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Abstract: In this paper, we propose an efficient Nystrom method with theoretical and empirical
guarantees. In parallel computing environments and for sparse input kernel matrices, our algorithm
can have computation efficiency comparable to the conventional Nystrom method, theoretically.
Additionally, we derive an important theoretical result with a compacter sketching matrix and faster
speed, at the cost of some accuracy loss compared to the existing state-of-the-art results. Faster
randomized SVD and more efficient adaptive sampling methods are also proposed, which have wide
application in many machine-learning and data-mining tasks.
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1. Introduction

The Nystrom method is a widely used technique to speed up kernel machines. Its
efficiency in computation has attracted much attention in the past few years [1-8]. Given a
kernel matrix K € R"*", the Nystrom method tries to approximate the kernel by random
sampling to save computation cost. At the cost of computational efficiency, it suffers from
a relatively large matrix approximation error in real applications [9,10]. Given the target
rank k and target precision parameter 0 < € < 1, Wang and Zhang [4] gave a theoretical
analysis that, with the Nystrom method, it is impossible to obtain a 1 + € bound relative to
| K — Ki||2 unless the number of sampled columns ¢ > Q(v/nk/€). Here, Ky denotes the
best rank-k approximation to the kernel matrix K. Several modified Nystrom methods were
proposed in recent years [3,4,11,12]. In the work of [11], a modified Nystrom method just
needs k/e columns of the kernel matrix to obtain a 1 + € bound relative to | K — Ki||2. To the
best of our knowledge, it is the fastest algorithm, costing O(nk?) + Tauttipty(nnz(K) log n)
to achieve a 1 + € relative error of | K — Ki||2, where nnz(K) means the number of non-zero
entries of K. Although these modified Nystrom methods are superior in approximation
accuracy, it needs a much higher computational burden compared to the conventional
Nystrom method.

In this paper, we propose a much faster modified Nystrom method which runs in

O(n%k?’/e%) + Tatuttipty (O (nnz(K) log n) time to achieve a 1 + € bound relative to ||K —
K |%. When € > v/2 — 1, our algorithm will be accelerated to

O(kg) + TMultiply(O(nnZ(K) log Tl),

which is guaranteed by Lemma 3. Our algorithm is given in Algorithm 3. It needs
Tatuttipy (O(nnz(A) log 1)) times to conduct matrix multiplication which is easily imple-
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mented in parallel. The computation complexity of matrix multiplication in Algorithm 3 is
near linear in input sparsity. In addition, for the arithmetic operations which are hard to
implement in parallel, such as SVD, pseudoinverse and QR decomposition, Algorithm 3

needs (’)(n%k3 / e%) time which is sublinear in the input size n. At the cost of sacrificing
a certain accuracy, O(k%) can be reached with the same computational complexity as the
conventional Nystrom method, needing O (k®) arithmetic operations when sampling O (k)
columns. Our empirical studies further validate the efficiency of our algorithm.

In this paper, we improve several key algorithms which constitute a faster modified
Nystrom method. We summarized our contributions as follow.

¢  First and most importantly, we propose an efficient modified Nystrém method with
theoretical guarantees.

*  Second, a more computationally efficient adaptive sampling method is proposed in
Lemma 2. Adaptive sampling is a cornerstone of column selection, CUR decomposi-
tion and the Nystrom method [4,5,11,13], and it is also very popular in other matrix
problems [14].

*  Finally, our proposed practical Nystrom method can achieve computation efficiency
in real applications, as shown by our experiments.

The rest of this paper is structured as follows. In Section 2, we provide the notations
used in this study. Section 3, several key algorithms that constitute the modified Nystrom
are improved. Section 4 gives our modified Nystrom method. We conduct empirical
analysis and comparison in Section 5, and conclude our work in Section 6. All detailed
proofs are omitted except computation complexity analysis.

2. Notation and Preliminaries [15]

Firstly, we introduce the notation and concepts that will be utilized here and hereafter.
I, is used to represent the identity m x m matrix. Sometimes we just use I for simplicity.
We also use 0 to signify a zero vector or a zero matrix with an appropriate size. The number
of non-zero entries in A is indicated by the notation nnz(A).

Letk < p and p = rank(A) < min{m, n}. The singular value decomposition (SVD) of
A may be expressed as

4 T

o 0 \Y%
A=) cuv] =[ U Uy [ k H F }
i=1 o [ ] 0 Zpo Vit

where the top k singular values are represented by Uy (m x k), Vi (n x k) and Xy (k x k). The
best (or closest) rank-k approximation to A is denoted by Ay = UkaVkT . The i-th greatest
singular value of A is denoted by ¢; = 0;(A). The SVD is the same as the eigenvalue
decomposition when A is symmetric positive semi-definite (SPSD), in which case we obtain
Ua = Va.

Furthermore, let AT be the Moore—Penrose inverse of A, defined as AT = Vp}:; 1Ug.
When A is non-singular, the matrix inverse is the same as the Moore-Penrose inverse.

The matrix norms are defined in the manner as follows. Assume that the spectral norm
is [|All2 = maxycpn,|x|,=1, [|Ax[2 = 01 and the Frobenius norm is [|A|[r = (¥;, aizj)l/z =
(53 02)1 2

When given the matrices, A € R"*" and C € R™*” with r > k, we explicitly define
matrix Hék(A) as the closest representation of A in the column space of C with the rank

of the most k. The function Hék(A) minimizes the residual |A — Al|; across all A in the
column space of C. Here, “{” denotes either the spectral norm or the Frobenius norm.
When given three matrices, A € R™*", X € R"*P, and Y € R7*", the projection of A
onto X’s column space is represented as XX'A = UxULA € R"*", and the one onto Y’s
row space is denoted by AY'Y = AVy V] € R"*",
We now give the definition of leverage score sampling and subspace embedding,
which are key tools to construct our Nystrom algorithm.
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Definition 1 (Leverage score sampling, [13,15]). Allow V € R"*k to be column orthonormal
with n > k, and v, , to signify the i-th row of V. Allow ¢; = ||v;.||%/k. Given that the {; are
leverage scores, let r be an integer in the range 1 < r < n. Create the sampling matrix Q) € R"*"
and the rescaling matrix D € R"*" as follows. Pick an index i from the set of {1,2...,n} with
probability ¢;, for each column j = 1,...,r of Q and D, separately and with replacements. Let
QO = 1and Dj; = 1/+/C;r. The number of operations required by this procedure is O (nk + n).
This procedure is designated as

[Q), D] = LeverageScoreSampling(V,r).

Definition 2 ([16]). Assuming e > 0and 6 > 0, define a distribution on ¢ x n matrix S as 1T,
where { depends on n, d, e and 6. Assume that, any given n x d matrix A, with a probability of
at least 1 — 8, a matrix S chosen from distribution I1is a (1 + €) lp-subspace embedding for A.
Meaning that, for every x € R?, ||SAx||3 = (1 + &) || Ax||3 with probability 1 — 5. After that, we
designate I1 as an (¢, 6)-oblivious {y-subspace embedding.

The sparse subspace embedding matrix S and subsampled Hadamard matrix H are the
two most popular subspace embedding matrices. For an n x k matrix A with k dimension
subspace, we can construct a sparse subspace embedding matrix S for A with m = O(k?/€?)
rows, and the subsampled Hadamard matrix H with m = O(klogk)/€* [16]. Combining S
with H still has the property.

Let’s discussed the computational costs about the matrix operations mentioned above.
Matrix multiplication is an intrinsic parallel operation; hence, it can be easily implemented
in parallel efficiently just as many mathematical software do. However, SVD decomposition
and QR decomposition are much harder to implement in parallel. Hence, we denote the
time complexity of such a matrix multiplication by Ty1y1ip1y- For a general m xn matrix A
with m > n, computing the full SVD requires O(mn?) flops, whereas computing the trun-
cated SVD of rank k (k < n), requires O (mnk) flops. Additionally, computing At requires
O(mn?) flops, too. Given a m x m Hadamard-Walsh transform matrix H, TMultiply(@(mn))
is the cost for the Hadamard—Walsh transform HA, which is substantially quicker than
TMultip,y(O(mzn)) for the typical matrix multiplication. A sparse subspace embedding
matrix S for an n x d matrix A, SA needs Tiytipiy(O(nnz(A))) arithmetic operations.

3. Main Lemmas and Theorems

In this part, we will outline our principal theorems and lemmas, which are the key tools
to implement Algorithm 3. In addition, these lemmas and theorems are of independent
interest and have wide application.

First, we give a fast randomized SVD method which is depicted in Algorithm 1 which
is the fastest randomized SVD method as far as we know.

Lemma 1. Given matrix A € R™ ", target rank k and error parameter 0 < € < 1, Z is returned
from Algorithm 1; then, the following formula holds with high probability.

|A—ZZTAllz < (1+¢€)||A - A7
In addition, Z can be computed in O(k>/€) + Tppuiripy (O(nnz(A)) + O(mk?/e* + k2 /€3)).

We denote Algorithm 1 as
Z = SparseSVD(A,k,e€).
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Algorithm 1 Sparse SVD

1: Input: a real matrix A € R™*", error parameter € and target rank k;

2: Compute ART , where R = IS € R®*" with ¢ = O(klogk/e€). S € R®*" is a sparse subspace
embedding matrix with s = O(k? + k/e) and II € R°*® is a subsampled randomized Hadamard
matrix with ¢ = O(klogk/e);

3: Compute an orthonormal basis U for ART by U = ARTC~!, where C is the Cholesky decompo-
sition of RATART;

4: Compute T = UTAWT € R*?, where W = HF € R™" withd = O(klogk/e®). F € R"*! is
a sparse subspace embedding matrix with t = O(k? log2 k/€%) and H € R?*! is a subsampled
randomized Hadamard matrix with d = O(klogk/€?).

5: Compute the SVD of T and let A € R°** contain the top k left singular vectors of T;

6: Output: Z = UA.

Proof. Lemma A2 shows that ||[A — UUTA|2 < (1+ €)||A — Ag||?, where U is of
O(klogk/e) columns. Applying Lemma Al and replacing V with U, we can obtain
the result that
1A —ZZTA|} < (1+¢€)l|A - Al

For computation time analysis, computing AR” takes Tatuttiply (O (nnz(A) + O (mk(k +
e 1)), and then TMultiply(O(mkz/ez +k3/€%)) computes the U = AC~!, where C is the
Cholesky decomposition of ATA. Computing UT (AWT) requires Tamuttiply (O (nnz(A) +
mk?/ €3 + mk?/e*)). Computing the SVD of T requires O(k%/€’). In addition, computing
Z = UA requires TMultl-ply((’j(mkz/ €3)). Hence, Algorithm 1 takes

O(R /) + Toutipny (O(nnz(A)) + O(m2 /et + /%))

computation complexity. [J

A faster adaptive sampling, Algorithm 2, is developed based on the work of [13].
Boutsidis and Woodruff [13] tried to compute norms of each column of GB = GA —
GC;CIA. To further reduce the computation cost, we introduce the sketched GB =
GA — GC;(RCy)*(RA) to approximate GB. By such sketching, GC;(RC;)*(RA) can be
computed more efficiently than GC;CIA.

Algorithm 2 Adaptive Sampling

1: Input: a real matrix A € R"™*", C; € R"*1 and the number of selected columns c;

2: Construct B = A — C{(RC;)"(RA), where R = IS € R with t = 2c;logc;. S € RS ™ isa
sparse subspace embedding matrix with s = C% +2c1 and IT € R¥*¢ is a subsampled randomized
Hadamard matrix;

3: Construct B = GB where G € R8*™ is a normalized Gaussian matrix with g =9logn;

4: CO{npute sampling probabilities p; = ||B]»H%/ |B||2 forj=1,...,n, where Bj is the j—th column
of B;

5: Output: Obtain C; by selecting ¢ columns from A in c i.i.d. trials; in each trial the index j is
chosen with probability p;.

Lemma 2. Given A € R™*", Cy € R™*1 and V € R™" such that rank(V) = rank(AV1V) =
p, with p < ¢ < n, let Co € R™*2 be returned from Algorithm 2 containing c columns of A.
Then, the matrix C = [Cy, Cp] € R™*(1+e2) satisfies that for any integer k > 0, and with a high
probability which is at least 0.9.

40
|A—cCraviV} < A - AV'V]E+ —E A - Cicialf
2

In addition, this randomized algorithm can be implemented in

O(c3}) + Trmutipty(O(nnz(A) log n + O(nci + neylogn + c}))
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computation time. We denote this randomized algorithm as
C, = AdaptiveSampling(A,V,Cyq,c2).

Proof. Let B = A — C1C’1LA be the residual matrix and b; is the i-th column of B. By
Theorem A4, with high probability, it holds that

IBIIF < I[BIIF < (1+2€)[BI[F = 2|B|[2l[bill? < b} < (1+2€)[bj]|7 = 2[|by[|?

Besides, by the JL property of G, we have 1||b;||r < ||b;||r < |/b;||r. Hence, after utilizing
the below distribution for sampling,

Using Lemma A3, we obtain

T

B2 1

11 bl 1kl
IBIF — 2

illF 1 _
2 Bl 41BJ2

IIF

>

WIN
>~ W

pi =

[weld

4k
E{HA - CC*AV*VH%] < |A— V'V + = |A - CClAlR
2
Using the Markov inequality, we have that
40,
|A—cCraviVi} < A - AV'VIE+ =E A - cicialf
2

holds with a probability of at least 0.9.

As to the running time, it needs Tgysyipr, (O(nnz(A)) + O(nc?)) arithmetic opera-
tions to compute RA. To compute RCy costs Tgyitipry (O (nnz(Cy)) + O(c3)). To com-
pute (RCy)%, it requires O(c3). In addition, computing GA and GC; require Tntuttiply
(O(nnz(A)logn)) and Typsipry(mc1logn), respectively. In addition, to compute
(GC1)(RCy)T(RA) needs

Tatuttipty (O (nc1log n + ca log 1))

computation. In addition, GA — GC;(RC;)"RA needs another Tatuttipty (O(nlogn)) arith-
metic operations.  Thus, all these need O(c3) + Tauttiply(O(nnz(A) logn + )
(ne2 +nerlogn+c3)) O

Lemma 3 ([15,17]). Given the matrices C € R™*¢, A € R™*" gnd R € R"*7, let’s suppose
that S is the leverage-score sketching matrix of C with s = O(c/e + clogc) rows, and T is the
leverage-score sketching matrix of R with t = O(r/e + rlogr) columns. Let

U* = C'AR" = argmin | A — CUR||f
U

and
U = (SC)'SAT(RT)",
then we can obtain

|A — CUR|F < (1+€)||A— CU*R|F.

The number of sampled rows in Lemma 3 is independent on the input dimension of A
and is linear to c. By losing some accuracy, a much faster algorithm can be implemented.

4. Practical Modified Nystrom Method

We use our new lemmas and theorems developed in Section 3 to implement an efficient
modified Nystrom algorithm.
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4.1. Description of The Algorithm

A n x n real symmetric matrix A, an error parameter 0 < € < 1 and a target rank k
are the inputs of Algorithm 3. Meanwhile, a matrix C € R"*¢ with ¢ = O(k/e + klogk)
columns of A, and a matrix U € R*¢ are the results. There are primarily 3 steps in
Algorithm 3: (i) using the definition of the leverage score sampling, it samples a number
of columns of A to obtain C; ; and using the adaptive sampling method to obtain C; and
Ry; (ii) it calculates the leverage scores of C using the method in [18]; and (iii) it constructs
the intersection matrix U. Note that U in Lemma 3 is asymmetric even when A is positive
semi-definite. Thus, when applied to kernel approximation, we need to construct a positive
semi-definite U shown in Algorithm 3.

Algorithm 3 Practical Nystrom

: Input: a real symmetric matrix A € R"*", error parameter € and target rank k;

: Z = SparseSVD(A,k,1);

: [Q,T] = LeverageScoreSampling(Z, O(klogk)) and construct C; = AQ);

: Cp = AdaptiveSampling(A, VI, Cy,0(k/€)) and C3 = AdaptiveSampling(A, V], Cy, O(k/€)),
constructing C = [C1,Cy, C3] € R1*xO(k/etklogk).

5: Compute approximate leverage scores of C using the method of [18] and construct the leverage

sketch matrix 81 and S; of n X s size, where s = O(£ + clogc);
6: Compute U = ($;C)*S;AST (CTST)*.
7: Compute U = Il (U) by conducting eigenvalue decomposition of U = U+TUT and setting the

> W N =

negative eigenvalues of U to zero.
8: Output: Cand U.

4.2. Analysis of Running-Time
Here, we provide a detailed analysis of the Algorithm 3’s arithmetic operations.
1.  The computation complexity of Algorithm 3 is O(k3) + Tatuttiply(O(nnz(A) logn +
O(nk? + nklogn + k%)) to find O(k/e + klogk) columns of A to construct C.
(@)  To obtain Z € R"*K from Theorem 1, it takes O (k%) + Tantuttiply(O(nnz(A)) +
O(nk? +k3)).
(b) To obtain the leverage score and sample C; and Cy, it takes Tygyzyipr, (O(11k)).
(©) To construct C3 and R, Lemma 2, it takes O (k3) + Tatuttipty (O (nnz(A) logn +
O(nk? + nklogn + k%)).
2. The computation complexity of Algorithm 3 is O(k3/e*) + TMultiply(O(nkZ/ €2) +
O(nk? + k*/€°)) to construct U when s = O(£ + clogc) is the row dimension of S
and S; in Algorithm 3.
(@)  To obtain the leverage scores of C, it takes O(k%/€®) + Tmultiply(O(n(k/e)z +
O(nk?)).
(b)  Tocompute (STC)" and (ST C)Y, it takes O(k>/€*).
(c) To compute matrix multiplication, it takes Tp1tipry (O(k3/¢€%)).
(d)  To compute the eigenvalue decomposition of U, it takes O(k3/¢€).

The algorithm’s overall asymptotic arithmetic operation is
Tatuttipty (O (nnz(A) logn + nk?* /€* + /&) + O(nk? + nklogn + k° /€*)).

4.3. Error Bound
Primary approximate result regarding Algorithm 3 is shown as the following theorem.

Theorem 1. Given an error parameter € and a target rank k, run Algorithm 3, then the below
inequality holds with high probability.

IA —CUCT||p < (1+¢€)||A — Alle
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5. Empirical Study

In this section, we compare our Practical Nystrom algorithm with the uniform+adaptive
algorithm [11,19], near-optimal+adaptive algorithm [4,11,13] and conventional Nystrom
using just uniform sampling. All algorithms were implemented in Matlab and experiments
were conducted on a workstation with 32 cores of 2G Hz and 24G RAM.

On each data set, we give the approximation error and the execution duration of each
algorithm. The approximation error is

|A —CUCT||¢

Approximation Error = ,
Al

where U is the intersection matrix defined in the Nystrom method.

On three data sets we test all three algorithms, and the results are listed in Table 1.

.12
We create a RBF kernel matrix A for each dataset, with a;; = exp(%), where x; and

x; are data instances and 1 is the parameter of the RBF kernel function. By the definition
of A, the size n of A is the number of instances of the dataset. Thus, the kernel matrices
in our experiments are of large sizes. We set -y different values for each data set as Table 1
describes. However, the effectiveness of our algorithm does not depend on the setting
of . For each data set, we set k = 10,30 and 50. We sampled ¢ = ak columns from A
and a ranges from 8 to 26. We ran each algorithm 5 times and report the average value of
approximation error and running time. All results are illustrated in Figures 1-3.

Table 1. A summary of the datasets for kernel approximation.

Data Set a%a USPS PenDigits
#instance 32,561 11,305 7494
¥ 5 4 30
Source ucI TKH96a UCI

®

—¥— Our Algorithm
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Figure 1. Results of the Nystrom algorithms on the a9a dataset. In the first column, we set k = 10,
and ¢ = ak witha =8, ...,26. In the middle column, we set k = 30, and ¢ = ak. In the right column,
we set k = 50, and ¢ = ak.
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Figure 2. Results of the Nystrom algorithms on the pendigit dataset. In the first column, we set
k=10,and ¢ = ak witha = §,...,26. In the middle column, we set k = 30, and ¢ = ak. In the right

column, we set k = 50, and ¢ = ak.
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Figure 3. Results of the Nystrom algorithms on the usps dataset. In the first column, we set k = 10,

and ¢ = ak witha =8, ..., 26. In the middle column, we set k = 30, and ¢ = ak. In the right column,

we set k = 50, and ¢ = ak.

As evidenced by the empirical results in the figures, it is clear that our approach
is efficient. In terms of accuracy, Our approach is comparable to the state-of-the-art
algorithm—the near-optimal+adaptive algorithm [4,11,13]. As to the running time, our
approach is much faster than near-optimal+adaptive algorithm and uniform+adaptive
algorithm. Our algorithm’s running time grows slower than the near-optimal+adaptive
algorithm and uniform+adaptive algorithm. The advantage of the running time of our
algorithm grows as the dimension of kernel matrix A increases. Calculating kernel matrix
A of size 7494 x 7494 from the ‘PenDigits’ data set, our alogrithm is twice as fast as the near-
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optimal+adaptive algorithm. As to the ‘a%a’ data set of 32,561 instances, our algorithm is
four times faster than near-optimal+adaptive. In addition, as c¢ increases, the running-time
superiority of our algorithm also increases. Our algorithm also has similar a advantage
over the uniform+adaptive algorithm. Hence, our algorithm is suitable to scale to kernel
matrices of high dimensions.

6. Conclusions

In this paper, we proposed an efficient modified Nystrom method with a theoretical
and emperical guarantee. In a high-level parallel-computation environment with sparse
input matrices, our Nystrom method can achieve comparable computation efficiency
compared to the conventional Nystrom method, theoretically. Hence, our Nystrom method
is suitable for machine-learning algorithms in big-data setting. In addition, we give a
sketching generalized matrix approximation which extends the previous work [12]. Faster
randomized SVD and more efficient adaptive sampling methods are proposed which have
wide application in lots of areas. In addition, our modified Nystrom algorithm can be easily
extended to CUR decomposition which leads to more efficient CUR decomposition.
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Appendix A. Key Theorems Used in Our Proofs

Theorem A1 ([15,20]). There is t = @(e~2) for matrix A € R™*" and orthonormal U € R™*k,
thus, for a t x m leverage-score sketching matrix S for orthonormal U,

P[|ATS"SU - ATU|} < [ A|}[UIF] =13,
for any fixed § > 0.

Theorem A2 ([15,20]). Thereis t = O(ke~2logk), for any rank k matrix A € R"™*" with row
leverage scores, such that leverage-score sketching matrix S € R™™ is an e-embedding matrix for
matrix A, i.e.,

ISAX|[3 = (1 +€)||Ax|3

Theorem A3 ([15,20]). Given that A is a matrix with m rows and C is a matrix with m rows as
well as rank k. S is a subspace embedding for C with error parameter ey < 1/+/2, and it is also the
t x m leverage-score sketching matrix of C with O(k/€) rows. Then if Y and Y* are respectively
the solutions to

miny = ||S(CY — A)||?

and
miny = ||S(CY — A)||3

then, the below two formulas hold with a probability of at least 0.99.

ICY — Allp < (1 +e)lCY* — A
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IC(Y = Y")[F < 2ve[CY" — Al

Theorem A4 ([15,20]). Given that A is a matrix with m rows, and C is a matrix with m rows as
well as rank k, where R = TIS € R™" with t = 2klogk/e. I1 € R'*S is a subsampled randomized
Hadamard matrix and S € RS*™ is a sparse subspace embedding matrix with s = k* + 2k /€. Then
if Y and Y* are respectively the solutions to

miny = |R(CY — A)||7

and
miny = |[R(CY — A) ||z

then, the below two formulas hold with a probability of at least 0.99.
ICY —Allr < (1+e)ICY" — Al
IC(Y = Y")|[F <2vel|CY" — Al

Lemma A1 ([13,15]). Let A € R™ " and V € R™*¢. Assume that given a particular rank
parameter k and an accuracy parameter 0 < € < 1,

|A —TI3  (A)[1F < [|A — Aglf3.

V is a QR-decomposition, and let V.= QY where Q € R™*“and Y € R°*°. LetT =
QTAWT ¢ R where WT € R js g sparse subspace embedding matrix, and ¢ = (’)(cz/ez).
Let A € RSk contain the top k left singular vectors of T. Then, it holds that

|A - QAATQTA|F < (1+e)]lA — Al
with high probability.
Lemma A2 ([16]). Given matrix R"*", R =IIS € R°*" is a subspace embedding matrix with
c = O(klogk/e€). S € R™* is a sparse subspace embedding matrix with s = O(k* +k/¢€) and
IT € RS is a subsampled randomized Hadamard matrix with ¢ = O(klogk/€). Let U be the
orthonormal basis of ART. Then, it holds that
IA ~UUTA[E < (1+e)|A - Al
with high probability.
Lemma A3 ([4,15,16]). Given A € R"™*", Ry € R"*" gnd C € R™*€ such that
rank(C) = rank(CCTA) = p,
with p < ¢ < n, given Ry € R and the defined residual
B = A — ARIR; ¢ R™",

Fori=1,...,m,let p; be the probability distribution such that for each i:

pi > a||b[[/ B,

where b; is the i-th row of B. Sample r, rows from A in ¢y i.i.d. trials, where in each trial the
i-th column is chosen with probability p;. Let Ry € R™2*" contain the ry sampled rows and let
R = [RT,RT]T. Then

E||A — CC'AR'R|%2 < |A —CCTA|2 + a%HA — AR'R|2.
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Theorem A5 ([13,15]). Given three matrices C € R™*¢, A € R™*" gnd R € R"™*", we have
C'AR" = argmin ||A — CUR||f
U

Theorem A6 ([15,21]). Given a matrix A = AZZT + E € R™", where Z'Z = I, and Z €
R™¥k, let S € R"*! be any matrix such that rank k = (ZTS). Let C = AS € R"™*", Then

|A — CCA|2 < [|A - 115 (A)|?

<|[A—-cC(z"s)'Z"|? < ||E[Z + |ES(Z"S)|2.

Appendix B. Theorem 1 Proof

We first provide an essential lemma before proving the theorem.

Lemma A4 ([15]). Givenany Z € R™*F,C € R™*7and A € R™*", assume R(Z) C R(C) C
R(A). Let X € R"*" be a projection matrix. Then

|A - CCTAX||F < ||A — ZZ"AXf.
Now we start to prove Theorem 1.
Proof. According to Theorem A6, we have
IA — C1CIA|E < || A —TIg, ((A)[F < |E[IF + |ES(ZTS)"||2.
LetS=Ql and E = A — AZZ7, then we have
IEIF < 2/lA - AE (A1)

because of Lemma A1 with error parameter € = 1. In addition, ST is a row leverage score
sketching matrix of Z, where I', () and Z are calculated in Algorithm 3. Additionally, ST is
also a subspace embedding matrix of Z with error parameter ¢y = 1/2. Inferring from the
fact that (ZTS)" = (27S)T(Z"7SSTZ)~1, we obtain

IES(Z'S)" ||} = |ESS"Z(Z"SS"Z) ']}

< ||[ESSTZ[|3|(z"ssTZ) || (A2)
1 2071211 7TecT7y—12

< -

< 4klogk||E||PHZ”FH(Z SS'Z)"'[3 (A3)
1 2

< — A4

where Equation (A2) follows from the fact that ||AB|r < ||A||2||B|/r, and Equation (A3)
follows from Theorem A1 with error parameter ¢ = 4klogk and EZ = A(1— ZZ")Z = 0.
Due to Theorem A2 with error parameter €y = 1/2, Equation (A4) can be obtained. Because
we have

ISTZ|3 = (1 £ ) |1Z|I3 = (1 = e0).

therefore,
I(27887Z) B < (1—eq) 2 = 4

Due to Theorem A2, S needs t = 4klogk columns as a subspace embedding matrix of
Z with error parameter €y = 1/2. Theorem A2 also leads to ¢ = 4klogk in the proof of
Equation (A3). Now we have

1
IA — CCTA|E < [|E[IF + @IIEII% <4|A - Al (A5)
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where the last inequality follows from Equation (A1) and 1/logk < 1.
Using Lemma 2, we need to sample O(%) columns from A such that C = [C;, C;] has
the property

IA — CCTAF < (1+e€)llA - Agl2.

Lemma A1 shows that there exists an othonormal matrix Q; with rank k in the range

of C such that .

1A — QO A} < (1+¢)[|A— CCTA[E. (A6)
[C3] = AdptiveSampling(A, Qx, C1,k/€), and we define C = [Cy, C3], then by Lemma A3,
it holds that

|A — CCTAQ] Q[I}
<||A — QQf Az +¢ll|A - CiCIA|E
<(1+4¢€)[|A—CCTA||F +4e]|A — Ay}
<(1+€)?]|A — AgllF +4el|A — Al
=(1+6¢€)[|A — A3

By rescaling the €, we can obtain a (1 + €) relative error bound. Since R(Qy;) € R(C) C
R(A), Lemma A4 leads to

IA — CCTA(CH)TCT|IE < ||A — CCTAQ{QF < (1+e) A — A}

Inferring from the fact that R(C) € R(C) € R(A) and R(C) € R(C) C R(A),
utilizing Lemma A4 twice, we reach the result that

|A —cCTA(CHTCT|2 < ||A - CCTA(CHTET |2 < (1 +¢€)||A — A%

S is a leverage-score sketching matrix of C, when s = O(% + clogc) is the row
dimension of S; by Theorem 3 of [12], we have,

IA - CUCT|2 < ||A - CUCT||} < (1 +¢)|A - CCtA(ChHTCT 3.
By rescaling €, we achieve the final result that

JA—CUCT|r < (1+€)l|A — Ayl

O
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