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Abstract: The present research investigates symmetric soliton solutions for the Fractional Coupled
Konno–Onno System (FCKOS) by using two improved versions of an Extended Direct Algebraic
Method (EDAM) i.e., modified EDAM (mEDAM) and r+mEDAM. By obtaining precise analytical
solutions, this research explores the characteristics and behaviours of symmetric solitons in FCKOS.
Further, the amplitude, shape and propagation behaviour of some solitons are visualized by means
of a 3D graph. This investigation fosters a more thorough comprehension of non-linear wave
phenomena in considered systems and offers helpful insights towards soliton behavior in it. The
outcomes reveal that the recommended techniques are successful in constructing symmetric soliton
solutions for complex models like the FCKOS.
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1. Introduction

Fractional Partial Differential Equations (FPDEs) have attracted a great deal of interest
due to their capacity to explain different complicated phenomena that display memory
effects, long-range interactions, and anomalous diffusion [1–6]. The importance of FPDEs
lies in their capacity to offer more precise and realistic models for a variety of natural and
artificial systems [7–12]. In view of such applications, researchers have taken an active
interest to address FPDEs with the help of two different approaches called numerical and
analytical methods [13–19]. Researchers are more interested in examining analytic solutions
to FPDEs than numerical ones as analytical solutions provide more thorough understand-
ings of the characteristics and behaviour of the system, enabling a better comprehension
of the underlying mechanisms [20–22]. Secondly, analytical solutions offer computational
efficiency, making it possible to do calculations and computations more quickly than with
numerical approaches, particularly for FPDEs that are more straightforward or idealised.
Therefore, many analytical methodologies like the (G’/G)-expansion method [23], method
of homotopy perturbation [24], variational iteration method [25], exp-function method [26],
He’s semi-inverse method [27], tan-expansion method [28], EDAM [29] etc. were developed
to solve FPDEs analytically [30–35].
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The coupled integrable dispersion-less system known as the Coupled Konno–Oono
System (CKOS) was developed by Konno and Oono [36]. The behaviour of a current-fed
string interacting with an external magnetic field and the parallel transport of a curve’s
points along the direction of time with a magnetic-valued connection are two examples
where it has been researched. The importance of the CKOS may be attributed to both
its integrability characteristics and its applicability to certain physical phenomena. Inte-
grability’s property of the system means that the system has conserved quantities and
symmetries. This knowledge may find applications in electromagnetism, materials science,
or solid-state physics depending on the particular system being modelled. The CKOS is
presented as [37]:

uxt(x, t)− 2u(x, t)v(x, t) = 0,

vt(x, t) + 2u(x, t)ux(x, t) = 0.
(1)

Due to its benefits in mathematical modelling, memory effects, generalisation and
flexibility, accuracy and precision, as well as control and optimisation, the fractional form
of the CKOS, i.e., FCKOS is favoured in this study. Fractional derivatives offer a more
precise illustration of intricate physical processes and more truly portray the behaviour
of the system. Memory effects, which are common in real-world systems, are also taken
into account by fractional derivatives, allowing the system to preserve knowledge from
the past. In comparison to integer-order models, fractional models are more accurate and
precise and better fit experimental data. Additionally, using a fractional form allows for the
use of cutting-edge control and optimisation methods for improved system performance
and stability. The mathematical form of FCKOS is presented as below [38]:

uαβ
xt (x, t)− 2u(x, t)v(x, t) = 0,

vβ
t (x, t) + 2u(x, t)uα

x(x, t) = 0,
(2)

where 0 < α, β ≤ 1. The functions u(x,t) and v(x,t) present the displacements of two par-
ticles that interact in a medium with fractional derivatives. Before this research work,
many researchers have tackled both CKOS and FCKOS with the help of different analytical
methods; in [39] Kocak et al. have utilized modified exp-function method to obtain travel-
ling wave solution for the CKOS. The exact solutions to the CKOS have been developed
via the tanh-function and extended tanh-function approaches in [40]. By employing He’s
variational technique, Elbrolosy and Elmandouh have studied dynamical behaviour of
conformable time-fractional coupled Konno–Oono equation in magnetic field in [38]. Aliza-
mini et al. in [37] have utilized simple EDAM to address CKOS in integer order and have
obtained only one set of solution for CKOS by supposing U(ϕ) = ∑n

l=0 al(G(ϕ))l series
form solution. It was found by comparison that their all obtained closed form solutions
can be obtained from our employed mEDAM version second case’s solution for letting
α = β = 1 thus, their study is the special subcase of our work.

The aim of this study is to construct symmetric soliton solutions for FCKOS via two
improved variants of EDAM called mEDAM and r + mEDAM. EDAM is a novel analytical
method for solving FPDEs. It applies variable transformations to turn FPDEs into nonlinear
Ordinary Differential Equations (NODEs) and then assumes a series form solution to
turn these NODEs into a system of algebraic equations. The obtained system of algebraic
equations is then solved to obtain families of soliton (also called solitary waves) solutions for
FPDEs.A soliton represents a self-sustaining wave that does not dissipate or spread out and
keeps its shape and speed. It engages in interaction with other solitons while maintaining
its uniqueness and displaying stability. Solitons have special features because of the precise
balance between nonlinearity and dispersion. They are investigated in several domains to
improve our knowledge of wave behaviour, nonlinear dynamics, and integrable systems.
They have practical uses in communication networks, water channels, and biological
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modelling. Solutions from soliton offer perceptions into the underlying physical operations
and system operation.

The derivative operator proposed by Caputo is used to define the fractional derivatives
found in (2). This derivative operator is shown as below [41]:

Dσ
s z(s, t) =

 1
Γ(1−σ)

∫ s
0

∂
∂ρ z(t,ρ)
(s−ρ)σ dρ, σ ∈ (0, 1)

∂z(s,t)
∂s , σ = 1

(3)

where the function z(x, t) is suitably smooth. To transform FPDEs present in (2) into
NODEs, we use the following two properties of this operator:

Dσ
ϕ ϕk =

Γ(1 + k)
Γ(1 + k− σ)

ϕk−σ, (4)

Dσ
ϕy[x(ϕ)] = y′x(x(ϕ))Dσ

ϕx(ϕ) = Dσ
x y(x(ϕ))[x′(ϕ)]σ, (5)

where k ∈ R and y(ϕ) and x(ϕ) are differentiable functions.

2. Method and Materials

In this section, the working methodology of EDAM is outlined. Consider the following
general FPDE [42]:

Q(Φ, ∂α
t Φ, ∂

β
x1 Φ, ∂

γ
x2 Φ, Φ∂

β
x1 Φ, . . .) = 0, 0 < α, β, γ ≤ 1, (6)

where Φ is a function of t and x1, x2, x3, . . . , xm.
To solve (6), we take the following steps:

1. Firstly, a variable transformation of the form Φ(t, x1, x2, x3, . . . , xm) = U(ϕ),
ϕ = ϕ(t, x1, x2, x3, . . . , xm), (where ϕ can be described in different ways) is carried out
to transform (6) into a NODE of the form:

T(U, U′, U′U, . . . ) = 0, (7)

where derivatives of U in (7) are with regard to ϕ. Equation (7) can be integrated one
or more times occasionally to acquire integration’s constant.

2. According to the version of EDAM, we assume one of the following solution for (7):

1. mEDAM suggests the following series form solution:

U(ϕ) =
n

∑
l=−n

al(G(ϕ))l , (8)

2. r + mEDAM suggests the following series form solution:

U(ϕ) =
n

∑
l=−n

al(r + G(ϕ))l , (9)

where al(l = n, . . . ,−1, 0, 1, . . . , n) are unknown constants to be determined later,
and G(ϕ) is the general solution of the following ODE:

G′(ϕ) = Ln(µ)(A + BG(ϕ) + C(G(ϕ))2), (10)

where µ 6= 0, 1 and A, B and C are in variables.

3. Taking the homogeneous balance between the highest order derivative and the great-
est nonlinear term in (7) gives the positive integer n presented in (8) and (9).
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4. After that, we put (8) or (9) into (7) or in equation generated by integrating (7)
and then we collect all the terms of (G(ϕ)) of the same order which turn out an
expression in (G(ϕ)). By the principle of comparing the coefficient, we equate all the
coefficients in the expression to zero, which yields a system of algebraic equations in
al(l = −n, . . .− 1, 0, 1, . . . , n) and other parameters.

5. We employ Maple software to solve this system of algebraic equations.
6. The symmetric soliton solutions to (6) are then investigated by calculating the un-

known coefficients and other parameters and putting them in (8) or (9) along with the
U(ϕ)(general solution of (10)). By this general solution of (10), the following families
of soliton solutions can be generated:

Family. 1: When R < 0 C 6= 0 then we obtain the subsequent family of soliton solutions:

U1(ϕ) = − B
2C

+

√
−R tanµ

(
1/2
√
−Rϕ

)
2C

,

U2(ϕ) = − B
2C
−
√
−R cotµ

(
1/2
√
−Rϕ

)
2C

,

U3(ϕ) = − B
2C

+

√
−R
(
tanµ

(√
−Rϕ

)
±
(√

pq secµ

(√
−Rϕ

)))
2C

,

U4(ϕ) = − B
2C
−
√
−R
(
cotµ

(√
−Rϕ

)
±
(√

pq cscµ

(√
−Rϕ

)))
2C

,

and

U5(ϕ) = − B
2C

+

√
−R
(
tanµ

(
1/4
√
−Rϕ

)
− cotµ

(
1/4
√
−Rϕ

))
4C

.

Family. 2: When R > 0 C 6= 0 then we obtain the subsequent family of soliton solutions:

U6(ϕ) = − B
2C
−

√
R tanhµ

(
1/2
√

Rϕ
)

2C
,

U7(ϕ) = − B
2C
−

√
R cothµ

(
1/2
√

Rϕ
)

2C
,

U8(ϕ) = − B
2C
−

√
R
(

tanhµ

(√
Rϕ
)
±
(√

pqsechµ

(√
Rϕ
)))

2C
,

U9(ϕ) = − B
2C
−

√
R
(

cothµ

(√
Rϕ
)
±
(√

pqcschµ

(√
Rϕ
)))

2C
,

and

U10(ϕ) = − B
2C
−

√
R
(

tanhµ

(
1/4
√

Rϕ
)
− cothµ

(
1/4
√

Rϕ
))

4C
.

Family. 3: When AC > 0 and B = 0 then we obtain the subsequent family of soliton solutions:

U11(ϕ) =

√
A
C

tanµ

(√
ACϕ

)
,

U12(ϕ) = −
√

A
C

cotµ

(√
ACϕ

)
,

U13(ϕ) =

√
A
C

(
tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
)))

,

U14(ϕ) = −
√

A
C

(
cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
)))

,
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and

U15(ϕ) =
1
2

√
A
C

(
tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
))

.

Family. 4: When AC > 0 and B = 0 then we obtain the subsequent family of soliton solutions:

U16(ϕ) = −
√
−A

C
tanhµ

(√
−ACϕ

)
,

U17(ϕ) = −
√
−A

C
cothµ

(√
−ACϕ

)
,

U18(Φ) = −
√
−A

C

(
tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechA

(
2
√
−ACϕ

)))
,

U19(ϕ) = −
√
−A

C

(
cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

)))
,

and

U20(ϕ) = −1
2

√
−A

C

(
tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

))
.

Family. 5: When C = A and B = 0 then we obtain the subsequent family of soliton solutions:

U21(ϕ) = tanµ(Aϕ),

U22(ϕ) = − cotµ(Aϕ),

U23(ϕ) = tanµ(2 Aϕ)±
(√

pq secµ(2 Aϕ)
)
,

U24(ϕ) = − cotµ(2 Aϕ)±
(√

pq cscµ(2 Aϕ)
)
,

and
U25(ϕ) =

1
2

tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ).

Family. 6: When C = −A and B = 0 then we obtain the subsequent family of soliton solutions:

U26(ϕ) = − tanhµ(Aϕ),

U27(ϕ) = − cothµ(Aϕ),

U28(ϕ) = − tanhµ(2 Aϕ)±
(
i
√

pqsechµ(2 Aϕ)
)
,

U29(ϕ) = − cothµ(2 Aϕ)±
(√

pqcschµ(2 Aϕ)
)
,

and
U30(ϕ) = −1

2
tanhµ(1/2 Aϕ)− 1/2 cothµ(1/2 Aϕ).

Family. 7: When R = 0 then we obtain the subsequent family of soliton solutions:

U31(ϕ) = −2
A(BΦ Lnµ + 2)

B2 ϕ Lnµ
.

Family. 8: When B = ν, A = Nλ(N 6= 0) and C = 0 then we obtain the subsequent family
of soliton solutions:

U32(ϕ) = µν ϕ − N.

Family. 9: When B = C = 0 then we obtain the subsequent family of soliton solutions:

U33(ϕ) = Aϕ Lnµ.
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Family. 10: When B = A = 0 then we obtain the subsequent family of soliton solutions:

U34(ϕ) = − 1
Cϕ Lnµ

.

Family. 11: When A = 0, B 6= 0 and C 6= 0 then we obtain the subsequent family of
soliton solutions:

U35(ϕ) = − pb
C
(
coshµ(Bϕ)− sinhµ(Bϕ) + p

) ,

and

U36(ϕ) = −
B
(
coshµ(Bϕ) + sinhµ(Bϕ)

)
C
(
coshµ(Bϕ) + sinhµ(Bϕ) + q

) ,

Family. 12: When B = ν, C = Nν(N 6= 0) and A = 0 we obtain the subsequent family of
soliton solutions:

U37(ϕ) =
pµν ϕ

p− Nqµν ϕ .

When R = B2− 4AC, p, q > 0 and are referred to as deformation parameters. The gen-
eralised trigonometric and hyperbolic functions are expressed as below:

sinµ(ϕ) =
pµiϕ − qµ−iϕ

2i
, cosµ(ϕ) =

pµiϕ + qµ−iϕ

2
,

secµ(ϕ) =
1

cosµ(ϕ)
, cscµ(ϕ) =

1
sinµ(ϕ)

,

tanµ(ϕ) =
sinµ(ϕ)

cosµ(ϕ)
, cotµ(ϕ) =

cosµ(ϕ)

sinµ(ϕ)
.

Similarly,

sinhµ(ϕ) =
pµϕ − qµ−ϕ

2
, coshµ(ϕ) =

pµϕ + qµ−ϕ

2
,

sechµ(ϕ) =
1

coshµ(ϕ)
, cschµ(ϕ) =

1
sinhµ(ϕ)

,

tanhµ(ϕ) =
sinhµ(ϕ)

coshµ(ϕ)
, cothµ(ϕ) =

coshµ(ϕ)

sinhµ(ϕ)
.

3. Results

In this section we implement two proposed versions of EDAM to the targeted model.
We start with the following variable transformation:

u(t, x) = U(ϕ), ϕ = k1(
xβ

Γ(β + 1)
− k2tα

Γ(α + 1)
),

v(t, x) = V(ϕ), ϕ = k1(
xβ

Γ(β + 1)
− k2tα

Γ(α + 1)
),

(11)

which transform (2) to the following set of NODEs:

− k2k2
1U′′ − 2VU = 0,

− k2k1V′ + 2k1U′U = 0.
(12)

By integrating second part in (12) with respect to ϕ yields:

V =
H + U2

k2
, (13)
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where H is constant of integration. Putting (13) in first part of (12) implies:

(k1k2)
2U′′ + 2HU + 2U3 = 0. (14)

To estimate balance number n in (8), we consider homogenous balance between
highest order derivative U′′ and nonlinear term U3 in (14) which results that n = 1.

3.1. Implementation of mEDAM

First we solve NODE in (14) with the help of mEDAM. Putting n = 1 in (8) implies the
following series form solution for (14):

U(ϕ) =
1

∑
l=−1

al(G(ϕ))l = a−1(G(ϕ))−1 + a0 + a1(G(ϕ))1, (15)

where a−1, a0 and a1 are constants to be calculated, and G(ϕ) is the general solution of ODE
in (10). By putting (15) in (14) and collecting all terms with the same powers of G(ϕ), we
get an expression in G(ϕ). By equating the coefficients to zero yields a system of algebraic
equations in a−1, a0, a1, k1, k2, H, µ, A, B and C. Upon solving this system for a−1, a0, a1, k1
and k2 using Maple, we reach at the following two cases of solutions:
Case. 1

a1 = 0, a−1 = 2
HA√

H(−B2 + 4 CA)
, a0 =

√
H

−B2 + 4 CA
B,

k1 =
2

ln(µ)k2

√
− H
−B2 + 4 CA

, k2 = k2.

(16)

Case. 2

a1 = 2
HC√

H(−B2 + 4 CA)
, a−1 = 0, a0 =

√
H

−B2 + 4 CA
B,

k1 =
2

ln(µ)k2

√
− H
−B2 + 4 CA

, k2 = k2.

(17)

Assuming case. 1, we get the following families of symmetric soliton solutions for (2):

Family. 1: When R < 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u1(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C +

√
−R tanµ(1/2

√
−Rϕ)

2C

) +

√
H
−R

B,

v1(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C +

√
−R tanµ(1/2

√
−Rϕ)

2C

) +

√
H
−R

B)2 + H),

(18)

u2(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
−R cotµ(1/2

√
−Rϕ)

2C

) +

√
H
−R

B,

v2(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
−R cotµ(1/2

√
−Rϕ)

2C

) +

√
H
−R

B)2 + H),

(19)
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u3(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C +

√
−R(tanµ(

√
−Rϕ)±(

√
pq secµ(

√
−Rϕ)))

2C

) +

√
H
−R

B,

v3(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C +

√
−R(tanµ(

√
−Rϕ)±(

√
pq secµ(

√
−Rϕ)))

2C

) +

√
H
−R

B)2 + H),

(20)

u4(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
−R(cotµ(

√
−Rϕ)±(

√
pq cscµ(

√
−Rϕ)))

2C

) +

√
H
−R

B,

v4(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
−R(cotµ(

√
−Rϕ)±(

√
pq cscµ(

√
−Rϕ)))

2C

) +

√
H
−R

B)2 + H),

(21)

and

u5(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C +

√
−R(tanµ(1/4

√
−Rϕ)−cotµ(1/4

√
−Rϕ))

4C

) +

√
H
−R

B,

v5(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C +

√
−R(tanµ(1/4

√
−Rϕ)−cotµ(1/4

√
−Rϕ))

4C

) +

√
H
−R

B)2 + H).

(22)

Family. 2: When R > 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u6(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R tanhµ(1/2

√
Rϕ)

2C

) +

√
H
−R

B,

v6(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R tanhµ(1/2

√
Rϕ)

2C

) +

√
H
−R

B)2 + H),

(23)

u7(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R cothµ(1/2

√
Rϕ)

2C

) +

√
H
−R

B,

v7(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R cothµ(1/2

√
Rϕ)

2C

) +

√
H
−R

B)2 + H),

(24)
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u8(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R(tanhµ(

√
Rϕ)±(

√
pqsechµ(

√
Rϕ)))

2C

) +

√
H
−R

B,

v8(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R(tanhµ(

√
Rϕ)±(

√
pqsechµ(

√
Rϕ)))

2C

) +

√
H
−R

B)2 + H),

(25)

u9(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R(cothµ(

√
Rϕ)±(

√
pqcschµ(

√
Rϕ)))

2C

) +

√
H
−R

B,

v9(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R(cothµ(

√
Rϕ)±(

√
pqcschµ(

√
Rϕ)))

2C

) +

√
H
−R

B)2 + H),

(26)

and

u10(x, t) =

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R(tanhµ(1/4

√
Rϕ)−cothµ(1/4

√
Rϕ))

4C

) +

√
H
−R

B,

v10(x, t) =
1
k2
((

2 HA√
H(−B2+4 AC)(

− B
2C −

√
R(tanhµ(1/4

√
Rϕ)−cothµ(1/4

√
Rϕ))

4C

) +

√
H
−R

B)2 + H).

(27)

Family. 3: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u11(x, t) =
√

H
(

tanµ

(√
ACϕ

))−1

v11(x, t) =
1
k2
((
√

H
(

tanµ

(√
ACϕ

))−1
)2 + H),

(28)

u12(x, t) = −
√

H
(

cotµ

(√
ACϕ

))−1

v12(x, t) =
1
k2
((−
√

H
(

cotµ

(√
ACϕ

))−1
)2 + H),

(29)

u13(x, t) =
√

H
(

tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
)))−1

,

v13(x, t) =
((
√

H
(

tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
)))−1

)2 + H)

k2
,

(30)

u14(x, t) = −
√

H
(

cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
)))−1

,

v14(x, t) =
((
√

H
(

cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
)))−1

)2 + H)

k2
,

(31)



Mathematics 2023, 11, 2686 10 of 30

and

u15(x, t) = 2
√

H
(

tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
))−1

,

v15(x, t) =
1
k2
((2
√

H
(

tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
))−1

)2 + H).
(32)

Family. 4: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u16(x, t) = −
√
−H

(
tanhµ

(√
−ACϕ

))−1
,

v16(x, t) =
1
k2
((−
√
−H

(
tanhµ

(√
−ACϕ

))−1
)2 + H),

(33)

u17(x, t) = −
√
−H

(
cothµ

(√
−ACϕ

))−1
,

v17(x, t) =
1
k2
((−
√
−H

(
cothµ

(√
−ACϕ

))−1
)2 + H),

(34)

u18(x, t) = −
√
−H

(
tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

)))−1
,

v18(x, t) =
1
k2
((
√
−H(tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

))
)−1)2 + H),

(35)

u19(x, t) = −
√
−H

(
cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

)))−1
,

v19(x, t) =
1
k2
((−
√
−H(cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

))
)−1)2 + H),

(36)

and

u20(x, t) = −2
√
−H

(
tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

))−1

v20(x, t) =
1
k2
((−2

√
−H(tanhµ

(
1/2
√
−ACϕ

)
,+ cothµ

(
1/2
√
−ACϕ

)
)−1)2 + H).

(37)

Family. 5: When C = A and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u21(x, t) = −
√

H
cotµ(Aϕ)

,

v21(x, t) =
1
k2
((−

√
H

cotµ(Aϕ)
)2 + H),

(38)

u22(x, t) =
√

H(
tanµ(2 Aϕ)±

(√
pq secµ(2 Aϕ)

)) ,

v22(x, t) =
1
k2
((

√
H(

tanµ(2 Aϕ)±
(√

pq secµ(2 Aϕ)
)) )2 + H),

(39)
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u23(x, t) =
√

H(
− cotµ(2 Aϕ)∓

(√
pq cscµ(2 Aϕ)

)) ,

v23(x, t) =
1
k2
((

√
H(

− cotµ(2 Aϕ)∓
(√

pq cscµ(2 Aϕ)
)) )2 + H),

(40)

u24(x, t) =
√

H(
1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)

) ,

v24(x, t) =
1
k2
((

√
H(

1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)
) )2 + H),

(41)

and

u25(x, t) = −
√

H
tanhµ(Aϕ)

,

v25(x, t) =
1
k2
((−

√
H

tanhµ(Aϕ)
)2 + H).

(42)

Family. 6: When C = −A and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u26(x, t) = −
√
−H

tanhµ(Aϕ)
,

v26(x, t) =
1
k2
((−

√
−H

tanhµ(Aϕ)
)2 + H),

(43)

u27(x, t) = −
√
−H

cothµ(Aϕ)
,

v27(x, t) =
1
k2
((−

√
−H

cothµ(Aϕ)
)2 + H),

(44)

u28(x, t) =
√
−H(

− tanhµ(2 Aϕ)∓
(
i
√

pqsechµ(2 Aϕ)
)) ,

v28(x, t) =
1
k2
((

√
−H(

− tanhµ(2 Aϕ)∓
(
i
√

pqsechµ(2 Aϕ)
)) )2 + H),

(45)

u29(x, t) =
√
−H(

− cothµ(2 Aϕ)∓
(√

pqcschµ(2 Aϕ)
)) ,

v29(x, t) =
1
k2
((

√
−H(

− cothµ(2 Aϕ)∓
(√

pqcschµ(2 Aϕ)
)) )2 + H),

(46)

and

u30(x, t) =
√
−H(

−1/2 tanhµ(1/2 Aϕ)− 1/2 cothµ(1/2 Aϕ)
) ,

v30(x, t) =
1
k2
((

√
−H(

−1/2 tanhµ(1/2 Aϕ)− 1/2 cothµ(1/2 Aϕ)
) )2 + H).

(47)
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Family. 7: When B = ν, A = Nν(N 6= 0) and C = 0 then (11), (13) and corresponding
general solutions of (10) imply the following family of symmetric soliton solutions:

u31(x, t) =
2
√
−HN

(µν ϕ − N)
+
√

H

v31(x, t) =
1
k2
((

2
√
−HN

(µν ϕ − N)
+
√

H)2 + H).

(48)

where ϕ = 2
ln(µ)k2

√
− H
−B2+4 CA (

xβ

Γ(β+1) −
k2tα

Γ(α+1) ).
Now, assuming case. 2, we get the following families of symmetric soliton solutions

for (2):
Family. 8: When R < 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u32(x, t) =
√

H
−R

(B + 2C

(
− B

2C
+

√
−R tanµ

(
1/2
√
−Rϕ

)
2C

)
),

v32(x, t) =
1
k2
((

√
H
−R

(B + 2C

(
− B

2C
+

√
−R tanµ

(
1/2
√
−Rϕ

)
2C

)
))2 + H),

(49)

u33(x, t) =
√

H
−R

(B + 2C

(
− B

2C
−
√
−R cotµ

(
1/2
√
−Rϕ

)
2C

)
),

v33(x, t) =
1
k2
((

√
H
−R

(B + 2C

(
− B

2C
−
√
−R cotµ

(
1/2
√
−Rϕ

)
2C

)
))2 + H),

(50)

u34(x, t) =
√

H
−R

(B + 2C

(
− B

2C
+

√
−R
(
tanµ

(√
−Rϕ

)
±
(√

pq secµ

(√
−Rϕ

)))
2C

)
),

v34(x, t) =
1
k2
((

√
H
−R

(B + 2C

(
− B

2C
+

√
−R
(
tanµ

(√
−Rϕ

)
±
(√

pq secµ

(√
−Rϕ

)))
2C

)
))2 + H),

(51)

u35(x, t) =
√

H
−R

(B + 2C

(
− B

2C
−
√
−R
(
cotµ

(√
−Rϕ

)
±
(√

pq cscµ

(√
−Rϕ

)))
2C

)
),

v35(x, t) =
1
k2
((

√
H
−R

(B + 2C

(
− B

2C
−
√
−R
(
cotµ

(√
−Rϕ

)
±
(√

pq cscµ

(√
−Rϕ

)))
2C

)
))2 + H),

(52)

and

u36(x, t) =
√

H
−R

(B + 2C

(
− B

2C
+

√
−R
(
tanµ

(
1/4
√
−Rϕ

)
− cotµ

(
1/4
√
−Rϕ

))
4C

)
,

v36(x, t) =
1
k2
((

√
H
−R

(B + 2C

(
− B

2C
+

√
−R
(
tanµ

(
1/4
√
−Rϕ

)
− cotµ

(
1/4
√
−Rϕ

))
4C

)
)2 + H).

(53)
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Family. 9: When R > 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u37(x, t) =
√

H
−R

(B + 2C

− B
2C
−

√
R tanhµ

(
1/2
√

Rϕ
)

2C

),

v37(x, t) =
1
k2
((

√
H
−R

(B + 2C

− B
2C
−

√
R tanhµ

(
1/2
√

Rϕ
)

2C

))2 + H),

(54)

u38(x, t) =
√

H
−R

(B + 2C

− B
2C
−

√
R cothµ

(
1/2
√

Rϕ
)

2C

),

v38(x, t) =
1
k2
((

√
H
−R

(B + 2C

− B
2C
−

√
R cothµ

(
1/2
√

Rϕ
)

2C

))2 + H),

(55)

u39(x, t) =
√

H
−R

(B + 2C

− B
2C
−

√
R
(

tanhµ

(√
Rϕ
)
±
(√

pqsechµ

(√
Rϕ
)))

2C

),

v39(x, t) =
1
k2
((

√
H
−R

(B + 2C

− B
2C
−

√
R
(

tanhµ

(√
Rϕ
)
±
(√

pqsechµ

(√
Rϕ
)))

2C

))2 + H),

(56)

u40(x, t) =
√

H
−R

(B + 2C

− B
2C
−

√
R
(

cothµ

(√
Rϕ
)
±
(√

pqcschµ

(√
Rϕ
)))

2C

),

v40(x, t) =
1
k2
((

√
H

−B2 + 4 AC
(B + 2C×

− B
2C
−

√
R
(

cothµ

(√
Rϕ
)
±
(√

pqcschµ

(√
Rϕ
)))

2C

))2

+ H),

(57)

and

u41(x, t) =
√

H
−R

(B + 2C

− B
2C
−

√
R
(

tanhµ

(
1/4
√

Rϕ
)
− cothµ

(
1/4
√

Rϕ
))

4C

),

v41(x, t) =
1
k2
((

√
H
−R

(B + 2C

− B
2C
−

√
R
(

tanhµ

(
1/4
√

Rϕ
)
− cothµ

(
1/4
√

Rϕ
))

4C

))2 + H).

(58)

Family. 10: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u42(x, t) =
√

H tanµ

(√
ACϕ

)
,

v42(x, t) =
1
k2
((
√

H tanµ

(√
ACϕ

)
)2 + H),

(59)
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u43(x, t) = − cotµ

(√
ACϕ

)
,

v43(x, t) =
1
k2
((− cotµ

(√
ACϕ

)
)2 + H),

(60)

u44(x, t) =
√

H
(

tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
)))

,

v44(x, t) =
1
k2
((
√

H
(

tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
)))

)2 + H),
(61)

u45(x, t) = −
√

H
(

cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
)))

,

v45(x, t) =
1
k2
((−
√

H
(

cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
)))

)2 + H),
(62)

and

u46(x, t) =
√

H
(

tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
))

,

v46(x, t) =
1
k2
((
√

H
(

tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
))

)2 + H).
(63)

Family. 11: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u47(x, t) = −
√
−H tanhµ

(√
−ACϕ

)
,

v47(x, t) =
1
k2
((−
√
−H tanhµ

(√
−ACϕ

)
)2 + H),

(64)

u48(x, t) = −
√
−H cothµ

(√
−ACϕ

) 1√
H(−B2 + 4 AC)

,

v48(x, t) =
1
k2
((−
√
−H cothµ

(√
−ACϕ

) 1√
H(−B2 + 4 AC)

)2 + H),
(65)

u49(x, t) = −
√
−H

(
tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

)))
,

v49(x, t) =
1
k2
((−
√
−H(tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

))
))2 + H),

(66)

u50(x, t) = −
√
−H

(
cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

)))
,

v50(x, t) =
1
k2
((−
√
−H(cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

))
))2 + H),

(67)

and

u51(x, t) = −
√
−H

(
tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

))
,

v51(x, t) =
1
k2
((−
√
−H(tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

)
))2 + H).

(68)



Mathematics 2023, 11, 2686 15 of 30

Family. 12: When C = A and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u52(x, t) =
√

H tanµ(Aϕ),

v52(x, t) =
1
k2
((
√

H tanµ(Aϕ))2 + H),
(69)

u53(x, t) = −
√

H cotµ(Aϕ),

v53(x, t) =
1
k2
((−
√

H cotµ(Aϕ))2 + H),
(70)

u54(x, t) =
√

H
(
tanµ(2 Aϕ)±

(√
pq secµ(2 Aϕ)

))
,

v54(x, t) =
1
k2
((
√

H
(
tanµ(2 Aϕ)±

(√
pq secµ(2 Aϕ)

))
)2 + H),

(71)

u55(x, t) =
√

H
(
− cotµ(2 Aϕ)∓

(√
pq cscµ(2 Aϕ)

))
,

v55(x, t) =
1
k2
((
√

H
(
− cotµ(2 Aϕ)∓

(√
pq cscµ(2 Aϕ)

))
)2 + H),

(72)

and

u56(x, t) =
√

H
(
1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)

)
,

v56(x, t) =
1
k2
((
√

H
(
1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)

)
)2 + H).

(73)

Family. 13: When C = −A and B = 0 then (11), (13) and corresponding general solutions
of (10) imply the following family of symmetric soliton solutions:

u57(x, t) = −
√
−H tanhµ(Aϕ),

v57(x, t) =
1
k2
((−
√
−H tanhµ(Aϕ))2 + H),

(74)

u58(x, t) = −
√
−H cothµ(Aϕ),

v58(x, t) =
1
k2
((−
√
−H cothµ(Aϕ))2 + H),

(75)

u59(x, t) =
√
−H

(
− tanhµ(2 Aϕ)∓

(
i
√

pqsechµ(2 Aϕ)
))

,

v59(x, t) =
1
k2
((
√
−H

(
− tanhµ(2 Aϕ)∓

(
i
√

pqsechµ(2 Aϕ)
))
)2 + H),

(76)

u60(x, t) =
√
−H

(
− cothµ(2 Aϕ)∓

(√
pqcschµ(2 Aϕ)

))
,

v60(x, t) =
1
k2
((
√
−H

(
− cothµ(2 Aϕ)∓

(√
pqcschµ(2 Aϕ)

))
)2 + H),

(77)

and

u61(x, t) =
√
−H

(
−1/2 tanhµ(1/2 Aϕ)− 1/2 cothµ(1/2 Aϕ)

)
,

v61(x, t) =
1
k2
((
√
−H

(
−1

2
tanhµ(1/2 Aϕ)− 1

2
cothµ(1/2 Aϕ)

)
)2 + H).

(78)
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Family. 14: When A = 0, B 6= 0 and C 6= 0 then (11), (13) and corresponding general
solutions of (10) imply the following family of symmetric soliton solutions:

u62(x, t) =
√
−H − 2

√
−Hp(

coshµ(Bϕ)− sinhµ(Bϕ) + p
) ,

v62(x, t) =
1
k2
((
√
−H − 2

√
−Hp(

coshµ(Bϕ)− sinhµ(Bϕ) + p
) )2 + H),

(79)

and

u63(x, t) =
√
−H − 2

√
−H

(
coshµ(Bϕ) + sinhµ(Bϕ)

)
(cosh(Bϕ) + sinh(Bϕ) + q)

v63(x, t) =
1
k2
((
√
−H − 2

√
−H

(
coshµ(Bϕ) + sinhµ(Bϕ)

)
(cosh(Bϕ) + sinh(Bϕ) + q)

)2 + H).

(80)

Family. 15: When B = ν, C = Nν(N 6= 0) and A = 0 then (11), (13) and corresponding
general solutions of (10) imply the following family of symmetric soliton solutions:

u64(x, t) =
√
−H + 2

√
−HNpµν ϕ

(p− Nqµν ϕ)
,

v64(x, t) =
1
k2
((
√
−H + 2

√
−HNpµν ϕ

(p− Nqµν ϕ)
)2 + H).

(81)

where ϕ = 2
ln(µ)k2

√
− H
−B2+4 CA (

xβ

Γ(β+1) −
k2tα

Γ(α+1) ).

3.2. Implementation of r + mEDAM

To construct more symmetric soliton solutions for (2), we now solve NODE in () with
the help of r + mEDAM. Putting n = 1 in (9) implies the following series form solution
for (14):

U(ϕ) =
1

∑
l=−1

al(r + G(ϕ))l = a−1(r + G(ϕ))−1 + a0 + a1(r + G(ϕ))1, (82)

where a−1, a0 and a1 are constants to be calculated, and G(ϕ) is the general solution of ODE
in (10). By putting (82) in (14) and collecting all terms with the same powers of G(ϕ) , we
get an expression in G(ϕ). By equating the coefficients to zero yields a system of algebraic
equations in a−1, a0, a1, k1, k2, H, r ,µ, A, B and C. Upon solving this system for a−1, a0, a1,
k1 and k2 using Maple, we reach at the following two cases of solutions:
Case. 1

a1 = 0, a−1 = 2

(
A− rB + Cr2)√H√

4 AC− B2
, a0 =

√
H(−2 Cr + B)√

4 AC− B2
,

k1 =
2

ln(µ)k2

√
− H

4 AC− B2 , k2 = k2.

(83)

Case. 2

a1 = 2

√
H

4 AC− B2 C, a−1 = 0, a0 =
H(−2 Cr + B)√

H(4 AC− B2)
,

k1 =
2

ln(µ)k2

√
− H

4 AC− B2 , k2 = k2.

(84)

Assuming case. 1, we get the following families of symmetric soliton solutions for (2):
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Family. 16: When R < 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions
of (10) imply the following family of symmetric soliton solutions:

u65(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C +

√
−R tanµ(1/2

√
−Rϕ)

2C

) +

√
H(−2 Cr + B)√

R
,

v65(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C +

√
−R tanµ(1/2

√
−Rϕ)

2C

) +

√
H(−2 Cr + B)√

R
)2 + H),

(85)

u66(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
−R cotµ(1/2

√
−Rϕ)

2C

) +

√
H(−2 Cr + B)√

−R
,

v66(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
−R cotµ(1/2

√
−Rϕ)

2C

) +

√
H(−2 Cr + B)√

−R
)2 + H),

(86)

u67(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C +

√
−R(tanµ(

√
−Rϕ)±(

√
pq secµ(

√
−Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
,

v67(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C +

√
−R(tanµ(

√
−Rϕ)±(

√
pq secµ(

√
−Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
)2 + H),

(87)

u68(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
−R(cotµ(

√
−Rϕ)±(

√
pq cscµ(

√
−Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
,

v68(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
−R(cotµ(

√
−Rϕ)±(

√
pq cscµ(

√
−Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
)2 + H),

(88)

and

u69(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C +

√
−R(tanµ(1/4

√
−Rϕ)−cotµ(1/4

√
−Rϕ))

4C

) +

√
H(−2 Cr + B)√

−R
,

v69(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C +

√
−R(tanµ(1/4

√
−Rϕ)−cotµ(1/4

√
−Rϕ))

4C

) +

√
H(−2 Cr + B)√

−R
)2 + H).

(89)



Mathematics 2023, 11, 2686 18 of 30

Family. 17: When R > 0 C 6= 0 then (11), (13) and corresponding general solutions of (10)
imply the following family of symmetric soliton solutions:

u70(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R tanhµ(1/2

√
Rϕ)

2C

) +

√
H(−2 Cr + B)√

−R
,

v70(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R tanhµ(1/2

√
Rϕ)

2C

) +

√
H(−2 Cr + B)√

−R
)2 + H),

(90)

u71(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R cothµ(1/2

√
Rϕ)

2C

) +

√
H(−2 Cr + B)√

4 AC− B2
,

v71(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R cothµ(1/2

√
Rϕ)

2C

) +

√
H(−2 Cr + B)√

4 AC− B2
)2 + H),

(91)

u72(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R(tanhµ(

√
Rϕ)±(

√
pqsechµ(

√
Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
,

v72(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R(tanhµ(

√
Rϕ)±(

√
pqsechµ(

√
Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
)2 + H),

(92)

u73(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R(cothµ(

√
Rϕ)±(

√
pqcschµ(

√
Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
,

v73(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R(cothµ(

√
Rϕ)±(

√
pqcschµ(

√
Rϕ)))

2C

) +

√
H(−2 Cr + B)√

−R
)2 + H),

(93)

and

u74(x, t) =

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R(tanhµ(1/4

√
Rϕ)−cothµ(1/4

√
Rϕ))

4C

) +

√
H(−2 Cr + B)√

−R
,

v74(x, t) =
1
k2
((

2 (A−rB+Cr2)
√

H√
−R(

− B
2C −

√
R(tanhµ(1/4

√
Rϕ)−cothµ(1/4

√
Rϕ))

4C

) +

√
H(−2 Cr + B)√

−R
)2 + H).

(94)
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Family. 18: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u75(x, t) = (1 +
r2C
A

)
√

H
(

tanµ

(√
ACϕ

))−1
−
√

HC
A

r,

v75(x, t) =
1
k2
(((1 +

r2C
A

)
√

H
(

tanµ

(√
ACϕ

))−1
−
√

HC
A

r)2 + H),

(95)

u76(x, t) = −(1 + r2C
A

)
√

H
(

cotµ

(√
ACϕ

))−1
−
√

HC
A

r,

v76(x, t) =
1
k2
((−(1 + r2C

A
)
√

H
(

cotµ

(√
ACϕ

))−1
−
√

HC
A

r)2 + H),

(96)

u77(x, t) = (1 +
r2C
A

)
√

H(tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
))

)−1 −
√

HC
A

r,

v77(x, t) =
1
k2
(((1 +

r2C
A

)
√

H(tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
))

)−1 −
√

HC
A

r)2 + H),

(97)

u78(x, t) = −(1 + r2C
A

)
√

H(cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
))

)−1 −
√

HC
A

r,

v78(x, t) =
1
k2
((−(1 + r2C

A
)
√

H(cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
))

)−1 −
√

HC
A

r

(98)

and

u79(x, t) = 2(1 +
r2C
A

)
√

H(tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
)
)−1 −

√
HC
A

r,

v79(x, t) =
1
k2
((2(1 +

r2C
A

)
√

H(tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
)
)−1 −

√
HC
A

r)2 + H).

(99)

Family. 19: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u80(x, t) = −(1 + r2C
A

)
√
−H

(
tanhµ

(√
−ACϕ

))−1
−
√

HC
A

r,

v80(x, t) =
1
k2
((−(1 + r2C

A
)
√
−H

(
tanhµ

(√
−ACϕ

))−1
−
√

HC
A

r)2 + H),

(100)

u81(x, t) = −(1 + r2C
A

)
√
−H

(
cothµ

(√
−ACϕ

))−1
−
√

HC
A

r,

v81(x, t) =
1
k2
((−(1 + r2C

A
)
√
−H

(
cothµ

(√
−ACϕ

))−1
−
√

HC
A

r)2 + H))2 + H),

(101)

u82(x, t) = −(1 + r2C
A

)
√
−H(tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

))
)−1 −

√
HC
A

r,

v82(x, t) =
1
k2
((

−(1 + r2C
A )
√
−H

(tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

))
)
−
√

HC
A

r)2 + H),
(102)
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u83(x, t) = −(1 + r2C
A

)
√
−H(cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

))
)−1 −

√
HC
A

r,

v83(x, t) =
1
k2
((

−(1 + r2C
A )
√
−H

(cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

))
)
−
√

HC
A

r)2 + H),
(103)

and

u84(x, t) = −2(1 +
r2C
A

)
√
−H(tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

)
)−1 −

√
HC
A

r,

v84(x, t) =
1
k2
((

−2(1 + r2C
A )
√
−H

(tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

)
)
−
√

HC
A

r)2 + H).
(104)

Family. 20: When C = A and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u85(x, t) = (1 + r2)
√

H
1

tanµ(Aϕ)
−
√

Hr,

v85(x, t) =
1
k2
(((1 + r2)

√
H

1
tanµ(Aϕ)

−
√

Hr)2 + H),
(105)

u86(x, t) = −(1 + r2)
√

H
1

cotµ(Aϕ)
−
√

Hr,

v86(x, t) =
1
k2
((−(1 + r2)

√
H

1
cotµ(Aϕ)

−
√

Hr)2 + H),
(106)

u87(x, t) =
(1 + r2)

√
H(

tanµ(2 Aϕ)±
(√

pq secµ(2 Aϕ)
)) −√Hr,

v87(x, t) =
1
k2
((

(1 + r2)
√

H(
tanµ(2 Aϕ)±

(√
pq secµ(2 Aϕ)

)) −√Hr)2 + H),

(107)

u88(x, t) =
(1 + r2)

√
H(

− cotµ(2 Aϕ)∓
(√

pq cscµ(2 Aϕ)
)) −√Hr,

v88(x, t) =
1
k2
((

(1 + r2)
√

H(
− cotµ(2 Aϕ)∓

(√
pq cscµ(2 Aϕ)

)) −√Hr)2 + H),

(108)

and

u89(x, t) =
(1 + r2)

√
H(

1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)
) −√Hr,

v89(x, t) =
1
k2
((

(1 + r2)
√

H(
1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)

) −√Hr)2 + H).

(109)
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Family. 21: When C = −A and B = 0 then Equations (19) and (10) imply the following
solitary wave solutions:

u90(x, t) = −(1− r2)
√
−H

1
tanhµ(Aϕ)

+
√
−Hr,

v90(x, t) =
1
k2
((−(1− r2)

√
−H

1
tanhµ(Aϕ)

+
√
−Hr)2 + H),

(110)

u91(x, t) = −(1− r2)
√
−H

1
cothµ(Aϕ)

+
√
−Hr,

v91(x, t) =
1
k2
((−(1− r2)

√
−H

1
cothµ(Aϕ)

+
√
−Hr)2 + H),

(111)

u92(x, t) =
(1− r2)

√
−H(

− tanhµ(2 Aϕ)∓
(
i
√

pqsechµ(2 Aϕ)
)) +√−Hr,

v92(x, t) =
1
k2
((

(1− r2)
√
−H(

− tanhµ(2 Aϕ)∓
(
i
√

pqsechµ(2 Aϕ)
)) +√−Hr)2 + H),

(112)

u93(x, t) =
(1− r2)

√
−H(

− cothµ(2 Aϕ)∓
(√

pqcschµ(2 Aϕ)
)) +√−Hr,

v93(x, t) =
1
k2
((

(1− r2)
√
−H(

− cothµ(2 Aϕ)∓
(√

pqcschµ(2 Aϕ)
)) +√−Hr)2 + H),

(113)

and

u94(x, t) =
(1− r2)

√
−H(

−1/2 tanhµ(1/2 Aϕ)− 1/2 cothµ(1/2 Aϕ)
) +√−Hr,

v94(x, t) =
(( (1−r2)

√
−H

(−1/2 tanhµ(1/2 Aϕ)−1/2 cothµ(1/2 Aϕ))
+
√
−Hr)2 + H)

k2
.

(114)

Family. 22: When B = ν, a = Nν(N 6= 0) and C = 0 then (11), (13) and corresponding
general solutions of (10) imply the following family of symmetric soliton solutions:

u95(x, t) = 2
(N − r)

√
−H

(µν ϕ − N)
+

√
H(−2 Cr + B)√

4 AC− B2
,

v95(x, t) =
1
k2
((2

(N − r)
√
−H

(µν ϕ − N)
+

√
H(−2 Cr + B)√

4 AC− B2
)2 + H).

(115)

Family. 23: When A = 0, B 6= 0 and C 6= 0 then (11), (13) and corresponding general
solutions of (10) imply the following family of symmetric soliton solutions:

u96(x, t) = −2

(
−rB + Cr2)√HC

(
coshµ(Bϕ)− sinhµ(Bϕ) + p

)
pB2i

+

√
H(−2 Cr + B)

Bi
,

v96(x, t) =
1
k2
((−2

(
−rB + Cr2)√HC

(
coshµ(Bϕ)− sinhµ(Bϕ) + p

)
pB2i

+

√
H(−2 Cr + B)

Bi
)2 + H),

(116)

and
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u97(x, t) = −2

(
−rB + Cr2)√HC

(
coshµ(Bϕ) + sinhµ(Bϕ) + q

)
Bi
(
coshµ(Bϕ) + sinhµ(Bϕ)

) +

√
H(−2 Cr + B)

Bi
,

v97(x, t) =
1
k2
((−2

(
−rB + Cr2)√HC

(
coshµ(Bϕ) + sinhµ(Bϕ) + q

)
Bi
(
coshµ(Bϕ) + sinhµ(Bϕ)

) +

√
H(−2 Cr + B)

Bi
)2 + H).

(117)

Family. 24: When B = ν, C = Nν(N 6= 0) and A = 0 then (11), (13) and corresponding
general solutions of (10) imply the following family of symmetric soliton solutions:

u98(x, t) = 2
(Nr2 − r)

√
H(p− Nqµν ϕ)

piµν ϕ +

√
H(−2Nr + 1)

i
,

v98(x, t) =
1
k2
((2

(Nr2 − r)
√

H(p− Nqµν ϕ)

piµν ϕ +

√
H(−2Nr + 1)

i
)2 + H),

(118)

where ϕ = 2
ln(µ)k2

√
− H
−B2+4 CA (

xβ

Γ(β+1) −
k2tα

Γ(α+1) ).
Now assuming case. 2, we get the following families of symmetric soliton solutions

for (2):

Family. 25: When R < 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions
of (10) imply the following family of symmetric soliton solutions:

u99(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B +

√
−R tanµ

(
1/2
√
−Rϕ

))
,

v99(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B +

√
−R tanµ

(
1/2
√
−Rϕ

))
)2 + H),

(119)

u100(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B−

√
−R cotµ

(
1/2
√
−Rϕ

))
,

v100(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B−

√
−R cotµ

(
1/2
√
−Rϕ

))
)2 + H),

(120)

u101(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B +

√
−R
(

tanµ

(√
−Rϕ

)
±
(√

pq secµ

(√
−Rϕ

))))
,

v101(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B +

√
−R
(

tanµ

(√
−Rϕ

)
±
(√

pq secµ

(√
−Rϕ

))))
)2 + H),

(121)

u102(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B−

√
−R
(

cotµ

(√
−Rϕ

)(√
pq cscµ

(√
−Rϕ

))))
,

v102(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B−

√
−R
(

cotµ

(√
−Rϕ

)(√
pq cscµ

(√
−Rϕ

))))
)2 + H),

(122)

and

u103(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B +

√
−R
(
tanµ

(
1/4
√
−Rϕ

)
− cotµ

(
1/4
√
−Rϕ

))
2

)
,

v103(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B +

√
−R
(
tanµ

(
1/4
√
−Rϕ

)
− cotµ

(
1/4
√
−Rϕ

))
2

)
)2 + H).

(123)
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Family. 26: When R > 0 A, B, C 6= 0 then (11), (13) and corresponding general solutions
of (10) imply the following family of symmetric soliton solutions:

u104(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B−

√
R tanhµ

(
1/2
√

Rϕ
))

,

v104(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B−

√
R tanhµ

(
1/2
√

Rϕ
))

)2 + H),

(124)

u105(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B−

√
R cothµ

(
1/2
√

Rϕ
))

,

v105(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B−

√
R cothµ

(
1/2
√

Rϕ
))

)2 + H),

(125)

u106(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B−

√
R
(

tanhµ

(√
Rϕ
)
±
(√

pqsechµ

(√
Rϕ
))))

,

v106(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B−

√
R
(

tanhµ

(√
Rϕ
)
±
(√

pqsechµ

(√
Rϕ
))))

)2 + H),

(126)

u107(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

(
−B−

√
R
(

cothµ

(√
Rϕ
)
±
(√

pqcschµ

(√
Rϕ
))))

,

v107(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

(
−B−

√
R
(

cothµ

(√
Rϕ
)
±
(√

pqcschµ

(√
Rϕ
))))

)2 + H),

(127)

and

u108(x, t) =
H(−2 Cr + B)√

−RH
+

√
H
−R

−B−

√
R
(

tanhµ

(
1/4
√

Rϕ
)
− cothµ

(
1/4
√

Rϕ
))

2

,

v108(x, t) =
1
k2
((

H(−2 Cr + B)√
−RH

+

√
H
−R

−B−

√
R
(

tanhµ

(
1/4
√

Rϕ
)
− cothµ

(
1/4
√

Rϕ
))

2

)2 + H).

(128)

Family. 27: When AC > 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u109(x, t) = −r

√
HC
A

+
√

H tanµ

(√
ACϕ

)
,

v109(x, t) =
1
k2
((−r

√
HC
A

+
√

H tanµ

(√
ACϕ

)
)2 + H),

(129)

u110(x, t) = −r

√
HC
A
−
√

H cotµ

(√
ACϕ

)
,

v110(x, t) =
1
k2
((−r

√
HC
A
−
√

H cotµ

(√
ACϕ

)
)2 + H),

(130)
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u111(x, t) = −r

√
HC
A

+
√

H(tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
))

),

v111(x, t) =
1
k2
((−r

√
HC
A

+
√

H(tanµ

(
2
√

ACϕ
)
±
(√

pq secµ

(
2
√

ACϕ
))

))2 + H),

(131)

u112(x, t) = −r

√
HC
A
− 2
√

H(cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
))

),

v112(x, t) =
1
k2
((−r

√
HC
A
− 2
√

H(cotµ

(
2
√

ACϕ
)
±
(√

pq cscµ

(
2
√

ACϕ
))

))2 + H),

(132)

and

u113(x, t) = −r

√
HC
A

+
√

H(tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
)
),

v113(x, t) =
1
k2
((−r

√
HC
A

+
√

H(tanµ

(
1/2
√

ACϕ
)
− cotµ

(
1/2
√

ACϕ
)
))2 + H).

(133)

Family. 28: When AC < 0 and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u114(x, t) = −r

√
−HC

A
−
√
−H tanhµ

(√
−ACϕ

)
,

v114(x, t) =
1
k2
((−r

√
−HC

A
−
√
−H tanhµ

(√
−ACϕ

)
)2 + H),

(134)

u115(x, t) = −r

√
−HC

A
−
√
−H cothµ

(√
−ACϕ

)
,

v115(x, t) =
1
k2
((−r

√
−HC

A
−
√
−H cothµ

(√
−ACϕ

)
)2 + H),

(135)

u116(x, t) = −r

√
−HC

A
−
√
−H(tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

))
),

v116(x, t) =
1
k2
((−r

√
−HC

A
−
√
−H(tanhµ

(
2
√
−ACϕ

)
±
(

i
√

pqsechµ

(
2
√
−ACϕ

))
))2 + H),

(136)

u117(x, t) = −r

√
−HC

A
−
√
−H(cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

))
),

v117(x, t) =
1
k2
((−r

√
−HC

A
−
√
−H(cothµ

(
2
√
−ACϕ

)
±
(√

pqcschµ

(
2
√
−ACϕ

))
))2 + H),

(137)

and

u118(x, t) = −r

√
−HC

A
−
√
−H(tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

)
),

v118(x, t) =
1
k2
((−r

√
−HC

A
−
√
−H(tanhµ

(
1/2
√
−ACϕ

)
+ cothµ

(
1/2
√
−ACϕ

)
))2 + H).

(138)
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Family. 29: When C = A and B = 0 then (11), (13) and corresponding general solutions of
(10) imply the following family of symmetric soliton solutions:

u119(x, t) =
√

H(1− r) tanµ(Aϕ),

v119(x, t) =
1
k2
((
√

H(1− r) tanµ(Aϕ))2 + H),
(139)

u120(x, t) = −
√

H(1 + r) cotµ(Aϕ),

v120(x, t) =
1
k2
((−
√

H(1 + r) cotµ(Aϕ))2 + H),
(140)

u121(x, t) =
√

H(1− r)
(
tanµ(2 Aϕ)±

(√
pq secµ(2 Aϕ)

))
,

v121(x, t) =
1
k2
((
√

H(1− r)
(
tanµ(2 Aϕ)±

(√
pq secµ(2 Aϕ)

))
)2 + H),

(141)

u122(x, t) = −
√

H(1 + r)
(
− cotµ(2 Aϕ)∓

(√
pq cscµ(2 Aϕ)

))
,

v122(x, t) =
1
k2
((−
√

H(1 + r)
(
− cotµ(2 Aϕ)∓

(√
pq cscµ(2 Aϕ)

))
)2 + H),

(142)

and

u123(x, t) =
√

H(1− r)
(
1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)

)
,

v123(x, t) =
((
√

H(1− r)
(
1/2 tanµ(1/2 Aϕ)− 1/2 cotµ(1/2 Aϕ)

)
)2 + H)

k2
.

(143)

Family. 30: When C = −A and B = 0 then (11), (13) and corresponding general solutions
of (10) imply the following family of symmetric soliton solutions:

u124(x, t) =
√
−H(r− 1) tanhµ(Aϕ),

v124(x, t) =
1
k2
((
√
−H(r− 1) tanhµ(Aϕ))2 + H),

(144)

u125(x, t) =
√
−H(r− 1) cothµ(Aϕ),

v125(x, t) =
1
k2
((
√
−H(r− 1) cothµ(Aϕ))2 + H),

(145)

u126(x, t) =
√
−H(r + 1)

(
− tanhµ(2 Aϕ)∓

(
i
√

pqsechµ(2 Aϕ)
))

,

v126(x, t) =
((
√
−H(r + 1)

(
− tanhµ(2 Aϕ)∓

(
i
√

pqsechµ(2 Aϕ)
))
)2 + H)

k2
, (146)

u127(x, t) =
√
−H(r + 1)

(
− cothµ(2 Aϕ)∓

(√
pqcschµ(2 Aϕ)

))
,

v127(x, t) =
((
√
−H(r + 1)

(
− cothµ(2 Aϕ)∓

(√
pqcschµ(2 Aϕ)

))
)2 + H)

k2
,

(147)
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and

u128(x, t) =
√
−H(r + 1)

(
1
2

tanhµ

(
1
2

Aϕ

)
− 1

2
cothµ

(
1
2

Aϕ

))
,

v128(x, t) =
((
√
−H(r + 1)

(
− 1

2 tanhµ

(
1
2 Aϕ

)
− 1

2 cothµ

(
1
2 Aϕ

))
)2 + H)

k2
.

(148)

Family. 31: When A = 0, B 6= 0 and C 6= 0 then (11), (13) and corresponding general
solutions of (10) imply the following family of symmetric soliton solutions:

u129(x, t) =
H(−2 Cr + B)√

−HB2
− 2
√
−Hp

(
coshµ(Bϕ)− sinhµ(Bϕ) + p

)−1,

v129(x, t) =
1
k2
((

H(−2 Cr + B)√
−HB2

− 2
√
−Hp(coshµ(Bϕ)− sinhµ(Bϕ) + p)−1)2 + H),

(149)

and

u130(x, t) =
H(−2 Cr + B)√

−HB2
− 2
√
−H

coshµ(Bϕ) + sinhµ(Bϕ)

coshµ(Bϕ) + sinhµ(Bϕ) + q
,

v130(x, t) =
((H(−2 Cr+B)√

−HB2 − 2
√
−H coshµ(Bϕ)+sinhµ(Bϕ)

coshµ(Bϕ)+sinhµ(Bϕ)+q )
2 + H)

k2
.

(150)

Family. 32: When B = ν, C = Nν(N 6= 0) and A = 0 then (11), (13) and corresponding
general solutions of (10) imply the following family of symmetric soliton solutions:

u131(x, t) =
√
−H(−2Nr + 1) + 2

√
−HNpµν ϕ(p− Nqµν ϕ)−1,

v131(x, t) =
((
√
−H(−2Nr + 1) + 2

√
−HNpµν ϕ(p− Nqµν ϕ)−1)2 + H)

k2
.

(151)

where ϕ = 2
ln(µ)k2

√
− H
−B2+4 CA (

xβ

Γ(β+1) −
k2tα

Γ(α+1) ).

4. Discussion and Graphs

We successfully constructed families of symmetric soliton solutions for FCKOS by
employing two adapted versions of EDAM i.e., mEDAM and r+EDAM in this study.
By supposing series form solutions, we were capable to apply these approaches to translate the
given system of NODEs formed from the model into a system of algebraic equations. We were
capable to obtain the model’s symmetric soliton solutions by solving this algebraic system.

In Figure 1, the 3D graph of the first equation in (28) is depicted in Figure 1 for
A = 3, B = 0, C = 1, µ = e, H = 3, k2 = 2, α = β = 1. This profile shows a symmetric
lump wave which is significant wave that can come into view in a range of physical systems.
Figure 2, the 3D graph of the second equation in (80) is plotted in Figure 2 for A = 0, B =
2, C = 1, µ = e, H = 2 = k2, α = 0.5, β = 0.9. This profile shows a symmetric kink wave
which descends or ascends from one asymptotic state to another and at infinity it attains
a constant velocity profile. Figure 3, the 3D graph of first equation in (95) is illustrated
in Figure 3 for A = 2, B = 0, C = 4, µ = 3, H = −5, k2 = 2, r = p = q = 1, α = β = 1.
This profile shows a symmetric solitary wave which has a fixed shape and constant speed
which is asymptotically zero at large distance. The 3D graph of the real part of the second
equation in (107) is illustrated in Figure 4 for A = 1, B = 0, C = 1, µ = e, H = −2, k2 =
109, r = 5, p = 2, q = 10, α = 0.9, β = 0.5. This profile shows a symmetric periodic
wave which are travelling waves that show periodicity while propagating. The constructed
symmetric soliton solutions include solitary waves, lump waves, periodic waves, kink
waves, etc. all of which show symmetries in their profiles. The existence of symmetries
improve the stability and robustness of solitons and it offer insight into conservation laws
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and essential physical properties. The study of these symmetric solitons contributes to a
healthier understanding of the complicated dynamics concerning dispersion, nonlinearity
and supplementary influencing factors in targeted FCKOS. This investigation present
precious insights into intricate wave phenomena and their applications in various fields of
nonlinear physics (Figures 1–4).

Figure 1. The 3D graph of the first equation in (28) is depicted in Figure 1 for A = 3, B = 0, C = 1,
µ = e, H = 3, k2 = 2, α = β = 1. This profile shows a symmetric lump wave which is significant
wave that can come into view in a range of physical systems. These waves are characterized by a
swift increase in amplitude and a sluggish decline reverse to their early level.

Figure 2. The 3D graph of the second equation in (80) is plotted in Figure 2 for A = 0, B = 2, C = 1,
µ = e, H = 2 = k2, α = 0.5, β = 0.9. This profile shows a symmetric kink wave which descends or
ascends from one asymptotic state to another and at infinity it attains a constant velocity profile.
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Figure 3. The 3D graph of first equation in (95) is illustrated in Figure 3 for A = 2, B = 0, C = 4,
µ = 3, H = −5, k2 = 2, r = p = q = 1, α = β = 1. This profile shows a symmetric solitary wave
which has a fixed shape and constant speed which is asymptotically zero at large distance.

Figure 4. The 3D graph of the real part of the second equation in (107) is illustrated in Figure 4
for A = 1, B = 0, C = 1, µ = e, H = −2, k2 = 109, r = 5, p = 2, q = 10, α = 0.9, β = 0.5.
This profile shows a symmetric periodic wave which are travelling waves that show periodicity
while propagating.

5. Conclusions

In this research work, FCKOS was addressed using two improved variants of EDAM.
For the offered system of NODEs, the mEDAM and r+mEDAM approaches were able to
discover a series form a solution, which was then distorted into a system of nonlinear
algebraic equations to get verities of symmetric soliton solutions that are significant to the
problem’s physical interpretation. The existence of different travelling waves including
kink waves, solitary waves, periodic waves, lump waves, etc., in soliton solutions were
shown by depicting some 3D graphs. The article highlights the implication for several
practical applications in different areas of science and demonstrate the potential of the
EDAM in constructing families of soliton solutions for complex problems.
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