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Abstract: This article discusses the event-triggered consensus problem for a switched multi-agent sys-
tem (MASs) with switching topologies. An observer-based dynamic event-triggered (DET) controller
with a discontinuous nonlinear term is designed to reduce arduous communication. With the de-
signed approach, the error system can reach a tracking consensus. Then, a continuous observer-based
DET protocol is created using the boundary layer method to prevent chattering effects. Moreover,
by employing the Riccati equation and the switched Lyapunov function method, some sufficient
criteria are put forward to guarantee the tracking consensus of the systems. The suggested observer-
based DET protocol can also exclude the Zeno behavior. Finally, two examples verify the validity of
the analysis.
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1. Introduction

In recent decades, MASs have been widely studied in the engineering field such as
spacecraft formation, sensor networks, mobile robots, and so on [1-3]. Particularly, the
extensive application of the consensus control problems for MASs has attracted great
interest among scholars [4]. To achieve system consensus, it is necessary to design effective
control protocols or algorithms, so that each agent in MASs can continuously adjust its
behavior based on the information sent by its neighbors.

Event-triggered control, as an effective control method, has attracted increasing atten-
tion in the past decade (see [5-8] and references therein). Unlike time-triggered control,
which operates based on a fixed time schedule, event-triggered control adjusts system
actions based on specific events or changes in the system’s state. It aims to activate control
actions only when necessary, minimizing the utilization of system resources and improving
efficiency. In the early work [9], the researchers introduced static event-triggered control
into the study of MASs, which proved to be successful in extending the sampling period.
After that, the static event-triggered control was combined with the observer. To name a
few, a static event-triggered adaptive distributed observer was designed for studying the
cooperative issue for heterogeneous linear MASs [10], and it was found that the rate of
executing the operation in the processor can be enormously decreased. Recently, a data re-
duction and transmission method based on awareness is proposed to design asynchronous
communication and event-triggered control scheme, which can avoid continuous commu-
nication between agents of both communication and control parties [11]. Different from
the classical periodic sampling control [12], the above static event-triggered strategy can
significantly prevent needless sampling and improve the utilization of restricted bandwidth
resources. Nevertheless, when the threshold value in the triggering condition remains
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constant, some unnecessary communication is still going on. This results in a waste of
sampling resources and computing resources. Thus, it is necessary to adjust the triggering
threshold in the existing event-triggered strategy to further reduce the communication cost.

Considering the shortage of static event-triggered control, many scholars have studied
the DET control method and reported corresponding results [13-18]. The core of this
method is to introduce an auxiliary dynamic threshold in the triggering condition, so
compared to the static threshold, the average time between events in the DET mechanism
is longer. Therefore, it has the advantage of greatly reducing communication frequency
in the implementation of the control process. For example, Ref. [13] provided a DET
scheme to decrease the communication frequency. In detail, the total number of triggers
determined by the DET strategy is less than the static one. Two independent DET strategies
are designed to deal with the leader-following bounded consensus in MASs [14], which
can avert frequent updates of the sensors and controllers simultaneously. Later, under the
adaptive DET strategy, Ref. [15] extended the undirected graph to the directed graph and
discussed the bounded consensus of MASs. In the present works on the DET method, most
of them assume that the communication topology is fixed [14,15,17]. However, for most
realistic circumstances, the fixed communication topologies are not adequate to characterize
the interaction between agents. That is to say, the topologies may change in different time
periods. In view of this, analysis of consensus for MASs with switching topologies is
crucial, and substantial relevant systems (such as smart grid systems [19], general linear
systems [20], and Euler-Lagrange systems [21]) have been reported.

It should be also pointed out that in some practical situations, many complex pro-
cesses encompass switched modes, for example, traffic lights switch among different colors.
Therefore, modeling each agent as a switched system is more general [22-24]. By introduc-
ing the idea of the switching method, a switching complex dynamic network describing
a physical system more accurately is established. Recently, switched MASs with event-
triggered control have drawn a large amount of attention [25-32]. For example, in [25],
the event-triggered strategy is first used to investigate the tracking consensus of nonlinear
switched MASs with unknown parameters, and an adaptive law is devised by utilizing
the backstepping technique to analyze the unknown parameters. Ref. [27] discusses the
security consensus problems for time-varying multi-agent systems with denial-of-service
attacks and parameter uncertainty, updating the control input signal by adopting a new
event-driven mechanism with a state-dependent threshold within a given limited range. A
bumpless transfer control and event-triggered communication were discussed in [31] to
handle the output consensus issue of a class of switched multi-agent systems. The coopera-
tive output regulation for switched heterogeneous MASs under a switching strategy was
proposed in [32]. The above references have proved that the consensus of switched MASs is
affected by the subsystems and the switching rule. Moreover, in practical engineering appli-
cations, due to economic and technical limitations of measurement methods, it is difficult to
obtain all state information, which makes implementing state feedback control challenging.
The introduction of observers solves the contradiction between the performance superiority
of state feedback and the physical difficulty of its realization. Thus, it is essential to consider
observer-based control strategies for available measurement outputs. Unfortunately, the
above literature [25-32] assumed that full state information can be obtained directly, and
the control mechanisms only considered the static event-triggered mechanism. At present,
there is little research on observer-based DET tracking consensus issues for switched MASs
with a leader of nonzero control inputs, which inspired this research.

The above work inspired us to investigate tracking consensus for switched MASs
where the leader system involves nonzero control inputs. In other words, we propose an
observer-based DET protocol that includes a discontinuous nonlinear term and a contin-
uous nonlinear term to ensure the stability of the switched MASs. The contributions are
concluded below.
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1.  Different from the existing results in [33-35] which focus on fixed network topology,
this paper investigates the consensus for switched MASs with arbitrarily switching
communication topologies.

2. A more general observer-based DET consensus protocol with a variable threshold
is provided, where the controller includes discontinuous function and continuous
function. Compared with most relative works that handle the consensus of switched
MASs adopting static event-triggered strategies [25,26,28,29], this paper can further
reduce the expenses associated with system resource usage.

3. Compared to the minimum switching law proposed in [30], this paper allows multiple
modes of switching within an event interval, and the minimum dwell time of each
subsystem is unlimited. The result obtained in this way is more general than the result
in [30].

The rest of this paper is organized as follows. In Section 2, the preliminaries are
described. Section 3 gives the tracking consensus criteria for switched MASs. In Section 4,
some examples are shown to explain the validity of the provided approach. Section 5
concludes this paper.

Notations: N represents the set of natural numbers. R” and R"*" are the n-dimensional
Euclidean space and n x n real matrices, respectively. Amax () and Apin(+) are the maximal
and minimal eigenvalues of a real matrix, respectively. || - || represents the Euclidean norm
for vertices or matrices. The n-dimensional identity matrix is denoted as I,. ® stands for
the Kronecker product.

2. Preliminaries
2.1. Graph Theory

Denote ¢ : [0,00) — S, where S = {1,2, - - - , s} is the switching signal. The switching
instant sequence {rq};":l, q € Z" satisfies 0 = rg < 11 < 1y < --- < 1y = +oo. The
interconnection topology among agents is described by an undigraph Qg(t) =(V, SAU(t) ),
where V = {0,1,--- ,N} represents the set of all agents. Gy(;) = (V, &), Ag(r)) stands
for the induced subgraph of G , where V = {1,2,--- N}, &) C VX V. Ay =

[ ( ) ] € RN*N denotes the ad]acency matrix of graph (), where a ( i

0

is the weight of the

=0 (j,v) ¢ & () means agent v cannot receive any information

()

edge (j,v),and a,
from agent j, o therw1se, >0& (], 0) € & p)- a‘;](t) =0 (j,v) & &), otherwise,

Y >0 e (j,v) € & r)- The Laplacian matrix L) = [ZU-(t)] € RN*N of a graph

vj v]
G, o(t) is defined as l a(t) Z] 1]#0 U]( ) and [ ( ) = az](t) with v # j. Define the matrix
Moy = dlag{m U(t) ce,m )} as the connect1on relationship between the followers

and the leader. If the v-th follower can receive information from the leader, mg(t)

otherwise, mv( ) = 0. Let Hory = Lo + /\/la(t).

> 0,

2.2. Problem Statement

Consider switched MASs containing N followers and one leader. The dynamics of the
vth follower is expressed as

Yo(t) =Cozo(t), ¢y

where z,(f) € R" (v = 1,2,-- -, N) represents the system state, u,(t) € R™ denotes the
control input, and y,(t) € R" is the sensor output of v-th agent. Fy(;), E, (1), and Cy(y) are
constant system matrices.

The leader’s dynamics is expressed as

20(t) = Fy(n20(t) + Eg(rytio(t), )
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where zo(t) € R" and uy(t) € R™ are the state and nonzero input, respectively. Suppose
that ||ug(t)]] < e, where e > 0.
To facilitate our major works, the following assumptions are presented.

Assumption 1. The pairs (F,;), Eq(y)) are stabilizable. That is, for given Q) > 0, Ag > 0, the
Riccati equation

FotyPote) + PottyFotty = Aoty Potty Eott) Ea(n Fote) + Quiy = 0.
has a solution Py > 0. Ay(p) = Amax(Ho(r))-
Assumption 2. The pairs (F, ), Cy(y)) are observable.
Assumption 3. QAU(t) is connected, and at least one follower can obtain information from the leader.
To facilitate the discussion in next section, we introduce the following definition.

Definition 1 ([36]). Forall t > ry = 0, N[0, t) denotes number of switches of o (t) within the
interval [0,t). If

t
NU[O/t) < NO + =
Ta

holds for positive numbers Ny and 1, then Ny is called the chatter bound and T, is the average
dwell time (ADT).

The following lemma is also useful for the analysis.
Lemma 1 ([37]). If the ADT 7, > I and W;(-) > 0 satisfies

Wl(t> < _ﬁwl(t) +4, te [rq/ rq+1)
Wi(rg) < pWi(ry), q=12,--

then W;(t) is bounded and converges into the residual set:

No

B= {wi;wig 5”1,1‘65},
ny

0— =

whereo >0, u>1,0>0,6 >0, W,-(rq_) = lier; Wi (t).

In engineering applications, the state information of the system (1) may not be fully
achievable due to implementation costs. Therefore, utilizing an observer-based approach,
the following state observer is designed:

Zo(t) =Fy(5)20(t) + Eg(ytio(t) + Gy (4o () — Go(1)), ®)

where 2, (t) denotes the observer state vector, G,(;) € R"*" denotes the observer gain to be
determined later.

In the following, the DET control schemes are proposed to reduce communication costs.
Define eff (t) = £, (t) — 2o (ty) as the measurement error. The trigger sequence {f, k € N} is
generated by

e = inf{t > b2 0] (1@ Egy Pogry e (D1 > n ()}, )
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év(t) =

where 0 > 0, e, (t) = [(ei"(t))T, (eék(t))T, e, (eg‘,(t))T]T, 7(t) is a variable, which satisfies
7(t) = —py(t) = Y| (1® Egy Por)Jer, (DI,

wherep > 0,7 > 0.
Next, we will give an important lemma to ensure that it remains Zeno-free.

Lemma 2 ([16]). For prescribed scalars 7(0) > 0, p > 0,0 > 0and v > 0, 57(t) meets
7(t) > n(0)e~PT8)t > 0.

Let Z,(t) = 2y(tk), t € [ty, try1)- For each follower, the following event-based tracking
control protocol is designed:

N
o (t) =Ko | 1 a1 (21(8) = 20(8)) + m5" (20() = 20(8) | = o (Ko(y2o(8)),  (5)

where K, ;) = Eg( t)PU(t) € R™*" represents the feedback gain matrix, 7 > 0. &(¢) and
nonlinear function ¥, () : R” — R will be designed later.

Remark 1. Unlike the classical time-triggered control mechanism that periodically samples system
states, our study introduces a DET control scheme. This scheme determines the interval [ty, t;. 1)
based on specific triggering conditions proposed in our research.

Remark 2. It is important to remember that some crucial results for event-triggered control have
already been published [8—10]. These results are different from our DET control scheme in two
ways. First, the insertion of the dynamic threshold 1(t) makes DET conditions (4) dynamic for the
measurement error. Second, this research takes switched systems into account as opposed to the
current DET control approaches for deterministic systems.

According to (1), (3) and (5), we may obtain
)
20(t) = Fo(nzo(D) + Eo(n Koy | L a5 (21(1) — 2o(1))
j=1
+m5" (20(t) = 20(1))] = VEg(n o (Koo (1)).

N
2o(t) = Fo2o(t) + Eo(o Ko | 1o a0y (21(8) — et (1)
j=1

— 20(t) + el (1)) + mo D (20 (1) — 2o () + ()]
— YEo (1o (Ko(1)80 (1)) + Gy Cor(r) €0 (1)

Let &,(t) = 2,(t) — zo(t) as the tracking error and é,(t) = z,(t) — 2, (f) as the observa-
tion error. Based on the above discussion, it is easy to get

- N o(t) /~ te - te o(t) /~ te
Fw)ev(t)+E0(t)1<a(t>[]§avj (&5(8) — €1 (£) — &) + e (1)) — " (& (1) — el ()]

= YEq(t) o (Ko1)o (t)) — E(ryto(t) + Go(r)Cor)@o(t)-
éy

8o(t) = (Fy() — Go()Corr) 8o (1)

Incorporating the Kronecker product, the above error systems are further characterized
as compact representation
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e(t) = (I®Fyp) — Hogr) @ EotyKor))E(t) + (Ho() @ Eg(r) Ko () Jer (1)

— (I ® Ep()¥[e(t)] — [In @ Egpyo(t)] + (I ® Gy()Cor) )E(H), (6)

é(t) = [1® (Fypy — GonCogry)] (1), )

where

The tracking consensus problem of the switched MASs (1) and (2) has been converted
to the stability of the corresponding error systems (6) and (7). By providing the system
formula, we will introduce the main results in the next section.

3. Main Results

The major works that appeared are twofold. In Section 3.1, the DET protocol with
a discontinuous term ¢, (+) is considered. Under the proposed DET protocol, the Zeno
behavior will be eliminated. On the other hand, a continuous observer-based DET protocol
is designed by using the boundary layer method in Section 3.2.

3.1. DET Protocol with Discontinuous Term py(-)
Define the nonlinear function ¢, (-) as

(e, @] >0

Po(@0) = { @, € R™. (8)

0, [@o]l =0

In what follows, we put forward an algorithm (Algorithm 1) to design the nonsmooth
DET protocol.

Algorithm 1 An algorithm to design the nonsmooth DET protocol

If Assumptions 1-3 hold, the DET protocol can be taken into consideration in the following
steps.

1. Foranyi, € S. Choose Q; > 0,K; = —El-Pl.T, the Riccati equation:
FI'P;+ P,F, — M,\B,EEI P4+ Q; =0

has a solution P; > 0.
2. Choose the feedback matrix G;, such that F; — G;C; is Huriwitz, then there exists a
R; > 0, such that
R;(F; — G;C;) + (F; — G,’Ci)TRi +w;l =0,

where wj is a positive constant.
3. Choose positive constants v, 8, p, 0, €, T, and yu > 1, such that

Ao —y
0

Inp

Qi<ij, Pl-<;1P]-, Ta>7, Ag>7>¢ p— > 0.

Theorem 1. If Assumptions 1-3 hold, under the event-based tracking control protocols (5) with
the DET condition (4), and Algorithm 1, then systems (6) and (7) can asymptotically approach zero
and the switched MASs (1) can track the leader (2).

Proof. We introduce the following Lyapunov function:

Vo) () = & (1) (I @ Pyy))E(t) + 6o () (I © Ryyp))e(t)
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and

Wo ) (£) = Vo) (1) +11(1), )

where ¢, ;) will be given later.
Assume o(t) = ifort € [rg,7,41). According to the above discussion, the stability will
be analyzed from the following two cases.

Case 1. If there is no trigger moment in the interval [rg, 741 1), i, tp < 1q <7501 < tryq,
The DET condition is not satisfied, and the last sampling system state is maintained. Define

g(t) as
0(t) = e (t),t € [rg,7441)-
Calculating the derivative of V;(é(t),é(t)) along with (6) and (7) yields

Vi(t) = el (t)[I ® (P;F; + FI P)]e(t) — 26T (t)(H; @ P,E;EF P;)é(t)
+ 28T (t)(H; @ BEEI P)Z(t) — 267 (t)(1y ® P.E;)ug(t)
—29&T () (I ® PE;)¥[e(t)] +2¢" (t)(I ® P,G;C;)é(t)
+gie" ([ [Ri(F — GiGi) + (F — G,Ci)TR]]e(t). (10)

By virtue of the Cauchy inequality, we can obtain
28" (t)(H; @ PEE] P)eer(t) < &' (1) (i ® BEE] P)e(t) + {7 (1) (Hi ® BEE] P)E(t). (11)
using the Young's inequality gives

IPGGl 7

2" (1) (1 BGC)e(E) < 22 ({1 @ Q)elt) + Amin(Q) ¢

(D)e(t). (12)

According to the fact xTy < ||x||||y||, it is easy to obtain

N
<2 Y |EfPe(t)]l[luo(t)]l
v=1

N
<2e ) |EfPgo(t)]]- (13)
v=1
Then, from (8), one has
—29¢" (t)(I @ P,E;)¥[é( :—272 (1) PE;p;[EX Piey (1))

r EIPéy(t)

— 2y Z[E?Piév(t)] IETP2 (1)

v=1

N
= —2¢ Y |E P (1) (14)

v=1

Since F; — G;C; is Hurwitz, it is well known that there exists a R; > 0 such that
R;(F; — G;C;) + (F; — G;C;)TR; + w;I = 0, where w; > 0. Then we can obtain

e (t)[I® [Ri(F — GiGi) + (F — GiC;)TR)]]é(t) < —w;eT (1)é(t). (15)
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%, substituting (11)—(15) into (10), it yields that

Letg; =
- 1
Vi(t) < &' () [I @ (PiFi + F' P — MPEE] Pile(t) + 52" (51 © Q))é(t)
PGiCi|?
”AZ_}QZU)éT(t)é(w +efr(t) (Hi ® REE[ Perr (1)

IPGCill* s 5 N T N Tos
Mo (Q1) ¢ (t)e(t) +2¢ Z, IE Pido(t)[| — 27 ) | Ef Pieo(t)].  (16)

v=1 v=1

+
-2
From the DET condition (4), for all t € [0, +o0)
t
e PEETR)( < 1.
then, by using v > € and Assumption 1, one has
IPGiCill® 1 5
— ——F——¢" (t)e(t
Amin(Qi) ( ) ( )
+ T () (H; @ BEE]P)C(8) — pn(t) — 7¢7 (1) (1@ BEE] P){(#)
2|PGCil* 15
———¢c (t)e(t
Wikmin(Ry) (&)
< —oWi(t), (17)

< — g (H)(I®@ P)e(t) — azn(t) — ay;

)‘min(IN@Qi) 2 Ai—

- . — PR M Y — imn- . . .
.Amax(Pi) s B2 = )\max(IN®Ri)/ 0631 B p 0 and Q - mlnleS{all/azutX?ﬂ}'
Then one obtains

where aq; =

Wi(t) < e I, (r,). (18)

Case 2. If there are m(c N*) trigger moments in the interval [ry,7541), i.e., tp < 75 <
tep1 <0 <tgpm < rg11 < tgpme1, then one can have

) e ltee)
iy (t)/ te [tk+lrtk+2)

g(t) =

etk+1n(t)’ te [tk+mr rq+1).

Similarly, Equation (10) is also true on subintervals [rg, tx11), [tk1, tea2), -+ Abkgms Tg11),
which renders (17) holding on these subintervals. Thus we can obtain that

e UTOWi(ry),  tE [rg tisr)
e U)W (b41), 1 € [, by
W, (t) <{ 1\ k+ [ + + ) (19)
e‘Q(t_tk+"l)Wi(tk+m), te [tk—l—mrrq-‘rl)'
It should be pointed out that since the Lyapunov function W;(t) is continuous, then (18)
can be derived from (19) on the interval [rg, 741 1).
Executing the similar steps in Case 1 and utilizing condition (3) in Algorithm 1, we have

Wa(rq)(rq) < :uwa(r;)(rr;)' (20)

Suppose that 0 = rg <711 <1y < -+ <rg =ty <t Then, from (18) and (20),
one has
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W () <pe CTDW, o ()

Tq
Sﬂe—Q(f—’ﬂ)e_Q(m_r‘“l)Wﬂ(qul) (rg-1)
<pPemtrw )(rg-1)

a(rq_l

SVNU(VO/t)efg(tfrO)Wg(ro) (ro)

SyNoe—(Q—l%")(f—Vo) Wi (r,) (10)-

Then, from 7, > h%” that limy—co W) (t) = 0. Since W;(t) > Vi(t), Vi(t) is bounded
and lim; .« Vj(t) = 0, which denotes that &, and é, can asymptotically approach zero,
lim;—e0 [|85]] = 0 and lim;—e0 [|€5]] = 0, thus lim;—eo ||20(2) — zo(2)|| = limi—eo ||en]| = O,
where e, = &, — &, = z,(t) — zo(t). The proof is completed . [

Remark 3. According to Theorem 1, multiple switching instances or no switching instance can
occur within event intervals [ty, ty 1 ). The relationship between triggering instant and switching
instant is given in Figure 1. This study introduces a more general scenario compared to the
assumption of at most one switch each event interval [30] and synchronized switching and sampling
within a fixed period [38]. It is important to note that {(t) is piecewise continuous and bounded,
ensuring the continuity of W, ) (t) [39], thus validating the conclusion (18).

I, q }"q +1
Z‘k tk +1
a
r p rq +1
tk tk+1 tk+2
b
l‘q rq +1
lA lk+l ' lk+m lk+m+l
C

Figure 1. Relationship between trigger moments and switch moments.

Next, Theorem 2 is developed to prove Zeno-free. The so-called Zeno behavior refers
to the event-triggered scheme we designed being excited infinitely within a limited time
in the event-triggered control. Our purpose is to prove that any two adjacent triggering
intervals are greater than zero.

Theorem 2. Under consensus conditions in Algorithm 1, there is Zeno-free in the proposed
DET protocol.

Proof. The systems contain switching signals and event-triggered signals, respectively.
Therefore, it is indispensable to clarify their relationship. Suppose that in the interval
[r3,7q41), 0(t) = i. After that, the following two cases will be taken into account. [J

Case 1. There is no switch on the interval [t, f,1). Then

)l

D ler ()l < 12(
['® F)2(t) — (H; @ EiKi) (2(t) — z0(t)) — (I @ E;)¥[e(H)] ]
I
|z

12
I
It

IN

® Fyex ()| + [|(H; @ EiKi) || [ (2(t) — z(#)]
+lz(8) = z0(5)[]] + 7l Eill + | (I @ F)2(t) - (21)
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From Theorem 1, we can know that the &(t) and é(t) are bounded for any finite
time. Thus, let A be the upper bound of ||(H; ® E;K;)|| [[|(2(t) — z(£)]| + [|z(t) — zo(B) ],
we obtain

D" ler, (D[ < 1l llee, (D) + A + 7l E:ll + [1(I ® Fy)2 (k)|
< @allen (D) + A,

where gy = maxics {[[Ell}, Ax = maxics {A + 7 E| + | (I © F)2(t)| }. Then we have

Ag _
e, (B)]| < a(eqol(t t) _ 1).

thus

A
[(1@ ETP)ey (1)) < ZEP2 (emn(t=t) 1), 22)
91

where ¢, = max;cs{||E] P||}.
According to the DET condition (4), the next triggering moment f, 1 satisfies

0) _(ps1
(1 EFRYes ()] 2 ) = B eobn,

from (22), we can obtain

Axg2 (eq’l(fkﬂ*fk) — 1) > @e*(P+%)tk+l‘
P1 -0

Through calculation, we can further obtain

1 91 1(0) —(p+ 1)t )
o1 —te > —In( 14+ 2D e (o4g)te )
= ( P20, 0

Case 2. There exist some switches on the triggering interval [ty, tiy1), ie., e <7 <741 <
c <1y <t <ty wherel € Z*. If system (1) has infinite triggering within a limited
time interval, it is said that system (1) has Zeno behavior. Assume that M stands for
the Zeno time, and ty; — M, ty — M, thus t;; — t — 0. Nevertheless, t; < r; <

- < g < fry1, there are some G, > 0, n* = 0,1,---,1, such that ¢} — Tgrl = ¢o,
Pasl —Tq+1-1 = G, o, g =t 2 Gpp- Then by —rgqy +rgyy - =t 2 Go+ 81+ +
Cry1 = C¢" > 0,in other words, f 1 — tx > ¢*, which is contrary to t; 1 — ty — 0 converges
to 0. Thus, it is Zeno free.

Remark 4. The proof of Theorem 2 is inspired by [40] but different from [40]. In this paper, it is
formidable to prohibit Zeno behavior since Theorem 2 needs to take into account how the triggering
instants and switching instants are related.

One disadvantage of the DET protocol with the discontinuous term ¥, (+) is that it
produces the undesirable chattering effect in real implementation. To avoid the chattering
effect, the next section will adopt the boundary layer technique to design a DET protocol
with a continuous term ¢, (+).

3.2. DET Protocol With Continuous Term 1, (-)

Define the nonlinear function ¢, (-) : R™ — R™ as

2 ool > g0

Po(@y) = {@v

@, € R™, (23)
o @l <o
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where ¢, > 0 represents the widths of the boundary layers.
Theorem 3 will clarify that the bounded consensus of switched MASs can be obtained
under Algorithm 1, DET condition (4) and event-based tracking control protocols (5).

Theorem 3. If Assumptions 1-3 hold, under the event-based tracking control protocols (5) with
the DET condition (4), and Algorithm 1, then the switched MASs (1) and (2) will reach bounded
CONsensus.

Proof. Suppose V) (t) is the Lyapunov function provided by (9). Combination Theorem 1,
we obtain

— 227 (1) (In ® PiEuo(t) — 29¢" (1) (I © BE;) ¥ [e(t)].
Next, we consider the following three cases.
(1) ||EiTPie"U(t)|| > ¢y, v = 1,---,N. Using the analysis method in Section 3.1, by
introducing the auxiliary Lyapunov function W;(t), one obtains that

W;i(t) < —oW;(t). (24)

) |[EfPié,(t)|| < ¢o,v=1,--+,N. From (13) and (14), one has

—2¢7 (£)(1n ® PE;)up(t) < 2e % IEf Pieo (1)

v=1
< 2eNg —29&" (t)(I @ PE;)¥[é(t))]
N ETPé,(t
= 27 ) [ET R (1)) o)
v=1 Po
< 2yN¢,
where ¢ = max,—1,... N ¢o. In light of Theorem 1, yields
Wi(t) < —Wi(t) +2Ng(e + 7). (25)

() ||[ETPiéy(t)|| > ¢ forv =1,--- , Ny, and ||[E] Piéy(t)|| < ¢p forv =Ny +1,--- N,
where 1 < N; < N — 1. Then

— 28T () (1n ® PiE;)uo(t)

Ny N
<2¢( Y IEfP&(t)+ Y IIETPa)])

v=1 v=N;+1

Ny
<2e Y [|Ef Pigo()[| +2¢(N — Np)§ — 29&" (£) (1 ® PE;) ¥ [é(1)]

v=1
N ETPé,(t) N ETPé,(t)
=2y [E,Tp.g (t)]T% + [E.Tp.g (t)]TL
<; T IET P ()| yzgﬁl P Po )

N
=-27 ) |E[Peo(t)ll +2v(N — Ni)§.

v=1

Since v > ¢, one has
Wi(t) < —oWi(t) +2(N = N1)¢(e + 7). (26)
Further, it can be seen from (24)—(26) that

Wi(t) < —eWi(t) +2Ng(e + 7).
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According to Lemma 1, we obtain

- ],[NO
W) < 2NG(e 1) b oo
S
Obviously, V;(t) < 2N¢(e + 7) P‘Aljgy ,t — oo. Further, from (9) and the fact ||e(t)|| <
T
l[e(t)]] + [|(t) ||, we have
11 [2Ngle e
Bl < (— ; o7
el < (G5 + QN o -

where ¥ = min;cs Amin(P;), T = min;cs Amin(R;), ¢ = min;cs{¢;}. Then, the switched
MASs (1) and (2) can reach bounded consensus. The proof is completed. [

Remark 5. Although complete consensus can not be ensured by applying the continuous proto-
col (23), the chattering effect can be prevented. Keep in mind that the intrinsic shortcoming of
the discontinuous controller is the unfavorable chattering effect in real-world application (8) [41].
From (27), we know that the bound of e(t) is decided by the nonzero control inputs and the maximum
width ¢y, the number of followers, and the ADT. It can be noted that the smaller the §, the smaller
the bound of e(t).

4. Numerical Simulation

Two numerical simulations verify the validity of the above results and the effectiveness
of the proposed DET mechanism for switched MASs.

Assume that the topology switches between the graphs G; and G, are depicted by
Figure 2a,b, where the switching signals are 1 and 2, respectively. The leader is

zo(t) = Fy(r)zo(t) + Egpyuo(t)
and the v-th followers are described by

Zo(t) = Fo(r)2o(t) + Egpytin(t)
Yo(t) =Co()zo(t) (28)

with z,(t) = [z01(t), 202 ()], v = 1,2,3, 0(t) € {1,2} and

Fl_[o 2} FZ_[O 1] Et=1[0 15" E,=[0 2"

-3 0 -2 0
C=[1 0 G=[ 1]

1 0 -05 1 -05 0
Hi=| 0 1 —1| Hp=1|-05 1 -05

—05 -1 15 0 -05 15

05 0 0 05 0 0
Mi=|0 0 0| Mp=|0 0 0.

0 00 0 0 1

Then, Ay = 2.3956, A, = 1.9010. Let up(t) = 0.3 cos(t).
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_ O 0.5 0.5

(@) (b)

Figure 2. Communication graphs. (a) G1; (b) G».

Example 1. Choose 0 = 5.2, v = 0.6, p = 0.4, solving conditions (1) and (2) in Algorithm 1,
we have
P — [1.1442 0.1514} Py — {2.0031 0.2222]
0.1514 0.6336 0.2222 0.8012

Ky = [0.3028 1.2671] K> = [0.3333 1.2019].

Through calculation, e = 0.3, we select 1 = 3,0 = 5.2, p = 0.4 and y = 0.6. Next, set Ny = 1
and 1, = 0.5s. Then the trajectories of z,1(t) and z,p(t) are shown in Figure 2a,b, respectively.
Then the trajectories of z,1 (t) and z,p (t) are shown in Figure 3a,b, respectively. Figure 4a illustrates
the consensus of the switched MASs. Meanwhile, Figure 4b is the sampling moments. The above
simulation results verify the effectiveness of the proposed DET control strategy.

Example 2. Consider the same parameters as those in Example 1. According to Theorem 3,
switched MASs (1) and (2) will realize bounded consensus. The consensus error signal ey (t) is

displayed in Figure 5a,b. Assuming that Err(t)= |le(t)|| = \/Lo_; |leo(£) |2 o (-) is determined
by Theorem 3. Additionally, under any ¢,, Err (t) can achieve bounded consensus. Without losing

generality, we select ¢ = 0.5, 0.7, 1, the trajectories of Err(t) are illustrated in Figure 6a. In
addition, the switching signal with two modes is given in Figure 6b.

30‘

State
State

0 2 4 6 & 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
t t

(a) (b)
Figure 3. In Example 1: (a) States trajectories of x,1 (¢); (b) States trajectories of x,p (t).

30 3

2.5

2

Error

5

Event-triggered instants

F I e e

0.5

10 15 20 0 2 4 6 8 10 12 14 16 18 20
t t

(a) (b)

Figure 4. In Example 1: (a) Time evolutions of e, (t); (b) Triggering time sequences.
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References

Error
Emor

Switched Signal o (1)
- o

(@) (b)

Figure 6. In Example 2: (a) Time evolutions of Err(t); (b) Switching signal.

5. Conclusions

The tracking consensus control of switched MASs was discussed in this paper, where
the system and communication topology were switched simultaneously and the leader
system had nonzero control inputs. The proposed observer-based DET protocols include
two nonlinear terms to handle the effect of nonzero control inputs. Moreover, the Zeno
behavior for MASs under the observer-based DET protocols can be excluded. In addition, by
employing the switched Lyapunov function method and Riccati equation, some sufficient
criteria are put forward to ensure that all followers can track the leader. Compared with the
existing works in the literature, the designed observer-based DET protocols can successfully
limit the frequency of data transfer across agents while maintaining MASs consensus.
Finally, two numerical examples show that the designed control protocol can reduce
controller updates. In the future, the method suggested in this paper will be used to discuss
the consensus problem of switched stochastic MASs with delay impulsive effects.
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