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Abstract: The symmetric function class interacts heavily with other types of functions. One of these
is the convex function class, which is strongly related to symmetry theory. In this study, we define a
novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated up
and down convex fuzzy-number-valued mapping. Several new definitions are introduced by placing
some moderate restrictions on the notion of coordinated up and down convex fuzzy-number-valued
mapping. Other uncommon examples are also described using these definitions, which can be
viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequalities are
acquired via fuzzy double Aumann integrals, and the validation of these outcomes is discussed
with the help of nontrivial examples and suitable choices of coordinated up and down convex
fuzzy-number-valued mappings.
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1. Introduction

Convex functions are distinguished from other function classes by their widespread
application in mathematics, statistics, optimization theory, and applied sciences. This is
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, Hardy,
Simpson, and Ostrowski types, that have been established using this concept [1–17]. The
concept of a convex function is one of the core theorems of inequality theory, detailed
as follows:

Definition 1. The real-valued mapping Y : K → R is called a convex mapping on convex set K if

Y(τ
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for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
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fundamental mathematics. This inequality has piqued the interest of multiple scholars from
around the world due to its numerous applications, particularly in the domains of numerical
analysis, engineering, physical science, and chemistry. The idea of inequality has advanced
rapidly in recent years. For convex functions, several inequalities can be found; however,
Hermite–Hadamard’s inequality is one of the most extensively and intensively studied
conclusions. It is worthwhile to consider how closely related the theories of inequality and
convexity are. As a result of this reality, the concept of inequality becomes more appealing.
Many new expansions, generalizations, and definitions of novel convexity have been given
in recent years, as have corresponding advancements in the theory of convexity inequality,
particularly integral inequality theory. Formally, the Hermite–Hadamard inequality is
as follows:

For a convex mapping Y : K → R on convex set K, the HH inequality is written as

Y
(

ρ + µ

2

)
≤ 1

µ− ρ

∫ µ

ρ
Y(
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)≤ Y(ρ) + Y(µ)
2

, (2)

for all ρ, µ ∈ K, with ρ ≤ µ. If Y is concave, then Equation (2) is reversed.
If it is a concave function, the inequality in Equation (2) holds in both directions. Based

on geometry, the Hermite–Hadamard inequality provides an upper and lower estimate
for the integral mean of any convex function defined in a closed and limited domain
that encompasses the function’s ends and midpoint. Because of the importance of this
inequality, multiple modifications of it have been studied in the literature for various classes
of convexity, including harmonically convex, exponentially convex, s-convex, h-convex,
and co-ordinate convex functions [18–33].

Moore [34] was the first to consider interval analysis. Moore [35] researched interval
methods for obtaining the upper and lower bounds of accurate values of the integrals
of interval-valued functions and studied the integration of interval-valued functions in
1979. Bhurjee and Panda [36] devised a framework for determining effective solutions
to a broad multi-objective fractional programming problem whose parameters in the
objective functions and constraints are intervals. Zhang et al. [37] expanded the ideas
of invexity and pre-invexity to interval-valued functions, resulting in KKT optimality
requirements for LU-pre-invex and invex optimization problems with an interval-valued
objective function. Zhao et al. [38] defined the interval double integral and provided
Chebyshev-type inequalities for interval-valued functions. Interval analysis has practical
applications in economics, chemical engineering, beam physics, control circuit design,
global optimization, robotics, error analysis, signal processing, and computer graphics
(see [39–58]).

Budak et al. [59] defined the interval-valued right-sided Riemann–Liouville fractional
integral and derived H-H-type inequalities for such integrals. Sharma et al. [60] pro-
posed interval-valued pre-invex functions and proved fractional H-H-type inequalities for
them. Zhao et al. [61,62] recently developed the concept of interval-valued coordinated
convex functions on coordinates and proved H-H-type inequalities for these interval-
valued coordinated convex functions. Furthermore, Budak et al. [63] introduced a new
concept of interval-valued fractional integrals on coordinates and used these fractional
integrals to analyze H-H-type inequalities for interval-valued coordinated convex functions.
Kara et al. [64] demonstrated that the product of two interval-valued convex functions on
coordinates has H-H–Fejér-type inclusions. We refer to [65–76] and the references therein
for more information on the links between the various types of coordinated fuzzy-number-
valued mappings, interval-valued functions, and integral inequalities. Similarly, most of the
authors work in the field of fuzzy calculus as well as fuzzy fractional calculus. Therefore,
we refer the readers to [77–97] and the references therein, which will help in understanding
fuzzy theory.

Motivated and inspired by the above ongoing research, this manuscript is divided
into four sections. In the second section, we recall some classical and preliminary notions
and results which will be helpful in discussing the main outcomes. In the third section,
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some new estimates of integral inequalities via fuzzy double Aumann integrals and a
newly defined coordinated class of convex fuzzy-number mappings on up and down fuzzy
relations are presented. Some interesting examples are also given to illustrate the main
outcomes. In the final section, some conclusions and future plans are discussed.

2. Preliminaries

First, we will review the fundamental notions of fuzzy mathematics. Additional
information can be found in the following references: Anastassiou [77]; Anastassiou and
Gal [78]; Gal [79]; Goetschel and Voxman [82]; Gal [83]; and Wu and Zengtai [84].

Let Λ ∈ E0 be a fuzzy number. Then, this fuzzy number is also represented as q-level
sets [Λ]q defined as {

{ς ∈ R|Λ(ς) ≥ q}, q ∈ (0, 1]
{ς ∈ R|Λ(ς) > q}, q = 0,

(3)

which is a bounded and closed interval of R and denoted as

[Λ]q = [Λ∗(q), Λ∗(q)].

For Λ, λ ∈ E0 and $ ∈ R, the sum Λ⊕ λ, product Λ⊗ λ, scalar product $�Λ, and
sum with the scalar are uniquely defined as, for all q ∈ [0, 1], we obtain

[Λ⊕ λ]q = [Λ]q + [λ]q, (4)

[Λ⊗ λ]q = [Λ]q × [λ]q, (5)

[$�Λ]q = $·[Λ]q. (6)

[$⊕Λ]q = $ + [Λ]q. (7)

For ψ ∈ E0, such that Λ = λ⊕ ψ, via this result, we then determine the existence of
Hukuhara difference between Λ and λ, and we can say that ψ is the H-difference between
Λ and λ and is denoted as Λ	 λ. If H-difference exists, then

(ψ)∗(q) = (Λ	 λ)∗(q) = Λ∗(q)− λ∗(q), (ψ)∗(q) = (Λ	 λ)∗(q) = Λ∗(q)− λ∗(q). (8)

For [Z∗, Z∗], [Q∗, Q∗] ∈ RI , where RI is the space of all closed and bounded intervals
of real numbers R, the Hausdorff–Pompeiu distance between the intervals [Z∗, Z∗] and
[Q∗, Q∗] is defined as

dH([Z∗, Z∗], [Q∗, Q∗]) = max{|Z∗ −Q∗|, |Z∗ −Q∗|}. (9)

It is a known fact that (RI , dH) is a complete metric space [82].

Theorem 1 ([82]). The space E0 dealing with a supremum metric, i.e., for
∼
ψ,
∼
v ∈ E0

d∞

(∼
ψ,
∼
v
)
= sup

0≤λ≤1
dH

([∼
ψ
]q

,
[∼
v
]q)

, (10)

is a complete metric space, where H denotes the well-known Hausdorff metric in the space of intervals.

Remark 1 ([86,87]). Let RI be the space of all closed and bounded intervals of real numbers R. The
relation “ ≤I” is defined in RI as

[Λ∗, Λ∗] ≤I [λ∗, λ∗] if and only if Λ∗≤ λ∗, Λ∗≤ λ∗,
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for all [Λ∗, Λ∗], [λ∗, λ∗] ∈ RI , and it is known as the left and right relation.

The inclusion “ ⊆ ” means that

Λ ⊆I λ if and only if [Λ∗, Λ∗] ⊆I [λ∗, λ∗], if and only if λ∗ ≤ Λ∗, Λ∗ ≤ λ∗.

It is known as the up and down relation.

Proposition 1 ([86]). If Λ, λ ∈ E0, then relation “ ≤F ” is defined in E0 as

Λ ≤F λ if and only if [Λ]q ≤I [λ]
q for all q ∈ [0, 1],

and this relation is known as the left and right fuzzy relation.

Proposition 2 ([80]). If Λ, λ ∈ E0, then relation “ ⊇F ” is defined in E0 as

Λ ⊇F λ if and only if [Λ]q ⊇I [λ]
q for all q ∈ [0, 1],

and this relation is known as the up and down fuzzy relation.

Definition 2 ([90]). The IVM Y : ∆ = [µ, σ]× [ς, ν]→ R+ is said to be a coordinated convex
function on ∆ if

Y(τµ + (1− τ)σ, sς + (1− s)ν)
≤ τsY(µ, ς) + τ(1− s)Y(µ, ν) + (1− τ)sY(σ, ς) + (1− τ)(1− s)Y(σ, ν),

(11)

for all (µ, σ), (ς, ν) ∈ ∆, τ and τ, s ∈ [0, 1]. If inequality Equation (11) is reversed, then Y is
called a coordinated concave IVM on ∆.

Definition 3 ([87]). The FN-V-M
∼
Y : [ς, ν]→ E0 is said to be an up and down convex FN-V-M

on [ς, ν] if
∼
Y(τ
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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The collection of all Riemann-integrable real-valued functions and Riemann-integrable
IVMs is denoted asR[ς,ν] and TR[ς,ν], respectively.

Note that Theorem 5 is also true for interval double integrals. The collection of all
double-integrable IVMs is denoted as TO∆, respectively.

Theorem 5 ([38]). Let ∆ = [µ, σ]× [ς, ν]. If Y : ∆→ RI is ID-integrable on ∆, then we obtain
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1). (18)

Definition 4 ([91]). A fuzzy-interval-valued map
∼
Y : ∆ = [µ, σ]× [ς, ν]→ E0 is called an FN-

V-M on coordinates. Then, from the q-levels, we obtain the collection of IVMs Yq : ∆ ⊂ R2 → RI
on coordinates given as Yq(
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω) ∈ ∆. Herein, for
each q ∈ [0, 1], the end-point real-valued functions Y∗(., q), Y∗(., q) : [µ, σ]× [ς, ν]→ R are
called the lower and upper functions of Yq.

Definition 5 ([91]). Let
∼
Y : ∆ = [µ, σ]× [ς, ν] ⊂ R2 → E0 be a coordinated FN-V-M. Then,

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 
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Theorem 6 ([91]). Let
∼
Y : ∆ ⊂ R2 → E0 be an FN-V- M on coordinates. Then, from the q-levels, we

obtain the collection of IVMs Yq : ∆ ⊂ R2 → RI given as Yq(
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(20)

for all q ∈ [0, 1].

3. Main Results

In this section, we will first propose the new class of coordinated convex functions with
the up and down fuzzy relation, which are known as coordinated UD-convex FN-V-Ms.
Secondly, we will present HH–Fejér inequalities with the help of this new class and double
fuzzy integrals as well as verify them with the support of some useful examples.

Definition 7. The FN-V-M
∼
Y : ∆→ E0 is said to be a coordinated UD-convex FN-V-M on ∆ if

∼
Y(τµ + (1− τ)σ, sς + (1− s)ν)

⊇F τs�
∼
Y(µ, ς) ⊇F τ(1− s)�

∼
Y(µ, ν)⊕ (1− τ)s�

∼
Y(σ, ς)⊕ (1− τ)(1− s)�

∼
Y(σ, ν),

(21)

for all (µ, σ), (ς, ν) ∈ ∆, and τ, s ∈ [0, 1], where
∼
Y(
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)) ≥F
∼
0. If inequality Equation (21) is

reversed, then
∼
Y is called a coordinated concave FN-V-M on ∆.

The straightforward proof of Lemma 1 will be omitted herein.

Lemma 1. Let
∼
Y : ∆→ E0 be a coordinated FN-V-M on ∆. Then,

∼
Y is a coordinated UD-

convex FN-V-M on ∆ if and only if two coordinated UD-convex FN-V-Ms exist,
∼
Y
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω) and
∼
Yω : [µ, σ]→ E0 ,

∼
Yω(ς) =

∼
Y(ς, ω)

Proof. From the definition of the coordinated FN-V-M, it can be easily proved. �

From Lemma 1, we can easily note that each UD-convex FN-V-M is a coordinated
UD-convex FN-V-M. However, the converse is not true (see Example 1).

Theorem 7. Let
∼
Y : ∆→ E0 be an FN-V-M on ∆. Then, from the q-levels, we obtain the collection

of IVMs Yq : ∆→ R+
I ⊂ RI given as

Yq(
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), q) are coordinated UD-convex
on ∆. Then, from Equation (21), for all (µ, σ), (ς, ν) ∈ ∆, τ and s ∈ [0, 1], we obtain

Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q)
≤ τsY∗((µ, ς), q) + t(1− s)Y∗((µ, ν), q) + s(1− t)Y∗((µ, ς), q) + (1− τ)(1− s)Y∗((µ, ν), q),



Mathematics 2023, 11, 2851 7 of 23

and

Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q)
≥ τsY∗((µ, ς), q) + t(1− s)Y∗((µ, ν), q) + s(1− t)Y∗((µ, ς), q) + (1− τ)(1− s)Y∗((µ, ν), q),

Then, via Equations (4), (6) and (22), we obtain

Yq((τµ + (1− τ)σ, sς + (1− s)ν))
= [Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q), Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q)],
⊇I τs[Y∗((µ, ς), q), Y∗((µ, ς), q)] + t(1− s)[Y∗((µ, ν), q), Y∗((µ, ν), q)]

+s(1− τ)[Y∗((µ, ς), q), Y∗((µ, ς), q)] + (1− τ)(1− s)[Y∗((µ, ν), q), Y∗((µ, ν), q)].

That is,
∼
Y(τµ + (1− τ)σ, sς + (1− s)ν)

⊇F τs�
∼
Y(µ, ς)⊕ τ(1− s)�

∼
Y(µ, ν)⊕ (1− τ)s�

∼
Y(σ, ς)⊕ (1− τ)(1− s)�

∼
Y(σ, ν),

Hence,
∼
Y is a coordinated UD-convex FN-V-M on ∆.

Conversely, let
∼
Y be a coordinated UD-convex FN-V-M on ∆. Then, for all (µ, σ),

(ς, ν) ∈ ∆, τ and s ∈ [0, 1], we obtain

∼
Y(τµ + (1− τ)σ, sς + (1− s)ν)

⊇F τs�
∼
Y(µ, ς)⊕ τ(1− s)�

∼
Y(µ, ν)⊕ (1− τ)s�

∼
Y(σ, ς)⊕ (1− τ)(1− s)�

∼
Y(σ, ν)

Therefore, from Equation (22), for each q ∈ [0, 1], we obtain

Yq((τµ + (1− τ)σ, sς + (1− s)ν))
= [Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q), Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q)].
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τsYq(µ, ς) + τ(1− s)Yq(µ, ν) + (1− τ)sYq(σ, ς) + (1− τ)(1− s)Yq(σ, ν)
= τs[Y∗((µ, ς), q), Y∗((µ, ς), q)] + t(1− s)[Y∗((µ, ν), q), Y∗((µ, ν), q)]

+s(1− τ)[Y∗((µ, ς), q), Y∗((µ, ς), q)] + (1− τ)(1− s)[Y∗((µ, ν), q), Y∗((µ, ν), q)],
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω ∈ ∆ and τ ∈ [0, 1]. Then, via the coordinated UD-convexity of
∼
Y, for all
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Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q)
≤ τsY∗(µ, ς) + τ(1− s)Y∗(µ, ν) + (1− τ)sY∗(σ, ς) + (1− τ)(1− s)Y∗(σ, ν),

and

Y∗((τµ + (1− τ)σ, sς + (1− s)ν), q)
≥ τsY∗(µ, ς) + τ(1− s)Y∗(µ, ν) + (1− τ)sY∗(σ, ς) + (1− τ)(1− s)Y∗(σ, ν),

for each q ∈ [0, 1]. Hence, the result follows. �

Example 1. We consider the FN-V-Ms
∼
Y : [0, 1]× [0, 1]→ E0 defined as

∼
Y(
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω) is an up and down coordinated
convex FN-V-M.

From Example 1, it can be easily seen that each coordinated UD-convex FN-V-M is not
a UD-convex FN-V-M.

Corollary 1. Let
∼
Y : ∆→ E0 be an FN-V-M on ∆. Then, from the q-levels, we obtain the collection

of IVMs Yq : ∆→ R+
I ⊂ RI given as

Yq(
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Proof. The demonstration of the proof of Theorem 8 is similar to the demonstration of the
proof of Theorem 7. �

Example 2. We consider the FN-V-Ms
∼
Y : [0, 1]× [0, 1]→ E0 defined as

∼
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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In the next results, to avoid confusion, we will not include the symbols (R), (IR),
(FR), (ID), and (FD) before the integral sign.
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Theorem 9. Let
∼
Y : ∆→ E0 be a coordinated UD-convex FN-V-M on ∆. Then, from the q-levels, we

obtain the collection of IVMs Yq : ∆→ R+
I given as Yq(
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
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Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
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detailed as follows: 
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fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), τς + (1− τ)ν) + Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), (1− τ)ς + τν) (32)

and

Yq

(
µ + σ

2
, ω

)
⊇I Yq(τµ + (1− τ)σ, ω) + Yq(τµ + (1− τ)σ, ω) (33)

Since Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), .) and Yq(., ω) are both coordinated UD-convex-IVMs, from Theorem 7
and inequality Equation (6), for every q ∈ [0, 1], and inequality Equations (32) and (33), we
then obtain

Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1),
ς + ν

2

)
⊇I

1
ν− ς

∫ ν

ς
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)dω ⊇I
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς) + Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)

2
. (34)

and

Yq

(
µ + σ

2
, ω

)
⊇I

1
σ− µ

∫ σ

µ
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊇I
Yq(µ, ω) + Yq(σ, ω)

2
. (35)

Dividing double inequality Equation (34) by (σ− µ) and integrating with respect to

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)
on [µ, σ], we obtain

1
σ− µ

∫ σ

µ
Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1),
ς + ν

2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊇I
1

(σ− µ)(ν− ς)

∫ σ

µ

∫ ν

ς
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)dωd

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊇I
1

2(σ− µ)

[∫ σ

µ
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+
∫ σ

µ
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)
]

(36)

Similarly, dividing double inequality Equation (35) by (ν− ς) and integrating with respect to

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)
on [ς, ν], we obtain

1
ν− ς

∫ ν

ς
Yq

(
µ + σ

2
, ω

)
dω ⊇I

1
(σ− µ)(ν− ς)

∫ σ

µ

∫ ν

ς
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)dωd

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊇I
1

2(ν− ς)

[∫ ν

ς
Yq(µ, ω)dω +

∫ ν

ς
Yq(σ, ω)dω

]
(37)

By adding Equations (36) and (37), we obtain

1
2

[
1

σ−µ

∫ σ
µ Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς+ν
2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+ 1
ν−ς

∫ ν
ς Yq

(
µ+σ

2 , ω
)

dω
]
⊇I

1
(σ−µ)(ν−ς)

∫ σ
µ

∫ ν
ς Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)dωd

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)

⊇I
1

4(σ−µ)

[∫ σ
µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+
∫ σ

µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)
]
+ 1

4(ν−ς)

[∫ ν
ς Yq(µ, ω)dω +

∫ d
ς Yq(σ, ω)dω

] (38)

Since
∼
Y is an FN-V-M, via inequality Equation (38), we then obtain

1
2

[
1

σ−µ �
∫ σ

µ

∼
Y
(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς+ν
2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊕ 1
ν−ς �

∫ ν
ς

∼
Y
(

µ+σ
2 , ω

)
dω

]
⊇F

1
(σ−µ)(ν−ς)

�
∫ σ

µ

∫ ν
ς

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)dωd

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)

⊇F
1

4(σ−µ)
�
[∫ σ

µ

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊕
∫ σ

µ

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)
]
⊕ 1

4(ν−ς)
�
[∫ ν

ς

∼
Y(µ, ω)dω⊕

∫ ν
ς

∼
Y(σ, ω)dω

] (39)

From Theorem 7 and the left side of inequality Equation (16), for each q ∈ [0, 1], we obtain

Yq

(
µ + σ

2
,

ς + ν

2

)
⊇I

1
σ− µ

∫ σ

µ
Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1),
ς + ν

2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), (40)

Yq

(
µ + σ

2
,

ς + ν

2

)
⊇I

1
ν− ς

∫ ν

ς
Yq

(
µ + σ

2
, ω

)
dω. (41)

Adding inequality Equation (40) and inequality Equation (41), we obtain



Mathematics 2023, 11, 2851 11 of 23

Yq

(
µ + σ

2
,

ς + ν

2

)
⊇I

1
2

[
1

σ− µ

∫ σ

µ
Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1),
ς + ν

2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+
1

ν− ς

∫ ν

ς
Yq

(
µ + σ

2
, ω

)
dω

]
.

Since
∼
Y is an FN-V-M, it follows that

∼
Y
(

µ + σ

2
,

ς + ν

2

)
⊇F

1
2

[
1

σ− µ
�
∫ σ

µ

∼
Y
(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1),
ς + ν

2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊕ 1
ν− ς

�
∫ ν

ς

∼
Y
(

µ + σ

2
, ω

)
dω

]
(42)

Now, from Theorem 7 and the right side of inequality Equation (16), for every q ∈ [0, 1],
we obtain

1
σ− µ

∫ σ

µ
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊇I
Yq(µ, ς) + Yq(σ, ς)

2
(43)

1
σ− µ

∫ σ

µ
Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊇I
Yq(µ, ν) + Yq(σ, ν)

2
(44)

1
ν− ς

∫ ν

ς
Yq(µ, ω)dω ⊇I

Yq(µ, ν) + Yq(µ, ς)

2
(45)

1
ν− ς

∫ ν

ς
Yq(σ, ω)dω ⊇I

Yq(σ, ν) + Yq(σ, ς)

2
(46)

By adding inequalities Equations (43)–(46), we obtain

1
4(σ−µ)

[∫ σ
µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+
∫ σ

µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)
]
+ 1

4(ν−ς)

[∫ ν
ς Yq(µ, ω)dω +

∫ ν
ς Yq(σ, ω)dω

]
⊇I

Yq(µ,ς)+Yq(σ,ς)+Yq(µ,ν)+Yq(σ,ν)
4

Since Y is an FN-V-M, it follows that

1
4(σ−µ)

�
[∫ σ

µ

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊕
∫ σ

µ

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
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By combining inequalities Equations (41), (42), and (47), we obtain the desired result. �

Remark 2. From inequality Equation (28), the following exceptional results can be acquired:
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Example 3. We consider the FN-V-Ms
∼
Y : [0, 2]× [0, 2]→ E0 defined as
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 
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Hence, Theorem 9 has been verified.
We will now obtain some HH inequalities to produce coordinated UD-convex FN-V-Ms. These

inequalities are refinements of some Pachpatte-type inequalities on coordinates.

Theorem 10. Let
∼
Y,
∼
S : ∆ = [µ, σ]× [ς, ν] ⊂ R2 → E0 be two coordinated UD-convex FN-V-Ms on ∆,

whose q-levels Yq, Sq : [µ, σ]× [ς, ν]→ R+
I are defined as Yq(
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)

⊇F
1
9 �

∼
P(µ, σ, ς, ν)⊕ 1

18 �
∼
M(µ, σ, ς, ν)⊕ 1

36 �
∼
N (µ, σ, ς, ν).

(51)

where
∼
P(µ, σ, ς, ν) =

∼
Y(µ, ς)⊗

∼
S(µ, ς)⊕

∼
Y(µ, ν)⊗

∼
S(µ, ν)⊕

∼
Y(σ, ς)⊗

∼
S(σ, ς)⊕

∼
Y(σ, ν)⊗

∼
S(σ, ν),

∼
M(µ, σ, ς, ν) =

∼
Y(µ, ς)⊗

∼
S(µ, ν)⊕

∼
Y(µ, ν)⊗

∼
S(µ, ς)⊕

∼
Y(σ, ς)⊗

∼
S(σ, ν)⊕

∼
Y(σ, ν)⊗

∼
S(σ, ς),

⊕(µ, ς)⊗
∼
S(σ, ς)⊕

∼
Y(σ, ν)⊗

∼
S(µ, ν)⊕

∼
Y(σ, ς)⊗

∼
S(µ, ς)⊕

∼
Y(µ, ν)⊗

∼
S(σ, ν)
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∼
N (µ, σ, ς, ν) =

∼
Y(µ, ς)⊗

∼
S(σ, ν)⊕

∼
Y(σ, ς)⊗

∼
S(µ, ν)⊕

∼
Y(σ, ν)⊗

∼
S(µ, ς)⊕

∼
Y(σ, ς)⊗

∼
S(µ, ν)

and for each q ∈ [0, 1],
∼
P(µ, σ, ς, ν),

∼
M(µ, σ, ς, ν), and

∼
N (µ, σ, ς, ν) are defined as follows:

Pq(µ, σ, ς, ν) = [P∗((µ, σ, ς, ν), q), P∗((µ, σ, ς, ν), q)]

Mq(µ, σ, ς, ν) = [M∗((µ, σ, ς, ν), q), M∗((µ, σ, ς, ν), q)]

Nq(µ, σ, ς, ν) = [N∗((µ, σ, ς, ν), q), N ∗((µ, σ, ς, ν), q)].

Proof. Let
∼
Y and

∼
S be two coordinated UD-convex FN-V- Ms on [µ, σ]× [ς, ν]. Then,

∼
Y(τµ + (1− τ)σ, sς + (1− s)ν)

⊇F τs�
∼
Y(µ, ς)⊕ τ(1− s)�

∼
Y(µ, ν)⊕ (1− τ)s�

∼
Y(σ, ς)⊕ (1− τ)(1− s)�

∼
Y(σ, ν),

and
∼
S(τµ + (1− τ)σ, sς + (1− s)ν)

⊇F τs�
∼
S(µ, ς)⊕ τ(1− s)�

∼
S(µ, ν)⊕ (1− τ)s�

∼
S(σ, ς)⊕ (1− τ)(1− s)�

∼
S(σ, ν).

Since
∼
Y and

∼
S are both coordinated UD-convex FN-V-Ms, then via Lemma 1, the following exist:

∼
Y
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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Firstly, we will solve inequality Equation (52). Integrating both sides of the inequality with
respect to ω on the interval [ς, ν] and dividing both sides by ν− ς, we obtain

1
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3(ν−ς)

∫ ν
ς [Yq(µ, ω)×Sq(µ, ω) + Yq(σ, ω)×Sq(σ, ω)]dω
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6(ν−ς)

∫ ν
ς [Yq(µ, ω)×Sq(σ, ω) + Yq(σ, ω)×Sq(µ, ω)]dω.

(54)
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(ν−ς)

∫ ν
ς Yq(µ, ω)×Sq(µ, ω)dω ⊇I

1
3
∫ ν

ς [Yq(µ, ς)×Sq(µ, ς) + Yq(µ, ν)×Sq(µ, ν)]dω

+ 1
6
∫ ν

ς [Yq(µ, ς)×Sq(µ, ν) + Yq(µ, ς)×Sq(µ, ν)]dω.
(55)
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(ν−ς)

∫ ν
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∫ ν
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6
∫ ν

ς [Yq(σ, ς)×Sq(σ, ν) + Yq(σ, ς)×Sq(µ, ν)]dω
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(ν−ς)

∫ ν
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1
3
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1
(ν−ς)

∫ ν
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1
3
∫ ν

ς [Yq(σ, ς)×Sq(µ, ς) + Yq(σ, ν)×Sq(µ, ν)]dω

+ 1
6
∫ ν

ς [Yq(σ, ς)×Sq(µ, ν) + Yq(σ, ν)×Sq(µ, ς)]dω.
(58)

From Equations (55)–(58) and inequality Equation (54), we obtain

1
(σ− µ)(ν− ς)

∫ σ

µ

∫ ν

ς
Yq(
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Pq(µ, σ, ς, ν) +
1
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Mq(µ, σ, ς, ν) +

1
36
Nq(µ, σ, ς, ν).
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Theorem 11. Let
∼
Y,
∼
S : ∆ = [µ, σ]× [ς, ν] ⊂ R2 → E0 be two UD-convex FN-V-Ms. Then, from the q-levels,

we obtain the collection of IVMs Yq, Sq : ∆ ⊂ R2 → R+
I given as Yq(
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω), q)] for all (

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω) ∈ ∆ and for all q ∈ [0, 1]. Then, the following
inequality holds:

4�
∼
Y
(

µ+σ
2 , ς+ν

2

)
⊗
∼
S
(

µ+σ
2 , ς+ν

2

)
⊇F

1
(σ−µ)(ν−ς)

�
∫ σ

µ

∫ ν
ς

∼
Y(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)⊗
∼
S(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω)dωd

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)⊕ 5
36 �

∼
P(µ, σ, ς, ν)⊕ 7

36 �
∼
M(µ, σ, ς, ν)⊕ 2

9 �
∼
N (µ, σ, ς, ν).

(59)

where
∼
P(µ, σ, ς, ν),

∼
M(µ, σ, ς, ν), and

∼
N (µ, σ, ς, ν) are given in Theorem 10.

Proof. Since
∼
Y,
∼
S : ∆→ E0 are two UD-convex FN-V-Ms, then from inequality Equation (14) and

for each q ∈ [0, 1], we obtain

2Yq

(
µ+σ

2 , ς+ν
2

)
×Sq

(
µ+σ

2 , ς+ν
2

)
⊇I

1
σ−µ

∫ σ
µ Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς+ν
2

)
×Sq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς+ν
2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+ 1
6

[
Yq

(
µ, ς+ν

2

)
×Sq

(
µ, ς+ν

2

)
+ Yq

(
σ, ς+ν

2

)
×Sq

(
σ, ς+ν

2

)]
+ 1

3

[
Yq

(
µ, ς+ν

2

)
×Sq

(
σ, ς+ν

2

)
+ Yq

(
σ, ς+ν

2

)
×Sq

(
µ, ς+ν

2

)]
,

(60)

and
2Yq

(
µ+σ

2 , ς+ν
2

)
×Sq

(
µ+σ

2 , ς+ν
2

)
⊇I

1
ν−ς

∫ ν
ς Yq

(
µ+σ

2 , ω
)
×Sq

(
µ+σ

2 , ω
)

dω

+ 1
6

[
Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ς
)
+ Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ν
)]

+ 1
3

[
Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ν
)
+ Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ς
)]

.

(61)



Mathematics 2023, 11, 2851 15 of 23

Summing inequalities Equations (60) and (61) and then multiplying the result by 2, we obtain

8Yq

(
µ+σ

2 , ς+ν
2

)
×Sq

(
µ+σ

2 , ς+ν
2

)
⊇I

2
σ−µ

∫ σ
µ Yq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς+ν
2

)
×Sq

(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς+ν
2

)
d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+ 2
ν−ς

∫ ν
ς Yq

(
µ+σ

2 , ω
)
×Sq

(
µ+σ

2 , ω
)

d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)

+ 1
6

[
2Yq

(
µ, ς+ν

2

)
×Sq

(
µ, ς+ν

2

)
+ 2Yq

(
σ, ς+ν

2

)
×Sq

(
σ, ς+ν

2

)]
+ 1

6

[
2Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ς
)
+ 2Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ν
)]

+ 1
3

[
2Yq

(
µ, ς+ν

2

)
×Sq

(
σ, ς+ν

2

)
+ 2Yq

(
σ, ς+ν

2

)
×Sq

(
µ, ς+ν

2

)]
+ 1

3

[
2Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ν
)
+ 2Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ς
)]

.

(62)
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Equation (62), we obtain

2Yq

(
µ, ς+ν

2

)
×Sq

(
µ, ς+ν

2

)
⊇I

1
ν−ς

∫ ν
ς Yq(µ, ω)×Sq(µ, ω)dω + 1

6 [Yq(µ, ς)×Sq(µ, ς) + Yq(µ, ν)×Sq(µ, ν)]

+ 1
3 [Yq(µ, ς)×Sq(µ, ν) + Yq(µ, ν)×Sq(µ, ς)]

(63)

2Yq

(
σ, ς+ν

2

)
×Sq

(
σ, ς+ν

2

)
⊇I

1
ν−ς

∫ ν
ς Yq(σ, ω)×Sq(σ, ω)dω + 1

6 [Yq(σ, ς)×Sq(σ, ς) + Yq(σ, ν)×Sq(σ, ν)]

+ 1
3 [Yq(σ, ς)×Sq(σ, ν) + Yq(σ, ν)×Sq(σ, ς)]

(64)

2Yq

(
µ, ς+ν

2

)
×Sq

(
σ, ς+ν

2

)
⊇I

1
ν−ς

∫ ν
ς Yq(µ, ω)×Sq(σ, ω)dω + 1

6 [Yq(µ, ς)×Sq(σ, ς) + Yq(µ, ν)×Sq(σ, ν)]

+ 1
3 [Yq(µ, ς)×Sq(σ, ν) + Yq(µ, ν)×Sq(σ, ς)].

(65)

2Yq

(
σ, ς+ν

2

)
×Sq

(
µ, ς+ν

2

)
⊇I

1
ν−ς

∫ ν
ς Yq(σ, ω)×Sq(µ, ω)dω + 1

6 [Yq(σ, ς)×Sq(µ, ς) + Yq(σ, ν)×Sq(µ, ν)]

+ 1
3 [Yq(σ, ς)×Sq(µ, ν) + Yq(σ, ν)×Sq(µ, ς)].

(66)

2Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ς
)

⊇I
1

σ−µ

∫ σ
µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)×Sq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ς)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+ 1
6 [Yq(µ, ς)×Sq(µ, ς) + Yq(σ, ς)×Sq(σ, ς)]

+ 1
3

[
Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ς
)
+ Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ς
)] (67)

2Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ν
)

⊇I
1

σ−µ

∫ σ
µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)×Sq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)d

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 

Citation: Khan, M.B.; Althobaiti, A.; 

Lee, C-C.; Soliman, M.S.; Li, C-T. 

Some New Properties of Convex 

Fuzzy-Number-Valued Mappings on 

Coordinates using Up and Down 

Fuzzy Relations and  

Related Inequalities. Mathematics 

2023, 11, x. https://doi.org/ 

10.3390/xxxxx 

Academic Editors: Hsien-Chung Wu 

and Salvatore Sessa 

Received: 4 May 2023 

Revised: 2 June 2023 

Accepted: 23 June 2023 

Published: 25 June 2023 

 

Copyright: © 2023 by the authors. 

Submitted for possible open access 

publication under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 

𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1)+ 1
6 [Yq(µ, ν)×Sq(µ, ν) + Yq(σ, ν)×Sq(σ, ν)]

+ 1
3

[
Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ν
)
+ Yq

(
µ+σ

2 , ν
)
×Sq

(
µ+σ

2 , ν
)] (68)

2Yq

(
µ+σ

2 , ς
)
×Sq

(
µ+σ

2 , ν
)

⊇I
1

σ−µ

∫ σ
µ Yq(

 
 

 

 
Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics 

Article 

Some New Properties of Convex Fuzzy-Number-Valued  
Mappings on Coordinates using Up and Down Fuzzy Relations 
and Related Inequalities 
Muhammad Bilal Khan 1, Ali Althobaiti 2, Cheng-Chi Lee 3,4,*, Mohamed S. Soliman 5 and Chun-Ta Li 6,* 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan;  
bilal42742@gmail.com 

2 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia; 
aa.althobaiti@tu.edu.sa 

3 Research and Development Center for Physical Education, Health, and Information Technology,  
Department of Library and Information Science, Fu Jen Catholic University, New Taipei City 24205, Taiwan 

4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,  

Taif 21944, Saudi Arabia; soliman@tu.edu.sa 
6 Bachelor’s Program of Artificial Intelligence and Information Security, Graduate Institute of Applied Science 

and Engineering, Fu Jen Catholic University, New Taipei City 24206, Taiwan 
* Correspondence: cclee@mail.fju.edu.tw (C.-C.L.); 157278@mail.fju.edu.tw (C.-T.L.) 

Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ν)×Sq(
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 
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Now, with the help of integral inequality Equation (14) for the first two integrals on the right-
hand side of Equation (71), we obtain the following relation:
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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3(ν−ς)

∫ ν
ς [Yq(µ, ω)×Sq(µ, ω) + Yq(σ, ω)×Sq(σ, ω)]dω

+ 1
3(ν−ς)

∫ ν
ς [Yq(µ, ω)×Sq(σ, ω) + Yq(σ, ω)×Sq(µ, ω)]dω

+ 1
18 Pq(µ, σ, ς, ν) + 1

9Mq(µ, σ, ς, ν) + 2
9Nq(µ, σ, ς, ν).

(74)

Now, using integral inequality Equation (13) for the integrals on the right-hand side of Equation
(74), we obtain the following relation

1
σ−µ

∫ σ
µ Yq(
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1
3 [Yq(µ, ς)×Sq(µ, ς) + Yq(σ, ς)×Sq(σ, ς)] + 1

6 [Yq(µ, ς)×Sq(σ, ς) + Yq(σ, ς)×Sq(µ, ς)],
(75)

1
σ−µ
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ν−ς

∫ ν
ς Yq(µ, ω)×Sq(µ, ω)dω
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3 [Yq(µ, ς)×Sq(µ, ς) + Yq(µ, ν)×Sq(µ, ν)] + 1
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From Equations (75)–(82) and inequality Equation (74), we obtain

4Yq

(
µ+σ

2 , ς+ν
2

)
×Sq
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µ+σ

2 , ς+ν
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)
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(σ−µ)(ν−ς)
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We will now obtain the HH–Fejér inequality for coordinated UD-convex FN-V-Ms by means of
FOR in the following result. �

Theorem 12. Let
∼
Y : ∆ = [µ, σ]× [ς, ν]→ E0 be a coordinated UD-convex FN-V-M with µ < σ and ς < ν.

Then, from the q-levels, we obtain the collection of IVMs Yq : ∆→ R+
I given as
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17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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𝛶(𝜏ℴ + (1 − 𝜏)𝘴) ≤ 𝜏 ⊙ 𝛶(ℴ) + (1 − 𝜏) ⊙ 𝛶(𝘴), (1), ω) ,
∼
Yω : [µ, σ]→ E0 ,

∼
Yω(
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Thus, from inequality Equation (15), for each q ∈ [0, 1], we obtain
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1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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Abstract: The symmetric function class interacts heavily with other types of functions. One of these 
is the convex function class, which is strongly related to symmetry theory. In this study, we define 
a novel class of convex mappings on planes using a fuzzy inclusion relation, known as coordinated 
up and down convex fuzzy-number-valued mapping. Several new definitions are introduced by 
placing some moderate restrictions on the notion of coordinated up and down convex fuzzy-num-
ber-valued mapping. Other uncommon examples are also described using these definitions, which 
can be viewed as applications of the new outcomes. Moreover, Hermite–Hadamard–Fejér inequali-
ties are acquired via fuzzy double Aumann integrals, and the validation of these outcomes is dis-
cussed with the help of nontrivial examples and suitable choices of coordinated up and down con-
vex fuzzy-number-valued mappings. 

Keywords: fuzzy-interval-valued function on coordinates; coordinated up and down convex fuzzy-
number-valued mapping; fuzzy double integral; Hermite–Hadamard–Fejér-type inequalities 

MSC: 26A33; 26A51; 26D10 
 

1. Introduction 
Convex functions are distinguished from other function classes by their widespread 

application in mathematics, statistics, optimization theory, and applied sciences. This is 
due to the analytic inequalities, particularly those of the Hermite–Hadamard, Fejér, 
Hardy, Simpson, and Ostrowski types, that have been established using this concept [1–
17]. The concept of a convex function is one of the core theorems of inequality theory, 
detailed as follows: 

Definition 1. The real-valued mapping 𝛶: 𝐾 → ℝ is called a convex mapping on convex set 𝐾 if 

for all ℴ, 𝑠 ∈ 𝐾, 𝜏 ∈ [0, 1]. If (1) is reversed, then 𝛶 is called a concave mapping on 𝐾. 𝛶 is af-
fine if and only if it is both a convex and concave mapping. 
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Hence, this concludes the proof. �

Remark 3. From inequality Equation (56), the following exceptional results can be acquired:
If W(ω) = 1 = Ω(
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application in mathematics, statistics, optimization theory, and applied sciences. This is 
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+ 1
4
∫ σ

µ
W(ω)dω

[∫ ν
ς Y(µ, ω)dω +

∫ ν
ς Y(σ, ω)dω

]
≤ Y(µ,ς)+Y(σ,ς)+Y(µ,ν)+Y(σ,ν)

4 .

(101)

4. Conclusions
In this paper, we introduced and studied a new class of generalized convex fuzzy mappings

on coordinates involving the up and down fuzzy relation, which are known as coordinated up and
down convex fuzzy mappings. Several new versions of integral inequalities for this class of functions
were obtained. It is interesting to note that most of the classes and other results are also exceptional
cases of our defined class and main results, and these exceptional cases of our results are discussed as
applications. For the validation of our main outcomes in this paper, some examples were also proved.
In future, this concept will be explored in the field of quantum calculus.
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27. Dragomir, S.S.; Pećarič, J.; Persson, L.E. Some inequalities of Hadamard type. Soochow J. Math. 2001, 21, 335–341.
28. Guessab, A.; Schmeisser, G. Sharp integral inequalities of the Hermite–Hadamard type. J. Approx. Theory 2002, 115, 260–288.

[CrossRef]
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