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Abstract: Percolation theory is a subject that has been flourishing in recent decades. Because of its
simple expression and rich connotation, it is widely used in chemistry, ecology, physics, materials
science, infectious diseases, and complex networks. Consider an infinite-rooted N-ary tree where
each vertex is assigned an i.i.d. random variable. When the random variable follows a Bernoulli
distribution, a path is called head run if all the random variables that are assigned on the path are 1.
We obtain the weak law of large numbers for the length of the longest head run. In addition, when the
random variable follows a continuous distribution, a path is called an increasing path if the sequence
of random variables on the path is increasing. By Stein’s method and other probabilistic methods, we
prove that the length of the longest increasing path with a probability of one focuses on three points.
We also consider limiting behaviours for the longest increasing path in a special tree.
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1. Introduction and Main Results

Since Broadbent and Hammersley introduced the percolation models in [1], it has
become a cornerstone of probability theory and statistical physics, with applications ranging
from molecular dynamics to star formation. Standard percolation theory is concerned with
the loss of global connectivity in a graph when vertices or bonds are randomly removed, as
quantified by the probability for the existence of an infinite cluster of contiguous vertices.

Percolation models have applications in many fields such as the prevention of in-
fectious diseases by SIR model, network robustness and fragility, the effective electrical
resistance of a disordered mixture of materials, the prediction of securities price fluctuation
in the stock market, etc.

Because of its extensive application, percolation theory has derived a variety of evo-
lutionary percolation models, such as first-passage percolation, invasion peorcolation,
accessibility percolation, etc. (see e.g., [2-6]). Here, we consider a site percolation problem
and an accessibility percolation problem on N-ary trees.

Let T(N) be an infinite-rooted N-ary tree in which each vertex has exactly N children,
of which the root we denote by o. Each vertex ¢ € T(N) is assigned a random variable
X, called its fitness. The fitness values are independent and identically distributed (i.i.d.)
random variables. We say that the path P = 0703 - - - 0,1 with length I[(P) = k is a path
down the tree if P starts at any vertex and descends into children until it stops at some
node, i.e., |o1| = |o»| =1 = -+ = |041| — k, where || is defined as the distance from o
too.

The accessibility percolation model is inspired by evolutionary biology. Imagine a
population of some lifeform endowed with the same genetic type. A particular genotype
gives rise to N new genotypes through mutations which either replace the original wild
genotype or disappear. Provided that the natural selection is sufficiently strong, the former
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only happens if the new genotype has larger fitness. Thus, a survival mutation path is one
with increasing fitness values.

When the fitness values are Bernoulli random variables with P(X, = 0) = 1 —
P(X, = 1) = 1— p, it is a site percolation model. We say that the path P is a head run if
Xo¢ = Xoy = -+ = X, = 1. Harris [7] proved that the extinction probability is one when

the average number of offspring produced by a vertex is less than one, which means that
there does not exist a head run from the root to the leaves when p < 1/N on N-ary tree. A
natural idea is to study the longest head run from any vertex. Let ']I‘£,N) be the subgraph of
TN induced by the set of nodes with levels not exceeding 7, and let P, be the set of paths

down the ’H‘,SN) ; then, the length of the longest head run from any vertex can be defined as

Ly = lrjn%x {I(P) : Pis ahead run down the T,QN) }.
€Py

For N = 1, Ly, has important applications in biology, reliability theory, finance,
and nonparametric statistics (see, e.g., [8,9]). One of the most important results on the
asymptotic behaviours of L; ,, is the following Erd6s-Rényi Law (see [10]):

Ll,n a.s. 1
= — .
logn logp

In addition, the law of large numbers, the possible asymptotic distribution of L; ,
is also discussed. Goncharov [11] obtained that L, + logn/logp possesses no limit
distribution. In [12], Foldes derived the distribution of the longest head run and obtained
thatfork € Z and k < n,

P(Ly, — [logn] < k) = exp{—2~k+1-1lognh)1 1 (1),

where {logn} = logn — [logn], [log n] is the integer part of log n. A more accurate result
of the limit distribution of L; , was obtained in [13]. Later, Mao et al. [14] gave the large
deviation theorem for L1 ,,. In [15], an estimation of the accuracy of approximation in terms
of the total variation distance was established for the first time.

For N > 2, we obtain the law of large numbers for Ly ,,.

Theorem 1. Forany N >2,0<p <1,asn — oo,
(@) if0<p<1/N, then

LN,n
n

LA —log, N,

where - denotes convergence in probability.
(b) if1/N <p<1,then

LN,n a.s. 1.

Next, we take the fitness values to be i.i.d. continuous random variables. We say
that the path P = 0103 - - - 0341 is an increasing path if Xo, < X5, < -+ < Xg ;. In [5],
Nowak and Krug called this accessibility percolation and derived an asymptotically exact
expression for the probability that there is at least one accessible path from the root to
the leaves. In the evolutionary biology literature, these increasing paths are known as
selectively accessible. The probability that there exists an increasing path from the root to
the leaves is discussed in [5,16,17].

In addition, the number of increasing paths in other graphs has been studied ex-
tensively. It has been considered in the hypercube in [18-20]. Jessica et al. [21] studied
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edge-ordered graphs. On infinite spherically symmetric trees, the increasing path has also
been studied in [22]. Arman [23] studied increasing paths in countable graphs. As for the
number of accessible vertices, Hu et al. [24] studied it in random-rooted labelled trees.

Because we are only concerned with increasing order of fitness values along the path,
changing the exact distribution will not affect the results as long as the random variable
is continuous. Without loss of generality, we assume that all the random variables are
mutually independent and uniformly distributed on [0, 1]; then, we can consider the length
of the longest increasing path, which can be defined as

Ly, = max {I(P) : Pisan increasing path down the ’]I‘ﬁlN) }.

It was shown in [25] that L , may take three to five values with a probability close
to one for large n by techniques based on the Borel-Cantelli lemma. Chryssaphinou and
Vaggelatou [26] improved the result in [25] and obtained that

lim P([fa] =1 < Lin<[fil +1) =1,

where f, = lobi" — %, and by, is the solution of the equation betn = e1 logn. Later, Hu

et al. [27] proved the weak law of large numbers for L N when N > 2. In this paper, we
extend it and obtain the limit distribution of Ly ,, for N > 2.

Theorem 2. Forany N > 2,

lim P([fN,n] -1< iN,n < [fN,n] +1)=1,

n—oo

where fn, = ”éi’gnN — Yand by, is the solution of the equation by ,ePNn = e~nlog N.

Remark 1. From definition of by ,,, it is easy to see that
by, = logn —loglogn + loglog N —logloglog N — 1+ o(1).

Corollary 1. Let fy , be defined as in Theorem 2 and {fnn} = fnn — [fNn] be the fractional
part of fn n. Assume that (ny, k > 1) and (n;, k > 1) are subsequences satisfying

limsup{fn, } <1, lilgn inf{fy x } > 0.
— 00

k—o0

Then, we have

lim P(UN,nk] -1< iN,nk < [fN,nk]) =1 (1)

k—ro0

and
< [ful +1) =1. @)

Furthermore, if 0 < lilzninf{ N n;{/} < limsup{fy n;{/} < 1 holds for the subsequence
e ’ k—o0 ’

(n{,k > 1), then
im P(Ly,g = [f]) =1 ®
— 00

Corollary 2. Let fn, and {fxn} be defined as in Corollary 1. Assume that (ny, k > 1) and
(n3, k > 1) are subsequences satisfying

{fNm 3108 fn, — a € [0,00], {fNm} =0,
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and

(1~ {fr ) 10§ . — a € [0,00], {Fum) = 1.

Then, we have

]P’(iN,nk =[fnn]—1)=1- P(I‘Nﬂ’lk = nnl) = EXP{ - \/EZEI;;_D};

Ne™* }
V2r(N —-1)1°

We also consider a deterministic rooted tree T (1) with arity decreasing from n to 1
in [18]: the root is connected to 7 first level nodes, each first level node is connected to n — 1
second level nodes, etc. Each vertex o € T(n) is assigned a random continuous variable
Y, and the variables are independent and identically distributed. Then, the length of the
longest increasing path in T(#) can be defined as

IP)(iN,nk = [fN,n;(]) =1- ]P)(iN,n;{ = [fN,n]/(] +1) = exp{ —

w =max {I(P) : Pisan increasing path down T(n)}.
Theorem 3. When k is such that n/ (k!(k — 1)!) — 0, we have
Pn—k<L,<n)—1, n-oo.

Remark 2. When each vertex o € T (n) is assigned a Bernoulli random variable, we also consider
the longest head run in Theorem 1. By analogy, define ay), and Var(T}') in T(n); we find aj,, is more
complex than a,,. Finally, we cannot obtain a valid upper bound on Var(T}!). Interested scholars
can try to solve this problem.

In the following Sections 2—4, we prove our main results stated above.

2. The Longest Head Run in ’]I‘,(,N)
In this section, N > 2 is a fixed positive integer.
Let P, « be the set of paths down ']I‘%N) with length k; it is clear that

Nn+l _ Nk

n—k )
My = #Pyi = ) N = ——— 4)
j=0

Lemma 1. For any path P € P, we denote by V (P) the vertex set of P and define
am = #{(P, P): #(V(P)NV(P)) =m, P, P € P, s},
then we have
Ay < 2M N =12,k k41
Remark 3. Here (P, D) is different from (P, P).

Proof of Lemma 1. Given a path P = 0103 - - - 0311 € Py with |oy| = j, let B(m, j) denote
the number of the path pe P, x which intersects P in m(1 < m < k + 1) vertices; then, a,
is the sum of B(m, j) over all P € P, with |o7| = jand j € [0,n — k], and hence,

n—k )
= Y_ N*B(m,j). (5)
j=0
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For m = k+1, itis clear that B(m,j) = 1 and a;,1 = M, ;. For1 < m < k, when
k—m+1<j<n—-2k+m—1,wehave

k—m '
B(m,j) = (k—m+1)(N—1)NF" 4 Nk-m+1 4 Z(N_l)Nk—m—l+1
i=1
= (k—m+1)(N —1)Nk" 4 Nk=—m+l | Nk=m
= (k=m)(N—1)N"" 2N F;

when0 <j<k—m,

B(m,j) = (k—m+1)(N—1)N“"+N" m+1+2 1)Nk-m—i
i=1

— (k —m+ 1)(N _ 1)Nk—m + Nk—m+1 + Nk—m o Nk—m—]'
(k —m)(N — 1)N =" 4 aN*=mtl — Nk=m=)

similarly, whenn — 2k +m <j <n —k,
B(m,j) = (n —k — j)(N — 1)Nk=™ 4 Nk=m+1,

Those together with (5), imply that

k— k
_ m Nk+jB ‘ n—2k+m—1 Nk+]B Nk+]B
am ) (mj+ ) (m, j) + Z (m, )
j=0 j=k—m+1 j=n—2k+m

= A1+ Ary+ Az — Ay,

where
n—k n+k—m+2 2k—m+1
; N - N
A —_ 2k—m+j+1 _
! LN N-1 '
j=0
n—2k+m—1 ) )
Ay = Z ((k _ m)(N _ 1)N2k—m+] + NZk—m+1+])
j=0
Nn+1 _ NZk—m-H
_ k— N — N2k—m ,
(k= m)( e
n—k ) k—m )
Ay = Y (n—k—j)(N-1)N*" = Y (N —1)jN"TFm
j=n—2k+m j=0
Nn+kfm+1 _ Nntl
= — (k- n
N-1 (k= m)N",
Ay = Z NZ=m — (k —m 4 1)N?=m,
n . n n
In the calculation of the above equation, we have used }_ ig' = q((ll ::)2) - f i . Thus, we
i=
have
ay = (N _ 1)—1(Nn+k—m+2 + Nn+k—m+1 _ 2N2k—m+1) _ (Zk —2m+ 1)N2k—m

S 2Mn,ka+1_m/

the proof of Lemma 1 is completed. [
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Define T}, ; to be the number of head runs in P, :

T, = Y, I(Pisaheadrun),
PEPn/k

where I(x) is an indicator function of x. It is clear that

Nn+l _ Nk
E(T,x) = Y. P(Pisahead run) = M, p*' = kaﬂ
PG'Pn/k

Next, we estimate Var (T, k).

Lemma 2. Forany N > 2,

2(1—Np) 'E(Tux), if0 < p<1/N;
Var(Tyx) < { 2(k+1)E(T,z), ifp=1/N;
NFHpHL(Np — 1) 1E(T,x), if1/N<p<Ll

Proof. We say that two paths P and P are vertex disjoint if V(P) N V(P) = @. Note that
I(P is a head run) and I(P is a head run) are independent if P and P are vertex disjoint.

Then, it follows from Lemma 1 that

Var(T,x) = Y. (P(Pand P arehead runs) —P(P is a head run)?)

P,PEP”,)(
Y P(Pand P are head runs)

V(P)NV(P)#£D
P, PEPy i

IN

kil )
= Y Y P(Pand P are head runs)

m=1 |V(P)nV(P)|=m
P, PEP, i

k+1 k+1

Z amp2k+27m < Z ZMn,ka7m+l p2k+27ml
m=1 m=1

which yields Lemma 2. O

Proof of Theorem 1. When 0 < p < 1/ N, for any sequence k,, — o,

n+1 k
N7 = N™ 1

(6)

E(Tyx,) = N—1 7 =exP{knlogp+nlogN+O(1)}.
For any € > 0, we take k, = [(—llzgg];, +€)n] and k, = [(_llc;ggl;l — €)n]. Then, by apply-

ing (6), we have
P(Lnyu > kn) = P(Tn,kn >1) < E(Tn,kn) —0, n—oo,

and furthermore, by Lemma 2 and Chebyshev’s inequality,

n

Var(Tnjcn) 2
= (B(T,g,))* — (1—Np)E(T, ¢

P(Lny <ki) = P(T,z =0) <P(|T,z —E(T,; )| >E(T,z ))

)

n

—0, n— oo

@)

®)
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When p > 1/N, let ¢, = [(1 — €)n] + 1, by same method, as n — oo, we have
Var(Ty,c,)

(]E(T”/Cn)>2

{ ]]2;{;;3, if p=1/N;

2Ncn+1pcn+1 .
Np-DETe)” if p>1/N.

P(Lnyny <cn) = P(Type, =0) <

IN

Furthermore, we have

Yo 1%“@ ifp=1/N;

(1—e)n+2 .
Yo ng TN < if p>1/N.

Z LNn<Cn_{

< 0

Thus, when p > 1/N, for any € > 0, we have

(e} L [ee]
Z | Ni 1] >e)= Y P(Lyy < cn) < 0. 9)
n=1 n=1

Hence, from (7)—(9), we can obtain Theorem 1. [

3. The Longest Increasing Path in ']I‘S,N)

Lemma 3. Let Xy, - -, X, indicator variables with P(X; = 1) = p;, W = Y X, and
A =EW =Y, p;. Foreach i, let N; C {1,--- ,n} be such that X; is independent of {X; : j ¢ N;}.
prl] = ]E[XZX]], then

n n
dry(W,Po(A)) <min{L,A"H Y Y piri+ Y, Y pi |,
i=1jeN; i=1jeN;/{i}
where Po(\) denotes a random variable having a Poisson distribution of parameter A.

Proof. See Theorem 4.7 in [28]. [

Lemma 4. Let x € Rand fy, = ";;’IgnN , where by , is the solution of the equation
b ne?Nn = e nlog N. Then,
llm N—n j— lim Leinog (fN,n+x) — +Oo, x < 0’
n—too [(fyn+x+1)  noteo /277 0, x>0,

where T'(y) = fooo e~ 'Y= dt denotes the Gamma function at the point y.

Proof. Stirling’s formula shows

F(fam+x+1) ~ \/Z?(fN,ne;ﬁiNﬁxH/z'
Hence, it suffices to show that
lim N"efnntx _ {+00, x <0,
=00 /27 + 2) N2 T 10, x>0,
We have
Nre/nnt _ N"exp(—fnallog(fn + %) =1}) x{iog(fu,+x)-1}

V27t (fnn + x)fN'"+x+1/2 B 27t (fNn + X)
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By the proof of Lemma 1 in [26], we have

N"exp(—fnn{log(fnn+x) —1}) e "

lim = .
n—soo 27t(fNn +x) V2r
Since log(fnn + x) — 400, as n — co, we obtain
! N"efnntx +o0, x <0,
im =
n=00 \/271(fr p + x)NntTIFL/2 0, x>0

Then, the proof is completed. O
Similarly with the proof of Theorem 1, we define T}, \ to be the number of increasing
paths in P, ;:
T, = ). I(Pisincreasing).
P G'Pn,k

With M,, ; defined as in (4), it is clear that

E(Tux) = Y. P(Pisincreasing) =
PGPn,k

k1) (19

Lemma 5. Let Ay = E(T,, ;). Then, for any N > 2 and q = 8N /(2k + 3) € (0,1), we have

2 4
k2 N

dTV(Tn,krPO(/\l)) < (k+1)' (k—|—2)(1—lﬂ

Proof. For each path P € P, , define Np = {P" : P’ € Py, P’ depends on P}. Then, by
applying Lemma 3, we have

dry (T x, Po(A1)) < min{1, A1} (Hy + Ha), (11)

where

1 L
Hi=Y Y T Hy= ), Y. P(Pand P are increasing).
PEP,  P'eNp ((k+1)!) PEP,; P'eNp/{P}
For Hy, for 1 < m < k, recalling that by the proof of Lemma 1,

maxB(m, ) = (k+1—m)(N — 1)Nk—" 4 Nk-m+1 4 Nk=m
]

which together with B(k + 1, /) = 1, implies that

k+1 k+1
max |[Np| = max Z B(m,j) < Z max B(m, j)
PEPyx I m=1 m=1 1
k
< X (U= m)(N = 1)NET aNF) g
m=1
k-1
= kNF+ Y N' < (k+2)NK.
i=1
Together with (10), yields
My (k+2)ANk

H < max |Np| < (12)

((k+1)1)2 pep,, (k1)
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To bound H», notice that for any two paths P = x; - - - X1, P = %1 %y € Pk
with |x;1] < |#1], if P and P are not vertex-disjoint, then there exist integers s, t such that
1<s<t<k+1landx; s;; =% ifandonlyif 1 <i <s. By Lemma 3.1 in [27], under the

(1—x)%k =51 (2k+2—s5—1)!
2k—s+ 1)1 (k+1—s)I(k+1—F

condition of x; = x, P(P and P are increasing) = 0 Ik Then we have

P(P and P are increasing) = dx

T (1—x)2=st12k+2 -5 —t)!
/o 2k —s+1)!(k+1—s)!(k+1—1t)!
(2k+2—s—1)!

VN S T i g 1 s s T (13

Because o +275()2!k(;2r;:)t!)(!k o (1 <'s < k+1) is nonincreasing with respect to t, we

obtain that

(2k+2—s—1)! < (2k +2 — 2s)!
2k+2—s)(k+1—s)1(k+1—-6)! = 2k+2—=s)I(k+1—5s)!(k+1—s)!

(14)

holds for every t € [s, k + 1]. Thus, it follows from Lemma 1 and (14) that

H = ) Y. P(Pand P are increasing)
PEP,x P'eNp/{P}

i (2k 42 — 25)!
Sk 2—s)(k+1—s)(k+1—s)!

(
— k (2k+2 —Zs)!(k+1)!Nk+lfs
- 2)\5; @k+2—8)l(k+1—s)(k+1—s)

k
= 2A Z bs.
s=1

IN

Notice that
bs_1 (4k —4s +6)N

bs  (k—s+2)(2k—s+3)’

which attains its maximum when s = 2k+3_2v Zk+3 Hence,

bs—1 _ 8v2k + 3N <4
bs = (1++v2k+3)(2k+3++2k+3) —

Then,
k—1
; 4NA
Hy <2A " < o,
LS g
which together with (11) and (12), completes the proof. O

Proof of Theorem 2. For simplicity, we write D(N,k) = (k +2)N*/(k +1)! + 4N/ (k +
2)(1 —g). It is obvious that

P(Lyy <k) =P(T,x =0).

Thus, using Lemma 5, we can derive upper and lower bounds for the distribution of

LN,n:

e —D(N,k) <P(Ly, < k) <e ™+ D(N,k). (15)
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Notice that

]P)([fN,n} -1< i‘N,n < VN,n] + 1) = ]P)(iN,n < UN,n] +2) - ]P)(iN,n < UN,n] - 1)/

then by the definition of fy ,, we can determine that the condition of Lemma 5 is satisfied
fork = [fy,] +2and k = [fy ] — 1. Combined with (15), we can obtain

~ n+1 _ Nlfnal+1
Flbn < ol +2) - e"p<‘ N T 727

) n+1 _ NUfnnl—2
P(Lnn < [fan] —1) —exp (_ (I\I;]_ 1)([}\;11] —1)!

Because fy, — 400, the bounds D(N, [fn ] +2) and D(N, [fn ] — 1) tend to 0 as
n — oo. By Lemma 4, we can verify that

)‘ < D(N/ [fN,n] +2)}

>| < D(N, [fnn] = 1). (16)

i Nn+l o N[fl\l,n]"‘l N im N" N i N" 0
noe (N— 1) ([fua] +2)!  N—1n50 ([fun] +2)!  N—1noe([fyn +3)

and

i N7+l — NUval-2 N N™ N Nt
m = m = 1m = T,
n—eo (N=1)([fnn] —1)! N—=Tnze ([fyu] =18 N —1n=eo T([fn,n])

which, together with (16), finally completes the proof of the theorem. O

Proof of Corollary 1. We only prove (1). The proof of the (2) is along the same lines. The
assertion (3) is an immediate consequence of (1) and (2). Using (15), we get

ne+1 _ [fN,nk]
P(i}\],nk < [fN,nk] +1) - exp <_ (NN_ 1)([flj\ik] + 1)!)

< D(N, UN,nk] + 1)' (17)

Because (1, k > 1) is a strictly increasing sequence such that limsup,_, {fnn,} <1,
we have

Nnk+1 _ N[fN,nk} N N N N
lim = lim = lim =0,
k=0 (N =D ([fnm] + 1! N =Tk ([fun] +1)! N—=Tkseo I([fNm] +2)

which, combined with Theorem 2 and (17), finally completes the proof of the Corol-
lary 1. O

Proof of Corollary 2. If { fx,,, } log fn,n, — a € [0, 00], then

Nnk+1 _ N[fN,nk]_l N N
lim = lim
k—yo00 (N — 1)([fN,nkD! N—-1k-w ([fNr"k])!
N N N,
= lim e

TN Tiow l[fupml +1)  vV27(N 1)

From (15), we have

N+l — N[fN,nk]*l
< D(N, [fn ),

P(Lu, < [fNn]) —exp (‘ (N =1)([fxn))!

which means

lim P(Lyn, < [fnn]) = exp { -

k—o0
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and hence, (1) implies that

. ) . ~ Ne*
;}L%P(LN'”" = [fN,nk] -1)=1- klg?oP(LN’"k = [fN,nkD = exp{ - m}

If (1— {len;(}) long’n]/( — a € [0, 0], then

! [an/]

i NAL NN N, N
m = m
koo (N=D)([fyu] +1! N—=Tioeo ([fvu] +1)!
n/
- N m N7 — N —a

N-1ioe T (fug +2)  VZr(N-1)°

and from (17), we have

lim P(Ly v < [fyw]+1) =ex {—L}
koot o N UN P V2r(N-1))"

Hence, (2) implies that
. . . . Ne™*
B P(Ly e = [fym]) =1= lim P(Lyy = [fm]+1) = eXP{ - W_l)}
The proof of Corollary 2 is completed. [

4. The Longest Increasing Path in T (n)

Proof of Theorem 3. By Stirling’s formula,

n neZkfl

K(k—1)! ~ 27kk(k—1)F

— exp { log n + 2k — klogk — klog(k —1) + O(1) }.

When k = logn, we have

. n
2 e—1i

Thus, it suffices to show that Theorem 3 is true for k < logn and n/ (k!(k —1)!) — 0.
In the following proof, k < logn.
Let P}, be the set of paths down T(n) with length k, then

n—k ! |
n: n:
M= ¥P= L =i ~ L

because }7* ]l, = ¢, we obtain M , = O(n!).

Defining T} to be the number of increasing paths in 77,,(:

Tp = Y I(Pis increasing),
PeP;

it is easy to obtain

M,
k+ 1)V

E(T;) = Y P(Pis increasing) =
PeP;

which yields that

P(L, >n)=P(T, >1) <E(T,) >0, n— .
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Next, we estimate Var(T),_, ).

Let A represent the sum of P(P and P are increasing) over P and P under the condition
that P € P!, V(P)NV(P) # @, and P is not above P, then

Var(T, ) = Y (P(Pand P are increasing) — P?(P is increasing))
P,PeP! .

= Y. (P(Pand P are increasing) — P?(P is increasing))
V(P)NV(P)#D

] /
P, PePnfk

2 ) Y P(P and P are increasing)

peP) , pisnotabover

PEP;\, oV (P)NV(P)#0

IN

= 2A
2(A(n,0) + A(n,1) + -+ A(n, k)),

where A(n,i) (0 <i < k) denotes A under the condition of |05 (P)| = i, 05(P) is the starting
point of P. Let A;(n, i) denote A(n,i) under the condition that the starting point of Disj
below the starting point of P, then

A(n,0) = Ag(n,0) + A1(n,0) + - - - + Ag(n,0). (18)

For Ag(n,0), there are n/k! Ps that satisfy P € P;_, and |of(P)| = 0. Given P € P;,_,
| =

with |o¢(P)| = 0, there are (1 — s)(1n — s)!/k! P’s that satisfy P € P}, 0¢(P) = o¢(P )and
V(P)NV(P) =s(1 <s <n—k). Then, combined with (13), we have
Ao(n,0) = nf!{”fk (2n —2k+2—2s)l(n—s)(n—s)!
O T ke 2n—2k+2—s)(n—k+1—s)!(n—k+1—s)k
]
(n—k+1)!
_n! 1 25)1(k+s—1)(k+s—1)!
N k'{(n—k+1 +Z (n—k+1+s)!s!slk! }
n n—k 23\ (k+s
= Z:{( _11+1)'+( (1§)+1)'2 L )n}
Pin S U Fea (TR
< Cn!(})
— kl(n—k+1)V

where C is a constant which may have different values in different formulas. In the
second equation, we replace s with n — k +1 — s. The last inequality uses the fact that

2sy (k+s
lim YUy kG0 oyists and s finite. Similarly, we can obtain

N k00 n kzrlJrS)(z)
Cn!(})
A < Tk
im0 S e ey
which together with (18), yields
cm(y)

A0 < GG -k D

By the same way, we can prove that

Cn!(.",)

Al m) S i — k11

(0 <m<k),



Mathematics 2023, 11, 2571

13 of 14

References

1.

implying that

Crl((f)+--+ () _ S+ ) Cni(?)

V(T ) < ikt 1)t = =Dl — k£ 1) = = Dl — k3 1)V

where the last inequality uses k < log n. Furthermore, by the Chebyshev inequality,

/ o Var(T, ) _ C(n—k+1)
P(Ly <n—k)=P(T,_, =0) < (E(Tr/sz)ky < Kk 1))

—0, n— oo.

Thus, we obtain Theorem 3. [

5. Conclusions

Two percolation models are considered on N-ary trees in this paper. For the site
percolation model, this paper shows the law of large numbers for the longest head run and
this result can also be interpreted by the Galton-Watson branching processes as following:
when the average number of offspring produced by each individual is greater than one, the
process will survive. Otherwise, it will die out. However, this paper does not obtain the
limiting distribution of Ly , because of the complexity between head runs. Researchers
might make use of Stein’s method for the sum of dependent random variables to prove
further results in the future. For the accessibility percolation model, i‘l,Nﬂ and L N, take the
same three values with a probability of one asymptotically, which means there may be a
connection between these two random variables. In addition, related asymptotic properties
of the hypercube could be derived by applying its connection to the deterministic tree T (1)
so that researchers may utilize our results of T(n) to prove its asymptotic behaviours.
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