

 

 
Figure 9. Effect of surface temperature index (𝛽) on (a) shear stress 𝜏 , (b) heat rate 𝜏 , and (c) mag-
netic flux 𝜏 . 

 

 

Figure 10. Effect of magnetic Prandtl number γ on (a) shear stress 𝜏 , (b) heat rate 𝜏 , and (c) mag-
netic flux 𝜏 . 

τ

τ s

0 10 20 30 40 50

0.6

0.8

1

1.2
0.1
0.5
1.0
1.5
0.1
0.5
1.0
1.5

β

(a)

π/6 rad

π/3 rad

τ

τ t

0 10 20 30 40 50
0.5

1

1.5

2

2.5

3
0.1
0.5
1.0
1.5
0.1
0.5
1.0
1.5

β

(b)

π/6 rad

π/3 rad

τ

τ m

0 10 20 30 40 50
-0.6

-0.3

0

0.3

0.6

0.9

1.2
0.1
0.5
1.0
1.5
0.1
0.5
1.0
1.5

β

(c)

π/6 rad

π/3 rad

τ

τ s

0 10 20 30 40 500.5
0.6
0.7
0.8
0.9
1

1.1
1.2
1.3
1.4

0.1
0.3
0.5
0.7
0.1
0.3
0.5
0.7

γ

(a)

π/6 rad

π/3 rad

τ

τ t

0 10 20 30 40 500.9
1

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2

0.1
0.3
0.5
0.7
0.1
0.3
0.5
0.7

γ

(b)

π/6 rad

π/3 rad

τ

τ m

0 10 20 30 40 50
-1.2
-0.8
-0.4
0

0.4
0.8
1.2
1.6
2

0.1
0.3
0.5
0.7
0.1
0.3
0.5
0.7

γ

(c)

π/6 rad

π/3 rad

Figure 10. Effect of magnetic Prandtl number γ on (a) shear stress τs, (b) heat rate τt, and (c) magnetic
flux τm.

Table 1 presents a comparison of the skin friction at the leading edge with the results
previously published in [25,26] for several magnetic Prandtl values. Similarly, Table 2
presents a comparison of the heat transfer rate with the findings of Cheng [30] and Java-
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herdeh et al. [5]. A good concordance between the results is noticed ensuring the validity
of the numerical model. From Table 3, it can be concluded that the value of the magnetic
flux is minimal at α = 0 and α = π, but maximal at α = 1.6 for all the considered values of
the magnetic Prandtl number γ.
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Figure 11. Effect of Prandtl number Pr on (a) shear stress τs, (b) heat rate τt, and (c) magnetic flux τm.

Table 1. Verification of the numerical model by comparing the skin friction values with the results of
Chawla [25] and Mahmood et al. [26].

γ Chawla [25] Mahmood et al. [26] Present Results

1.0 0.3204 0.3148 0.3162

10.0 0.3210 0.3151 0.3181

100.0 0.3244 0.3156 0.3207

Table 2. Verification of the numerical model by comparing the heat transfer rate at the leading edge
with the results of Cheng [30] and Javaherdeh et al. [5] for ξ = 0, γ = 0.05, λ = 0.3, and Pr = 7.0.

β Cheng [30] Javaherdeh et al. [5] Present Results

1 1.0000 0.99978 0.9998

1/3 0.6776 0.67773 0.6774
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Table 3. Numerical values of the magnetic flux τm for different values of γ and α.

α γ=0.1 γ=0.3 γ=0.5 γ=1.0

0.0 0.3371 1.1503 1.0921 5.6912
0.2 0.3837 1.2246 1.2131 6.0830
0.4 0.3891 1.2356 1.2403 6.1716
0.6 0.3913 1.2420 1.2567 6.2263
0.8 0.3925 1.2464 1.2680 6.2643
1.0 0.3932 1.2494 1.2758 6.2910
1.2 0.3936 1.2513 1.2810 6.3087
1.4 0.3938 1.2524 1.2839 6.3186
1.6 0.3939 1.2527 1.2846 6.3212
1.8 0.3938 1.2521 1.2832 6.3165
2.0 0.3935 1.2508 1.2797 6.3044
2.2 0.3931 1.2486 1.2738 6.2842
2.4 0.3923 1.2453 1.2651 6.2545
2.6 0.3908 1.2404 1.2526 6.2125
2.8 0.3880 1.2331 1.2339 6.1507
3.0 0.3805 1.2192 1.2004 6.0422

π 0.3359 1.1486 1.0897 5.6761

5. Conclusions

The MHD effect can be used to efficiently control the heat transfer and fluid flow.
The current study deals with the effects of surface temperature and magnetic field on the
velocity, temperature, and induced magnetic flux profiles along a heated and magnetized
cylinder. The designed transient nonlinear computational model is established in the form
of partial differential equations in specific boundary situations. The governing equations are
converted to their dimensionless form, using appropriate non dimensional variables. The
effects of surface temperature parameter β, magnetic force number ξ, buoyancy parameter
λ, Prandtl number Pr, and magnetic Prandtl parameter γ are investigated, and the main
findings can be summarized as follows:

• The highest velocities occur for lower β values at α = π, but the temperature increases
with β, and the highest values occur at α = π/6.

• The increase in Prandtl number leads to a more important induced magnetic flux.
• The fluid temperature increases by increasing the surface temperature due to the

enhancement of the buoyancy forces.
• The oscillation amplitude of τs, τt, and τm becomes more important with the increase

in surface temperature number β.
• Induced magnetic flux τm is increased with the increase in magnetic Prandtl number.
• The skin friction oscillation has higher amplitude for higher Pr values.
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