. mathematics

Article

Approximate Subdifferential of the Difference of Two Vector
Convex Mappings

Abdelghali Ammar ', Mohamed Laghdir >f, Ahmed Ed-dahdah >* and Mohamed Hanine **

check for
updates

Citation: Ammar, A.; Laghdir, M.;
Ed-dahdah, A.; Hanine, M.
Approximate Subdifferential of the
Difference of Two Vector Convex
Mappings. Mathematics 2023, 11, 2718.
https://doi.org/10.3390/
math11122718

Academic Editors: Ehsan Ahmadi

and Reza Maihami

Received: 20 April 2023
Revised: 6 June 2023

Accepted: 13 June 2023
Published: 15 June 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Computer Engineering, Networks and Telecommunications,

National School of Applied Sciences, Cadi Ayyad University, BP. 63, Safi 46000, Morocco; a.ammar@uca.ma
2 Department of Mathematics, Faculty of Sciences, Chouaib Doukkali University, BP. 20,

El Jadida 24000, Morocco; laghdirm@gmail.com (M.L.); ahmededdahdah@gmail.com (A.E.-d.)

Department of Telecommunications, Networks, and Informatics, National School of Applied Sciences,
Chouaib Doukkali University, El Jadida 24000, Morocco

*  Correspondence: m.hanine.ensaj@gmail.com

1t These authors contributed equally to this work.

Abstract: This paper deals with the strong approximate subdifferential formula for the difference of
two vector convex mappings in terms of the star difference. This formula is obtained via a scalariza-
tion process by using the approximate subdifferential of the difference of two real convex functions
established by Martinez-Legaz and Seeger, and the concept of regular subdifferentiability. This for-
mula allows us to establish approximate optimality conditions characterizing the approximate strong
efficient solution for a general DC problem and for a multiobjective fractional programming problem.
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1. Introduction

It is well known that the theory of DC mathematical programming, dealing with
functions expressed as a difference of two convex functions, is now very well developed
due to its theoretical aspects and extensive range of practical applications in optimal
control, mechanics, operations research, and others (see [1-8] and references therein).
This theory constitutes an important approach to nonconvex optimization problems. In
machine learning, a lot of important learning problems such as Boltzmann machines can be
formulated as DC programming (see [9]).

The overview paper [4] presents essential results on theory, applications, and solution
methods for DC programming in the sense of global optimization. Significant advances
have been made in the study of duality theory associated with constrained DC optimization
problems (see [10-15]).

The motivation for this paper stems from the significant contributions of Martinez-
Legaz and Seeger [16], who established a formula for the approximate subdifferential of
the difference of two convex functions over a locally convex topological vector space. This
formula is expressed in terms of the star difference of two subsets, and the authors provided
an application for DC programming.

The aim of this work is to show how the formula established by Martinez-Legaz and
Seeger can be used to obtain the approximate subdifferential of the difference of two vector
convex mappings by using the vector strong subdifferential, the concept of subdifferential
regularity [17], and a scalarization process. Two illustrations are given: the first deals with
a constrained DC vector programming problem, and the second deals with a constrained
multiobjective fractional programming problem. The rest of the work is organized as
follows. In Section 2, we present some basic definitions and preliminary material. In
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Section 3, we recall the formula established by Martinez-Legaz and Seeger [16] and show
how this formula can be used to obtain the approximate subdifferential of the difference of
two vector convex mappings. In Sections 4 and 5, we derive, from the obtained formula,
optimality conditions for two vector cone-constrained programming problems. Finally, the
paper ends with a conclusion and future work.

2. Preliminaries

In this paper, let E, F, and G be tree real Hausdorff locally convex topological vector
spaces. The space F (respectively, G) is endowed with a nonempty convex cone F; C F
(respectively, G1 C G) introducing a partial preorder in F (respectively, in G) defined by:
fory, y' € F¢

Yy<r Yy <=y -yeF.

We adjoin to F (respectively to G) two abstract elements +cor and —cor, such that
_OOF - — (+OOF )/
y—oop<p v, Vyy €F
(400F) — (400F) = Fo0F,

v <r, y' + oop = +oop, Vy,y' € FU {4oor}

B.(+0oF) = +oop, VB >0

The dual topological spaces of E and G are denoted respectively by E* and G*, and
the duality pairing in G is denoted by (g, z), with ¢* € G* and z € G. The positive dual
cone of G is defined by

Gy:={g"€G":(g"2) >0, Vze Gy}

Let @ # S C F. The point m € F is said to be a lower bound of S if m <p_ y, for all
y € S. We denote by inf S, if it exists, the greatest lower bound of S.

Let B and C be two nonempty subsets of F, and o > 0. The following operations will
be used:

B+C:={x+y:x€B, yeC}
aB := {ax, x € B}
O+B=B+0:=0Q0.

Let H: E — FU {+ocor} be a given mapping. The effective domain of H is de-
noted by
domH := {x € E: H(x) € F}.

We say that H is proper when domH # @. The epigraph of the mapping H is denoted
by EpiH, which is defined as follows:

EpiH := {(x,y) : H(x) <p, y}.
H is called Fi-convex if
H(ax+ (1 —a)x) <p, aH(x) + (1 —a)H(X), Va € [0,1], Vx,X € E.
A mapping K : F — G U {+4o0¢} is said to be (F, G4 )-increasing if for all y,y’ € F,

v <r, ¥ = K(y) <¢. K(v').
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The composed mapping Ko H : E — G U {+o0g} is defined as follows:

K(H(x)), if x € domH
(Ko H)(x) := {

400, else.

Let us note that if K is (F, G4 )-increasing and G4-convex and if H is F; -convex, then
Ko H is G4-convex.

Following [18], whenever X € domH and € € F,, the strong e-subdifferential of H at X
is defined by

0:H(X):={T € L(E,F): T(x —X) —e <p, H(x) — H(X), Vx € E},

where L(E, F) denotes the vector space of continuous linear mappings from E to F. For
€ = 0, we have the usual strong vector subdifferential

OH(X):= {T € L(E,F): T(x — ) <p, H(x) — H(¥),Vx € E}.

If X ¢ domH, we set 02H(X) = 0°H(X) := @. Let us note that when F = R, 9{H(X)
reduces to the usual subdifferential of convex analysis, denoted by

0cH(X):={e" € E*: (¢, x—X) —e < H(x) — H(X),Vx € E}.

3. Approximate Subdifferential of the Difference of Two Vector Convex Mappings

In this section, we attempt to extend the formula of [16] for the difference of two
vector-valued mappings. Let us recall this scalar formula [16] expressed by means of the
star difference of two subsets of E*.

Definition 1 ([19]). The star difference between two subsets B and C of E* is given by
BEHC ={¢" € E*:e"+C C B}.

Theorem 1 ([16]). Let H, K : E — R U {400} be two proper functions, x € domH N domK,
and € > 0. If H and K are lower semicontinuous and convex, then

de(H —K)(x) = () {9y+eH(x) BoyK(x)}.
720

Let H: E — GU {4+o0oc} and g* € G1\{0}. The scalar function g* o H : E —
R U {+o0} is defined by

(¢*,H(x)), if x € domH
(8" o H)(x) = {

400, else.

Let us note that, for any ¢* € G1\{0}, dom(g* o H) = domH and, if H is G -convex,
then ¢* o H is convex. In order to state our main result, we will need the following lemma.

Lemma1l. 1.  If Gy is closed and if there exists z € G such that (g*,z) > 0, for all g* €
Gi\{0}, thenz € G;

2. LetH:E — GU{+oog} bea given Gy -convex mapping, € € G4, and X € E.If G4 is
closed, then

RHE = (1 {AC€LEG) g oA (g oH)®}
§*€Gi\{0}
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3. If the topological interior of G is nonempty and intG # @, then for any g¢* € G \{0},
we have

R* = {(g",6), 0 € (iniGy) U {0c}H, )
where R™ = [0, +o0].

Proof. 1.  See ([20] Proposition 2.1).

2. See ([17] Theorem 3.2).

3.  Wehave {(g%, 9) 0 € (intG4+)U{0c}} C RY for any g* € G%\{0}. For the reverse
inclusion, let ¢* € G1\{0} and « € R*. If « = 0, we obviously have 0 = (g*,05).
Following ([20] Proposition 2.1), there exists some zy € intG; such that (g*,z0) =1,
and hence we write & = (g*,azg) for any &« > 0. Let us note that azy € intG since
x>0, zg € intGy, and intGy is a cone.

O

We say that a vector valued mapping K : E — G U {005} is star G-lower semicon-
tinuous at X if the function ¢* o K is lower semicontinuous at x for any g* € G (see [21]),
and K is called weak regular y-subdifferentiable at ¥ € domK, where v > 0 (see [17]), if

9 oKX = | & oK), Vg € Gi\{0}

n€GT
& m=r

where G = {0¢} and G| = G, if y > 0.
If v = 0, we say K is weak regular subdifferentiable at x.

Theorem 2. Let H, K : E — G U {+o0g} be two given mappings, X € domH N domK and
€ € G4. Then

O(H - K)(®) C [ {94cH(x) BOKE) |

neGy

with equality if H and K are proper, Gi-convex, and star G-lower semicontinuous; K is weak
reqular y-subdifferentiable at X for all v > 0 and the cone G is closed; and intG4 # @.

Proof. Let T € 0%(H — K)(X), i.e.,
H(x) —K(x) —H(X) + K(X) = T(x —X)+€ € G4, Vx € E. 2)
Let# € G4. Then, for all T" € 9;K(x), we have
K(x)—K(X) =T (x—%)+n€ Gy, Vx €E. 3)
Adding (2) and (3) term by term, and since G is a convex cone, we obtain
H(x)—H(X)— (T+T')(x —X)+ (7 +€) € G4, Vx € E,

ie.,
T+ T €0, H(X), VT' € 9;K(X),

which yields that, for any n € G,

T € 3 H(T) BAK(),

ie.,

Te () {#HOBEHK@D },

neGy
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and the direct inclusion is proved. For the reverse inclusion, let

Te {a;+€ (7 )Ea;K(f)};

neGy

then, for every 7 € G4, we have

T € 3 H(T) BAK(E),

ie.,
T+T € 82+,7H(5Z), vT' e B%K(@

Since H is G.-convex, it follows according to property (2) of Lemma 1 that
groT+g"oT € (g y+e) (& 0 H)(X), VT € 9, K(x), Vg* € GL\{0},
and then
g* o T—I—g* OB%K(J’Z) C a<g*,e> +(g* ><g o H)(J’a V11 € Gy, Vg e Gt \{O} 4)

Let 6 € (intG4) U {0¢}. Since K is weak regular y-subdifferentiable at X for all ¥ > 0,
then K is weak regular (g*, 6)-subdifferentiable at X for all g* € G* \ {0}, i.e,,

gy (g oK) (X)) = |J g ooyK(¥), V¢" € GI\{0}, ©)
ﬁecffw
(8" m=(g"0)

with

o . [0 if6=0c
* Gy, if6e€intG,.

From (4), we deduce that, for any 6 € (intGy) U {0c} and g* € G\ {0}, we have

goT+ |J g odK®F) C U 9gmtie@ oH)Q), (6)
neGlE o neGE P
(8" m=(g"9) (8" m=(8"0)
ie.,
§oT+ | 8 00K(X) C gyt (ge) (8 0 H)(X) @)
17€G<+g*’6>

(& m=(8"9)
From (5) and (7), it follows that

80T +(g0 (8" 0K)(F) C gy g (8" 0 H)(B), 0 € (intG) U{0G), Vg € G1\ {0},
ie.,
8" 0T €0 (ge )1 (g+0) (8" 0 H)(X)B g9y (g™ 0 K)(X), V8" € GL\{0},V6 € (intG1)U{0g}.
Again, by applying the property (3) of Lemma 1, we can write
§ 0T € digrey+p(8" 0 H)(X)Bdp(g" o K)(X), Vg™ € GI\{0}, VB >0,

which yields

g oT e N{ogape” o H)(F)Bagg o K)(F)}, vg" € G \{0}.
B>0
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Since H and K are proper G-convex, star G-lower semicontinuous at ¥ € domH N
domK, then ¢* o H and g¢* o K are proper convex, lower semicontinuous functions and finite
at X; hence, by applying Theorem 1, we obtain

g* oT € a(g*,€> (g* oH — g* o K)(f), Vg* S Gi\{o}/

ie.,
§7 0T €dig 8”0 (H—K)(0), ¥g" € GL\{0}.

By using the scalarization process of the strong subdifferential given by property (2)
of Lemma 1, we obtain
T € o3(H — K)(X).

This completes the proof. 0

By taking € = O¢ in Theorem 2, we obtain the formula of the exact subdifferential of
the difference of two vector convex mappings.

Corollary 1. Let H, K : E — G U {400} be two given mappings and X € domH N domK.
Then

PH-K)FC {a;H(z)Ea;K@}
neGy

with equality if H and K are proper, G-convex, and star G-lower semicontinuous; K is weak
reqular y-subdifferentiable at X for all v > 0; and the positive cone G is closed and intG # @.

4. Application to DC Vector Programming Problems

Let H: E — G U {+o00g} be a mapping and € € G4. A point X € domH is called an
e-minimizer of H on C if
H(X) —e <g, H(x), VxeC,

where @ # C C E. If C = E, we have that X is an e-minimizer of H if and only if 0 € 9{ H(X).
The vector indicator mapping 6¢ : E — G U {+00G } is defined by

0, ifxeC
X — 05(x) ==

+oog, else.
The e-normal set of C at ¥ € C in a vector sense is defined by
NZ(C,%) :=0208(X) = {T € L(E,G) : T(x — %) <g, € Vx € C}.

It is clear thatif T € L4 (F,G) := {T € L(F,G) : T(F+) C G4}, then Tis (Fy, G4)-
increasing. By taking a Gi-convex mapping L : E — F U {+oor}, it follows that the
composed mapping To L : E — G U {4005} is G-convex.

We will need the following result later.

Lemma 2 ([22]). We suppose that the convex cone G is closed. For every € € G, we have
1. Ify' € Fy, then
—TeLy(F,G)

T € NY(Fy,vy
€ e( Jr]/)<:>{_€<&r T(]//)}

2. Ify' € —F4, then
T € L+ (F,G)

T € N°(—=F,,v
S e( +y)<:>{—€§(§+ T(]//)
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In [18], Théra developed the calculus formula for the strong e-subdifferential of the
addition of two convex vector mappings. We need to recall that (G, G;.) is said to be order
complete if inf A exists, for each nonempty subset A C G order-bounded from below. We
say that G is normal if there exists a basis of neighborhoods N of 0 such that

N=(N+G)N(N-Gs).

Theorem 3 ([18]). Let H, K : E — G U {+4cog} be two G.-convex mappings. If H is
continuous at some point of domH N domK and (G, G4.) is normal order-complete, then for every
x € Eand e € Gy, we have

R(H+K)(x) = |J {0¢H(x)+0EK(x)}.
€1texy=¢€
€1, €2€G4

Consider the following constrained DC vector minimization problem,
min(H(x) — K(x))
(P1)
x€eC

where @ # C C Eisconvex and H, K : E — G U {+o00g} are two proper G-convex
mappings. By using the vector indicator mapping, the problem (P;) is equivalent to the
following unconstrained problem:

{ min(H (x) + 62 (x) — K(x))
x€E .

Now, we establish necessary and sufficient optimality conditions for the minimization
problem (P;) characterizing an e-minimizer.

Theorem 4. Let H, K : E — G U {+o0g} be two proper, G -convex and star G.-lower
semicontinuous mappings, and @ # C C E be convex and closed. If H is continuous at some
point of domH N C, (G, G.) is normal order-complete, K is weak regular y-subdifferentiable at
X € domH NdomK for all v > 0, and the cone G4 is closed and intG. # @. Then X is an
e-minimizer of the problem (Py) if and only if, forall y € G,

K < |J  {ogH®) +NL(C )}
€1tey=n+¢€
€1, €2€Gy

Proof. We have that X is an e-minimizer of the problem (P ) if and only if
0 € 9((H +¢) — K)(%)- ®)

Since the subset C is convex and nonempty, the vector indicator mapping d¢ is G-
convex and proper. It is simple to observe that ¢* o 6% = ¢, for any ¢* € G*, where J¢ is
the scalar indicator function of the subset C. Given the fact that C is closed, it follows that
dc is lower semicontinuous, and we deduce that 6¢ is star G-lower semicontinuous.
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Since H and d¢ are G -convex, star G -lower semicontinuous, and domH N C # @,
then (H + (58) is G4-convex, proper, and star G -lower semicontinuous. As K is weak
regular y-subdifferentiable at X for any v > 0, and the positive cone G is closed and
intGy # @, then by virtue of Theorem 2, (8) becomes

0€ 3 o(H+062)(X) BHK(F), Vi€ Gy,

ie.,
8,57K(37) - a;+€(H+5g)(f), vy € Gy. 9)

As H and 4¢ are G -convex, H is continuous at some point of domH N C, and (G,Gy)
is normal order-complete; then, according to Theorem 3, (9) becomes

#nKx)c  J {HE +NL(CD}, Ve
€1t+e1=€+7
€1, €26Gy
The proof is complete. [
By taking C = E in (9) of the above proof, we deduce the following proposition.

Proposition 1. Let H, K : E — G U {+4o0g} be two proper, G4-convex, and star G -lower
semicontinuous mappings. If K is weak regular y-subdifferentiable at X € domH N domK for all
¥ > 0, and the cone G is closed and intGy # @, then X is an e-minimizer of H — K if and only if

0y K(X) C 0y H(X), Vi1 € Gy.
In particular, X is a minimizer of H — K if and only if
0, K(X) C 9y H(%), Vi1 € G+

Remark 1. The above proposition generalizes a result due to Hiriart-Urruty’s [3] characterizing a
global minimum for a scalar DC programming problem.

A point X € domH is said to be an e-maximizer of H on C if
H(x) <G, H(X) +¢, Vx e C.
Consider the following constraint convex vector maximization problem:
max K(x)
(P2) { -
xeC
The problem (P,) becomes equivalent to
min (g (x) — K(x))
{ x€E .

Corollary 2. Let K : E — G U {400} be a proper, G.-convex, and star G.-lower semicontin-
uous mapping and @ # C C E be convex and closed. If K is weak regular ~y-subdifferentiable at
X € domK N C forall v > 0, and the cone G4 is closed and intGy # @, then X is an e-maximizer
of the problem (P) if and only if

any(@ - NWZ]]+€(C/5E)/ V?] € GJr'
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Proof. It suffices to take H = ¢ in Proposition 1. []

Let us now consider the following constrained vector minimization problem,

min H(x) — K(x)
(Ps)
L(x) € —F4,

where H, K : E — G U {+4cog} are two G4-convex mappings and L : E — FU
{+ooF} is a proper F. -convex mapping. By using the vector indicator mapping ¢? . , the
unconstrained minimization problem below is equivalent to the problem (P3):

min(H(x) + 0%, oL(x) — K(x))

x€E

The following result will be required to state the necessary and sufficient approximate
optimality conditions that characterize an e-minimizer of problem (Ps).

Theorem 5 ([23]). Let H: E — G U {+o0g} be a proper G-convex mapping, K : F — G U
{+o0G} be a proper, G-convex, and (F., Gy )-increasing mapping and L : E — F U {+ocof}
be a proper and F-convex mapping. If there exists a € domH N domLNL~1 (domK) such that K
is continuous at the point L(a), then

G(H+KoL)(®) = | {8(H+ToL)),TedKLE)}
n+i'=e
1, 1" €Gy

foranyx € Eand e € G.

Now, we are prepared to announce the approximate optimality conditions related to
problem (P3).

Theorem 6. Let H, K : E — G U {+4o0g} be two proper, G1-convex, and star G-lower
semicontinuous mappings, and L : E — F U {+4oop} be a proper and F.-convex mapping.
If there exists some point a € domH N L~Y(—intFy), L~ (—Fy) is closed, K is weak regular
y-subdifferentiable at X € domH N domK N L~ (—Fy.) for all v > 0, and the cone G is closed
and intGy # @, then X is an e-minimizer of the problem (Ps) if and only if for any n € G4 and
for any A € 93K(X), there exist €1, €2 € Gy and T € L1 (F,G), satisfying €1 + €2 = 17 +¢,
A€ (H+ToL)(X),and —ey <g, T(L(X)).

Proof. The point X is an e-minimizer of the problem (P3) if and only if
0 € 9z(H+06%p, oL —K)(x). (10)

Let us recall that the vector indicator mapping 62, : F — G U {+cog}is (Fy,Gy)-
increasing (see [20]) and G.-convex. Since L is F-convex, then % F.© L is Gy-convex. The
fact that g* 06, oL =J4_f, oL forany g* € G} \{0}, it follows that

EPi(g* 06%p, o L) = {(xa):L(x) € —F;, a €R"}
= L7 Y—F,) xRT,

and as L~!(—F) is closed, we deduce that Epi (g* 00%p, © L) is closed, which yields that
oY F, © L is star G-lower semicontinuous. Since H is G -convex, star G, -lower semi-
continuous and a € domH N L~ (—intF, ), it follows that H + §° F, © Lis Gy-convex, star
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G4+-lower semicontinuous, and proper. We claim that 6% E. is continuous on —intF, . Indeed,
for any neighborhood V of 0g, we have 6% p (—intF.) = {0c} C V. Asa € L=Y(—intFy),

then 6%, is continuous at L(a). Let us note that all assumptions of Proposition 1 are
satisfied; therefore, we obtain

OK(X) C Oy pe(H+ 8%, oL) (%), ¥ € Gy (11)

Let us observe that all hypotheses of Theorem 5 are satisfied and therefore (11) becomes
equivalent to

K@ C U {0 (H+ToL)(®),T e, (L(F)}, vy € Gs,
€1tey=n+e€
€1, €2€Gy

ie.,
BZK(f) C U {E);(H +ToL)(X),TEe€ Ngz(—F+,L(97))}, vy € Gy
€1tey=n+e
€1, €26G4
Therefore, by virtue of Lemma 2 we obtain, for any # € G and for any A €
03 K(X), there exist €1, €2 € Gi, and T € L (F,G) satisfying €1 + €2 = 17 +¢€, A €
dg, (H+ToL)(X),and —e2 <g, T(L(X)). This completes the proof. [

5. Application to a Multiobjective Fractional Programming Problem

This section focuses on a general multiobjective fractional programming problem,

. hy(x Iy (x
mm(kigx;,...,kngx;)

(Q) ,
L(x) € —F4

where the functions h;, k; : E — R are convex such that ;(x) > 0, k;(x) > 0, for any
x € E(i=1,...,n),and L: E — F U {+ocor} is a proper F,-convex mapping. The
following notation will be required:

The finite-dimensional space G := R" is equipped with its natural order induced by
the positive cone

Gy =R" ={(dy,...,d,) €R" : d; >0, Yi=1,...,n},

ie.,
(Cl,. ..,Cn) SRi}r (dl,.. .,dn) < < di/ Vi=1,...,n.
The following definition is equivalent to the one of an e-minimizer.

Definition 2. Let € = (e1,...,€,) € R". We say that a point ¥ € L~Y(—F,) is an e-minimizer
of the problem (Q) if

hi(X)
L(E =

=

i(%) -1 ;
L™ (—F =1,...,n
< ki(x),VxE (—=F4), Vi=1,...,n
By using a parametric approach, we can equivalently convert the multiobjective

fractional programming problem (Q) into a DC vector nonfractional programming problem
defined in the following way:
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min(H(x) — Kz(x))
(Qx)

L(x) € —F4

where H : E — R" and K : E — R" are two mappings defined for every x € E by
H(x):= (h(x),..., hu(x)), Kz(x) := (v1k1(x), ..., vukn(x)).

In order to relate the fractional programming problem (Q) to the DC vector optimiza-
tion problem (Qy), we formulate the following lemma.

Lemma 3. A point X € L~1(—F,) is an e-minimizer of (Q) if and only if X is an é-minimizer of
the problem (Qx).

Proof. Assume that X is an e-minimizer of (Q). From Definition 2, we have for each
i=1,...,n
hi(X) hi(x)
= €S T
ki(x) ' 7 ki(x)
Since k;(x) > 0, we deduce from (12) that 0 < h;(x) — v;k;(x), forany x € L™1(—Fy)
andi=1,...,n. As h;(X) — v;k;(X) — €;k;(X) = 0, we write

Vx e L7Y(—F,). (12)

0 = (X)) — vik;(X) — €;k;(¥) < hy(x) —viki(x), Vx € L"Y(—F}), Vi=1,...,n,

B H(®) ~ Ke(%) ~ € <gr H(x) — Kelx), Y € L7(=Fy),

which yields that X is an é-minimizer for the problem (Qy).

By using similar arguments as above, we show easily that if X is an é&-minimizer for
the problem (Qj), then X is an e-minimizer for the problem (Q).
This completes the proof. [

The problem (Qy) is reduced to the following unconstrained minimization problem:
min(H(x) + 6%, o L(x) — Kz(x))
xe€kE

Proposition 2. Let h;, k; : E — R be 2n convex and lower semicontinuous functions such that
hi(x) > 0and k;j(x) > O, foreachi = 1,...,nand forany x € E. Let L : E — F U {+4oop}
be a proper F-convex mapping. We assume that L~'(—F.) is closed nonempty and there exists
some xo € E such that (n — 1) functions k; are continuous at xo. Let € = (€1,...,€,) € R,

X € L’l(—F+), and v; = Z’gg —¢€ >0(i =1,...,n). Then, X is an e-minimizer of the

problem (Q) if and only if for any n; = 0 and for any ej € dy, (vik;)(X), there exist e, eh > 0and
T; € Ly (F,R) satisfying €] + €5 = €; +1;, €] € aei (hi + T;o L)(X) and —e}, < T;(L(X)).

Proof. Let ¥ € L™ 1(—Fy), € := (€1k1(X), ..., €xkn(X)), and 7 = (171,...,n) € R™. By
Lemma 3, we have that X is an e-minimizer of (Q) if and only if X is an é&-minimizer of the
problem (Qy) i.e.,

0 € 9(H+0%p, oL —Kz)(¥).
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Let us note that in this situation G = R" and G; = ]Rﬁ, which is a closed convex cone,
and intG4 # ©; hence, the R} -convexity of the mappings H and Ky follows easily from the
convexity of the functions ; and k; fori = 1,...,n. For any g* = («ay,...,a,) € G} =R,
we have ¢* o H = Y_!' | a;h; and, since h; is lower semicontinuous, we deduce that g* o H is
lower semicontinuous, which yields that H is star R” -lower semicontinuous. Similarly, we
show that K is also star R} -lower semicontinuous.

Lety > 0, by virtue of [17], the y-weak subdifferential regularity of Ky = (v1ky, ..., Vnky)
becomes exactly a famous chain rule of convex analysis, i.e., for any (a1,...,a,) €
R" \ {Og» }, we have

n n
o, (Y wviki) = @;9¢; (vik;)
i-1 e>0  i=l
Yl aiei=y

and this formula holds under the popular Moreau-Rockafellar qualification condition,
i.e., the functions k;, (i = 1,...,n) are convex and there exits some xy € E such that
(n — 1) functions k; are continuous at xy. For our purpose, this qualification condition is
satisfied. Let us emphasize that all the assumptions of Theorem 6 are fulfilled; therefore,
X is an e-minimizer of the problem (Q) if and only if for any A € 9;Kz(X), there exist
€1,62 € R and T € Ly (F,R") satisfying €1 + €2 = n+¢€, A € 92 (H+ToL)(X) and
—€y <pr T(L(X)).
The strong 77-subdifferential 95 Kz(X) reduces to

3 K (%) = 3y, (vik1) (%) X ... x 3y, (viekn) (%),

The condition T € L (E,R") can be writtenas T = (Ty, ..., T,) where T; € L (E,R).
The composed mapping To L : E — R" U {+oopx } is defined by

T(L(x)) = (T1(L(x)),..., Ta(L(x))), ifx € domL
(ToL)(x):=
+ooRn, otherwise

Now, we can write A = (e}, ..., e;) with ef € E*, and hence we obtain
Ac BZK;OZ) e €y (viki)(X), Vi=1,...,n.

The condition A € 9 (H + T o L)(X) may be rewritten as ¢; € aea(hi + T;oL)(%)

forany i = 1,...,n. Obviously, the condition —e; <g» T(L(X)) is equivalent to —€), <
T;(L(x)), forany i =1,..., n.
The proof is complete. [

6. Conclusions and Discussion

Our investigation in this article aimed to extend within the setting of vector convex
mappings a formula [16] dealing with the approximate subdifferential of the difference
of two real convex functions. This is obtained by a scalarization process by using this
scalar formula, the regular subdifferentiability concept, and the difference star operation.
Therefore, the established result allows us to obtain the existence of approximate strong so-
lutions to a constrained vector DC programming problem and a constrained multiobjective
fractional problem.

Let us note that a similar result of Proposition 1 was developed by Hiriart-Urruty [3]
for an unconstrained scalar DC optimization problem in terms of Fenchel approximate
subdifferentials characterizing a global (exact or approximate) solution. Additionally, in [5],
a similar condition is established characterizing a weakly efficient solution for the difference
of two vector mappings in finite or infinite-dimensional preordered space.
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In a forthcoming work, we will try to study a Pareto version (weak and proper) of the
above formula and also, we will attempt to find efficient algorithms for solving numerically
this class of problems.
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