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1. Introduction

As modern technology becomes more advanced, the study of the reliability of HMS
has become more significant, developing into an essential part of the research on reliability
theory. The HMS is a general term for systems where the human is the subject and
various types of machines are controlled. Due to the development of automation and
microelectronics, the allocation of human-machine functions is continually shifting to the
machine side. The high precision and performance of machines increase the importance
of human work responsibility, and there is the risk of major accidents caused by HR.
Additionally, machines are affected by external environmental contingencies, such as
earthquakes, floods, fires, and so on. When these destructive contingencies occur, numerous
components in the overall system fail simultaneously, which is known as CCFE.

By studying the history of reliability theory, it is easy to see that many reliability
problems have been solved by establishing reliability models in which the SVT plays an
essential role. The SVT was first proposed by Cox [1] in 1955 and was first introduced into
the reliability theory by Gaver [2]. Following this research approach, researchers such as
Abbas and Kuo [3], Yang and Dhillon [4], Sridharan and Mohanavadivu [5], Asadzadeh
and Azadeh [6], and Wang [7] studied various human-machine reparable systems.

In general, the mathematical model established by the SVT is described by a finite
or infinite set of partial differential integral equations with integral boundary conditions.
Therefore, obtaining exact solutions is quite challenging. Because of this, some papers
on reliability models assume that TDS converges to SSS. However, they do not address
whether or not this assumption is correct. In 2003, Gupur [8] was the first to apply Co-
semigroup theory to investigate the TDS of an HMS consisting of an active and a standby
component by the SVT. The strong [9] and exponential [10] convergence of the TDS to
its SSS is then obtained separately. Wang and Xu [11] examined the well-posedness and
asymptotic behavior of the TDS of an HMS with two parallel working components and
a standby component. As systems become more complex, these simple systems are no
longer adequate for engineering needs. In addition, as equipment becomes more reliable,
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the contribution of human error to system problems is relatively more significant. HR and
CCF are vital issues in system reliability. Therefore, Chung [12], Narmada and Jacob [13],
Hajeeh [14], Liu et al. [15], Shneiderman [16], and others (see the references therein) have
examined the reliability of systems with HR and CCF. Yang and Dhillon [4] established a
complex HMS consisting of n(n > 2) active components and m(m > 2) standby compo-
nents with HR and CCE. Xu et al. [17] identified that the above system exists with a unique
TDS, and it converges to the SSS. Other than the above results, there are no further results
on this model’s dynamic analysis.

In this paper, first of all, we study the spectral properties of the underlying operator
and demonstrate that, in a strip region on the left-half complex plane, it has a maximum
number of finitely many eigenvalues and has an algebraic multiplicity of 1, of which 0
is strictly the dominant eigenvalue. Then, we show that the semigroup generated by the
underlying operator of the model is quasi-compact and it is exponentially convergent to a
projection operator. By studying the essential growth bound of the operator semigroup, it is
shown that 0 is a pole of order 1. These results give an explicit expression for the projection
operator by the residue theorem of the operator form. Finally, we provide the asymptotic
expressions of the TDS of the system.

2. Mathematical Model of the System
The assumptions and symbols associated with our mathematical model are as follows.

1.  Inthe system, there are n active components and m standby components.

2. When one of the operating components fails, the standby component switches into
operation; when all components fail, the system fails.

3. A CCF or a HR can trigger system failure from any of the system operable states.
A¢i represents the constant CCF rate from state i to state m + n + 1; Aj; denotes the
constant critical HR rate from stateitostatem + n+ 2, fori=0,1,2,...,m+n — 1.

4. common-cause and other failure rates are constant. r; denotes the constant hardware
failure rate of a unitin state;i=0,1,2,...,m+n — 1.

5. The failed system repair times are arbitrarily distributed; y;(x) represents the system’s
time-dependent repair rate when the system is in state j and satisfies
Hi(x) > O,foooyj(x)dx:ooforj:m+n,m+n+1,m+n+2.

6.  The repaired component or system is as good as new. y; denotes the constant repair
rate of a failed unit in state i, wherei=1,2,...,m+n — 1.

7. Allfailures including HR are statistically independent, and the switchover mechanism
is perfect and instantaneous.

Based on the above assumptions and descriptions, the state transition diagram of the
system Figure 1 can be presented as below.

e

Hype (%)
[ At
;“d? }"cl ;”cl }”cm A‘d"’*“
Ty it ] Tl Ty Tod o Teno, r
o > - , H ,
L H Hy Hy o Hy, Hyn Hysr Hipnm
;ﬁm }Hmml
Ay
A Yy oy
. w2 Atz

Hpinia (%)

Figure 1. The state transition diagram of the system.
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According to Yang and Dhillon [4], the following partial differential integral equations
describe the mathematical model of the HMS with HR and CCE.

ddo(t) Q+2 /

ar = 20Po(t) +p®i(t) (x, ) (x)dx, @)
dod;(t )
dlt( ) =119 1 (t) — ﬂiq),‘(t) + Hir1Pita (t)/ i=12...,0-2 @)
d®, 1(t)
o = e 2®e2(t) g ®ea(D), 9
oD;i(x,t)  0D;(x,1t)
] ] —_——_— . . 1 =
St = (), j=mbnmtntlmtnt2, (@)
CDQ(O t) = To— lq)g 1(t), 5)
D,11(0,t) 2 Aci®i(t (6)
g+2 0 t Z )th (7)
@0(0):1,@(0):0, i=12,...,0-1,
®;(x,0) =0. ®)

where (x,t) € [0,00) x [0,00),a0 =19+ Aco+Apo, i =ti+pi+Ai+Ap,i=12,...,0-1
and ¢ = m + n. We use this denotation throughout the article.

at time t, n working units and m standby units of
the system are in good condition
P{ n units working and m — i units on standby in the system }, i< m,
®i(t) =
P{ 0 — i units working and no units on standby in the system }, i>m.
at time t, the system fails due to the failure of all units,
Dy(x,t) =P . . ,
and the repair time consumed by one of the components is x

at time t, the system fails due to CCF, }

P =P Y .
er1 (%, 1) { and the repair time consumed is x

at time t, the system fails due to HR,
and the repair time consumed is x '

q)QJrZ(xrt) = P{

In the following, we introduce some notations:

1 0 0 0 0 0 0

0 0 0 0 0 0 O
r=120 0 0 0

0 0 0 To1

Ao Aa Ae Acg—l O
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{%jfj(x) =Y ), f e W0,
9ifi(x) = [ wi(x)fi(x)dx, f; € L1[0,00).

{ej(x) = 7l (T,

Eigi(x) = e I IEAT X o (@)onE 5 @A e e e 11]0,00).

Take the following Banach space X as a state space:

® e R x L0, 00
@ el
@] = X |@i] +

i=0

X:

Define the operators and their domain.

) x LY[0,00) x L]0, )

o+2
L Pl 110,00y < 00
=0

Dy41(x)
@, 12(x)

D,y 11(x)

Dyi2 (x)

D(H)={®eX C@djiix)ELl[O,oo),CIDj(x)areabsolutelycontinuous )
and ®(0) = T'd(x)
—ao 0 0
20 0 - 0 0
! 0 0 0
eVl ¥)= | : : : : :
(Dq‘\;*l () 0 0 ~ay1 0 0 0
¢ 0 B, 0 0
CDQ-H 0
®yir 0 0 By O
0 0 0 DBy
0 w O 0 0 0 0 O
@, ro 0 u 0 0 0 0 O
D 0 r O 0 0 0 00
Mlo, |M=]0 0 o 0 fo1 0 00
@, To—2
Po+2 0 0 0
0
D
D,
) 0+2
: X ¢
Sl@, 4 | =] |, DM)=D(S)=X

®, 0

Dpi1
D2

Then, (7) and (8) can be written as an abstract Cauchy problem: X:

®(0) = (1,0,0,...,0)

{ IO _ (U 4+ M+S)D(t), Vte (0,00),

)
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3. Well-Posedness of (9)
Theorem 1. H + M + S generates a positive contraction Cy- semigroup T (t) when
= sup pj(x) < co.

x€[0,00)

The proof of Theorem 1 is omitted.
The dual space of X is given by

Q* € R x L®[0,00) x L®[0,00) x L®[0, c0),

}(>|< = Q* * * *
Q"] = maxq sup [Q*|, sup [|Q;"[[100)
0<i<o—-1 o0<j<o+2

Obviously, X* is a Banach space. Let

W — ¢ c X (D('x) = (¢O/ ¢l/' . '/®Q711¢Q('x)/ ¢Q+1 (x)/¢Q+2(x))/ .
®; >0, 0<i<g—1, ®j(x) >0, Vx €[0,00)

Then, W C X, and Theorem 1 ensures that 7 (t)WW C W. For ® € D(H) W, take
Q*(x) = ||®||(1,1,...,1); then, Q* € X*, and

(H+ M+ 8)D, Q%)

0+2

= { —agPo + 1 P1 + Z/ dx}||<1>||

0—2
+ 2 {ri—l(bi—l —a;D; + 111D } ”q)”
i=1

+{r @2 — a1 @0 L@
-2 e

o0 dq)Q-H (X)
[T S @@ (0 [0 ax

+ /ooo { - (M)%w - HQ+2(X)‘DQ+2(X)}HCDde

o+2

=~ @] + @[] + I @] [ D)) dx
j=e
0—2
+ Z HcD”rz 1q>z 1= Z HCDHu <I> + Z ||q)HVz+lq>z+1
i=1 i=1 i=1

g 2@y [ @] — 2y 1@ [ @] + [ @], (0)
042
pl)> / X)dx £ [| @11 (0) + @] Dy2(0)

- Z a;®i|| @[ + Zr@ 1@l + Z pi®il| @

+ Z Aci®@; || P + 2 M@ || P |
i=0 i20
—0. (10)

In (10), we use ®; € L0, 00) = CD]-(oo) =0.
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Equation (10) implies that % 4+ M + S is a conservative operator with respect to the set
B(®) ={Q* e X*| (@, Q") = |®[>=[I[Q"I” }.

Because of ®(0) € D(H?) W and by using the Fattorini theorem [18], we obtain the
following result.

Theorem 2. 7 (t) is isometric for ©(0), i.e.,
IT®PO)] = [[®(0)], Vte[0,00). (11)
We can obtain the system’s well-posedness from Theorems 1 and 2.
Theorem 3. If i = sup yj(x) < 09, then (9) has a unique positive TDS ®(x, t) satisfying
|®(-,t)|| =1, Vte|0,00).

4. Spectrum of the Operator H + M + S
Lemma 1. If0 < p; < p;(x) < fij < oo, then H + M + S has at most finite eigenvalues in
{neC|- min{‘ugjigﬂ, Hot2} < Ry < 0}; the geometric multiplicity of each eigenvalue is one,

and 0 is a strictly dominant eigenvalue.

Proof. (H+ M +8)® =15, ie,

g+2
(a0 +1)Po — 1P = / dx, (12)
(a; +1)P; = ri—lq)i—l + Vi+1q>z‘+1, i=12...,0-2, (13)
(ag—1+1)Po-1=710-2P-2, (14)
dd;(x)
T = =+ () @), (15)
@y(0) =7y 1<I>Q 1 (16)
Q+1 Z AciPi, (17)
D,p12(0 Z Api® (18)
By solving (15), we have
@;(x) = @;(0)e;(x), (19)

By substituting (16)—(18) into (19), we deduce

Dy(x) =15 1Py 160(x), (20)
o1

(DQ-H Z AciD; €Q+1( )r (21)
Q—l

Dpio(x Z AiPiegia(x). (22)

=0
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From (13) and (14),we obtain
a+n  —u 0 e 0 0 D, roDo
-1 a +1n —MU3 s 0 0 b, 0
0 —ry az+n .- 0 0 D3 — 0
0 0 0 e —Te—p Ag-1t+17] (I)Q_l 0
By Cramer’s rule, we have
U;
b; = | |CI>0, i=12,...,0—1. (23)

u

Here, U is the coefficient matrix of the above equations, and U; is the matrix where
the i column of the coefficient matrix is replaced by the following vector:

(r0,0,0,...,0).
By inserting (20)—(23) into (12), we obtain

I(;y)CI)O =0, (24)
where
|U; | U1
1(77) =ao+1 — U157 ‘ ‘ — o1 |i[| (PQ Q( )
=, Ul =, lui
— ) A boriegr( ZAh Po+2€0+2(X),

= ci |u| Q Q 1|u| Q Q

and Uy = U.

If &y = 0, then (20)-(23) imply &; = 0, dDj(x) =0(i=0,1,...,0—1); that is to say,
®(x) = (0,0,...,0). Thus,  is not an eigenvalue of H + M + S.
If ®y # 0, then (24) gives

I() = 0. (25)
That is to say,
I(n) =0« Oy #0. (26)
By (20)—(23) and the condition of Lemma 1 we estimate

0+2
P[] = [®o] + [P1] + ... + [Po-1] + 2 [19; [ L1 (0,00)
j=e

o—1 U oS
= (1+ Z; |ul||)|<I>0| —I—/O ro-1|Pg-1]eg(x)dx
1=

00 0—1 0 0—1
+/O 2 Aci|@ilegy1(x)dx + /0 Y Al @ilegsa(x)dx
' i=0

YU |Ug71\ —(R+11g)
(1+Z o) 190l e o] [ e My

Ui —(Ry+
4 ZAW ||u| ‘q)o|/ Ul ]’1@+1 dx
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|U;| —(Ry+n

ZAhl|u| |<I> |/ q+2 dx
| |UQ,1|

@ |1+ I L.

= 0'[ Z Tl e TRy + )

U u
+ S PP | E—
2 ST + rgrn) 2 ™ T + rgr)

1

(27)

By (26) and (27), it is not difficult to know that all zeros of I() in

A = {n € C| —min{py, poi1, pot2} < Ry <0}

are eigenvalues of 1 + M + S. Since I(7) is analytic in A, it follows that I(#) has, at most,
countable isolated zero points in A from the zero-point theorem of the analytic function.
In the following, we verify the above results. If I(7) has infinitely many zero points
in A, and we assume that they are 77, = a; +if; € A,a; € (—min{pg, por1, Hor2},0],
B; € R, then we know that there is a convergent subsequence by the Bolzano-Weierstrass

theorem. Without losing generality, assume 7, = aj + iy such that klim & = & €
— 00

(= min{jig, ftys1, g2}, 0], Him [Bil = oo, 1(5) = O,k = 1. By iserting fjc = o + iy

into (25), we obtain

. u

ag + ax + 1Py — ‘u1||ul||
|UQ 1|

T U]

) 2 Ao ||LLII|| / o (x)e™ @B} e (DdTg

ak-l-l‘Bk fO ]JQ dex

o Z )\hl |u | / ,uQ+2 —(ap+iBy)x fO .”Q+2 )dex -0

uf
=
ag + ax + i — 1 |U||
u,_ 0 x
—rQ,1| |fl|1| ></0 yg(x)ef"‘kxffﬂ #e(T)AT o5 (Brx) — i sin(Byx)]dx
- Z Aei ||LLIII || mesa (eI e fcos (Byx) — isin B
0
uz oo —ax— [ (t)dt ;o
Y T % ) Fera()e I et cos (i) — sin(r)ldx = 0
i=0 0
—
||
ao + &k — P17 |
u x
Fo1 | |lgl|1| / ﬂxkxfjo Ho(T)dT cos(/%kx)dx

- Z ci ||lLll| /DO Hgr (x)e” 55 I 1o (D7 cog (B x)dlx
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- Z hi ||LLIII| /°° Mo (x)e 0 Fe2 (D o B x)dx = 0, (28)
B+ 7o |iz|1| / x)e o (D9 sin (B x)dx

+ Z AC’ IUI / o (x)e 0 Hort (D9 gin (B ) dix

+2Ah’|u|/ Hosa(x)e o Her (9T sin By dx = 0. (29)

By 7k € A and the Riemann-Lebesgue theorem, we know that

klim y]'(x)e_"‘kx_fox #i(TAT cos(Bx)dx = 0, (30)

—00 J0

klim y]'(x)e_"""‘_f(iY #i(TAT gin (Bx)dx = 0. (31)
—00 J0

From (29)—(31) and taking the limit k — oo in (29), we obtain that co = 0. Obviously,
this is a contradiction. Therefore, I(77) has at most finite zero points in A; in other words,
‘H + M + S has finite eigenvalues at most in A. Furthermore, according to (20)—(23), the
eigenvectors corresponding to each 1 generate a linear space of one dimension. That is, the
geometric multiplicity of each 7 is one. [

Remark 1. It is not difficult to prove that 1(0) = 0. Hence, 0 is the eigenvalue of H + M + S
with a geometric multiplicity of one. Because H + M + S has finite eigenvalues and the real
part of all non-zero eigenvalues is strictly less than 0 in A, 0 is a strictly dominant eigenvalue of
H+M+S.

Proof. wheny =0,

| g | bRl Ul
107 =0 =g ~ e~ 2 Moy 2 M
17 17
<z ) jud) U
=a9— Ao — Apo— Y (a; — #z) wo| — (a1 —11) 577 o) —(ag1 _VQ*1)|LQ170|’ (32)
i—2
where
ag —p2 0 0 0
—ry a4y  —H3 0 0
u’ 0 —1 as 0 0
0 0 0 trr The—2 g1

U? denotes the matrix where the i column of U is replaced by the vector
(r0,0,0,...,0).

According to the properties of the determinant, we obtain

u,l Uyl

T2y \u°| %ot oy =0
ue | juo|

0
ri—q —a; ! +]li+1|uj+1| =0, i:2,3,...,Q—2.
|U°| u°| uo|




Mathematics 2023, 11, 2771 10 of 29

Then, (32) becomes

up| |

1(0) :aO_AcO_/\hO_’hW I o]

=a9— Ao — Ao — 70
=0.

O
Lemma 2. (H + M + S)* is given by

(H+M+8)"Q"=(C+N+V)Q",vQ* € D(C)

where
—ay 0 0 0 0
0 0 0 0 0
CQ&(x)=1| o —ay-1 0 0 0
0 0 & —ppx) 0 0
0 0 0 & = Mo (¥) . 0
0 0 0 0 I — Hot2(x)
R
A
| < |
Qp(x)
Z+1(x)
QZH(?‘)
0 0 00 00 Q
0 0 00 00 o
NQ*(x) = 0 0 Qo1
po(x) 0 Q;(0)
Hoy1(x) 0 0 §+1(0)
.“Q+2(x) 0 g+2(0)
0r 0 -~ 0 0 0 0 ok
0 0 r --- 0 0 O Q7
I T2 00 0 2 |
00 0 0 o}
0 0 O 0 Qz(x)
00 0 0 0 o+1(%)
00 0 0 o+2(%)
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0
" o 0 Q;
0 Ha 0 Q;

VO*(x) = : A *

0 0 Ho—1 0 0 O o—1
0 0 0 Q9 (x)
0 0 0 0 g+1(%)
0 0 0 o+2(%)

00 0 0 A Ao o
00 0 0 Aet A %
+100 0 To-1 Ac(g-1) An(e-1) |
00 0 0 0 0 )

Q;(0)
00 0 0 0 0 )
0 0 0 0 0 0 ylo
00 0 0 0 0 0+2(0)

49 prists and Qi(c0) =€ }

D(C) = {Q" e x*| 44

Lemma 3. If0 < p; < pj(x) < #j < oo, then (H + M + 8)* has at most finite eigenvalues in
{neC|- min{],t;yQH, o2} < Ry < 0}, and if the geometric multiplicity of each eigenvalue
is one, then 0 is a strictly dominant eigenvalue.

Proof. Consider (H + M + 8)*Q* =nQ*,ie,

(‘10 + 77) QS = ACO QZ-H (0) + /\hO QZ+2 (0) + 710 QT/ (33)
(ai +1)Qf = 1iQf 1 + 1i Q1+ AeiQp41(0) + 41 Qo 12(0), (34)
i=12,...,0-2,
(”Q—l +17) szl = Ho—1 QZ—Z +7o-1 QZ (0)

+ Ac(o-1)L+1(0) + An(o-1) Lo12(0), (35)

dQ]* (x) i .
g = 1+ () Qf (x) — wi(x) Qp, (36)
Qj (o) =e. (37)

By solving (36), we deduce

QO (x) =0 (0)e¥ I W (@48 _ et [ wy(@)de

o .
X /0 e~ 17 Jo Vj(é)dg]/tj(T)QédT. (38)
Multiplying both sides of e;(x) by (38), taking the limit x — oo, and using (37),

we obtain
Qj(0) = @ [~ el By (x)dr. 9)

According to (34) and (35), we can obtain

(a1 +17)Q1 —11Q5 = A1 Q4 11(0) + A Qp42(0) + 41 Qp, (40)
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1297 + (a2 +1) Q3 — 1293 = A2 Q11(0) + A2 Q542(0), (41)

_ngzngg + (ﬂ972 + W)QZ,Q —To-2 QZ—l

= Ac(o-2)Lo+1(0) + Ap(o-2)L42(0), (42)
—Ho-1 QZ—Z + (”Q—l +1) QZ—l
=19-1925(0) + Ac(o-1)Lo41(0) + Ap(o-1)Lo12(0). (43)

The above equations are written in matrix form as

m+n  —n 0 e 0 0 Q7 K19
—Muy ay+my  —ry - 0 0 Q3 K Q)
0 —uz az+y - 0 0 Q; _ KgQS

0 0 0 “Ho-1 g1t o1 Ko-190

where

K1 = Ac1¢o+1€9+1(T) + Anido+2€g+2(T) + pi1,
Ki = Acipo+1€9+1(T) + ApiPor2€042(T), 1=12,3,...,0-2,
Kg—1 = 19-1Pg€o(T) + Ag(o—1)Po+1€0+1(T) + Ap(o—1)Po+260+2(T).

Thus, by Cramer’s rule, we have

| Di
%=1

Here, D is the coefficient matrix of the above equations, and D; is the matrix where
the i column of the coefficient matrix is replaced by the following vector:

Q5i=12,...,0-1 (44)

(K1, K2,K3,.. .,Kg—1)«

We can substitute (44) into (33) to obtain

| D]

(a0 +1)Qp = A0 QoPo+1€0+1(T) + Ao QoPo+2€0+2(T) + rom o,
=
D *
{ﬂo +n7— To||Dl| — Ac0Por1€o+1(T) — )\hO‘PQ+ZeQ+2(T)] Qy=0. (45

If Q5 = 0, (38) and (44) means QF = 0 (i = 1,2,...,0—1), Q}‘(x) = 0; that is,
Q*(x) = (0,0,...,0), which indicates that 7 is not an eigenvalue of (H + M + S)*.
If Q5 # 0, then

D
Blp) =a0 1~ 10 28— Agosrcoi(v) ~ Anfosrteia(t) =0, (46)

Now, we prove that I(17) = B(#). Because |U| = |D| and

B(n) = ag+ 1 — AcoPor1€9+1(T) — Anodpot2€0+2(T)
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K1 -1 0 ce 0 0
Ko ax+7 ) 0 0
K3 —uz az+y - 0 0
., Ko—1 0 0 Tt THe—1 g1 +7
0 |D| ’

we have

I(n) =ao + 1 — Aodor1€+1(X) — Anodor2€g42(x)

|Ul| |ug 1‘
SN ol

- Z Aci ||U|| ¢Q+leg+1 Z )‘hz U] 4)Q+2€Q+2( x)

=9 + 1] — AcoPo+1€0+1(X) — /\h04’9+289+2( x)

u
— (11 + AcaPor1eo+1(X) + Ap1dgi2ep12(x)) |ul||

0—2 u;
— Y (Acipgr1s1(x) + )\hi¢g+2eg+z(x))||ul||
i—

|UQ*1|

— (rg-190€o(x) + Ac(g—1)Po+1€0+1 (%) + /\h(g—l)¢9+2eg+2(x))w

=ag + 1 — AoPor1€0+1(X) — ApoPoi2ep12(X)
0—2
K1 | Uz | + ‘22 Ki|Ui| + rg—1|Ug—1]
=
|ul

=B(1).
Therefore, (46) is equivalent to I(17) = 0, which is to say,
I(n) =0« Qf #0.

According to (38), we can estimate (assume $57 + p; > 0)

sup | Qée””fox #j(r)dr
x€[0,00)

></x yj(g)e*néfj;fuj(r)drdﬂ
<|Qg| sup et [g pi(r)dr
x€[0,00)

. / " (@) el (T

=103l sup [ pi(g)e M@ [mmaTgg

x€[0,00) ¥

* © R(l—x)—ui(C—x
<|Qj| sup /x e M) g

xe[O o)

197

<
L*[0,00) —

_|Qo|

%Hu]

(47)

(48)



Mathematics 2023, 11, 2771 14 of 29

Combining (48) with (44), we obtain

1971 = sup {1951 1911+ 1Qg 1 1Qel oy Q1 ey 1 Q2

|D | Dol 7o Ho+1 Hot2 }

- Q* Su 1/ VAR 4 7 7 7
19 sup { D] DI " Ry + po" Ry + o1’ Ry + pgsa

(49)

(47) and (48) implies that all zeros of B(7) in
A = {n € C[ —min{pq, pg11, pot2} < Ry <0}

are the eigenvalues of (H + M + S)*. Because B(7) is analytic in A, we know from the
zero-point theorem for analytic functions that B(1) has at most countable isolated zero
points in A. Because this is the same as in Lemma 1, we can obtain that B(#) has a finite
number of zero points at most in A; in other words, (H + M + S)* in A has at most finite
eigenvalues. [

Remark 2. According to ag = 1o + Ao + Apg, we can obtain that B(0) = 0. Thus, 0 is the
eigenvalue of (H + M + S)* with geometric multiplicity of one.

5. Asymptotic Behavior of the TDS of (9)

From Section 3, we can obtain that the operator H also generates a positive contraction
Cp semigroup, To(t). In this section, first of all, we prove that 7y(t) is a quasi-compact
operator. Since M and S are compact operators, it is obtained that the semigroup 7 (t)
generated by H + M + S is a quasi-compact Cy semigroup according to the perturbation
of the quasi-compact operators. Next, we prove that 7 (t) converges exponentially to a
projection operator and provide a concrete expression for this convergence. Therefore, we
obtain that the TDS of (9) converges exponentially to its steady-state solution.

Proposition 1. Let
do
{dﬁt) = HO(t), te (0,0), 50)

®(0) = u(x) € D(H).
If ®(x,t) = (To(t)u)(x) is a solution of (50), then

Moefﬂot

u1€7a1t

Ug_1e o1t ;X <t
Dy(0,t —x)e” Jo me(@)dg
(0,t — x)e Jo Her1(0)dE

Dy 11 g
®,12(0,t—x)e” Jg Hora(D)dg
O (x,t) = (To(t)u)(x) = 0 s
upet
ug_qe Tt , x>t

ug(x — t)(g* j;it HQ((-)dg
Ugt1 (x — t)e_ fxx—t Ho+1 (¢)dzg
MQ+2(X — t)e_ S o2 (2)d

where @;(0,t — x) is determined by (5)~(7).
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Theorem 4. If p;(x) is Lipschitz-continuous and satisfies 0 < p; < p;(x) < fi; < oo, then To(t)
is a quasi-compact Co— semigroup in X. o

Proof. First of all, we define two operators for i € X :

B 0, x €[0,t),
VOPE = { mm, el 6
W) = { PEPE X0, 62)

Obviously,
To(Hwy = V()p +W(t)y, Yy e X.

From [19] in Theorem 1.35 and the definition of W(t), we know that we only need
to prove Condition 1 in Theorem 1.35 [19]. For u € D(H), we set ®(x,t) = (To(t)u)(x);
then ®(x,t) is a solution of (50). Therefore, according to Proposition 1 we have, for

€[0,t),he[0,t),x+hel0t),

o+2

Z/ |@;(x + B, 1) — @j(x, )| dx
= / |¢Q(0/@)€7 fox +h Ho(T)dT _ qDQ(O, g)€7 jOA yQ(T)dT|dx
0
t X .
+/ |(I)Q+1 (0,(1))(37 fo +h Hq+1(T)dT _ ¢Q+1<Or g>€7 fo yg+1(r)dr|dx
0
t . )
+ / |¢Q+2(Orw>ei J o Hor2(T)dT _ CI)Q+2(O, 9)37 Jo P‘Q+Z(T)d’r|dx
0

< /t |<DQ(O,(D) ’ ’e* flo po(D)dT _ Jo Ho(r)dr dx
0

t X
+/0 ‘(DQ(O/CD) - CI>g(0,g)|e_fo #o(T)AT

t
+/ ‘q)Q_H(O,(D)” — S po (Dt _ o= [§ Ho1 (D)dT| g
JO

t "X
+ / |@y41(0,@) — @pi1(0,¢)|e Jo Fer1(MdTqy
0

+ /t [Py 12(0,@)| ‘3_ J5 " pera(mdr _ e~ Jo Her2(D)dT| gy
0
t

[ [@g12(0,@) — @i2(0,6) e I Her2 Ty (53)
0

wheret—x —h=w,t—x =¢. Thus, x —t= —¢.
In the following, we estimate each term in (53). According to the properties of the
semigroup and the boundary conditions, we have

|CDQ(O/CO)‘ ‘Q)—lcbg—l(w)‘
ro-1l|P(-, @)|[x
ro-1llTo(@)u(-)|[x

< ro-1llullx, (54)

VAN

A

|[®o11(0, @)

IN

max_{Ad} z e

O<1<
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<
O<m<ax {AciHlull x, (55)

o—1
D, 12(0,0)| < Ahi (@
[®42(0,@)] < O<ZI¥1<aX_1{ ni'} Z |Di(

<
o nax {/\hz}llullx (56)

From (54)—(56), we can estimate the first, third, and fifth terms of (53):
t Tt N
/ |¢Q(0,@)|’€7f0 FQ(T)dT_effo Hq(T)dT dx

h
< o 1||”||X/‘ 0 M ue(n)dT _ = J§ molr)dr

— 0, as|h| =0, uniformly for u, (57)

dx

t .
/ |¢e+1(0/@)|‘ I e (AT o= [ e (D)d | gy
0

t " n
< max {Acblullx [ [e 8 reaMaT o e ()0 g
T 0<i<o-1 0

— 0, as|h| — 0, uniformly for u, (58)

t X
[ gua0,@)Je 7 e o ey
0

t ” N
< max {/\hl}HMHX/ ’67./0+hﬂq+2(T)dTiefjo Ho2(T)AT| g5

0<i<p

— 0, as|h| — 0, uniformly for u. (59)
Using the boundary condition and Proposition 1, we obtain

|Po(0,@) — Do(0,6)|
= ro-1|g1] \ew_l(w) _ otg1(6) ‘
< o ajullx|emem1(®) — ()]

— 0, as|h| =0, uniformly for u, (60)
|P+1(0,@) — ®p11(0,¢)
o—1
< L Al e — et
< Jullx 2/\ e (@) — gmaile)|

— 0, as |h| — 0, uniformly for u, (61)

|CDQ+2 (0,@) — CI39—1-2 (0,6) ‘

o—1
< ¥ Al e — =49)
i=0
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o1
< lullx ¥ Apile™ (@) — p=ail©))|
i=0

— 0, as|h| — 0, uniformly for u. (62)
Combining (57)—(62) with (53), we obtain

Q+2
/ |®;(x +h,t) — Pi(x,t)|dx — 0, as |h] — 0, uniformly for u. (63)

Ifh € (—t,0),x € [0,t), thenx+h < 0and <I>j(x+h,t) = 0. Thus,

o+2

Z/ [ (x + I, t) — B (x, t)|dx
= /_h |Dp(x 4N, t) — Pp(x, t)|dx + /jh | Do (x + 1, t) — Dy(x,t)|dx
+/ D1 (x+ 1) — Q+1(x,t)|dx+/_th|<I>Q+1(x+h,t)—<I>Q+1(x,t)|dx
+/O |<I>Q+2(x+h,t)—®Q+2(x,t)|dx+/_th|<I>Q+2(x+h,t)—<I>Q+2(x,t)|dx
:/O_h@Q(x,t)|dx+/th|<l>g(x+h,t)—@Q(x,t)|dx
| g () + [ 1@ (1,0 = @i (1, )ldn
+/ Dy in(2,1) \dx+/ (@ ya(x + B, 1) — Dyip(x, )|dx (64)
Forx € [0,t),h € [0,t),x + h € [0, t), in the same way as (63), the second, fourth, and
sixth items in (64) are obtained as follows:
/jh 1@;(x + 1, 1) — @;(x, 1) dx — 0. (65)

In the following, we estimate the other three terms in (64), and by using Propositions 1
and (54)—(56), we obtain

| 1@e(xldr < 7@—1||”||X/07 L P} (66)
B o pea (e
< ; . +1
/0 |@pp1(x, t)]dx < Ogln;aél{/\a}ﬂuﬂx/o e Jote dx — 0, (67)
—h o Iy (t)dt
/o | Pg2(x, t)[dx < Ogrlr‘lgaél{)\hi}HuHX/o e Jo ezt dx — 0. (68)

When h € (—t,0),x € [0,t),x + h € [0,t), we have

g+2
/|<p (2 + I, t) — B; (x, t) | dx — 0. 69)
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As |h| — 0, (65)—-(69) uniformly for u. Therefore, (69) and (63) show that W(t) is a
compact operator.
Now, by the definition of V(t), we have, for Vu € X,

V@) < [uole™ " + [ure™™* + ...+ ug_g]e 1"

+ sup |e’fx{e?’e(T)dT|/w|uQ(—g)|dx
t

x€E[t,00)

+ sup |€7ﬁ*f%“1(T)dT|/ [upr1(—¢)|dx
x€E[t,00) t

+ sup [em Koo (O3] [Ty p(—g)ldx
x€[t,0) t

< Jugle™" + funfe™™" + ...+ [ug_g|e” ]
— e - t *
Ny Y SR
—Hotat « —ald
+e \ |ug+2( Q)‘ X

<e min {”Orﬂlru-:am+n—1/@/HQ+1rﬂg+2 }t|

|u||x-

From these results, we obtain

0 < I To() — WO = V()] < e ™ Ittt} gy

Combining the definition of the quasi-compact operator (see Gupur [19], Definition 1.85),
we obtain that 7y(t) is a quasi-compact Cy semigroup in X. Obviously, M : X — R"+1+3
and S : X — R™*"+3 are compact operators on X(see Gupur [19], Definition 1.7). According
to this result and Proposition 2.9 in Nagel [20], we obtain the following results. [J

Corollary 1. If the conditions are the same as in Theorem 4, then T (t) is a quasi-compact Cy-
semigroup in X.

By Lemmas 1 and 3, we know that the algebraic multiplicity of 0 is one.
Thus, according to Theorem 1, Lemma 1, Lemma 3, and Corollary 1 with Theo-
rem 1.90 [19], the following result is concluded.

Theorem 5. If yi;(x) is Lipschitz-continuous and satisfies 0 < pj < pj(x) < fij < oo, then there

is a positive projection operator P and appropriate constants w > 0, B > 0 such that
I7(t) =PIl < Be™,

where P = %m [x(zI = H — M — 8)~dz and A is a circle of sufficiently small radius with its
center at 0.

From Theorem 1, Lemma 1, and Corollary 1, we have
{nec(H+M+S) | Ry=0} ={0}.

This means that only 0 is the spectral point of H + M + S on the imaginary axis.
Next, we calculate the explicit expression of the project operator P.
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Theorem 6. If the conditions are the same as in Theorem 4, then the TDS of (9) converges exponen-
tially to its steady-state solution, i.e.,
[®(,t) — ()| < Be @', Vt>0.

Proof. Theorems 4 and 5 imply

||’76(t) _ W(t)” — Hv(t)H S (3_ min{ag,al,...,ﬂg,l,ﬂ}t
=
In||7o(t) = W()|| = In||V(t)|| < —min{ag,ay,.. .,aQ_l,&}t
=

In[|7o(t) - W)
t

< —min{ag, ay, . . ~/ﬂg—1/ﬁ}

From this, together with Proposition 2.10 of Nagel and Engel [16], we have wess(7o(t))
(i-e., wess(H)), the essential growth bound of 7y (t)(i.e., H), satisfying

Wess (76(t)) < - min{ao, ai, .-, a@*’ﬁ}'

Since M : X — R""*3and S : X — R""+3 are compact operators, by Proposition 2.12
in [16], we have

wess(H + M+ S) = wess(T(t)) = wess(%(t» < _min{QO/ ai, .. -/agfl/&}

Using this result and combining it with Theorem 4 and Corollary 2.11 of Engel and
Nagel [21], we obtain that 0 is a pole of (yI — H — M — S)~! of order 1. Therefore, from
Theorem 5 and the residue theorem, we have

Zjn/(zl—?-l M= 8)y(x)dz

= limy(yl —H — M —S) ly(x)
n—0

Py(x) =

To calculate this limit, we need to give the expression of (y — H — M — S)~!
For Yy € X, consider the equation (7] — H — M — S)® = y; that s,

0+2
(4 + ag)®g — 11 — Z / x)dx = o, (70)
—ri®ig+ (7 + ﬂi) i~ Hin®Pii =y, i=12,...,0-2, (71)
- rQ72q>Q72 + (77 + ag—l)cDQ—l =Yo-1, (72)
T = )5 (0) + y5(0), 73)
D, (0) = 1o 1<I>g 1 (74)
g-l—l Z )\czq>z/ (75)
Dg2(0 Z Ani® (76)
By solving (73), we have

@;(x) = @;(0)e;(x) + Ejyj(x). (77)
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$jPj(x) = /0 D;(0); x)dx + / pi(x)Ejyj(x
( )¢U%( )‘%4U ﬂh( X). (78)
Notice that .
pjej(x) =1 ’7/0 €j
and set
= eo(x)dx, Bo=1—1nao,
] = eor1(x)dx, B1=1-nay,
Xy = epr2(x)dx, Ba=1-r1nay (79)
by = €o+2
Then, by substituting (79) into (70), we can derive
[+ (1= B1— B2)ao + (B1 + B2)ro + PrAno + Barco] Po
[(/31 +B2)(r1 — a1) + (B1+ B2 — Dpr + PrAm + P2ra ] P
+ Z B+ Ba) (ri + pi — ;) 4 B1Aui + Balci| i
[(ﬁl + B2 — Bo)ro—1+ (B1+ B2) (Ho-1 — g—1)+
B1An(o-1) + B2Ac(o-1)] Po-1
0+2
=Y+ ) ¢&y;(x) (80)
=

Furthermore, (80), (71), and (72) can be written as

S O B - Bpa By @,
—ro Ht+am  —py - 0 0 @,
0 —r y+ay --- 0 0 d,

N+dg—2 —Ho-1 (OJ)

0 e —Tem1 N Hag_ Dy
0+2

Yo+ X ¢&yi(x)
=

Y1
= Y2 ,

Yo-2
Yo-1

where

8o =1+ (1 — B1 — B2)ao + (B1 + B2)ro + B1Ano + BaAco,
% = (B1+B2)(r1 —a1) + (B1 + B2 — Dpa + BrAm + Para,
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= (B1+B2)(ri + i —a;) + P1Ayi +B2Aci, i=2,...,0-2,
81 = (B1+B2—Po)ro-1+ (B1+ B2)(Ho-1 —ag-1)
+ B1Au(g-1) T B2Ac(o-1)-

According to Cramer’s rule,

Fon)| o _ [ Fi(n)] _ [ Foa ()] (81)
F) T FEmD T T IFEm

Here, F (1) is the coefficient matrix of the above equations, and ;(#) is the matrix
where the i + 1 column of the coefficient matrix is replaced by the following vector:

Oy =

0+2
(yO + Z ¢]-S]-yj(x), Yi,. - ']/Q—Zrygfl) .
J=e

Simplifying F (1) yields

® O 0, ®Q—2 ®Q71
—rg n+ar  —u 0 0
0 -1 y+a 0 0
F )l = - ; , 52
n +ag,2 Vg—l
0 —to—1 H+a,-1
where
Qo = 1+ (a1 +a2)ag — a1Ayg — a2)c,
O1 =1— (a1 +a2) (7 + p1) — a1Ap — a2Ae,
O =1— (a1 +a2)y —arAy — @Ay, i=2,...,0—2,
®Q*1 =1— (a1 + 062)17 (21 +ap — ao)i’g 1— le)th(@ 1) — XA, c(o-1)*
Therefore,
d(ﬂ) @1 @2 cee ®Q*2 ®Q—1
yvi n+a  —u2 0 0
Y2 -1 n+a 0 0
Yo-2 0 0 N+ap—2 —Ho-1
_ 0 0 S =Ty +a,_
@0: |F0(17)| — yQ 1 0-1 Ul 0-1 , (83)
|F ()] O O O - Oy Op-1
—Tro 7 + a —U2 s 0 0
0 —r n4a .- 0 0
N+ag-—2 —Ho-1
O ce _rgil ;7 + aQ*l
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O dy) © - O, O,
—ro W —M2 0 0
0 v2 7n+a 0 0
0 Y2 0 N+ag—2  —po-1
o, = [F0)l _ 10 Ypr 0 —To1 Nt agi
| F ()l G O O, - Oy Op1 |
—ro nH+a  —py - 0 0
0 —-n nta - 0 0
m o : . . : .
n+ Ag—2 Ho—-1
O ~To-1 n+ag-1
O O C)) Op—2  d(y)
—ry n+a —MU2 0 1
0 -1 n+a 0 Y2
H+a9-2 Yo—2
| Foalp)] _ 0 I
D, = - ,
‘f(ﬂ” ® (N (o - ®Q—2 ®Q*1
—rp W+a  —p2 - 0 0
0 —-n nta - 0 0
;7+ag_2 _l’lQ*l
O e *rg—l n + ag—l

0+2
where d(17) =yo + L ¢;&yj(x).
J=e
Substituting (83)—(85) into (74)—(76), respectively, and using (77), we derive

‘}—gfl(ﬁ)l

CDQ(X) — Wrg_leg(x) + 5ng(x),
-l -
Do 1(x) = . ||}-l((:17))|| Acieg1(x) + Egr1Yg+1(x),
0—1 F
Dpia(x) = | l(ﬂ)|)\hi€g+2(x) + Egr2Yor2(x).

(84)

(85)

(86)

(87)

(88)



Mathematics 2023, 11, 2771

23 of 29

Summing up, we have

Here,

d@b

|Fo ()]
7 ()]
|F1(7)]
[F ()]
|Fo-1(n)]
Py(x) = lim g Fosl) IF(U)\
=0 |;:(1 7] Q leQ(x) +8ng(x)
= Em)
= Fy )‘)\czeg+1(x)+gg+1yg+1( )
1=
) T Mice2(x) + Egsaygra(x)
1=
: |Fo ()]
VAo
|F1()]
oy 7 ) b
: My
Tl :
U] _ Hoay
: |]:ol()| fy::)d@’ H _Ij
%135 Fapl e N HHQE f"g )
+1 ,— o 1 d¢
Z lim (U)\A e~ fo #g+1 &)dé HQ 0 ot ( b
Mﬁo”\m)\ o Ho i o [ g12(0)d2)
Filn] =[5 por2(8)dE
20 ,?L% Fop) e~ e
Yo Y1 Y Yoo Yoo
-7 a —]/12 0 0
0 —-r a 0 0
0 0 0 IZQ,Z —]JQ 1
0 0 0 o2 g1
a —H2 0 0
—n a 0 0
0 0 g2  —Hg—1
0 0 —VQ,Z ag_l
Ait1  —Hiv2 0 0
—Triy1  Gig2 0 i1
E : o x J]me i=12,...
0 0 aQ,2 *]/19_1 k=0
0 0 —To-2 Ag—1
-1 0+2

Hy- 1—Hrkf b—Zyz+Z

/OO y]'(T)dT

/Q_ZI
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Yo=1+ (1 +h)ag— L —hAro, Yi=1—(h+h)u —hdn —hAa,
Yi=1-UAy —bAy, i=2,...,0-2,
Yo1=1=(h+L—lo)rg-1 — hdyg-_1) — A1)

o = / e I re(@deqy 1, — / T e I e @z gy 1, = / ® o I3 o2 (D2 g
0 0 0

0—1
Hy =T
k=0

Ao Aa Ao - /\c(g—z) /\c(g—l)
_]/'0 al —]/lz ... 0 0
0 —n ar 0 0
Hop1 = . : : - : I
0 0 0 T
0 0 0 ~Tg2 g1
Ao Am A Mno-2)  Mi(o-1)
—Tp a —]/12 0 0
0 —n an 0 0
HQ+2 = :
e aQiz _I/[Q_l
o L

In particular, for ®(0) = (1,0,...,0), we obtain

s s

PD(0) = Hot = ®(x). (89)
Bo o= Jo mo(@)dé
%67 Jo o1(8)dg
#e_ Jo Ho+2(8)dE

According to Theorem 3, (89), and Theorem 6, we have

[®(,t) =) = [T (£)®(0) = PL(0)[| < [[T(t) — PIl[[®(0)]]
< Be«!||®(0)|| = Be !, vt > 0.

O

6. Asymptotic Expression of the TDS of (9)

Firstly, we can prove that the algebraic multiplicity of all eigenvalues of H + M + S
in A is 1. In fact, if this state is wrong, then the algebraic multiplicities of all eigenvalues of
H + M + S are greater than 1 [22]. Without losing generality, suppose that their algebraic
multiplicities are equal to 2; then,

[kl = (H + M + 8)|d%) = o) (90)
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has a solution in D(H), where ®%) is an eigenvector in Lemma 1, namely
[l — (H + M+ 8)]@%) = 0. In (90), on either side of the role of Q*(*), where Q*)
is the eigenvector in Lemma 3, i.e., ] — (H + M + 8)*]Q**) = 0, we launch

(Il = (H+ M +8)90, 1) = (21, 9*1)

=

@Y, [l = (H+M+8)" QW) = (o, o)
=
(®H),0) = (@®), 9*(k)y

0= (@o®, o*k)

which contradicts (®*), 9*(K)) £ 0. Therefore, the algebraic multiplicity of all eigenvalues
of H+ M+ Sisonein A.

Without losing generality, suppose that there are s + 1 real eigenvalues of H + M + S
in A, and they are

ne € A={n € C|—min{py, pos1, pgr2} <Ry <01 k=0,1,....5,

_min{@,yg+1,l/lg+2} <N < W1 < ... <y <1p=0.

Thus, combining Theorem 1.89 in [19] (see also Nagel [20]) with Theorem 1, we obtain

(1) = T(HO(0) = Y. Tu(H)B(0) + Re(6)(0), o)
k=0
T (H)@(0) = ™Pd(0), k=0,1,...,s, (92)
1
Pe(0) = 5 /rk(rﬂ S H-M-8)'o(0)dy, k=0,1,...,5, 93)
|Rs(t)|| < Be ™', B >0,w > 0. (94)

Here, Iy is a circle with a sufficiently small radius and a center n(k = 0,1,...,s).
Since the algebraic multiplicity of 7y is 1, 7 is a pole of (I — H — M — S)~! of order one.
Thus, we know by the residual theorem that

Pr®@(0) = lim y(nl —H — M — S)"1d(0). (95)

EYS

The expression of (7] — H — M — S)~! is given as follows:

Yo Dy
o
mi—H-m—-5)1 =] T, wex (%)
Yo+2 Dpi2

where ®;(i = 0,1,...,0+2) is given by (83)—(88). By (95) and (96), we can determine all
P®(0)(k=0,1,...,s). B
Po®(0) = (®(0), Q") ®(x),
where ®(x) and Q* satisfy (H + M + S)®(x) =0, (H + M +S8)*Q* =0, (P, Q*) = 1.
Finally, we deduce the following main results.
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Theorem 7. If0 < p; < p;(x) < fj < oo and p;(x) are Lipschitz-continuous, then the TDS of
(9) can be written as

@) = (9(0), )B(x) + ) e Tim (] —H — M~ ) 1(0) + Rs()(0),
k=1 Ik
IR ()] < Be™,B > 0,0 > 0.

where 7 (k = 1,...,s) are isolated eigenvalues of # + M + Sin {5 € C | — min{p,,
Hot1,and pyio} < Ry < 0}

7. Numerical Results

In this section, we discuss some reliability indices of the system through specific
examples, such as the system availability A(t), reliability R(#), and MTTF, and analyze the
impact of changes in system parameters on system reliability indices. First of all, without
loss of generality, let us consider the case of two active units and two standby units system,
ie, m =2and n = 2, and assume that the repair time of the system is gamma-distributed
and the repair rate is constant, i.e., ;(x) = p;. The influence of parameter changes on the
instantaneous reliability index of the system is discussed below.

In Figure 2, we describe the influence of different § changes with time t on the
instantaneous availability of the system (f is another parameter of the gamma distribution).
It is easy to see from Figure 2 that A(t) decreases rapidly with increased time. After the
system runs for a long time, it stabilizes and reaches a fixed value.

T

1

T[—ﬁ=l'— - p=2 5=3] '

=

=
T
1

=
se
T

=
2
T

=
tn
T

System Avaiability A(t)
= =
= =)

=
7Y
T
1

0.2 ! 3 * 3
0 1000 2000 3000 4000 5000

Time (t)

Figure 2. The repair time is A(t) and falls in a gamma distribution for different p.

In the following, we assume § = 1 (i.e., the repair time of the system is exponen-
tially distributed) and continue to discuss the influence of different A,y and Ajy on the
instantaneous availability of the system.

Figure 3a,b show that A(t) decreases with increases in A9 and Ag. In addition, as time
goes to infinity, the instantaneous availability of the system converges to a certain value.
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System Avaiability A(t)

0.75
07
0.6
0.651
0.5 . ; - ; 0.6 - ; . ’
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time (t) Time (t)
(@) (b)
Figure 3. Effect of parameters A and Ajg on A(t). (a) A(t) for different Acg; (b) A(t) for different Ayy.
Figure 4 reveals the effect of different yi4 on the instantaneous availability of the system.
It is not difficult to find that A() increases with increased py.
0.618 v , . :
l 12,70.001 = — .1, =0.003 . 4:0.009‘
= 0617
I
z.
Z 0616
=
g
g 0.615
2
z.
A 0.614
0.613 : : :
3000 3500 4000 4500 5000
Time (t)
Figure 4. The repair time is A(t) for an exponential distribution for different p.
Figure 5 indicates the effect of A9 and Ay on the system reliability and mean time
to failure (MTTF). We note that R(t)(Figure 5a) and MTTF (Figure 5b) decrease as A
increases. Obviously, reliability vanishes as time goes to infinity.
1 : . . . 10,000 . . . .
—— A0 — = :A,=0.0002 2, =0-0005] 0 - = 3, 00002 300004
038 8000

System Reliability R(t)
=
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)\:0:0 == .ACDZD.DDDZ )\EDZD.OOOS
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Figure 5. Reliability and MTTF for exponentially distributed repair time. (a) Reliability for different
Aco- (b) Effect of Ayg on MTTE

Obviously, a similar conclusion can be drawn for the system’s failure frequency, (),
and the renewal frequency, m,(t). Therefore, it can be seen from the above figure and
discussion that when the time tends to infinity, the instantaneous reliability index of the
system tends to a constant value, which verifies the main results obtained in Section 5.
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8. Conclusions

In this paper, we studied the dynamical solution problem of human-machine systems
with human error and common-cause failure. We started from theory and used the theory
of semigroups in functional analyses to model the system. The integral-differential equation
was transformed into an abstract Cauchy problem in Banach space. Then, we proved the
well-posedness of (9), studied the asymptotic behavior of its time-dependent solution,
and showed that the time-dependent solution converges exponentially to its steady-state
solution, obtaining asymptotic expressions for the time-dependent solution. In addition,
the influence of each parameter on the system reliability were analyzed through concrete
numerical examples. Therefore, engineers can design a more reliable, safe, and cost-
effective system by using the results obtained in this paper. To a certain extent, it provides
a theoretical basis for system reliability management and optimal scheduling.

If we know the spectral distribution of H + M +Sin {5 € C | Ry < —min{p, poi1,

and 1,42} }, we may directly estimate B, w in Theorem 7, which is important for engineers.

Based on our knowledge of this subject, we believe H + M + S has a continuous spectrum
in{y € C| RNy < —min{py, por1, o2} }. However, it is necessary to verify this and

investigate more results.
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