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Abstract: The present research examines the steady, one-dimensional thermal distribution and heat
transfer of a wavy fin. This heat transfer analysis considers convective effects as well as temperature-
dependent thermal conductivity. Furthermore, a novel implementation of a neural network with
backpropagated Levenberg–Marquardt algorithm (NN-BLMA)-based machine learning intelligent
strategies is provided to interpret the heat transfer analysis of a convective wavy fin. The non-linear
ordinary differential equation (ODE) of the study problem is converted into its non-dimensional
form using the similarity transformation technique. The dimensionless equation obtained is then
numerically explored via the Runge–Kutta–Fehlberg scheme. A data set for varying the pertinent
parameters is generated, and an artificial neural network model is designed to estimate the heat
transfer behavior of the wavy fin. The effectiveness of the proposed NN-BLMA is subsequently
endorsed by analyses using a regression model, mean square error, and histograms. The findings of
comprehensive computational parametric studies illustrate that the presented technique, NN-BLMA
is an effective convergent stochastic numerical solver employed for the heat transfer model of the
convective wavy fin. The wavy fin’s temperature dispersion optimizes as the thermal conductivity
parameter rises. Heat transfer rate is higher in wavy fin compared to rectangular fin.

Keywords: fin; temperature distribution; thermal conductivity; wavy fin; artificial neural network

MSC: 74A15; 68T01

1. Introduction

The rapid progression of heat exchange associated with heat transfer mechanisms
is required for many engineering applications. Fin arrangements are often utilized to
expedite heat exchange on a surface. Fins are most frequently utilized in microelectronic
equipment, including CPU heat sinks and optoelectronics, such as lasers. Fins are also used
in thermal and electrical components to speed up heat transfer within them. Furthermore,
they have been employed in a variety of advanced manufacturing operations such as
computer processor cooling, air conditioning, oil transport pipelines, and so on. Gorla
and Bakier [1] elucidated the heat transfer in a porous extended surface with the influence
of radiation and convection. They concluded that the combined influence of these effects
helps efficiently transfer excess heat from the fin’s surface. Hoseinzadeh et al. [2] studied
heat exchange in a rectangular cross-section porous fin under laminar flow conditions
in a homogeneous medium. In their work, it is revealed that the convective mechanism
influences the heat exchange in the fin. Venkitesh and Mallick [3] explained heat transport in
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an annular-shaped porous fin with radiative impact. They determined that the fin material’s
thermal conductivity coefficient significantly impacted fin performance. The material
noticeably increased the fin efficiency with a positive thermal conductivity coefficient
over the material with a negative thermal conductivity coefficient. Madhura et al. [4]
analyzed the change in temperature through a straight permeable fin under the effects
of radiation and magnetic field. According to the findings of their investigation, the non-
linear thermal conductivity variable improves the thermal performance and efficacy of
the fin. Moreover, the fin’s heat exchange rate optimizes as the magnetic and radiation
parameters are boosted. Ndlovu and Moitsheki [5] examined the temperature distribution
on a moving, straight, permeable extended surface. Their investigation findings show
that as the convection-radiation parameter is increased, the fin rapidly releases heat to the
surrounding air temperature. Wang et al. [6] studied heat transfer analysis in an inclined
straight fin under convective and radiative effects conditions. They also discussed the heat
transfer aspects in the influence of internal heat generation and the porous effect. Over
the last several decades, research on fins has been executed with various temperature-
dependent phenomena. In most studies, the heat transfer coefficient was often taken
as a power function, and the thermal conductivity was considered constant or thermal
dependent. Thermal distribution in a moving permeable extended surface was studied
by Aziz and Khani [7] by using the homotopy analysis method. They considered the
temperature-dependent thermal conductivity and discussed its impact on the fin’s thermal
variation. Sun and Ma [8] investigated the temperature distribution in a rectangular fin by
taking the variable temperature-dependent thermal conductivity, convection, and internal
heat generation effects. In their work, they discussed the consequence of the variable
heat transfer coefficient on the fin performance. Dogonchi and Ganji [9] examined the
heat generation impact in a moving extended surface with thermal conductivity and
heat transfer coefficient dependent on temperature. Their work includes the assessment
of various mechanisms of heat transfer and shows that increasing thermal conductivity
variable levels result in a rise in the thermal distribution in the fin. Khan et al. [10] studied
the convective-conductive-radiative heat transfer in a fin with temperature-dependent
thermal conductivity. Their analysis shows that the estimated temperature’s reliability
rises with decreasing convective parameter values. Sarwe and Kulakarni [11] analyzed
the heat transfer in a circular hyperbolic fin with thermal conductivity dependent on
temperature. The findings of their investigation signify that increasing the value of the
thermal conductivity parameter increases the thermal distribution.

A solid that undergoes heat exchange by conduction both within and between its
boundaries and transferring energy by convection between its boundaries and surround-
ings is commonly referred to as an extended surface. They are frequently used in various
applications, including refrigeration and numerous cooling systems in industries for air
cooling and dehumidification. As the fins extend from the primary heat exchange surface,
the difference in temperature between the fluid in the surrounding area and the fins sig-
nificantly reduces. Roy and Mallick [12] analyzed the heat transmission in a longitudinal
rectangular fin. They also considered the thermal variant surface emissivity and thermal
conductivity. Ndlovu [13] studied the heat transfer process in a rectangular fin with convec-
tive and radiative heat exchange. He observed that a fin with a convective tip transmits heat
to the surrounding fluid more rapidly than a fin with an insulated tip. Gouran et al. [14]
explained the convection heat transmission through a moveable rectangular fin. According
to their findings, higher cooling performance with straight fins occurs at high convective
parameter values. Khan et al. [15] investigated the heat transfer analysis within a fin having
a rectangular profile in the existence of convective and radiative environments. In their
work, the thermal-dependent heat transfer coefficient and emissivity are taken into account.
They concluded that the cooling process of the fin is aided by the constant discharge of
heat from the fin surface via convection. Din et al. [16] examined the heat exchange in a
rectangular fin with a stretching/shrinking property. They observed that the performance
of the fin establishes an upsurge for shrinking and a diminution for expanding the fin
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when convection occurs. There are many different sizes and types of fins. Researchers
have examined and offered insights into fin parameters for a variety of fin configurations,
including pin fins, circular, rectangular, triangular, trapezoidal, and concave parabolic fins.
For instance, Sarwe and Kulkarni [17] probed the transfer of heat in an annular fin and
presented the semi-analytical solution for the developed equation. They determined that
larger levels of the thermal conductivity parameter result in greater fin efficiency. With the
surface wet condition impact, Kumar and Sowmya [18] debriefed the thermal variation
in the trapezoidal structured longitudinal fin. Their study investigates how thermal and
heat energy changes vary in both dry and wet situations. The explanation for the thermal
variation in the permeable exponential-shaped fin wetted with hybrid nanoliquid was
presented by Abdulrahman et al. [19] in the existence of convection. According to their
research, the exponential profile caused the highest surface temperature under conditions
of surface wetness when compared to the temperature distribution of rectangularly shaped
fins. Jagadeesha et al. [20] considered the hyperbolic and rectangular shape of the annular
fin to explicate the behavior of the heat exchange mechanism within the extended surface.
According to their research, the rate at which heat is transmitted is greater for hyperbolic
annular fins than for rectangular fins.

In air conditioning and refrigeration management systems, fin-and-tube heat exchang-
ers are crucial elements. Fin-and-tube heat exchangers’ system productivity is frequently
enhanced by using surfaces with increased surface area. As a result, a variety of enhanced
heat transfer surfaces have been devised to strengthen the performance of air-side heat
exchange. One of the most common surfaces used in heat exchangers is the wavy fins
because they can extend the stream path and disrupt the air movement without significantly
increasing pressure drop. The functioning of airside heat exchange with wavy fin-and-tube
heat exchangers has been extensively studied using experimental or computational meth-
ods. Altun and Ziylan [21] debriefed the natural convective heat transmission through a
wavy-finned plate and concluded that more heat was transferred with sinusoidal wavy fins
than rectangular fins. Luo et al. [22] studied the impact of diverse corrugation angles on
the wavy fin. According to their findings, the heat transmission performance appears to be
improved by using innovative wavy fins. Song et al. [23] discussed the heat transmission
rate of a heat exchanger with wavy fins. The artificial neural network (ANN) has recently
gained popularity as an appealing mathematical technique for examining a variety of phys-
ical phenomena models. ANN is a multi-networked (multilayer perceptron) framework
of logically organized primary components replicating neuron operation in the human
brain. Compared to traditional regression and statistical models, it is more sophisticated
and productive. It can model complex and non-linear relationships without making any
prior presumptions about the cause-and-effect relationships of the variables. The ANN
model is comprised of simple attributes that work together in parallel. Even though each
neuron’s computational potential is minimal, the parallel operations of many neurons allow
the network to perform a wide range of tasks quickly and with various functions. This
method was designed to establish structure characteristics while reducing computation
time. Predictions from ANNs can be quickly derived with a timeframe on the level of mil-
liseconds once they have been built, which is one of their benefits. An additional benefit of
ANNs is that no comprehensive overview of basic concepts is required. The ANN has been
employed as a substitute approach in large-scale interpretation to replace time-consuming
computational modeling, such as finite element method (FEM) calculations, because of this
beneficial property of ANN. Researchers have recently discussed the predicted Artificial
Neural Network (ANN) approaches to explain the different models. Pichi et al. [24] utilized
the concept of ANN to present the model representing the triangular cavity flow. ANN
was used by Alsaiari et al. [25] to estimate the water productivity of diverse strategies of
solar stills. Kamsuwan et al. [26] explored the nanoliquid stream in the micro-channel heat
exchangers by developing the model with the help of ANN. They employed embedded
ANN for nanofluid aspects and regression for water characteristics on the CFD to make the
simulation results more realistic. As a consequence, ANN was discovered to be effective in
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this regard. The ANN model was provided by Jery et al. [27] to assess the transfer of heat in
the heat exchanger with nanoliquid. The ANN approaches established in their research are
beneficial for forecasting heat exchangers’ Nusselt number and entropy generation. It was
determined that the provided approaches might be employed perfectly rather than further
computations. Using ANN, Mehmandoosti and Kowsary [28] probed the temperature
difference in lithium-ion batteries in the presence of pulsating flow.

Increasing the thermal performance of engineering devices by using various fin types,
such as annular fins, porous fins, longitudinal trapezoidal fins, and longitudinal rectangular
fins, has undeniably been the subject of numerous investigations. In general, most of the
study focused on scrutinizing the thermal distribution in simple and conventional fins.
Furthermore, most of the research works were based on the experimental investigation
of the heat transfer of fin-and-tube and plate-fin heat exchangers with wavy fins [29–34].
However, the studies of Sertel and Bilen [35] and Khaled [36] discuss the various types of
wavy fins to recognize the thermal augmentation attributes. In particular, Khaled [36] stud-
ied the thermal variation in the wavy fin with constant thermal conductivity. It is noticed
that the thermal conductivity of the fins would remain constant for problems involving
conventional fins. Nevertheless, the thermal conductivity is temperature-dependent if
there is a significant temperature difference within the fin. Furthermore, these observations
indicate that thermal conductivity is temperature-dependent for numerous applications
in the engineering domain. As a result, when exploring the fin in such scenarios, the
implications of temperature-dependent thermal features must be addressed. This kind of
assessment offers a more precise understanding of the wavy fin’s thermal performance.
Thus, this research is proposed to fill the research gap in determining the thermal re-
sponse of wavy fins under the impact of various convective mechanisms by considering
temperature-dependent thermal conductivity as well as the coefficient of convective heat
transfer. In light of the aforementioned communications survey, the thermal response
and heat transmission factors in a wavy-structured fin with the effect of convection are
investigated in this study by considering the linearly temperature-dependent thermal
conductivity and nonlinearly temperature-dependent coefficient of convective heat transfer.
The current model is established as ordinary differential equations (ODEs), which can be
transformed into dimensionless representations using appropriate similarity transforma-
tions. The resulting equation is solved using the RKF-45 method, and the heat transfer
model of a wavy fin is predicted with the aid of an artificial neural network (ANN). The
objectives of the present scrutiny are:

• Inspection of thermal variations and heat transfer rates in the wavy fin.
• Determining the thermal distribution in the wavy fin by considering temperature-

dependent thermal conductivity and heat transfer coefficient.
• Study of various heat transfer mechanisms in the wavy fin.
• Applying stochastic ANN to analyze the heat transfer rate in the wavy fin.
• The amount of heat transported and the temperature developed within the fin is

determined using the ANSYS simulation scheme.

2. Formulation of the Problem

The steady-state temperature performance and heat transmission of a wavy structured
rectangular fin with width W and height 2H, which transmits heat via convection at T∞ to
the environment, are explored in this study. The following basic assumptions are employed
in the current study [37,38]:

• Heat conduction in the fin is considered to be a steady state.
• Fin is assumed to transfer heat from its surface via convection.
• The thickness of the wavy fin is so smaller relative to its width that heat transmission

from adjacent surfaces may be ignored.
• Coefficient of convective heat transfer and thermal conductivity are taken to be

temperature-dependent.
• The fin profile surface is considered to be wavy along the extension axis (x-axis).
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• The base temperature of the wavy fin is considered to be uniform.
• The fin’s surrounding is at a uniform temperature.
• It is assumed that the fin tip is adiabatic.
• There is no heat production within the fin.

The corresponding geometrical representation of the wavy fin is revealed in Figure 1,
and using the aforesaid assumptions, the equation governing the fin problem is specified
by (see Khaled [36]):

d
dx

[
K(T)

dT
dx

]
=

[
dASF

dx

]
h∗(T)
ACS

(T − T∞)−
[

K(T)
ACS

dACS
dx

]
dT
dx

(1)
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The first term on the left-hand side refers to conduction, and the convective mechanism
is represented by the first term on the right-hand side.

In the above equation, K(T) is the thermal conductivity of the wavy fin material and
h∗(T) indicates the coefficient of heat transfer, which are given as:

K(T) = k∞[1 + χ(T − T∞)],

h∗(T) = hb

(
T − T∞

Tb − T∞

)m
. (2)

Here χ is the slope of the thermal conductivity–temperature curve and m denotes the
parameter of heat transfer coefficient. In the majority of applications, m could fall around the
range of −3 and 3 and generally can vary between −6.6 and 5. Furthermore, the different
mechanisms of convective heat transfer, including laminar natural convection (m = 1/4),
turbulent natural convection (m = 1/3), nucleate boiling (m = 2), and radiation heat
transfer (m = 3) are all described by this parameter.

From Equations (1) and (2) yields:

d
dx

[
k∞[1 + χ(T − T∞)] dT

dx

]
+ k∞[1 + χ(T − T∞)] dT

dx

[
1

ACS

dACS
dx

]
−

1
ACS

[
dASF

dx

]
hb(T−T∞)m+1

(Tb−T∞)m = 0,
(3)
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In the above equation, ACS and ASF indicate the cross-sectional area and surface area
of the fin, which are mathematically denoted by:

ACS = 2H0

∫ W

0

{
1 + δsin

[
2πn

( x
L

)
+ ϕ

]}
dz. (4)

and
ASF = 2WLta

= 2W
∫ L

0

√
1 +

(
dH
dx

)2
dx.

(5)

where,

Lta =
∫ L

0

√
1 +

(
dH
dx

)2
dx and H = H0

{
1 + δsin

[
2πn

( x
L

)
+ ϕ

]}
. (6)

The associated boundary conditions (BCs) are:

x = 0 : T = Tb,

x = L :
dT
dx

= 0. (7)

Using the respective dimensionless terms, non-dimensionalization is carried out:

Θ =
T − T∞

Tb − T∞
, X =

x
L

, β = χ(Tb − T∞), Nc =
hbL2

k∞ H0
, aRL =

H0

L
. (8)

The following dimensionless non-linear differential equation is achieved using the
aforementioned dimensionless variables:

d
dX

[
(1 + βΘ) dΘ

dX

]
+ (1 + βΘ)

[
2πδncos(2πnX+ϕ)
1+δsin(2πnX+ϕ)

]
dΘ
dX−

Nc

[√
1+4(πaRLδn)2cos2(2πnX+ϕ)

1+δsin(2πnX)

]
Θm+1 = 0.

(9)

In Equation (9), β (thermal conductivity parameter), Θ (temperature profile), aRL (fin
profile aspect ratio) and Nc (convective-conductive parameter) are the non-dimensional
terms as defined in Equation (8). Also, δ is the surface wave dimensionless amplitude, n
indicates the number of surface waves per fin surface, and ϕ signifies the surface wave
phase shift.

Correspondingly, Equation (7) is reduced as:

X = 0 : Θ = 1,
X = 1 : Θ′ = 0.

(10)

The heat transfer through the wavy fin can be determined by using Fourier’s law at
the fin’s base, and it is described as:

q = −K(T)
[∫ W

0
H(x = 0, z)dz

]
dT
dx

∣∣∣∣
x=0

. (11)

From Equations (2) and (11) yields,

q = −k∞[1 + χ(T − T∞)]WH0
dT
dx

∣∣∣∣
x=0

. (12)
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The dimensionless expression of Equation (12) is referred to as:

Q = q
k∞(Tb−T∞)W ,

= −[1 + βΘ(0)] aRL
dΘ
dX

∣∣∣
X=0

.
(13)

3. Network Configuration and Design of ANN

Artificial neural networks use a network of interconnected “neurons” to accomplish
sophisticated modeling of input data to an output function. A multilayer perceptron net-
work model is trained in the current study to predict the results of the heat transfer analysis
of the wavy fin. An ANN is a three-layer (input, hidden, and output layers) feedforward
neural network architecture [39,40]. An input layer is composed of many neurons. Similar
to an established regression scheme, each neuron symbolizes an independent variable. The
entire number of neurons in the input layer equals the number of independent variables.
The neurons in the input layer will connect to those in the hidden layer. The hidden layer is
then developed to govern the input neurons, forecast the responses of the output neurons,
and represent signals using the activation function.

The mathematical representation of ANNs can be expressed as

a =
N

∑
j=0

ωiξi + B0

where N represents the number of inputs, B0 and ωi denote the bias and weight, and ξi
indicates the input value.

The iterative operation of acquiring a solution to the problem is executed by training
and testing the neural network with training algorithms. The Levenberg–Marquardt (LM)
optimization technique is implemented for training the ANN for the proposed fin problem.
The LM procedure is a form of supervised training approach that may be utilized with
any feedforward neural network. The LM algorithm has been employed for curve fitting
because it incorporates the feature of superior convergence of the Gauss–Newton approach
near the minima with the lowering level of error attained by gradient descent. The LM
algorithm’s (LMA) fundamental principle is to execute incorporated process training in
and around a region with a complicated curvature. To develop a quadratic strategy, the
LMA initially employs the steepest descent procedure. The LMA transforms to the Gauss–
Newton technique for substantially speeding out convergence. In order to train the network,
the input and output layers are loaded with the inputs and their corresponding outputs.
The first step in developing an NN-BLMA model is effectively choosing the input and
output data. The model should accurately represent the heat transfer of the fin without
transferring duplicative or unnecessary parameters. The significant thermal parameters,
such as thermal conductivity and convective-conductive parameter values for various
magnitudes of m are chosen as input data and heat transfer values are taken as target data
for analyzing the heat transfer performance of the fin. The scenarios and cases that illustrate
the fin problem are provided in Table 1.
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Table 1. Details of scenario and cases for NN-BLMA of the wavy fin.

Scenario Case
Parameters

β Nc

m = 1/4

1

−1 1

−0.5 1

0 1

0.5 1

1 1

1.5 1

2

0.6 0

0.6 0.1

0.6 0.5

0.6 0.7

0.6 0.9

0.6 1

m = 1/3

1

−0.6 0.5

−0.4 0.5

0 0.5

0.4 0.5

0.6 0.5

0.8 0.5

2

0.7 0

0.7 1

0.7 1.5

0.7 2

0.7 2.5

0.7 3

m = 2

1

−0.2 2

0 2

0.2 2

0.4 2

0.6 2

0.8 2

2

0.4 1

0.4 1.1

0.4 1.2

0.4 1.3

0.4 1.4

0.4 1.5
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Table 1. Cont.

Scenario Case
Parameters

β Nc

m = 3

1

0.1 0.2

0.3 0.2

0.5 0.2

0.7 0.2

0.9 0.2

1 0.2

2

0.3 1

0.3 1.2

0.3 1.4

0.3 1.6

0.3 1.8

0.3 2.0

The transfer functions for neurons in the hidden layer and the output layers are
referred to as PURELIN and TANSIG, respectively, in the training phase and are given as:

f (x) = purlin(x) = x,

f (x) = tansig(x) =
2

(1 + e−2x)
− 1.

The mathematical notations for the Mean Squared Error (MSE), coefficient of determi-
nation (R2), and the Error rate of networks are indicated as follows:

MSE =
1
j ∑j

i=1

(
ΘRKF−45(i) −ΘANN(i)

)2
,

R2 = 1−

∑
j
i=1

(
ΘRKF−45(i) −ΘANN(i)

)2

∑
j
i=1

(
ΘRKF−45(i)

)2

,

Errorrate(%) =

[
ΘRKF−45(i) −ΘRKF−45(i)

ΘRKF−45(i)

]
× 100.

4. Validation of the Model

The proposed fin model is validated for authenticity by comparing it to the wavy fin
model presented in [36]. The heat transfer performance for various types of wavy fins is
also examined in the available literature [36], which can be adopted to analyze the thermal
distribution and heat transfer rate through wavy fins in the present study. The following
governing equation for the fin problem is presented by Khaled [36]:

d
dx

[
K

dT
dx

]
=

[
dASF

dx

]
h∗

ACS
(T − T∞)−

[
K

ACS

dACS
dx

]
dT
dx

, (14)
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with constant thermal conductivity and the coefficient of heat transfer, and where

ACS = 2H(x)W, and ASF = 2W
∫ L

0

√
1 +

(
dH
dx

)2
dx. (15)

Equation (14) is transformed using Equation (8) to yield the corresponding dimension-
less equation. In other words, the developed dimensionless energy equation (Equation (9))
of the current investigation can be transformed into the dimensionless wavy fin model
of [36] for some reduced cases (β = 0 and m = 0), which is presented as follows:

d2Θ
dX2 +

[
2πδncos(2πnX+ϕ)
1+δsin(2πnX+ϕ)

]
dΘ
dX−

Nc

[√
1+4(πaRLδn)2cos2(2πnX+ϕ)

1+δsin(2πnX)

]
Θ = 0.

(16)

where Nc = h∗L2

KH0
denotes the non-dimensional convective-conductive parameter with

constant thermal conductivity and the coefficient of heat transfer.
The above equation indicates the governing heat equation of the wavy fin with constant

thermal conductivity and heat transfer coefficient, similar to Case A’s problem in [36]. The
detailed procedure for achieving the solution of the corresponding equations of the wavy
fin is described in [36]. Furthermore, the comparison between the current study results and
Khaled’s [36] work on the fin model is performed and is exhibited in Table 2. The tabulated
values in this table indicate the temperature profile results at the wavy fin’s tip. The table
highlights that the NN-BLMA solutions estimated in the present analysis and the solution
of Khaled [36] have an excellent agreement for the given cases of Nc(= 0.25, 1.00, 2.25, 4.00)
with β = 0, aRL = 0, δ = 0, and n = 2. This comparison scrutiny includes an error
analysis of the results, with a maximum error of 0.03% and an average error of 0.00091275%.
Additionally, the ANN and RKF-45 results for the heat flux of the wavy fin are compared
in Table 3 by varying β and Nc. The tabulated results indicate that the ANN and RKF-45
numerical results are in good accordance. The numerical results in these tables support the
reliability of the proposed wavy fin model.

Table 2. Validation of the present fin problem with the research work of [36] for β = 0, aRL = 0, δ = 0,
and n = 2.

Nc
Θ(1)

Khaled [36] RKF-45 NN-BLMA Error %

0.25 0.886819 0.886818903534562 0.886818678821468 3.6 × 10−5

1.00 0.648054 0.648054498479555 0.648073326471297 3.0 × 10−3

2.25 0.425096 0.425096032263199 0.425093687869883 5.4 × 10−4

4.00 0.265802 0.265802207758634 0.265802198782017 7.5 × 10−5

Table 3. NN-BLMA and RKF-45 results of Q for varying β and Nc.

β Nc
Q

RKF-45 NN-BLMA

0.5 0.81519713 0.815209440

0.51 0.81104380 0.811030034
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Table 3. Cont.

β Nc
Q

RKF-45 NN-BLMA

0.52 0.80693640 0.806919268

0.53 0.80287422 0.802864308

0.54 0.79885639 0.798856272

0.55 0.79488212 0.794889631

1 0.70773327 0.707742900

1.02 0.71847530 0.718451779

1.04 0.72912124 0.729114349

1.06 0.73967263 0.739685472

1.08 0.75013112 0.750148337

1.1 0.76049809 0.760505472

The numerical results of the wavy fin indicating its thermal profile values at different
X(= 0, 0.2, 0.4, 0.6, 0.8, 1) are presented in Table 4 with the varying magnitude of β and m. It
is evident from this table that the magnitude of the thermal profile increases in accordance
with an increase of β(= −0.5, 0.0, 0.5) for all the considered cases of m(= 1/4, 1/3, 2, 3). In
precise, the highest temperature profile values are observed for β > 0, and Θ(X) value is
minimum for β < 0. The numerical solution for the fin governing equation (Equation (9))
is achieved for the constant thermal conductivity parameter (β = 0). The thermal profile
values for β = 0 are much higher than the results of β < 0 and are lesser than the
results of β > 0. This occurs because the fin’s capacity to transfer heat strengthens with
an improvement in the thermal conductivity gradient, which elevates the temperature.
Moreover, the m parameter represents the fin’s heat convection behavior; when the m
parameter rises, the temperature profile increases, indicating that the fin is performing
better.

Table 4. Numerical results of Θ(X) for various cases of β and m at ϕ = 0, aRL = 0.1, δ = 0.1, and
n = 2.

X

Θ(X)

m = 1
4

β 0 0.2 0.4 0.6 0.8 1

−0.5 1.0000 0.81501 0.68675 0.60976 0.56980 0.55512

0.0 1.0000 0.88041 0.78270 0.71808 0.68271 0.66939

0.5 1.0000 0.91147 0.83576 0.78395 0.75495 0.74391

m = 1
3

−0.5 1.0000 0.81841 0.69271 0.61733 0.57823 0.56387

0.0 1.0000 0.88222 0.78626 0.72292 0.68829 0.67526

0.5 1.0000 0.91257 0.83801 0.78708 0.75860 0.74777

m = 2

−0.5 1.0000 0.86191 0.76912 0.71427 0.68606 0.67573

0.0 1.0000 0.90657 0.83380 0.78705 0.76189 0.75250

0.5 1.0000 0.92822 0.86953 0.83056 0.80916 0.80109

m = 3

−0.5 1.0000 0.87691 0.79545 0.74761 0.72308 0.71411

0.0 1.0000 0.91545 0.85092 0.80993 0.78802 0.77986

0.5 1.0000 0.93427 0.88154 0.84695 0.82809 0.82100
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5. Results and Discussion
5.1. Thermal and Heat Transfer Analysis

This portion explicates the mathematical analysis of the proposed fin problem in
detail using graphs and tables. In more aspects, the physical properties of thermal factors,
including the convective-conductive parameter and thermal conductivity parameter on
thermal profile quantities with regard to thermal variation in the wavy fin, are carried out.
These findings are well explained and graphically presented in the figures by comparing
them to the rectangular fin. The solid lines in these graphs portray wavy fin behavior, while
the dashed lines represent rectangular fin behavior. Moreover, the significance of physical
parameters such as convective-conductive parameter and thermal conductivity parameter
on the heat transfer of the wavy fin is comprehensively researched using NN-BLMA.
Figure 2 displays the performance of Θ with the consequence of β at ϕ = 0, aRL = 0.2,
δ = 0.2, Nc = 0.3, and n = 4. It shows that Θ increases with an upsurge in β magnitude.
The heat conduction through the fin is strengthened by increased levels of the thermal
conductivity parameter, which raises the temperature of the fin as an effect. It is worth
highlighting that β = 0 indicates the constant thermal conductivity provided by k∞. Curves
with β > 0, as seen in this figure, relate to fin materials whose thermal conductivity rises as
temperature rises from Ta to Tb. The same nature of the temperature profile curve can be
seen for β < 0. Additionally, it signifies that the temperature profile curves of the wavy fin
are below the rectangular fin curves.
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Figure 2. Impact of β on Θ of wavy and rectangular profiled fin.

Figure 3 portrays the nature of Θ against Nc with ϕ = 0, aRL = 0.2, δ = 0.2, β = 0.1,
and n = 4. It depicts that Θ decreases as Nc increases, and the temperature distribution of
the wavy fin is lesser than the temperature distribution of the rectangular fin. Referring
to the graph, increasing this parameter magnitude elevates the rate of convective heat
transferring through the wavy fin as the overall temperature falls more rapidly. Figure 4
indicates the features of Θ with the impact of n by taking ϕ = 0, aRL = 0.2, δ = 0.2,
Nc = 0.15, and β = 0.4. This figure displays that Θ decreases as the number of waves of
the wavy fin increases at Nc = 0.15. Figures 5–7 also show that Θ decreases as the number
of waves increases at Nc = 0.20, 0.25, and 0.30, respectively, with ϕ = 0, aRL = 0.2,
δ = 0.2, and β = 0.3. This is due to the fact that higher n values lead to greater oscillation
in the cross-sectional area of the wavy fin within its differential segments. Therefore, as
n progresses, conduction via the fin can asymptotically approximate conduction through
the average area of the cross-section. Figure 8 depicts the characteristics of Θ with the
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impact of aRL at ϕ = 0, δ = 0.3, β = 0.4, and Nc = 0.3. It conveys that Θ decreases as
aRL increases at n = 2. With the observation of Figures 4–8, it is obvious that the wave
structure of temperature curves becomes steeper. Figures 9 and 10 also display the nature
of Θ versus aRL at n = 3 and n = 4 with ϕ = 0, δ = 0.3, β = 0.4, and Nc = 0.3. They
show that Θ decreases as aRL increases at n = 3, and n = 4, respectively. The temperature
curves of these figures display that the temperature profile decreases as the number of
waves per fin surface increases. The different kinds of heat transport in the wavy fin are
discussed graphically, and Figure 11 displays the implications of m on the non-dimensional
temperature profile of the fin by considering ϕ = 0, aRL = 0.2, δ = 0.2, β = 0.1, Nc = 0.2,
and n = 6. A greater amount of heat diffuses from the fin when the m value is decreased,
transferring energy more effectively. It is implied that the fin’s performance increases as
the m parameter diminishes.
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5.2. Thermal and Heat Transfer Analysis Using ANN

ANN is a computational model inspired by the operational characteristics of biological
neural networks. ANN assigns information among the weight coefficients of the connection
in the multilayer perceptron network (MPN) design to increase the network’s fault tolerance
and robustness. Assessing the impact of each input parameter on the output variable is an
important aspect of the ANN algorithm. ANN has the perceptible benefit of being capable
of learning automatically from instances, which means that the correlations between input
and output coefficients are formed by the data themselves, relieving the researcher’s
responsibility of determining the suitable regression equation. Another significant feature
is its potential for generalization, which allows for the estimation of unknown solutions
after a network training technique has been able to interpret the learned information.
Additionally, ANNs have the capacity to address complicated problems and can be applied
to study mechanical characteristics, heat transfer problems, fracture mechanics, and fatigue.
ANN is simple to use and interprets appropriate results compared to statistical techniques.
However, ANNs have multiple sets of hyperparameters that need to be tuned, which is a
significant limitation. An ANN model using an MPN is established in this study to predict
heat transfer in a wavy fin. Figure 13 indicates the structure of the ANN. The ANN model
used in this study consists of an input layer, a hidden layer with ten neurons, and an output
layer with one neuron. In the input and output layers, every neuron has a corresponding
design variable. The validation performance as an MSE indicator is displayed in Figure 13a
for the heat flux of the wavy fin. Initially, the MSE level is high and attains the best
performance with an increase in the epoch. The optimum value of this trained network
reaches 3.0495 × 10−10 at the 141st epoch. It can be spotted from this figure that, as the
network is trained, the MSE falls, with epoch 141 having the lowest mean square error.
The gradient, Mu, and validation checks for heat flux data are given in Figure 13b. The
developed model exhibits a gradient of 9.8764 × 10−8 at the 141st epoch indicating the
optimal training of the network. The statistical results for the subjected data are in the
form of regression analysis, as presented in Figure 13c. It is evident from the figure that
the R values for training, testing, and validation are all 1. As a result, the ANN’s predicted
behavior demonstrated that the heat flux model and the numerical data agreed well. Thus,
it is determined that ANN is the most reliable prediction model. The error histogram for
the entire procedure is shown in Figure 13d, with emphasis on training, validation, testing,
and minimal error. The error histogram shows the blue color model for the training set, red
for the testing dataset, and green for the validation dataset. A fine perpendicular line in the
orange-colored line indicates the spot on the plot where the error tends to zero. Using the
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back-propagation-based algorithm, an error histogram with 20 bins confirmed the test’s
lowest error of −1.9 × 10−7. The comparison of RKF-45 and ANN data for the variation in
β and Nc is provided in Figure 13e, and Figure 13f, respectively. The results of the heat flux
for varied parameters exhibit good accordance. The variation in β causes a decrement in
the heat flux while the heat flux increases with an augmentation of Nc. Furthermore, the
error between the ANN and RKF-45 data is represented in these figures. The NN-BLMA
results of the heat transfer rate data for training, validation, testing, epochs, performance,
Mu, and time consumed are displayed in Table 5.
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5.3. Thermal and Heat Transfer Analysis Using ANSYS 
Thermal analysis determines how much heat is transferred between and within dif-

ferent parts of the device and its surroundings. This is a significant design concern because 
many components have temperature-dependent characteristics. Another factor to take 
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Table 5. Results of NN-BLMA for the considered cases of the wavy fin.

Scenario Case
MSE

Time (s) Performance Mu Grad Epochs
Training Validation Testing

m = 1/4
1 2.94 × 10−10 3.90 × 10−10 3.52 × 10−9 1 2.95 × 10−10 1 × 10−8 9.74 × 10−8 88

2 1.45 × 10−11 1.54 × 10−11 2.51 × 10−11 1 1.45 × 10−11 1 × 10−10 9.58 × 10−8 57

m = 1/3
1 1.42 × 10−11 3.43 × 10−11 3.11 × 10−11 <1 1.42 × 10−10 1 × 10−10 9.91 × 10−8 158

2 1.92 × 10−10 1.61 × 10−10 9.27 × 10−10 5 1.61 × 10−10 1 × 10−9 5.60 × 10−7 128

m = 2
1 2.09 × 10−12 5.33 × 10−12 5.22 × 10−12 5 2.07 × 10−12 1 × 10−10 9.88 × 10−8 145

2 1.27 × 10−10 1.60 × 10−10 1.51 × 10−11 5 1.27 × 10−10 1 × 10−9 9.80 × 10−8 99

m = 3
1 4.68 × 10−11 1.75 × 10−10 6.96 × 10−11 3 4.68 × 10−11 1 × 10−9 9.85 × 10−8 244

2 1.37 × 10−10 2.54 × 10−10 2.43 × 10−10 8 1.30 × 10−10 1 × 10−9 2.78 × 10−7 109
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5.3. Thermal and Heat Transfer Analysis Using ANSYS

Thermal analysis determines how much heat is transferred between and within differ-
ent parts of the device and its surroundings. This is a significant design concern because
many components have temperature-dependent characteristics. Another factor to take into
account is product security; if an item or equipment is excessively heated, a safety barrier
might need to develop over it. Thus, fins are utilized in various engineering applications to
improve convective heat exchange and transmit surplus heat from the body to the environ-
ment. The surface area exposed to convection and the heat transfer coefficient play a major
role in the convective transference of heat. Hence, the steady-state convective thermal
analysis has been accomplished using ANSYS 2023 R1 for both rectangular and wavy fins.
The software tackles all of the mathematical expressions governing the behavior of these
elements, resulting in a thorough explication of how the system functions as an entire unit.
Following that, these findings might be displayed graphically. Materials used for fins have
major implications for efficient heat transfer and cooling. Aluminium, cast iron, copper,
magnesium, and other materials are common fin materials utilized in cooling engines. Since
aluminium is a good thermal and electrical conductor, it is used as the primary material of
the wavy fin in this study. The aluminium has good corrosion resistance and properties,
including thermal conductivity of 237.5 Wm−1K−1, density of 2689 kgm−3, and specific
heat of 951 Jkg−1K−1 at constant pressure.

The wavy fin’s thermal and convective heat transfer analysis is debriefed by comparing
it with a rectangular fin. The modeled wavy fin is 15 mm wide and attached to a primary
surface of 20 mm high. The three waves per surface are considered, with a total length of 20
mm and thickness of 1 mm. The wavy fin modeling details are displayed in the graphical
form in Figure 14. The computational domain for wavy fin has been generated, meshed,
and simulated with 7388 elements and 13,639 nodes. Tetrahedral meshing is chosen as the
mesh input in the solver to provide better analytical findings. The corresponding meshing
analysis is portrayed in Figure 15. The fin tip for the investigation is taken to be adiabatic,
and the heat flux of 1000 Wm−2 is considered at the primary surface. The surrounding fluid
is at a temperature of Tsurr = 325 K, and the value of the convective heat transfer coefficient
h* is 10 Wm−2K−1. Under these settings, the temperature distribution and heat flux rate
have been analyzed for rectangular and wavy aluminium fins depicted in Figures 16 and 17.
In Figure 16, it can be observed that the base temperature is 369.83 K and 362.91 K for
rectangular and wavy fins. The tip temperature for rectangular and wavy fins are 368.18 K
and 361.58 K, respectively. Additionally, the temperature at the middle portion of these fins
is about 369.27 K and 362.02 K, respectively. Moreover, as shown in Figure 17, the heat flux
is comparatively higher in wavy fins than in rectangular fins.
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6. Conclusions

The thermal distribution in a wavy fin with convective heat transmission is researched.
The dimensionless ODE is obtained by introducing similarity transformations to the ther-
mal equation of the wavy fin. Later, the obtained dimensionless differential equations are
cracked using the RKF-45 numerical scheme. A mathematical model for the heat transfer
analysis of a wavy fin with temperature-dependent thermal conductivity has been de-
veloped using Stochastic NN-BLMA. The testing, training, and validation procedures of
NN-BLMA and correlation to ensure the proposed model’s accuracy assess the estimated
solution for various scenarios. Furthermore, the thermal investigation in the wavy fin is
performed using the ANSYS simulation scheme. The aforementioned analysis presents the
following significant findings:

• The thermal distribution enhances in the wavy fin as the thermal conductivity param-
eter increases.

• The lesser values of the convective-conductive parameter upsurge the thermal re-
sponse of the wavy fin.

• As the number of surface waves per fin surface increases, the thermal distribution is
reduced.

• An increase in the fin profile aspect ratio causes a decrease in thermal distribution.
• The fin material with a lower thermal conductivity value yields a higher heat transfer

rate.
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• The rate of heat transfer is more for strong convective heat transfer, which is dependent
on the parameter of the convective coefficient as well as the convective-conductive
parameter.

• The wavy fins’ performance is assessed by means of surface area, cross-sectional
area gradient at the base, and arc length in relation to the regular fin. The thermal
distribution is lower for a wavy fin than a rectangular profiled fin; thus, the heat
transfer rate is higher for a wavy fin.

• The designed NN-BLMA model has been determined to be credible due to its high
consistency during training, validation, and testing.

• The error histograms show very little variation in the error tiers. The performance,
regression model, and error histograms’ findings indicate that the training phases of
the NN-BLMA models established for determining heat transfer through a wavy fin
have been efficiently accomplished.

• The ANSYS simulation results illustrate that the thermal distribution in the rectangular
fin is more pronounced than in the wavy fin due to convective heat transfer. As a
consequence, the wavy fin transmits heat more effectively.

The adoption of wavy fins in compact fin heat exchangers is noteworthy; these fins
were able to improve heat transmission through thermal-hydraulic performance. Therefore,
the goal of this study is to examine heat transmission improvements in the wavy fin, which
are utilized in the heat exchange system. In this direction, consideration of heat transfer
liquids, porous materials, and magnetic impact along with wavy fins can lead to significant
improvements in the heat transfer mechanism. However, compared to the heat transfer
equations of the ordinary fins, describing the governing mathematical model of the wavy
fin and achieving its numerical or analytical solution is quite difficult.
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Nomenclature

aRL Fin profile aspect ratio ϕ Surface wave phase shift

δ
Surface wave dimensionless
amplitude

K Thermal conductivity

Nc Convection–conduction parameter H0 Fin base half height
m Exponent constant h∗ Convective heat transfer coefficient

n
Number of surface waves per fin
surface

Θ Non-dimensional temperature

T Temperature x Fin axial distance
ACS Fin cross-sectional area β Thermal conductivity parameter
H Fin half height X Fin’s length (dimensionless)
L Fin’s length ASF Fin surface area

χ
Slope of the thermal
conductivity–temperature curve

Subscripts

W Width b Base
Lta Wavy fin total arc length ∞ Ambient
q Heat flux
Q Dimensionless heat flux
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