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Abstract: The symmetric function class interacts heavily with other types of functions. One of these
is the convex function class, which is strongly related to symmetry theory. In this study, we define a
novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated up
and down convex fuzzy-number-valued mapping. Several new definitions are introduced by placing
some moderate restrictions on the notion of coordinated up and down convex fuzzy-number-valued
mapping. Other uncommon examples are also described using these definitions, which can be
viewed as applications of the new outcomes. Moreover, Hermite-Hadamard-Fejér inequalities are
acquired via fuzzy double Aumann integrals, and the validation of these outcomes is discussed
with the help of nontrivial examples and suitable choices of coordinated up and down convex
fuzzy-number-valued mappings.

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex
fuzzy-number-valued mapping; fuzzy double integral; Hermite-Hadamard—Fejér-type inequalities

MSC: 26A33; 26A51; 26D10

1. Introduction

Convex functions are distinguished from other function classes by their widespread
application in mathematics, statistics, optimization theory, and applied sciences. This is
due to the analytic inequalities, particularly those of the Hermite-Hadamard, Fejér, Hardy,
Simpson, and Ostrowski types, that have been established using this concept [1-17]. The
concept of a convex function is one of the core theorems of inequality theory, detailed
as follows:

Definition 1. The real-valued mapping Y : K — R is called a convex mapping on convex set K if
Y(toe+(1—1)s) <t0Y(@)+(1—-1)0Y(s), 1)

foralle,s € K, T € [0, 1]. If Equation (1) is reversed, then Y is called a concave mapping on K.'Y
is affine if and only if it is both a convex and concave mapping.

The Hermite-Hadamard inequality, which is a key component of the widespread use
and geometrical interpretation of convex functions, has piqued the interest of researchers in
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fundamental mathematics. This inequality has piqued the interest of multiple scholars from
around the world due to its numerous applications, particularly in the domains of numerical
analysis, engineering, physical science, and chemistry. The idea of inequality has advanced
rapidly in recent years. For convex functions, several inequalities can be found; however,
Hermite-Hadamard’s inequality is one of the most extensively and intensively studied
conclusions. It is worthwhile to consider how closely related the theories of inequality and
convexity are. As a result of this reality, the concept of inequality becomes more appealing.
Many new expansions, generalizations, and definitions of novel convexity have been given
in recent years, as have corresponding advancements in the theory of convexity inequality,
particularly integral inequality theory. Formally, the Hermite-Hadamard inequality is
as follows:
For a convex mapping Y : K — R on convex set K, the HH inequality is written as

Y<P+I4> < L/H Y(0)do < Y(P)"‘Y(V), 2)
2 p—pJp 2
forall p, u € K, with p < u. If Y is concave, then Equation (2) is reversed.

If it is a concave function, the inequality in Equation (2) holds in both directions. Based
on geometry, the Hermite-Hadamard inequality provides an upper and lower estimate
for the integral mean of any convex function defined in a closed and limited domain
that encompasses the function’s ends and midpoint. Because of the importance of this
inequality, multiple modifications of it have been studied in the literature for various classes
of convexity, including harmonically convex, exponentially convex, s-convex, h-convex,
and co-ordinate convex functions [18-33].

Moore [34] was the first to consider interval analysis. Moore [35] researched interval
methods for obtaining the upper and lower bounds of accurate values of the integrals
of interval-valued functions and studied the integration of interval-valued functions in
1979. Bhurjee and Panda [36] devised a framework for determining effective solutions
to a broad multi-objective fractional programming problem whose parameters in the
objective functions and constraints are intervals. Zhang et al. [37] expanded the ideas
of invexity and pre-invexity to interval-valued functions, resulting in KKT optimality
requirements for LU-pre-invex and invex optimization problems with an interval-valued
objective function. Zhao et al. [38] defined the interval double integral and provided
Chebyshev-type inequalities for interval-valued functions. Interval analysis has practical
applications in economics, chemical engineering, beam physics, control circuit design,
global optimization, robotics, error analysis, signal processing, and computer graphics
(see [39-58]).

Budak et al. [59] defined the interval-valued right-sided Riemann-Liouville fractional
integral and derived H-H-type inequalities for such integrals. Sharma et al. [60] pro-
posed interval-valued pre-invex functions and proved fractional H-H-type inequalities for
them. Zhao et al. [61,62] recently developed the concept of interval-valued coordinated
convex functions on coordinates and proved H-H-type inequalities for these interval-
valued coordinated convex functions. Furthermore, Budak et al. [63] introduced a new
concept of interval-valued fractional integrals on coordinates and used these fractional
integrals to analyze H-H-type inequalities for interval-valued coordinated convex functions.
Kara et al. [64] demonstrated that the product of two interval-valued convex functions on
coordinates has H-H-Fejér-type inclusions. We refer to [65-76] and the references therein
for more information on the links between the various types of coordinated fuzzy-number-
valued mappings, interval-valued functions, and integral inequalities. Similarly, most of the
authors work in the field of fuzzy calculus as well as fuzzy fractional calculus. Therefore,
we refer the readers to [77-97] and the references therein, which will help in understanding
fuzzy theory.

Motivated and inspired by the above ongoing research, this manuscript is divided
into four sections. In the second section, we recall some classical and preliminary notions
and results which will be helpful in discussing the main outcomes. In the third section,
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some new estimates of integral inequalities via fuzzy double Aumann integrals and a
newly defined coordinated class of convex fuzzy-number mappings on up and down fuzzy
relations are presented. Some interesting examples are also given to illustrate the main
outcomes. In the final section, some conclusions and future plans are discussed.

2. Preliminaries

First, we will review the fundamental notions of fuzzy mathematics. Additional
information can be found in the following references: Anastassiou [77]; Anastassiou and
Gal [78]; Gal [79]; Goetschel and Voxman [82]; Gal [83]; and Wu and Zengtai [84].

Let A € [Eg be a fuzzy number. Then, this fuzzy number is also represented as g-level
sets [A]? defined as

®)

{{GGRM@)ZquG(QH
{c eR|A(g) > q}, =0,

which is a bounded and closed interval of R and denoted as
[A]T = [A«(q), A™(a)]-

For A,A € Eg and ¢ € R, the sum A @ A, product A ® A, scalar product ¢ © A, and
sum with the scalar are uniquely defined as, for all g € [0, 1], we obtain

[A®A]T =[A]T + [A]%, @
[A@A]T = [A]T x [A]Y, ®)

lo® A]Y = g-[A]". ©6)
lo® AT =g+ [A]". @)

For ¢ € [y, such that A = A @ v, via this result, we then determine the existence of
Hukuhara difference between A and A, and we can say that ¢ is the H-difference between
A and A and is denoted as A © A. If H-difference exists, then

(¥)"(a) = (A A) (q) = A™(a) =A™ (q), (¥).(q) = (ASA),(a) = Ac(q) — Ax(q)- (8)

For [Z,, Z¥], [Q«, Q*] € Rj, where R is the space of all closed and bounded intervals
of real numbers R, the Hausdorff-Pompeiu distance between the intervals [Z,, Z*] and
[Q«, Q] is defined as

du([2+, 27], [Qw, Q) = max{|Z, — Qu[, |27 = Q7}. ©)

It is a known fact that (Rj, dpy) is a complete metric space [82].

Theorem 1 ([82]). The space Eq dealing with a supremum metric, i.e., for ng, @ € Ky
~ o~ ~1d r~Tq
do| P, @) = sup dH( Y|, @ ), (10)
(5-3) = o au( [ [3]

is a complete metric space, where H denotes the well-known Hausdorff metric in the space of intervals.

Remark 1 ([86,87]). Let R be the space of all closed and bounded intervals of real numbers R. The
relation “ <;” is defined in R; as

[As, A*] <[ [Ay, AT]ifand only if A< A, AT<AF,
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forall [Ay, A*], [As, A*] € Ry, and it is known as the left and right relation.
The inclusion “ C ” means that
A Cy Alifand only if [Ay, A*] Cp [Ay, A7), if and only if A, < Ay, A" < A",
It is known as the up and down relation.
Proposition 1 ([86]). If A, A € Ey, then relation ” <g " is defined in Eg as
A <p Aif and only if [A]? <, [A]? forallq € [0, 1],
and this relation is known as the left and right fuzzy relation.
Proposition 2 ([80]). If A, A € Ey, then relation ” Dy ” is defined in Eg as
A D Aif and only if [A]? D [A]? forall q € [0, 1],
and this relation is known as the up and down fuzzy relation.

Definition 2 ([90]). The IVM Y : A = [u, 0] x [g, v] — R is said to be a coordinated convex
function on A if

Y(tpu+ (1—1)0, s¢+ (1 —s)v)

<TY(0) +T(1— )Y () + (1- D)sY(0,¢) + (1= 1)1 —s)Y(o,v), D

forall (u, o), (¢,v) € A, Tand T,s € [0, 1]. If inequality Equation (11) is reversed, then Y is
called a coordinated concave IVM on A.

Definition 3 ([87]). The FN-V-M 1N/ 2 [, v] = Eo is said to be an up and down convex FN-V-M
on [g,v] if
Y(to+(1-1T)w) ort0Y@)e(1-1)0Y(w), (12)

forall o,w € [g,v], T € [0, 1], where ?(0) >F 0. If Y is an up and down concave FN-V-M
on [g,v], then inequality Equation (12) is reversed.

Theorem 2 ([85]). Let lN/, G : [c, v] = Eo be two up and down convex FN-V-Ms. Then, from the
q-levels, we obtain the collection of IVMs Yq, Sq:[g, v] CR— R} given as
Yq(0) = [Yi(o, q) Y*(cr q)] and Sq4(0) = [64(0,q), &*(o,q)] for all ¢ € [g, v] and for

allq € [0, 1]. If Y ® Gisa fuzzy Riemann integrable, then

1 v ~ 1~ 1~
- ©) (FR)/g Y(¢) @ S(¢)do Op 3 OM(v)® 3 ON(gv), (13)
and
~(ctv 1 v ~ 1~ 1~
%6 or o O(FR) [ Y(0) 8 &(0)do & ¢ 0 M(gv) & 5 © N (5,v). (14)
2 v— c 6 3

~ ~ ~ ~ ~ ~

where M(g,v) = Y(¢) ® 6<g> BY(v) ®6(v),N(gv) = Y(c) @ 6(v) @ Y< ) © &(c), and
Ma(gv) = Mi(g,v), a), M*((,v), )] and Ny(c,v) = [Nu((6,v), @), N*((g,v), a)).

Theorem 3 ([85]). Let Y: [c, v] = Eq be an up and down convex FN-V-M with ¢ < v. Then,
from the q-levels, we obtain the collection of IVMs Yq:[g, v] CR — R} given as
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Ya(0) = [Ye(e,q), Y*(¢,q)] forall o € [g, v] and forall q € [0, 1]. If Y € YR uq)
and Q: [g, v] = R, Q(0) > 0, symmetric with respect to 5", and fgv Q(o)do > 0, then

~ ~

>(cH+v 1 v YY)
y< ! >2F IGVQ(O)M@(FR)/Q Y(0)Q(e)do 25— 1s)

If Y is an up and down concave FN-V-M, then inequality Equation (15) is reversed.
If Q(o) =1, then via Equation (15) we obtain following inequality:

§<€;’/> O Uig © (FR)/gle/(a)Q(a)da > w. 6)

Theorem 4 ([36]). If Y:[c,v] CR — Ry is an IVM given as (o) [Yi(c),Y*(0)], then Y
is Riemann-integrable on [g,v] if and only if Y, and Y* are both Riemann-integrable on [g,v],
such that

(IR) /g "Y(o)do = [(R) /g "Y.(¢)de, (R) / Vy* (0)do]. (17)

S

The collection of all Riemann-integrable real-valued functions and Riemann-integrable
IVMs is denoted as R ] and TR ), respectively.

Note that Theorem 5 is also true for interval double integrals. The collection of all
double-integrable IVMs is denoted as TO,, respectively.

Theorem 5 ([38]). Let A = [y, 0] X [g, v]. If Y : A — Ry is ID-integrable on A, then we obtain
g v g v

(ID)/ / Y(o,w)dwde = (IR)/ (IR)/ Y(o,w)dwde. (18)
# 76 M S

Definition 4 ([91]). A fuzzy-interval-valued map Y : A = [y, o] x [g, v] — Eq is called an FN-
V-M on coordinates. Then, from the q-levels, we obtain the collection of IVMs Y4 : A C R2 » R;
on coordinates given as Yq (o, w) = [Yi((¢, w),q), Y*((o,w),q)] for all (¢, w) € A. Herein, for
each q € [0, 1], the end-point real-valued functions Y.(.,q), Y*(.,q) : [4, 0] x [¢, v] = R are
called the lower and upper functions of Y.

Definition 5 ([91]). Let Y:A= (1, 0] x [g, v] C R? — Eq be a coordinated FN-V-M. Then,

Y (o, w) is said to be continuous at (¢,w) € A = [y, o] x [g, v] if for each q € [0, 1], both the
end-point functions Y. ((¢, w),q) and Y*((¢, w), q) are continuous at (¢, w) € A.

Definition 6 ([91]). Let Y:A= (1, 0] x [g, v] CR? — Eg be an FN-V-M on coordinates.

Then, the fuzzy double integral of YonA = [, o] x [g, v], denoted as (FD)f; fgv l?(a,w)dwda,
is defined level-wise as

~ q
[(FD)f;ngY(a,w)dwda = (ID) [, [; Yq(o, w)dwdo

19
— (IR)f; (IR)ng Yq(o, w)dwde, 9

forall q € [0, 1], and Y is FD-integrable on A if (PD)f; fgv 1N/(cr,w)dwdcr € Eo. Note that

if the end-point functions are Lebesgue-inteqgrable, then Y is a fuzzy double-Aumann-integrable
function on A.
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Theorem 6 ([91]). Let )N( : A C R? — Ey be an FN-V- M on coordinates. Then, from the g-levels, we
obtain the collection of IVMs Yq : A C R? — R givenas Yq(o,w) = [Yi((o, w),q), Y*((o,w),q)]

forall (o0,w) € A= [y, 0] X [g, v]and forall q € [0, 1]. Then, Yis FD-integrable on A if and only
if Yu((o,w),q) and Y*((e,w), q) are both D-integrable on A. Moreover, if Y is FD-integrable on
A, then
~ ~ q
(FD) f;{ Je Y(a,w)dwda] 1= |(FR) f]f (FR) [ Y(o,w)dwde
= (IR) [, (IR) | Yq(o, w)dwde

= (ID)f; J; Yq(o,w)dwde

(20)

forall q €0, 1].

3. Main Results

In this section, we will first propose the new class of coordinated convex functions with
the up and down fuzzy relation, which are known as coordinated UD-convex FN-V-Ms.
Secondly, we will present H H-Fejér inequalities with the help of this new class and double
fuzzy integrals as well as verify them with the support of some useful examples.

Definition 7. The FN-V-M Y : A — Eq is said to be a coordinated UD-convex FN-V-M on A if

Y(tp+ (1-1)o, s¢+ (1=s)v) - (21)

DRTs0O lN/(y,g) ort(l—s)0® lN/(y,v) P(1-1)s0Y(0,)d(1—-1)(1-5)0Y(r,v),

forall (u, o), (¢,v) € A, and T,s5 € [0, 1], where T/(o) >F 0. If inequality Equation (21) is

reversed, then Y is called a coordinated concave FN-V-M on A.

The straightforward proof of Lemma 1 will be omitted herein.

Lemma 1. Let lN/ : A — g be a coordinated FN-V-M on A. Then, lN/ is a coordinated UD-
convex FN-V-M on A if and only if two coordinated UD-convex FN-V-Ms exist, Yo : [¢,v] — Eo,
Yo(w)=Y(co,w)and Y, : [u,0] = Eo, Yu(g) = Y(g, w)

Proof. From the definition of the coordinated FN-V-M, it can be easily proved. [

From Lemma 1, we can easily note that each UD-convex FN-V-M is a coordinated
UD-convex EN-V-M. However, the converse is not true (see Example 1).

Theorem 7. Let )N/ : A — Eg bean FN-V-M on A. Then, from the g-levels, we obtain the collection
of IVMs Yq: A — R} C Ry given as

Yo(o, ) = [Ye((o,w),a), Y*((0,w), )], (22)

forall(o,w) € Aand forall q € [0, 1]. Then, Y is a coordinated UD-convex FN-V-M on A if
and only if for all q € [0, 1], Ys((o,w), q) and Y*((o,w), q) are coordinated UD-convex and
concave functions, respectively.

Proof. Assume that for each q € [0, 1], Y« (¢, q) and Y*(e, q) are coordinated UD-convex
on A. Then, from Equation (21), for all (i, 0), (¢,v) € A, Tand s € [0, 1], we obtain

Yi((tp+ (1= 1)0, s¢ + (1 =s)v), q)

<Y ((p6), a) + (1 =8)Ya((p,v), ) +5(1 = )Y, ((1,6), ) + (1 = T)(1 = 5)Ya((p,v), ),
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and

Y*((th + (1= 1)o, s¢ + (1 =s)v), q)
> 7Y ((,6), ) + 11 =)Y*((w,v), ) +s(1 = )Y ((1,6), a) + (1 =) (1 =8)Y*((1,v), 9),

Then, via Equations (4), (6) and (22), we obtain
Yo((tp+ (1= 1)0, sg+ (1 —s)v))
= [Yul(tp+ (1 =1)0, s¢+ (1 =s)v), a), Y*((tp + (1 = 7)o, s¢ + (1 = s)v), q)],

21 w[Ya (1, 6), a), Y7 (1, 6), )] + t(1 = s)[Ya((w,v), @), Y*((1,v), 0)]
+s(1 =) [Ya((w 6)r @), Y (1), )] + (1= 7) (1 = )[Ya (g, v), 0), Y*((,v), q)]-

That is,
N lN/(TNy +(1—-1)0, s¢+ (1~_ s)v) .
2r TsOY(p,6) ®T(1=5) OY (i, v) © (1 =7)s ©Y(0,6) B (1 = 7)(1 =5) O Y (0, V),

Hence, lN/ is a coordinated UD-convex FN-V-M on A.

Conversely, let Y be a coordinated UD-convex FN-V-M on A. Then, for all (y, o),
(¢,v) € A, Tand s € [0, 1], we obtain

N lN/(TE +(1-1)0, sg+ (1N— s)v) N
Sp1sOY(ug)@dt(l—s)0Y(uv)e(1-1)s0Y(c,¢)d(1—-1)(1—5)0Y(0,v)

Therefore, from Equation (22), for each q € [0, 1], we obtain

Yo((tp+ (1 —1)0, s¢+ (1 —s)v))
= [Yel(mp + (1 =)0, sg + (1 =s)v), q), Y ((tp + (1 = 7)o, s+ (1 =s)v), q)].
Again, via Equation (22), we obtain
8Yq(p,6) + (1 —5)Yq(p,v) + (1= 7)sYq(0,6) + (1 = 1) (1 —5)Yq (0, V)

= ws[Ya((1,6), a), Y ((1,6), )] + t(1 = 8)[Ya((w,v), ), Y*((1,v), 9)]
+s(1=1)[Yal(p,6)s @), Y (1 6), )] + (1 =) (1 =) [Yal(p,v), @), Y™ (1), q)l,

for all o,w € A and T € [0, 1]. Then, via the coordinated UD-convexity of lN/, for all
o,we Aand T € [0, 1], we obtain

Ye((tu+ (1 —1)0, s¢+ (1 —s)v), q)
< 7Y (j1,6) + T(1 = )Y () + (1= T)sYa(0,6) + (1 = T)(1 = )Y (0, v),

and

Y*((tp + (1= 1)o, s¢+ (1 =s)v), q)
> Y (1, 6) + (1= )Y (,v) + (1 = 1)sY"(0,6) + (1 = ) (1 = 5)Y* (0, v),

for each q € [0, 1]. Hence, the result follows. [J

Example 1. We consider the FN-V-Ms Y: [0, 1] x [0, 1] — Eq defined as

m — ow
~ Wme[(rw,S]

Y(cv)(m) = 6+ (6+¢)—m
0 otherwise,

(23)
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and then, for each q € [0, 1], we obtain Yq(o,w) = [(1 — q)ow +5q, (1 — q)(6 + ¢ ) (6 +¢“)
+5q]. The end-point functions Y. ((e,w), q) and Y*((o, w), q) are coordinated convex and concave

functions for each q € [0, 1], respectively. Hence, Y(¢,w) is an up and down coordinated
convex FN-V-M.

From Example 1, it can be easily seen that each coordinated UD-convex FN-V-M is not
a UD-convex FN-V-M.

Corollary 1. Let Y:a— Eg be an EN-V-M on A. Then, from the q-levels, we obtain the collection
of IVMs Yq: A — R} C Ry given as

Yq(o,w) = [Ya((o,w),q), Y¥((2,w),q)], (24)

for all (o,w) € A and for all ¢ € [0, 1]. Then, Y is a coordinated left-UD-convex (concave)
FN-V-M on A if and only if for all q € [0, 1], Yi((e,w), q) and Y*((e,w), q) are coordinated
convex (concave) and affine functions on A, respectively.

Corollary 2. Let lN/ : A — Eg bean EN-V-Mon A. Then, from the q-levels, we obtain the collection
of IVMs Yq: A — R} C Ry given as

Yo(o, ) = [Ye((o,w),a), Y*((o,w), )], (25)

forall (o,w) € Aand forall q € [0, 1]. Then, Y is a coordinated right-UD-convex (concave)
FN-V-M on A if and only if for all q € [0, 1], Y+ ((¢,w), q) and Y*((o,w), q) are coordinated
affine and convex (concave) functions on A, respectively.

Theorem 8. Let A be a coordinated convex set, and let lN/ : A — Eg be an FN-V- M. Then, from
the g-levels, we obtain the collection of IVMs Yq : A — R} C Ry given as

Yq(o,w) = [Yu((o, ), q), Y((o,w), q)], (26)

forall (o0,w) € Aand forall q € [0, 1]. Then, Y is a coordinated UD-concave EN-V-M on A if
and only if for all q € [0, 1], Y« ((o,w), q) and Y*((o,w), q) are coordinated concave and convex
functions, respectively.

Proof. The demonstration of the proof of Theorem 8 is similar to the demonstration of the
proof of Theorem 7. [

Example 2. We consider the FN-V-Ms Y: [0, 1] x [0, 1] — Eq defined as

m— <6fea> (6—ev)

Y T ooz M€ [(67¢7)(6 =), 25
Y(O’) (ﬂ’l) = (6_80')(6—835)0—15157m |:( ) ] (27)
oo —gs, M € (25, 350w]

0, otherwise.

Then, for each q € [0,1], we obtain Yq(o,w) = [(1—q)(6—e?)(6—ev) +25q,
35(1 — q)ow +25q]. The end-point functions Y+((¢,w),q) and Y'((¢,w), q) are coordi-
nated concave and convex functions for each q € [0, 1]. Hence, Y (¢, w) is a coordinated up
and down concave FN-V-M.

In the next results, to avoid confusion, we will not include the symbols (R), (IR),
(FR), (ID), and (FD) before the integral sign.
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Theorem 9. Let le : A = Eqy be a coordinated UD-convex EN-V-M on A. Then, from the g-levels, we
obtain the collection of IVMs Yq : A — R} given as Yq(o, w) = [Yi((o, w), q), Y*((¢,w),q)] for
all (o,w) € Aand for all q € [0, 1]. Then, the following inequality holds:

Y (455 ) QMQ[ o [ (e, 9*“)(10@ -0 [lv(14e, )dw]
QFw(Df f Yow)da)da
2F (Uly [f Yovgda@f Yav)d0]694( [f Y(p,w dw@fng((f,w)dw]

op Mk QeY(o, g)fY(H VY (0, v)

(28)

If Y(0o) is a concave FN-V-M, then

(%' gT) Cr 2{ @f Y(or 5+V)d(y@ ®f Y("?T,w)dw}
Cr 7( I ®f Je Y(e, w)dwde
§F4(v ﬂ)G{f Yagdcr@f Yav)da]@4( [f Y(p,w )dw@ng1N/(a,w)dw]

- Y(1e)®Y(0,6)® - Y(uv) @Y (0,)

=

(29)

Proof. Let Y : (4, o] = Eg be a coordinated UD-convex FN-V-M. Then, via hypothesis,
we obtain

4®Y<H—;Or g+v> 2F lN/(T;H—(l—T)J, Tg—i—(l—r)v)@;((l—r)y—l—w, (I-1)g+ V).

By using Theorem 7, for every q € [0, 1], we obtain

(452, o

<Yi((tp+ (1 —=1)0, 76+ (1 —T)v), il) *
o ( (42, 55). )
>Y*((tp+(1—7)0, g+ (1 —1)v), ) +Y* (1 —71)p+ 10, (1 —T)5+ TV),9).

By using Lemma 1, we obtain

2Y. ((0,5Y), a) < Yol 76 + (1= T)v), @) + Ya((, (1 = T)g + Tv), a),

30
2Y*<<0/[ €;V) q) >Y*((0 Tg—l—(l—T) ) q)+Y*((0,(1—T)g+TV),q), ( )
and
2% (137 @), a) < Yal(tu (1 =)o, @), a) + Yo((1 =T+ 1o, @), a), (31)

27 ((4%,w), q) 2 Y (x4 (1= 7)o, @), @)+ Y (1T + to, @), 9)

From Equations (30) and (31), we obtain

2[v.((e,55*). a). Y*((m %) a)]
21 [Ye((o,t6 + (1 = 7)v), q), Y*((0, 6 + (1 = T)v), q)]
+[Ye((o, (1 = T)g +7V), q),Y*((2, (1 = T)g + V), 9)],

[
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and

2w ((157w). a) v ((*3%). 9)
21 [Y*((T.” + (1 - T)O', w)/ q)IY*((T.” + (1 -7
+Y((tp + (1 = 1), w), ), Y*((tp + (1 = 7)o, w),q)],

It follows that

Yq(0 (’.er) D1 Yq(o, 76+ (1 = 1)v) + Yg(o, (1 — T)g + V) (32)

and
u+o
Yq (2 ,w> 21 Yg(tp+ (1 —=71)0, w)+Yq(tu+ (1 —-1)0, w) (33)

Since Yy(e,.) and Yy (., w) are both coordinated UD-convex-IVMs, from Theorem 7
and inequality Equation (6), for every q € [0, 1], and inequality Equations (32) and (33), we
then obtain

c+v 1 v Yq(o,6) + Yq(o,v)
Yq <(r, 5 ) 21— g/g Yq(0,w)dw D — 7 - . (34)
and . Y v v
Yq <W,w> :_)I / Yq (O’,C(J)do’ :_)I q(‘ll,CU) + q(‘ff‘*)) . (35)
2 oc—tulu 2

Dividing double inequality Equation (34) by (¢ — i) and integrating with respect to o
on [y, o], we obtain

1 4 c+v 1 1 4 4
‘T_V/M Yq(O,T)dOQI (‘71471/—@/ / Y, (0, w)dwdo D W= U Yq(o,g)do + \ Yq(cr,v)da} (36)

Similarly, dividing double inequality Equation (35) by (v — ¢) and integrating with respect to ¢

on [¢, V], we obtain

1 v V+‘7 1 v v
V—Q/g Yq( 7 ,w)dw T /;4/ (¢, w)dwdo D T {/g Yq(y,w)dw—&—/g Yq((r,w)dw] (37)

By adding Equations (36) and (37), we obtain

1 cFv u+o 1 T v
2[ i Ya (0 5% )dor+ 2L va (B350 )deo] 21 oy 7 U Ya(o,w)dwde (38)
213 [f” 0‘gd0’+f Yq 0v)d0}+4( )[fngq(y,w)dw—&-fg Yq(a,w)dw}
Since Y is an FN-V-M, via inequality Equation (38), we then obtain
1 ctv ;4+(7
2{ O [7¥ (0,5 )do @ Lo [y (15T )dw} OF it © Ji L Y (0, w)dwdo o)
QFM%WQ[I (agdo@f Yav)da}@ﬂ {f Y(p,w )dw@jg Y(U,w)dw}
From Theorem 7 and the left side of inequality Equation (16), for each q € [0, 1], we obtain
u+o ¢+v . 1 /‘7 c+v
Yq< T >JU_V ; Yq( o, > do, (40)
pto vy g 1 /V u+o
Yq( 7 )_Iv—gng 5w dw. (41)

Adding inequality Equation (40) and inequality Equation (41), we obtain
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u+o ¢+v 17 1 / g+v 1 v u+to
B _ .
Yq( 5 )_12 p—r Yyl o 5 d0+ —c. Yq 5w dw
Since lN/ is an FN-V-V, it follows that

S(u+o ¢+v 17 1 o~ c+v
O —
Y( 2 7 2 )—Fz[a—yqyy 7

R

Now, from Theorem 7 and the right side of inequality Equation (16), for every q € [0, 1],

we obtain
L Ya(p,6) +Ya(0,6)
- 1a q
o), Yalenedo 21 : (43)
L[ Ya(o o o, Yol E X (44)
oc—phy T ! 2
v
! / Yy (4, w)dw QIYq (wv) + Yq (1) (45)
v—g¢Jg 2
v
1 / Yoo, w)de :_)IYq(U,v) +Yy(o,¢) (46)
v—gJg 2
By adding inequalities Equations (43)—(46), we obtain
ﬁ U; Yq(0,¢)do + f; Yq(cr,v)dcj + ﬁ Ugv Yq (4, w)dw + fgv Yq(a,w)dw]
o Yq(16)+Yq ‘Trg)zyq (1v)+Yq(o,)
Since Y is an FN-V-M, it follows that
(0 ) {f chgdcr@f Y0v)d }694( {f Y (p,w dw@fgvy(a,w)dw} )

O Y(uo)® Y(v,g)iBY(u,V)@Y( o)

By combining inequalities Equations (41), (42), and (47), we obtain the desired result. [J

Remark 2. From inequality Equation (28), the following exceptional results can be acquired:
Let Yo ((0,w),q) # Y*((0,w), q) with q = 1. Then, we can derive the following inclusion (see [61]):

V() 2 v (o o+ e (50 )
2 =g y f f Yo*w)dwda

> s [ V(oo + [ (a,v)da] + g [ Y w)dw + [7 Y (0, w)dw)]
Y(%G)+Y(0,Q)IY(W)+Y(U/V) )

(48)

=

9]

Let Y« ((0,w),q) = Y*((¢,w), q) with q = 1. Then, we can derive the following inclusion (see [90]):
+ +
V() < et (o 3 S (M e
%f S Y (o, w)dwdo

o L Yo cpdo - [T (0w W]* ) [f Y (,w)deo + [ ¥ (0, w)dw]
< Yue +Y(0€)ZY(# ) Y(ow)

(49)

IA
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Example 3. We consider the FN-V-Ms Y: [0, 2] x [0, 2] — Eq defined as

-
’151_0““]’, m € [ow, 5]

) (2+Vo) (24 vw)—m
Y(0,w)(m) = W me (5 (24 Vo) 2+ va)] (50)
0, otherwise,

and then, for each q € [0, 1], we obtain Yq(¢,w) = {(1 —q)ow+5q, (1 —q) (2 + \/?> 2+ Vw) + Sq]
The end-point functions Y. ((¢, w),q), Y*((¢, w), q) are coordinated concave functions for each q € [0, 1].
Hence, Y (0, w) is a coordinated concave FN-V-M.

+0 ¢+v
Yq(yz ’ gz ):[1+4q19_4q]

1 1 (4 +v 1 v +0
f[ﬁfy Yq <”rgT>d"+vfgfg Ye (55w d‘*’]

= [1+43.3((9+2v2)a-2v2+6)],

g i S Ya(o w)dwdo = [1+4q,§((1+24v2)q - 242+ 44) |

ﬁ[f;Yq(mg)da+j;Yq(cv,v)dcr] n ﬁ[fgv Yoo w)dew + [ Yq(a,w)dw],
= {1+4q,8—§7ﬁ(1_q)+%ﬁq+6—§7ﬁ]

(- a)(2-v2) 40— q)(2 - v2) + 41— q) +20g
4

Yq(p,6) +Ya(o,6) +Yq(u,v) + Yq(ov)
4

1+4q,

That is
[1+4q,9 —4q] Dy {1 +4q,%(<9+2\/§>q—2\/§+6>}

8 —5v2
3

1+ 4q, 1—
+ 4q (1-a)+—3 3

o) {1+4q,%<(1+24\/§>q—24\@-&-44)} o, 9+2ﬁq+6—2ﬁ}

(- a)(2-v2) 40— q) (2 v2) +4(1—q) +20g
4

21 [1+4q,

Hence, Theorem 9 has been verified.
We will now obtain some HH inequalities to produce coordinated UD-convex FN-V-Ms. These
inequalities are refinements of some Pachpatte-type inequalities on coordinates.

Theorem 10. Let Y, & : A = [u, 0] x [¢, v] C R? — Eq be two coordinated UD-convex FN-V-Ms on A,
whose q-levels Yq, &4 : [1, 0] x [¢, v] = R are defined as Yq(0, w) = [Y«((¢,w),q), Y*((0,w),q)]
and Gq(0,w) = [6.((0,w),q), *((o,w),q)] for all (¢,w) € A and for all ¢ € [0, 1]. Then, the
following inequality holds:

(o—n)

et o0
;)F %@P(l’lr(f/grv) D %8 @M(]/l,g-,g,l/) b % QN(HIU;Q,V)-

(51)

where

~ ~

P(u,o,6,v) =Y (1,6) @ &(,6) Y (p,v) @ &(,v) ®Y(0,6) ® &(0,6) ®Y(0,v) ® &(0,v),

~ ~ ~

M, 0,6,v) =Y(1,6) @6 (1, v) Y (,v) @6(p,6) ®Y(0,6) ®S(0,v) ®Y(0,v) ® &(0,¢),

~ ~ ~ ~

D(,¢) ®6(0,¢) ®Y(0,v) @ S(1t,v) ® Y(0,¢) @ S(1,¢) & Y(,v) © &(c,v)
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~ ~

N(,,6,v) = Y(1,¢) @ &(0,v) @ Y(0,6) © S(,v) & Y(0,v) © 6 (1, 6) & Y(0,6) @ &(p,v)

and for each q € [0, 1], ZN’(]A, a,6,v), JN\/l(;t, o,6,v), and K/(y, 0,6, V) are defined as follows:

Py(p,0,6,v) = [P((p,0,6,v), q), P*((4,0,6,v), q)]
Mq(p,0,6,v) = [Mu((,0,6,v), 9), M*((4,0,6,v), q)]

Na(p,o,6,v) = [Nu((1,0,6,v), a), N*((n,0,6,v), q)].

Proof. Let Y and & be two coordinated UD-convex FN-V- Ms on [, o] x [¢, v]. Then,

N ;(Tlxl +(1—-1)0, s¢+ (1~_ s)v) N
2r 5O Y (i ¢) ©T(1=5) OY(p,v) & (1= 1)s©Y(0,6) & (1 - 1)(1=5) ©OY(0,v),

and
. S(tp+ (1 - 7)o, s+ (1= 5)v) )
DFpTsO6(u,g)BT(l—35)06(u,v)2(1—-1)s©6(0,¢) @ (1—1)(1—-35) ©6&(0,v).

Since 17 and GNS are both coordinated UD-convex FN-V-Ms, then via Lemma 1, the following exist:

~

Yo :lgv] = Eo, Yo (w) =Y(0,w), &g :[gv] = By, 6 (w) = &(0,w),

and
Yo : o] = Eo, Yo(0) =Y(0,w), 6y : [1,0] = Ey, 6u(0) = 6(0,w).

Since Yy, 6y, Y and éw are FN-V-Ms, then via inequality Equation (13), we obtain

and

25 40 Yo (0) 2 80 () Yo 1) 98001 @ 4[Vo (0880 1) 0 Vo () 0 8o )]

e ). Yo (w) @ 6o (w)dw }
For each q € [0, 1], we obtain

i Yoo (0) X G, (0)dor
D1 3 [Yau (1) X Sq,y (1) + Yo (0) X Sq,y (0)] + § [Yae (1) X G4, (0) + Yo, (0) X &g, (1)),

and
v%gfgv Yoo () X Gqp (w)dw
21 3[Yao (6) X Sq0:(§) + Yoo (v) X g0 (V)] + § [Yao (6) X Sqg (V) + Yao (6) X g0 (v)]-

The above inequalities can be written as

a%yf: Yq(0,w) X Sq(0r,w)dor 21 §[Yq(u,w) X Sq(pt, w) + Yq(0,w) x &4(0, w)] (52)
+§[Ya (1, w) x 8q(0,w) + Yq(0,w) x Sq(p,w)],

and
T O Ya(0,w0) x 8q(0,w)dw 21 3[Yq(0,6) X Sq(0,6) + Yq(0,v) X S4(,v)] (53)

+1[Yq(0,¢) x Bq(, ) + Yq(0,v) x &q(0,v)].
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Firstly, we will solve inequality Equation (52). Integrating both sides of the inequality with
respect to w on the interval [g, v] and dividing both sides by v — ¢, we obtain

WW fv Yq(0,w) x &4(0, w)dwdo
2r 3(v1 g J¢ Ya(u,w) x q(,w) +Yq(0,w) x &4(0, w)]dw 54)
+6(u_g) fg [Yq (1, w) x &q(0, w) + Yq(0,w) x Sq(,w)]dw

Now, via inequality Equation (13), for each q € [0, 1], we obtain

ﬁf: Yq(p, w) x &4, w)dw 21 %fgv [Ya(p,6) x &q(p,6) + Yq(,v) x &q(p,v)]dw

) 55

LYY () % Gql1v) + Yah,6) x G4 pt,1)]de 9)

i Yalorw) x Sg(o,)dw 21 LY Ya(@6) x Sa(0,6) +Yalov) x Sqlolder o

+5J0 [Ya(o,6) x Sq(0,v) + Yq(0,6) (nv)]

i S Yalm w) x &40, w)dw D1 LY Va1, 6) X 84(0,6) + Ya(p,v) % 64(0,v))dw -
6f ) X Sq(o,v) + Yq(p,v) x S4(0,¢)]dw.

eyl Yol ) x S 31 L7 a(0,6) * Saliue) + Yalo0) x Sqlpv)ld o
2 [ Yq(0,6) X Sq(p,v) + Yq(0,v) X Sq(H,6)]dw.

9

From Equations (55)-(58) and inequality Equation (54), we obtain

1 Torv 1 1 1
S o= = Sl .
(tf—y)(v—g)/ﬂ /g Yq(0,w) x &q(0, w)dwdo 2 9Pq(y,(7,g,v) + 18Mq(y,a,g,v) + 36Nq(y,(7,g,v)

That is,
/ /UNOw & (0, w)dwdo D L ©P(1,0,6,0) & = © M(1,0,6v) = © N (1,0,6,7)
(0. ]/l ‘ll F 9 l’{/ (;/ 18 l’{/ /g/ 36 ]’l/ /(;/ .
Hence, this concludes the proof of the theorem. [J
Theorem 11. Let 17, S:A= (1, o] x [c, v] C RZ — Eq be two UD-convex FN-V-Ms. Then, from the q-levels,
we obtain the collection of IVMs Yq, G4 : A C R? — R} given as Yq(¢) = [Yi((@,w),q), Y*((¢,w),q)]

and &4(0) = [6+((0,w),q), 6 ((0,w),q)] for all (¢,w) € A and for all q € [0, 1]. Then, the following
inequality holds:

1oY(42, ) o 6 (15, 5Y)

~ ~ ~ ~ (59)
:—)FW@[ f Y o w)@G(ﬁ,w)dde@%@P(y,a,g,v) ZOM(u,o,6v)®3ON(1,0,6v).

~

where IND(y, o,6v), M(u,0,6,v),and Xf(y, 0,6, V) are given in Theorem 10.

Proof. Since XN/, G A Egy are two UD-convex FN-V-Ms, then from inequality Equation (14) and
for each q € [0, 1], we obtain

by -

(B ) 00 (9 5) 21 e e (5,0 ¢ 8 (450}
+5|Ya (#@) X 6q<”2ﬂf€> ‘*‘Yq(#rl’) x G4 (#J/) (61)
+1[v, #,g) x Gq(’%”,v) +Yq(¥,u) x Gq(’%”,g)
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Summing inequalities Equations (60) and (61) and then multiplying the result by 2, we obtain

Syq(wa g%v> x 6 ( 2U'HTV)
21 725 Jy Y (“%) X Gq (Cy'%ﬁ‘y‘F e IS Ya ”?"") x G4 (&201“’>da
XGq(%ﬁTV +2Yq (0, &5" ) x &4 ‘TrﬁTv)

)

+% ZYUI(¥/€> ng(g,g +2Yq #,v X &y %[10
14
)

/N

(62)
x (0, 642) + 20 (0, 52 x &5 (m, 542
+3 2Yq(&2‘7,g) XGq(%ﬂﬂ’) +2yq<”2ﬂ,y XGq(&zafG

Now, with the help of integral inequality Equation (14), for each integral on the right-hand side of
Equation (62), we obtain

2Y, (y, g}ﬂ’) x &4 (y,%)
D1 e [ Ya (@) x Gq (1, w)dw + H[Yq(11,6) X Sq(p,6) + Yo (p,v) X Sq(p, )] (63)
+3[Yq (1, 6) % Sq(,v) + Yq(1t,v) X &q(1,6)]

~

2Yy (e, g*”) x &q(0,54Y)
(

D1 7L J¥ Ya(0,@) x 8q(o,w)dew + E[Yq(0,6) X 6q(0,¢) + Ya(0,0) x Sq(o,v)]  (64)
+3[Yq(0,6) X &q(0,v) + Yq(0,v) x Sq(0,6)]
2%y (55 x (0, 3*)
21 1/1Tgfgv Yq(p, w) X &q(0, w)dw+ 6[Y (16) X Sq(0,6) + Yq(p,v) x &q(0,v)] (65)
+3[Yq (1, 6) X Sq(0,v) + Yq (i, v) x &4(0,0)].
2V (0 65+ ) x &4 (1 5
21 V%gfguyq w) X &q(p, w )d“H‘ 6[Yq(‘7 6) x &q(p,¢) +Yq(o,v) X &q(p,v)] (66)

) X
+%[Y( 6) X Sq(p,v) + Yq(o,v) X Sq(p,6)]-
2vy (157 6) x &a (157, )
21 g4 fy Ya(o,6) x &q(0,¢)dor+ g [Yq(p, 5)X6 /6) +Yq(o,6) x Sq(o,6)]  (67)
pto

() « () () w5
o (52.0) 0014

D1 7 [ Yoo, v) x S4(0, V)d‘f+ [Yq(u, )XZ (V )+Yq(0 v) X &q(0,v)] (68)
AP (15%0) < (50) 130 (1550) <0 (50)]

2vy (5% ¢) x &q (157 v )
DO; %f:Yq( G) x 64(o, v)d0+ [Yq(u,0) x & V) +Yq(0,¢) X Sq(o,v)] (69)

5] () () < (0)
)
(

2¥q (15%,v) x 841576

21 7 [y Ya(ov) x 8q(0, g)d0+ &

+%[Yq(&2",u) X & ( )

From Equations (63)-(70), we obtain

/6) + Yq(o,v) X &q(0,6)] (70)

) p
+Yq ’lzﬂ,v X G4 ”Tw,gﬂ.
)+ xa("5) x &

&ﬁr—

o (157, 57) x (15, 5)
By U%yf:Yq ((7,“7”) x & <0 %)daJr V%gfg” Yq (”TW,w) X Gq(%ﬂ,w)d(r
"‘6 Vl 3) fv Yq (i, w) x &q(p, w)dw + 6(V1 B) fgv Yq(0,w) x Gq(0, w)dw
(g m f;, Yq(07,6) X 8q(0,6)do + gt [, Ya(0,v) x Sq(0,v)dor (71)
(1/ ) f Yq(p,w) X &q(0,w)dw + 3(V1_g) fgv Yq(o,w) X &q(p, w)dw
<¢7 ) f Yq(0,¢) X &q(0,v)do + 3((7 )f;Yq(U,v) x Gq(0,¢)do
+18PQ(V'(7 6 v) + 5 Mq(u,0,6,v) + 5Ng(p,0,6,v)
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Now, with the help of integral inequality Equation (14) for the first two integrals on the right-
hand side of Equation (71), we obtain the following relation:

Y (cr €+V) x &q (0, £5¥ ) do
2 AL Y 0w) x 840 w)dwdo
0,6) X 64(0,6) + Yq(0,v) X &y(0,v)]do

i
+ay I [Yal
+6((77y)f;[y‘1( ) X Sq(0,v) + Yq(0,v) x Sq(0,¢)]do,

Lfv Yq (“Jr” w) X 84 (@,w)d&
O ﬁf” fv Yq(0,w) x &4(0, w)dwdo
Jr3(V .;)f [Yq(u, w) x &q(p,w) + Yq(0,w) x &q(0, w)]|dw
‘*‘6(%5) fg [Yq(1, w) x &q(0, w) + Yq(0, w) x &q(p, w)]dw.
From Equations (72) and (73), we obtain

8yq<y+a ﬂ) & (;z;—n[g;v)
QIWI f Yq(0,w) x Gq(0, w)dwdo
e f;,’[Y (¢,0) X &4(0,¢) + Yq(0,v) X &4(0,v)]dor
U{ S Yq 0,0) X Gq(0,v) + Yq(0,v) x Gq(,g)]do
+omnm=g i f Yq(0,w) X Gq(0, w)dwdo
=) fgv Yq(#,w) X Gq(p,w) + Yq(o,w) X &q(0, w)]dw
s Je Ya(pw) x &q(0,w) +Yq(‘7 w) X &q(p, w)]dw
(14, ) X Gq(p,w)dw + ¢ ( f Yq(0,w) X 84(0, w)dw
)

(72)

(73)

l/

ngv

G v c)
f,;Yq(U, (0, ¢)do + 6(0 mf Yq(o,v) x &q(0,v)do
fy

Sq(

x &

f Yq(p Sq(0,w)dw + 3(V g)fg ( ) Sq(p, w)dw

V)do + 3 [ Ye(0,0) X By (0, 6)do
)+

Mq(p,o,6v (w G V).

)
u)
g)

1)

+3 Yq(o g) x 6q4(o,
+1gPa(p,0,6,v) +§
It follows that

8Yq (FTU v
‘l/
<g u v—g) J 1z Y e
17 iy a(006)
3(c—u) (7 Yq ’ Q
)
+3(Vz,g) fgy [Yq (}1, )
ey S (i, @) X 8q(0,w) +
+11*8Pq(%(7€/ ) (VIU';Q/ )+§Nq(]i,0',g,1/).
Now, using integral inequality Equat1on (13) for the integrals on the right-hand side of Equation
(74), we obtain the following relation

) X Gq (%, o
war

Sq(0,v)]do

Sq(0,¢)]do (74)
Sq(0,w)ldw

21 a( X Gq(0,w)
) X &4(0, g)+Yq(tr V) X
X Gq(0,v) +Yq(0,v) x
x Gq(p cu)+Yq(aw)><
6( Yo(0, @) x &4 (1, w))de

(717]41;40' Yq (0' g) X Gq(o,/ g)do (75)
D1 5[Yq(16) X Sq(p,6) + Yq(0,6) X Sq(0,6)] + §[Yq(1,6) X Sq(0,6) + Yq(0,6) X Sq(p,0)],

U%y f: Yq(o,v) x &q(0,v)do 76)
21 %[Yq(}l,l/) x Gq(p,v) +Yq(o,v) x Sq(o,v)] + %[Yq(%‘/) X Gq(o,v) +Yq(o,v) x Sq(p,v)]

e i Ya(0,6) x Sq(0,v)dor 77)
D1 5Yq(16) X Sq(,v) + Yq(0,6) X Sq(0,v)] + §[Yq(1,6) X Sq(0,v) + Yq(0,6) x Sq(p,v)],

w5 Jy Ya(o,v) x &4(0,¢)dor (78)
D1 5Yq (1, v) x Sq(i, ) + Yq(0,v) X S4(0,6)] + § [Ya(1,v) X Sq(0,6) + Yq(0,v) X Sq(u,0)],

I/Lfgfgv Yq(]l,a)) X Gq(%w)d‘*’ (79)
21 3[Yq(p,6) X Sq(pt,6) + Yq(1,v) x Sqp,v)] + §[Ya(,6) X Sqpt,v) + Yq(u,v) x Sqlp,6)],
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L VY4 (0,w) x Gq(0, w)dw

1 80
01 §[¥al0,6) % §q(0,6) + Ya(0,) X Gq(0,)] + §[¥a(0,6) x S (,0) + Ya(0,¥) x S446)], v
e J; Ya(pw) x 8g(0, w)dw (81)

21 §[Ya(1,6) X 8q(0,6) + Ya(,v) X Sq(0,v)] + §[Ya (k) X Sq(e,v) + Yo (11,v) X Sq(0,6)),
V%@fgv Yq(0,w) X &q(p, w)dw (82)

21 5[Yq(0,6) x Sq(p,6) + Ya(0,v) X &g, V)] + §[Ya(0,6) X &g, v) + Yq(0,v) x Gq(p,6)]-

From Equations (75)—(82) and inequality Equation (74), we obtain

Ht+o ctv pto ctv
4Yq (TT) X Gq(TrT)

21 =g i Ya(0,w) x 8q(0,w)dwdo + 5Py (1,0,6,v) + 5 Ma(1,0,6,v) + §Na(1,0,6,v)
That is,
vt = (o o+
(5 5) 08 (157, 5)
28 o O Jy JLY(0,0) @ 6(0,w)dwdo @ 556 P(,0,6,v) © 5 © M(,0,6,v) © § O N (1, 0,6,v).
We will now obtain the HH-Fejér inequality for coordinated UD-convex FN-V-Ms by means of
FOR in the following result. [
Theorem 12. Let Y : A = (i, o] x [¢, v] = Eq bea coordinated UD-convex FN-V-M with y < o and ¢ < v.
Then, from the g-levels, we obtain the collection of IVMs Yq:A—R] given as
Yq(o,w) = [Ye((0,w),q), Y ((0,w),q)] for all (0,w) € Aand forall q € [0, 1]. Let Q2 : [y, 0] = R
with Qo) >OfQ d0‘>0andW[ v] = R with W(w) >OfW w)dw > 0, be two
symmetric functions with respect to £57 HT and G+V , respectively. Then, the following inequality holds:
y(1e et ot 1 oy (o
V(1% 557) 26 3|t © V(00 54) 0000 © gt @ V(57 0) Wi

=F 000 f;’W(w>dw © [y [LY(0,w0)2(0)W(w)dwdo

27 s © {f; Y(o,6)do @ [ Y(O’,y)d(y} )
@W © [fgvy(%w)dw ® fng(U,w)dw}

o ?(u,g)es?w,g)e;z?w@?(m

Proof. Since Y is a coordinated UD-convex FN-V-M on A, and it follows those functions, then via
Lemma 1, the following exist:

~ ~ ~ ~ ~ ~

Yo :[g,v] = Ey, Yo (w)=Y(0,w), Yo :[i,0] = By, Yu(0) =Y(0,w).

Thus, from inequality Equation (15), for each q € [0, 1], we obtain

cHv 1 v Yq0 (¢) + Yq0 (V)
D) oy ——— = - 7
Yq(y( 2 >71 ngW(w)dw/g Yqo (W)W (w)dw 2 7 ,
and 1 Yq., (1) + Yq,,(0)
V"’U v 0 g ¥ + 90 \0
Y““’( 2 )21 Ji Q(o)do i Y ()@} 21 2

The above inequalities can be written as

c+v 1 v Yq(o,6) + Yq(o,v)
Yq(o’ 2 )21 ngW(w)dw«/g Ya(@ @)W (w)dw 21 = E— (84)
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and
pto 1 Yo, @) + Yo (0, )
Yo —0o, O ——— | Yq(o,0)Q(0)do D . 85
(1550) 21 T fy Yooy 2, B )
Multiplying Equation (84) by 2(¢) and then integrating the result with respect to ¢ on [y, o],
we obtain

/; Yq (cr, ﬁTV)Q(a)da 21 M}/: /gv Yq(o, w)Q( )W (w)dwdo D /: Ya(@¢) ;Yq (U’U)Q(a)dcr. (86)

Now, multiplying Equation (85) by WW(w) and then integrating the result with respect to w on
[¢, V], we obtain

' (o L g  Yali @) + Yalo,)
[ (M5t 2 o [ [ e waemwiaieds 2 TR @i @)

Since f;Q(a)dcv > 0 and f;W(w)dw > 0, then by dividing Equations (86) and (87) by
f; Q(o)do > 0and f; W(w)dw > 0, respectively, we obtain

{f Q0o fu Yq<o, QJZrV)Q(cr)d(r-f-mfy Yq( t ,W>W(w)dw}
21 o dc*["w dwf:f Yq (0, 0)Q(0)W(w)dwdo (88)

Yo (¢ ,0)+Yq (¢ Yq (w)+Yq (0,
{f ol dofo AalZa o )dcr+f W(w dwf]j ey q(gw)w(“’)d‘*’]-
Now, from the left part of double inequalities Equations (84) and (85), we obtain
u+o g+v 5 1 /V u+o
Yq( TR ) O; fgv Wiw)deo Je Yq W W(w)dw, (89)
and
Uu+o ¢+v / c+v
Y , 2 —— |Q(0)d 90
q ( 2 ) =1 f Q da ( ) (0) o ( )
Summing inequalities Equations (89) and (90), we obtain
u+o g+v >, 1 1 / c+v 1 /‘V u+o
yq( te, ) Hire K L e A G Wydo|. 1)
Similarly, from the right part of Equations (84) and (85), we obtain
1 v Ya(p,6) + Ya(p, v)
| Yq(p,0)W(w)dw O -2 g , 92
i, YotV 2 . ©2)
1 v Yq(0,6) + Yq(o, v)
[ Y. oy 4 9
e, e@W@io 2 ; : 93)
e L Ya(11,6) +Yo(0,6)
)+ Yq(o,6
—————— | Yq(0,0)Q(0)do O 2 . (94)
S Q(O’)dO’/y K 2
1 / )dox D Yq (P'V) + YCI (U'V) . (95)
f# Q(o)do 2
Adding Equations (92)—(95) and dividing by 4, we obtain
s L Y@@+ [ Yol @)W @lie] + st [ @, 00@)de + [y naeie]
3 Ju

o, Yalme)+Ye V)IYq (0.6)+Yq(0, v)
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Combining inequalities Equations (88), (91), and (96), we obtain

W (52.52) 20 [0 52 e s (5]
D Fow de:W(w)dwa fg"Y(cY,w)Q(cr)W(w)dwdcr
21 g e Yal @)W @) + [1Yy(0,0)W(w)do]
+W [ Ya(e,0)0(0)do + [ Yo (o, v)02(0)do |
o, Yalke)£Y, 0 0 v) 4 Yalo, G)+2Yq( o) 4 Yq(m)erYq (@6) 4 Yq(;w);Yq (@)

That is,

;<
/N
N F
S
Sn}
+
<
~—
U
—

1 (7~ +v 1 (7~ 1o
2§ | o © 05 V(0054000 Mo ® st o [ V(857 i)
OF a0 T © [ ¥ (0, w)Q(e)W(w)duwdo

{f Yagda@f Y(rv)d(r}

Op —————

W@[I Y(p,w)dw ® [ Y(Tw)dw}

o Y(ug)®Y (0 )4 (MV)EBY(M)

Hence, this concludes the proof. [

Remark 3. From inequality Equation (56), the following exceptional results can be acquired:
If W(w) =1 = Q(0), one can then obtain inequality Equation (36).
Let Y« ((0,w),q) # Y*((¢,w), q) with ¢ = 1. Then, one can derive following inclusion [61]:

Y(;HZ-J,HTV) 5 %{WI Y((y g;v>Q(a)d0+ Wf;Y(#,w)W(w)dw}
S JEY (0, 0) (o)W (w)dwdo

2 o dov/“’w Jdw
[f Y(o,6)do + [ Ycru)dcr] (97)

W[ng]l, da}—i—ngU,w)dw]
' Y(p,6)+Y(0,6)+Y (uv)+Y(ov)
T .

24fn
+

Let Y bea left coordinated UD-convex FN-V-M. Then, we can achieve the following outcome (see [91]):

V(5% 4) <o 4| o © 5 V(0. 542) 00000 & gl © 7 F(457 ) Wiahie]
¥ o W © i i Y(@@)0@)W(@)dede
SFW {fyy(rgda@f Yovv)da} (98)
W [f Y(uwdw @ [ Y(Tw)dw}

<p (VQ)QY(7€)4 (VV)@Y(”V)

Let Y bea left coordinated UD-convex FN-V-M and W(w) = 1 = Q(0). Then, we can achieve the
following outcome (see [91]):

) srdo ol o (e o oo (145

@f f Y o, w)dwde

<F empe-g i
<r ((71’4 {f Yagdc?@f Ycrv)da]@4( {f Y(p,w dw@f;Y((f,w)dw}

<p Y(e)®Y (o, g)EBY(V V>®Y(ﬂ v)

(99)
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Let Y ((o,w),q) # Y*((0,w), q) with q = 1 and W(w) = 1 = Q(0). Then, we acquire following
inequality (see [90]):

v(t 5t) 23 ,lfy Y(0 65 o oL 1Y (155w o]
2 =g f f Y(0,w)dwdo
i ) (100)
> sk [y, odo + [T (0w da] + gty Y (ww)dw + [F Y (o, w)de]

> (H Q) +Y(0,6)+Y(uv)+Y (o)
1 .

Let Y« ((0,w),q) = Y*((¢,w), q) with ¢ = 1. Then, we can derive the following inclusion:

Y<HJ2W’%) = %{[Q d0’f Y((y g+v> (o)do + N W dcufh Y<y+0 W>W(W)dw}
= f,, Qo de:W(w)dwfy fgv Y(0,w)Q(0)W(w)dwdo
[f; Y(o,¢)do + [ Y(O,v)d&“] (101)

1
< 4 0(0)do

1 v v
+W [[{; Y(l’l/ (U)dw + fg Y(U,(U)d(U}
< Y(#,g)+Y(U,€)ZY(VIV>+Y(UIV>.

4. Conclusions

In this paper, we introduced and studied a new class of generalized convex fuzzy mappings
on coordinates involving the up and down fuzzy relation, which are known as coordinated up and
down convex fuzzy mappings. Several new versions of integral inequalities for this class of functions
were obtained. It is interesting to note that most of the classes and other results are also exceptional
cases of our defined class and main results, and these exceptional cases of our results are discussed as
applications. For the validation of our main outcomes in this paper, some examples were also proved.
In future, this concept will be explored in the field of quantum calculus.
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