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Abstract: The modal and vibration-noise response characteristics of plate structures are closely related
to their boundary effects, and the analytical modeling and solution of the dynamics of plate structures
with complex boundary conditions can reveal mechanisms of the influence of the boundary structure
parameters on the modal characteristics. This paper proposes a new method for dynamic modeling
of rectangular plates with periodic boundary conditions based on the energy equivalence principle
(mixed-variable variational principle) of equating complex boundary “geometric constraints” to
“mathematical physical constraints”, taking a rectangular plate structure with periodic boundaries
commonly used in engineering as the object. First, the boundary external potential energy of the
periodic boundary rectangular plate is obtained by equating the bending moment and deflection
to the boundary conditions. Next, we establish the total potential energy model, the amplitude
boundary equation, as well as the frequency equation of the periodic boundary rectangular plate
in turn. Solving by numerical method, the natural frequency of the theoretical model is obtained.
The validity of the theoretical model is then verified by modal test experiments. Finally, the law
of the parameters such as the form of boundary constraint, the number of periods, and the clamp
support ratio on the natural frequency of the rectangular plate is investigated. The results show that
the natural frequency of the rectangular plate is closely related to the boundary form and period
distribution of the plate. The modal frequencies of the plate structure can be tuned by the design of
the boundary conditions for a certain size of the plate structure. The research in this paper provides a
theoretical and technical basis for the vibration noise control of complex boundary plate structures.

Keywords: dynamical model; the mixed-variable variational principle; periodic boundary constraints;
complex boundary; modal test experiments; modal property regulation

MSC: 37M15

1. Introduction

Complex boundaries are a widespread form of structures in engineering [1–10], and
their boundary form affects the dynamic properties of the structure, and it is of great
importance to study the dynamical modeling methods of complex boundary structures to
reveal their inherent properties and to perform the modulation of dynamical properties.
In recent years, a considerable amount of dynamical modeling and dynamical charac-
terization of structures with various types of complex boundary conditions have been
carried out [11–14]. For instance, considering multiple cracks and the stiffness reduction
effect in the vicinity of a crack, Zhao [15] developed a fourth-order differential equation to
govern the deflection behavior of multi-cracked Euler–Bernoulli beams using a diffused
stiffness reduction crack model. The powerful variational iteration method was applied
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to obtain the analytical solution of the multi-cracked beams on elastic foundations. Five
shape functions were introduced, based on which deflection of the multi-cracked beam was
proposed. Both the solutions corresponding to the general elastic boundary conditions and
the conventional boundary conditions were presented explicitly. Zhou et al. [16] proposed
a constrained variational modeling method for predicting the static and dynamic behaviors
of the large deflection non-uniform beam under arbitrary boundary conditions on the
basis of a geometrically exact formulation. Peng et al. [17] presented an analysis model
of the imperfect functionally graded carbon nanotube-reinforced composite (FG-CNTRC)
beams with arbitrary boundary conditions based on the first-order shear theory using the
boundary spring technique and simulated the relaxation degree by adjusting the spring
stiffness, derived the governing equations using the Rayleigh–Ritz method of solving the
frequencies of beams with geometric imperfections, and relaxed boundaries. Han et al. [18]
established and solved a dynamical model of a composite Timoshenko beam with arbitrary
boundary conditions based on Hamilton’s principle and the differential transformation
matrix method (DTMM) accounting for the composite material coupled rigidity, Coriolis
effects, and the separation of the cross-section’s mass and shear centers. As well, the influ-
ence of the composite material rigidity, rotation speed, hub radius, and axial load on the
natural frequencies and mode shapes of the beam were investigated, while the frequency
veering and mode shift phenomena were observed.

Besides the dynamical modeling and dynamical properties of beam structures with
complex boundary conditions [19], the dynamical modeling and dynamical properties
of plate structures [20–24], shell structures [25–31], and other types of structures [32–34]
with complex boundary conditions have also been investigated [35–39]. For example,
Xue et al. [20] developed and solved a dynamics model for medium-thick composite lami-
nates with arbitrary boundary conditions based on Mindlin’s theory, Hamilton’s principle,
a modified Fourier series method, and the spring technique, with parametric studies on the
effects of several key parameters, such as thickness-to-width ratio, number of plies, and
lay-up angle between two plies. According to the shallow shell theory, a novel dynamic
model of a rotating variable-thickness pre-twisted blade with arbitrary elastic boundary
was established by Li et al. [32]. Furthermore, its vibration characteristics were carried out.

The extensive research results show that a variation of the boundary conditions can
have a profound effect on the dynamic behavior of the structure. Li et al. [25] indicated that
the effects of classical and elastic boundary conditions on the vibration characteristics of the
cylindrical shell of functionally graded porous graphene platelets (FGPGP) are unavoidable
via study. As the circumferential wave number increased, the natural frequency decreased
first and then increased. Semnani et al. [26] proved that the radius of curvature ratio, radius
of curvature versus eigenlength, material length scale parameter versus thickness ratio, and
boundary conditions are efficient factors contributing to the modal drift of thin and shallow
microshells with their research. The sound radiation behaviors of the functionally graded
porous (FGP) plate with arbitrary boundary conditions on an elastic foundation was studied
by Hu et al. [21]. The analysis showed that the boundary conditions have considerable
influence on the acoustic response of the FGP plate. Different elastic parameters for the
elastic boundary conditions shall have different implications on the acoustic response of the
FGP plate. Compared with the torsional elastic parameters and in-plane elastic parameters,
the transverse elastic parameters have the greatest influence on the sound power and sound
radiation efficiency.

Su et al. [40] studied the free and forced vibrations of bending beams with different
boundary conditions based on a modified variational method. He et al. [41] proposed a
new energy method to solve the fluid–solid coupling problem for a functional gradient
porous fluid-filled cylindrical shell with arbitrary boundary conditions using a modified
variational principle. Although many scholars have done a lot of research on dynam-
ics modeling and dynamics characteristics analysis of beams, plates, shells, and other
structures under complex boundaries, so far there is still no effective analytical modeling
and solution method for complex periodic boundary constraint problems, except for the
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simple-supported plate structures for which analytical results can be obtained well. Based
on the energy equivalence principle, this paper converts the complex boundary “geometric
constraints” into “mathematical physical constraints”, establishes a new model for the
dynamics of rectangular plate under periodic boundary conditions based on the variational
principle of mixed variables, and systematically analyzes the modal performance. In addi-
tion, on the basis of experimental tests to verify the correctness of the theoretical model, the
influence of key parameters such as the form of boundary period distribution, number of
periods, clamping ratio, and combined boundary conditions on the modal frequency of
thin rectangular plate is analyzed and revealed.

2. Theoretical Formula
2.1. Description of the Model

A theoretical model of a thin rectangular plate with symmetric periodic boundary
conditions is shown in Figure 1. a is the length, b is the width, and ignore the thickness of
the plate. Set the right-angle coordinate system on the plane of the thin rectangular plate
in Figure 1a, in which x, y is along the length direction and width direction, respectively.
The boundary condition of the thin rectangular plate is the symmetric period boundary
condition, displayed in Figure 1b. Where, both edges parallel to the x-direction divided
into m cells with the same scale distribution, and the length of the cell element is a/m,
with rcx, rsx, r f x representing the ratio of clamping, simple, and free branches of the cell
element in x-direction, respectively. As well, two edges parallel to the y-direction are
divided into n cells with the same scale distribution, and the length of the cell is b/m. Let
rcy, rsy, and r f y denote the ratio of clamped, simple, and free cell elements in the y-direction,
correspondingly. In addition, rcx, rsx, r f x and rcy, rsy, r f y satisfies the following relationship:

rcx + rsx + r f x = 1, (1)

rcy + rsy + r f y = 1. (2)
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Figure 1. Theoretical model of a thin rectangular plate with symmetric periodic boundary condi-
tions: (a) Generalized support-edge thin rectangular plate under a harmonic load; (b) Generalized 
support-edge thin rectangular plate with symmetric periodic boundary conditions. 

Figure 1. Theoretical model of a thin rectangular plate with symmetric periodic boundary conditions:
(a) Generalized support-edge thin rectangular plate under a harmonic load; (b) Generalized support-
edge thin rectangular plate with symmetric periodic boundary conditions.

2.2. Energy Expressions

According to reference [42], the dynamic strain energy density is:

A
(
w′
)
=

1
2

D

{(
∂2w′

∂x2 +
∂2w′

∂y2

)2

− 2(1− ν)

[
∂2w′

∂x2
∂2w′

∂y2 −
(

∂2w′

∂x∂y

)2]}
(3)

where w′ denotes the deflection; ν denotes the Poisson’s ratio. According to the definition,
the total potential energy of the mixed variables is equal to the deformation strain energy
minus the external potential of the known face force and the known boundary force, plus
the residual potential of the known boundary displacement.
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Then, the total potential energy of the mixed variables of the generalized support-edge
thin rectangular plate is:

∏′mp =
a∫

0

b∫
0

A(w′)dxdy−
a∫

0

b∫
0

q′w′dxdy−
b∫

0
M′x0

(
∂w′
∂x

)
x=0

dy +
b∫

0
M′xa

(
∂w′
∂x

)
x=a

dy−

a∫
0

M′y0

(
∂w′
∂y

)
y=0

dx +
a∫

0
M′yb

(
∂w′
∂y

)
y=b

dx−
b∫

0
w′x0(V

′
x)x=0dy +

b∫
0

w′xa(V′x)x=ady−
a∫

0
w′y0

(
V′y
)

y=0
dx +

a∫
0

w′yb

(
V′y
)

y=b
dx

(4)

where q′ is the harmonic load; M′ is the bending moment, and V′ is the equivalent tangen-
tial force.

Define the corresponding potential quantities of the mixed variables as [42]:

Amp = K−∏ ′
mp (5)

where K is the kinetic energy of the thin rectangular plate and gives:

K =

a∫
0

b∫
0

1
2

ρ

(
∂w′

∂t

)2

dxdy (6)

where ρ is the mass per unit area of the thin rectangular plate.
The integration of the potential quantities of the mixed variables over the time t1 ∼ t2 is:

t2∫
t1

Ampdt =
t2∫

t1

(
K−∏ ′

mp

)
dt. (7)

The zero variational equation for residual work of boundary displacement within w′ is:

δ


b∫

0

(
−D

[
∂3w′
∂x3 + (2− ν) ∂3w′

∂x∂y2

]
w′dy

)a

0

+
a∫

0

(
−D

[
∂3w′
∂y3 + (2− ν) ∂3w′

∂x2∂y

]
w′dx

)b

0
−
{[
−2D(1− ν) ∂2w′

∂x∂y

]
w′
}

x=0,y=0
+
{[
−2D(1− ν) ∂2w′

∂x∂y

]
w′
}

x=a,y=0

−
{[
−2D(1− ν) ∂2w′

∂x∂y

]
w′
}

x=a,y=b
+
{[
−2D(1− ν) ∂2w′

∂x∂y

]
w′
}

x=0,y=b

 = 0 (8)

and the load on the thin rectangular plate is sinusoidal, hence there is:

q′(x, y, t) = q(x, y) sin ωt, (9)

M′x0(y, t) = Mx0(y) sin ωt, · · · , (10)

w′x0(y, t) = wx0(y) sin ωt, · · · , (11)

w′(x, y, t) = w(x, y) sin ωt (12)

where the symbols with superscript ′ indicate harmonic quantities.
Take the variational extremum of Equation (7) and combine Equations (8)–(12) to

obtain the total potential energy of the mixed variables of the amplitude system as:
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∏amp =
a∫

0

b∫
0

1
2 D
{(

∂2w
∂x2 + ∂2w

∂y2

)2
− 2(1− ν)

[
∂2w
∂x2

∂2w
∂y2 −

(
∂2w
∂x∂y

)2
]}

dxdy−

a∫
0

b∫
0

(
qw + 1

2 ρω2w2
)

dxdy−
b∫

0
Mx0

(
∂w
∂x

)
x=0

dy +
b∫

0
Mxa

(
∂w
∂x

)
x=a

dy−

a∫
0

My0

(
∂w
∂y

)
y=0

dx +
a∫

0
Myb

(
∂w
∂y

)
y=b

dx−
b∫

0
wx0(Vx)x=0dy +

b∫
0

wxa(Vx)x=ady−
a∫

0
wy0
(
Vy
)

y=0dx +
a∫

0
wyb
(
Vy
)

y=bdx

(13)

As the boundary condition of the thin rectangular plate investigated here is a symmet-
ric periodic boundary condition, the total potential energy of the mixed variables of the
corresponding amplitude system can be seen in Appendix A (Equation (A1)). where D is
the stiffness, ω is the frequency, Lxp is the length of the pth cell element homogeneously
divided in the x-direction, and Lyq is the qth cell element homogeneously divided in the
y-direction, while Vy and Vx are given by:

Vy = −D
[

∂3w
∂y3 + (2− ν)

∂3w
∂x2∂y

]
, (14)

Vx = −D
[

∂3w
∂x3 + (2− ν)

∂3w
∂x∂y2

]
. (15)

2.3. Solution to Free Vibration

Based on reference [42], there are:

Myqx0 =
∞

∑
j=1,2

Cq,j sin
(

jπ
b

y
)

, (16)

Myqxa =
∞

∑
j=1,2

Dq,j sin
(

jπ
b

y
)

, (17)

Mxpy0 =
∞

∑
i=1,2

Ep,i sin
(

iπ
a

x
)

, (18)

Mxpyb =
∞

∑
i=1,2

Fp,i sin
(

iπ
a

x
)

, (19)

wyqx0 =
∞

∑
j=1,2

cq,j sin
(

jπ
b

y
)

, (20)

wyqxa =
∞

∑
j=1,2

dq,j sin
(

jπ
b

y
)

, (21)

wxpy0 =
∞

∑
i=1,2

ep,i sin
(

iπ
a

x
)

, (22)

wxpyb =
∞

∑
i=1,2

fp,i sin
(

iπ
a

x
)

, (23)

w(x, y) =
∞
∑

i=1,2

∞
∑

j=1,2
Aij sin iπ

a x sin jπ
b y,

0 ≤ x ≤ a, 0 ≤ y ≤ b
(24)
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Zero variational relationship for the boundary displacement residual work within the
amplitude of the thin rectangular plate is:

δ
a∫

0

{
−D

[
∂3w
∂y3 + (2− ν) ∂3w

∂x2∂y

]
w
}b

0
dx+

δ
b∫

0

{
−D

[
∂3w
∂x3 + (2− ν) ∂3w

∂x∂y2

]
w
}a

0
dy = 0

(25)

Let
αi =

iπ
a

, (26)

β j =
jπ
b

, (27)

λ2 =
1
D

ρω2, (28)

K′ij
2 =

(
αi

2 + β j
2
)2
− λ2. (29)

In order to obtain the natural frequency of the thin rectangular plate, let:

q = 0. (30)

Take Equations (16)–(24) into Equation (A1) and combine Equations (14) and (15)
with Equations (26)–(30), then take the variational extremum and substitute the obtained
back into Equation (24) to yield the specific expression of w(x, y) which can be seen in
Appendix A (Equation (A2)):

Boundary conditions shall be satisfied as:

∂w
∂y

= 0, x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

, y = 0, (31)

∂w
∂y

= 0, x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

, y = b, (32)

∂w
∂x

= 0, x = 0, y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

, (33)

∂w
∂x

= 0, x = a, y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

, (34)

∂3w
∂y3 + (2− ν)

∂3w
∂x2∂y

= 0, x ∈
[

Lxp−1+rcx Lxp
, Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

, y = 0, (35)

∂3w
∂y3 + (2− ν)

∂3w
∂x2∂y

= 0, x ∈
[

Lxp−1+rcx Lxp
, Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

, y = b, (36)

∂3w
∂x3 + (2− ν)

∂3w
∂x∂y2 = 0, x = 0, y ∈

[
Lyq−1+rcy Lyq

, Lyq−1 + rcyLyq + r f yLyq

]
q=1,2,··· ,n

, (37)

∂3w
∂x3 + (2− ν)

∂3w
∂x∂y2 = 0, x = a, y ∈

[
Lyq−1+rcy Lyq

, Lyq−1 + rcyLyq + r f yLyq

]
q=1,2,··· ,n

, (38)

Lx0 = Ly0 = 0. (39)
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Taking Equation (A2) into the boundary conditions Equations (31)–(39) respectively,
and together with Equations (26) and (27), give:

∆



Cq,j
Dq,j
Ep,i
Fp,i
cq,j
dq,j
ep,i
fp,i


= 0. (40)

where ∆ is the frequency matrix, which is detailed in Appendix A.
The frequency equation is:

|∆| = 0. (41)

The natural frequency of a thin rectangular plate can be obtained by solving the
frequency formula (41); thus, the corresponding vibration pattern can be obtained.

3. Results and Discussion

The section is divided into two main subsections. The first part validates the model,
and parametric studies are conducted in the second subsection to investigate the effects of
the form of boundary period distribution, number of periods, the ratio of the clamping sup-
port, and the combined boundary conditions on the natural frequency of a thin rectangular
plate. The metal used in the analysis is aluminum, and the material properties are shown
in Table 1.

Table 1. Material Properties.

Property Al

E(Pa) 70× 109

ν 0.33
ρ
(
kg/m3) 2700

3.1. Model Validation

A comparison of the results obtained from experimental tests with those of the theoret-
ical model presented in this paper is carried out in this subsection to verify the correctness
of the theoretical model. The test was performed using hammer impact method of single
point excitation multipoint response (SIMO) method, i.e., fixed hammer strike points and
all acceleration sensors were on the sample board under testing in order to measure the
transfer function for the experimental modal analysis or transfer path analysis. In this case,
the test equipment uses an LMS test system with a force hammer (LMS 086c03) to collect the
excitation signal and a PCB acceleration three-way sensor (ICP 365A25 series) to collect the
acceleration signal for multiple measurement points. In this test, the test specimen panel is
divided into 8 × 8 to arrange the measurement points for modal testing. The modal tests
were conducted for three different boundary conditions of the thin plate, and the specific
test equipment and test specimens are shown in Figure 2. The thin rectangular plate is of
thickness 0.003 m, and sides 0.54 m and 0.44 m, and all the three boundary conditions are
symmetric periodic boundary conditions. The numbers of cell elements in x-direction m
and y-direction n, the clamped ratios rcx (x-direction) and rcy (y-direction), the free ratios
r f x (x-direction) and r f y (y-direction), and the simply supported ratios rsx (x-direction) and
rsy (y-direction) are shown in Table 2.
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Table 2. Three types of boundary conditions for a thin rectangular plate.

Pattern m n rcx rcy rfx rfy rsx rsy

BC1 10 10 6/54 6/44 48/54 38/54 0 0
BC2 30 10 6/18 6/44 12/18 38/54 0 0
BC3 30 10 6/18 8/44 12/18 36/54 0 0

The comparison of theoretical results and experimental test results is displayed in
Table 3.

Table 3. Comparison of the natural frequency results.

BC Modal Order Theoretical Results (Hz) Experiment Results (Hz) Error

BC1

1 129.85 130.00 0.12%
2 229.46 229.00 0.20%
3 295.92 295.00 0.31%
4 387.23 384.00 0.84%
5 540.11 542.00 0.35%

BC2

1 133.18 129.58 2.78%
2 232.20 224.55 3.41%
3 305.99 297.85 2.73%
4 392.9 389.18 0.96%
5 549.26 553.13 0.70%

BC3

1 133.34 132.56 0.59%
2 232.78 229.42 1.46%
3 306.09 301.57 1.50%
4 394.08 389.99 1.05%
5 550.36 555.84 0.99%

The comparison of the results shows that the theoretically calculated natural frequen-
cies are in good agreement with the experimentally assessed natural frequencies, with the
error within 10%, while the corresponding modal vibration modes are also similar. Thus,
the validity of the theoretical model is verified, which provides a compelling foundation
for the subsequent investigation of the effects of model-related parameters on the behavior
of thin rectangular plates.

3.2. Parametric Study
3.2.1. Effects of the Form of Boundary Period Distribution on the Natural Frequencies of
Thin Rectangular Plates

The forms of the boundary distribution of rectangular plates with symmetric periodic
boundary conditions are broadly classified into two categories: periodic distribution with
only two symmetric edge boundary conditions and all four edges of the boundary are
periodically distributed. In which, only two symmetric edge boundary condition period
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distribution can be divided into two symmetric edge boundary condition period distribu-
tion in x-direction only, and two symmetric edge boundary condition period distribution
in y-direction only. In order to investigate the effect of the form of period distribution on
the natural frequencies, the first six natural frequencies of the thin rectangular plate under
three kinds of boundary conditions, namely, period constrained in x-direction with free
in y-direction, period constrained in y-direction as well as free in x-direction, and period
constrained in both x- and y-directions, are contrasted below. In which, the set number of
periods m and n are both 10, and the ratio of clamping branches rcx and rcy are both 20%.

A comparison of first six order natural frequencies of the thin rectangular plate subject
to three boundary conditions: periodic constraint in x-direction (m = 10, rcx = 20%), free
in y-direction; periodic constraint in y-direction (n = 10, rcy = 20%), free in x-direction; and
periodic constraint in both x- and y-directions (m = n = 10, rcx = rcy = 20%) is presented
in Figure 3. Results show that the first six order natural frequencies of the thin rectangular
plate with period constraint in x-direction (m = 10, rcx = 20%) while the y-direction is free
boundary condition are 73.51 Hz, 83.66 Hz, 125.96 Hz, 204.64 Hz, 213.92 Hz, and 219.26 Hz;
y-directional period constraint (n = 10, rcy = 20%), while x-directional free boundary
condition of the thin rectangular plate with the first six orders of natural frequencies of
50.20 Hz, 64.66 Hz, 130.47 Hz, 139.49 Hz, 160.38 Hz, and 234.90 Hz, respectively; Whereas,
the first six order natural frequencies of the thin rectangular plate with periodic constraint
(m = n = 10, rcx = rcy = 20%) boundary conditions in both x- and y-directions are
103.23 Hz, 186.61 Hz, 235.54 Hz, 313.27 Hz, 321.55 Hz, and 440.15 Hz in order.
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In comparison, it is found that the natural frequencies of the thin rectangular plate
with periodic constraint in both x- and y-directions (m = n = 10, rcx = rcy = 20%) boundary
conditions are much higher than those of the thin rectangular plate with periodic constraint
in x-direction (m = 10, rcx = 20%), free in y-direction as well as periodic constraint in
y-direction (n = 10, rcy = 20%) and free in x-direction boundary conditions. Besides, the
natural frequency variability becomes more remarkable as the natural frequency order
increases. The main reason for this difference is that a rectangular plate with periodic
constraint boundary conditions on all four sides is more strongly constrained and has
more boundary energy attached to the plate than a plate with only two pairs of periodic
constraints and two pairs of free boundary conditions, which results in a higher stiffness
and therefore a higher modal frequency. The length of the thin rectangular plate in the x-
direction is longer than that in the y-direction, thus, the first six orders of natural frequencies
of the thin rectangular plate with the boundary condition of x-directional period constraint
(m = 10, rcx = 20%) and free in y-direction are presented, except for the third-order natural
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frequency of 125.96 Hz and the sixth order natural frequency of 219.26 Hz, which are
slightly lower than the corresponding natural frequencies of the thin rectangular plate
with y-directional period constraint (n = 10, rcy = 20%) and free in x-directional boundary
condition 130.47 Hz and 234.90 Hz, the natural frequencies of the other orders are higher.
However, the variability between the natural frequencies of thin rectangular plates with
periodic constraints in the x-direction (m = 10, rcx = 20%) along with free boundary
conditions in the y-direction and those with periodic constraints in the y-direction (n = 10,
rcy = 20%) along with free boundary conditions in the x-direction is much lower than
the variability between those with periodic constraints on all four sides (m = n = 10,
rcx = rcy = 20%). The main reason for this difference is that the four-sided periodic
constraint makes the boundary energy attached to the plate higher than that of the two-
sided periodic constrained rectangular plate only, and the overall stiffness of the four-sided
periodic constrained rectangular plate is significantly greater than that of the two-sided
periodic constrained rectangular plate only.

3.2.2. Effects of the Number of Periods and the Ratio of Clamping Support on the Natural
Frequency of Thin Rectangular Plates

Thin rectangular plates with symmetric periodic boundary conditions are classified
into two categories: rectangular plates with periodic distribution with only two symmetric
side boundary conditions and rectangular plates with periodic distribution with all four
side boundary conditions. In order to investigate the effect of the number of periods and
the ratio of clamping support on its natural frequency, the effect of the number of periods
and the ratio of clamping support on the natural frequency of a thin rectangular plate with
a boundary condition of period constraint in the x-direction and free in the y-direction
is investigated for this class of thin rectangular plate with only two symmetric edges of
period distribution.

Figure 4a,b indicate the corresponding first-order and second-order natural frequencies
versus the ratio of clamp support for a thin rectangular plate with boundary conditions
of period constraint in the x-direction and free in the y-direction for three distinct period
numbers 10, 15, and 20. Figure 4c,d demonstrate the first- and second-order natural
frequencies versus the number of periods at three different clamp support ratios of 20%,
50%, and 70% for this plate.

Analysis of Figure 4a,b reveals that for a certain number of periods, the natural
frequency of the thin rectangular plate increases significantly as the clamping ratio increases
from 10% to 50%, while the increase of the natural frequency of the thin rectangular plate
decreases dramatically with the increase of the clamping ratio from 50% to 100%. From
Figure 4c,d, it shows that the natural frequency of the thin rectangular plate increases
significantly with the increase of the number of periods from 5 to 10, while the increase of
the natural frequency of the thin rectangular plate slows down as the number of periods
increases from 10 to 30 for a certain ratio of clamp support. Combining the comparison of
Figure 4a with Figure 4c,b with Figure 4d, the greater the number of periods, the higher the
natural frequency of the thin rectangular plate as the clamp support ratio ranges from 10% to
50% in interval. When clamp support ratio ranges from 50% to 100%, the natural frequency
of thin rectangular plate shows a significant positive correlation with period number for
period number less than 10; while the natural frequency of thin rectangular plate almost
no longer varies with period number at period number greater than 10. The main reason
for the above phenomenon is that by changing the number of periods and the ratio of
clamping support, the constraint layout of the rectangular plate changes and the boundary
energy attached to the rectangular plate changes, which in turn affects the stiffness of
the rectangular plate and thus its modal frequency changes accordingly. In particular, by
changing the clamp ratio, the larger the clamp ratio, the stronger the binding force on the
rectangular plate boundary, the higher the boundary energy attached to the rectangular
plate, the greater the stiffness of the plate and the increase of the modal frequency.



Mathematics 2023, 11, 2381 11 of 24

Mathematics 2023, 11, 2381 11 of 25 
 

 

, 20%cyr = ) along with free boundary conditions in the x-direction is much lower than 
the variability between those with periodic constraints on all four sides ( 10m n= = , 

20%cx cyr r= = ). The main reason for this difference is that the four-sided periodic con-
straint makes the boundary energy attached to the plate higher than that of the two-sided 
periodic constrained rectangular plate only, and the overall stiffness of the four-sided pe-
riodic constrained rectangular plate is significantly greater than that of the two-sided pe-
riodic constrained rectangular plate only. 

3.2.2. Effects of the Number of Periods and the Ratio of Clamping Support on  
the Natural Frequency of Thin Rectangular Plates 

Thin rectangular plates with symmetric periodic boundary conditions are classified 
into two categories: rectangular plates with periodic distribution with only two symmetric 
side boundary conditions and rectangular plates with periodic distribution with all four side 
boundary conditions. In order to investigate the effect of the number of periods and the ratio 
of clamping support on its natural frequency, the effect of the number of periods and the 
ratio of clamping support on the natural frequency of a thin rectangular plate with a bound-
ary condition of period constraint in the x-direction and free in the y-direction is investigated 
for this class of thin rectangular plate with only two symmetric edges of period distribution. 

Figure 4a,b indicate the corresponding first-order and second-order natural frequen-
cies versus the ratio of clamp support for a thin rectangular plate with boundary condi-
tions of period constraint in the x-direction and free in the y-direction for three distinct 
period numbers 10, 15, and 20. Figure 4c,d demonstrate the first- and second-order natural 
frequencies versus the number of periods at three different clamp support ratios of 20%, 
50%, and 70% for this plate. 

 
(a) (b) 

 
(c) (d) 

Figure 4. (a) The 1st natural frequency with respect to the ratio of clamping support with m = 10,
15, and 20, respectively; (b) The 2nd natural frequency with respect to the ratio of clamping support
with m = 10, 15, and 20, respectively; (c) The 1st natural frequency with respect to the number of
periods with r−cx = 20%, 50%, and 70%, respectively; (d) The 2nd natural frequency with respect to
the number of periods with r−cx = 20%, 50%, and 70%, respectively.

To investigate the effects of the number of periods and clamping support ratio on
the natural frequencies of a thin rectangular plate with periodic distribution in all four
boundary conditions, the natural frequencies of a thin rectangular plate with periodic
constraints in x- and y-directions (rcx = rcy = 20%, varying the number of periods m and
n) and those of a thin rectangular plate with periodic constraints in x- and y-directions
(m = n = 10, varying the clamping support ratio rcx, rcy) were calculated and the results
are displayed in Figure 5.
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The 3D plots of the relationship between first-order, second-order natural frequencies,
and the number of periods in x- and y-directions for a thin rectangular plate with 20%
clamping ratio in both x- and y-directions are plotted in Figure 5a,b. In addition, Figure 5c,d
depict three-dimensional plots of the relationship between the first-order, second-order
natural frequencies, and the ratio of clamping support in x- and y-directions for a thin
rectangular plate with a period number of 10 in both x- and y-directions. It is observed
that the natural frequency of the thin rectangular plate increases with the increase of the
number of periods in x- and y-directions for a certain ratio of clamping support in x- and y-
directions, and the closer the number of periods in x- and y-directions, the higher the natural
frequency of the plate. On the other hand, the natural frequency of the thin rectangular
plate increases with the increasing of the clamping ratio in x- and y-directions for a certain
number of periods in x- and y-directions, but the natural frequency of the thin rectangular
plate increases significantly with the increasing of the clamping ratio in x-direction from
10% to 70% while within the interval from 10% to 50% for the clamping ratio in y-direction,
and the increase of the natural frequency will be reduced significantly once the clamping
ratio exceeds the interval. Due to changing the number of periods and the ratio of clamping
support, a variation of the boundary arrangement of the thin rectangular plate occurs,
especially affecting the coupling between boundary constraints in x- and y-directions. For
the first-order and second-order modes, the number of periods, the clamping ratio, and
the additional boundary energy of the rectangular plate are positively correlated, and the
increase of the number of periods and the clamping ratio leads to the increased overall
stiffness of the plate and the increased modal frequency. Compared with the increase of the
number of periods, the increase of the clamp ratio has a more significant boundary restraint
effect on the rectangular plate, and the increase of the additional boundary energy is more
significant, then, the overall stiffness and modal frequency of the rectangular plate will
increase more.

The above analysis indicates that the natural frequency of a thin rectangular plate
with a periodic distribution of boundary conditions on two symmetric sides only, or with
a periodic distribution of boundary conditions along all four sides, can be regulated via
altering the number of periods and the ratio of clamping support.

3.2.3. Effects of Combined Boundary Conditions on the Natural Frequencies of the Thin
Rectangular Plate

A periodic distribution of thin rectangular plates with only two symmetric edges
boundary conditions is classified in accordance with the different remaining edges bound-
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ary conditions: free, simply supported, and clamped. Therefore, the boundary conditions
of the thin rectangular plate with symmetric periodic boundary conditions are a combina-
tion of two symmetric edge boundary conditions periodic distribution and residual edge
boundary conditions for free, simple support, clamped support, and periodic distribution,
with respect to each other. In order to explore the effect of combined boundary conditions
on their natural frequencies, the boundary conditions in the x-direction with periodic
distribution and the boundary conditions in the y-direction with free, simple, clamped, and
periodic distribution in turn were investigated as examples.

The first-order natural frequencies corresponding to a thin rectangular plate with
boundary conditions of period distribution (number of periods m = 10) in the x-direction,
free, simple support, clamped support, and periodic distribution (number of periods n = 10,
clamped support ratio rcy = 50%) in the y-direction for 20%, 50%, and 70% clamped support
ratio in the x-direction, respectively, are plotted in Figure 6a. Whereas, Figure 6b displays
the first-order natural frequencies of a thin rectangular plate with boundary conditions
of period distribution in x-direction (clamped support ratio rcx = 20%) and boundary
conditions of free, simple support, clamped support, and period distribution in y-direction
(period number n = 10, clamped support ratio rcy = 50%) for a period number of 10, 15,
and 20 in x-direction, respectively.
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Through the observation of Figure 6, it is found that the first-order natural frequency
of the thin rectangular plate increases significantly with changing only the y-direction
boundary conditions, which are free, simply supported, and periodically distributed (the
number of periods n = 10, the ratio of clamped support rcy = 50%.); the main reason for this
difference is that the binding force on the rectangular plate is significantly enhanced with
the sequential change of the boundary conditions in the y-direction, the boundary energy
attached to the plate is sequentially enhanced, and then the stiffness increases significantly,
so the modal frequency of the rectangular plate increases significantly accordingly. In
contrast, the first-order natural frequency of the thin rectangular plate with a clamped
support condition in the y-direction is slightly higher than that with a periodical distribution
(number of periods n = 10, clamped support ratio rcx = 50%) in the y-direction. The reason
from the analysis in Figure 4 is evident; when other conditions remain unchanged except
for the size of the clamping ratio, after the clamping ratio is greater than 50%, the increase
of the modal frequency of the rectangular plate with the increase of the clamping ratio
decreases significantly. That is, when the clamping ratio is more than a certain proportion,
the resulting boundary restraint effect gradually gets closer to the restraint effect under
the full solid support boundary conditions. At the remaining boundary conditions in the
order of free, simply supported, clamp-supported, and periodic distribution (number of
periods n = 10, clamp-supported ratio rcy = 50%), the pattern exhibited by altering the
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clamp-supported ratio and number of periods in the x-direction only, respectively, is the
same as the pattern obtained from the analysis of Figure 4.

With the mentioned comparison, it can be concluded that the combined boundary
conditions have a significant effect on the natural frequency of the thin rectangular plate
with symmetric periodic boundary conditions, and we are able to regulate the natural
frequency of the thin rectangular plate by the combined boundary conditions.

4. Conclusions

An analytical model of a thin rectangular plate with symmetric periodic boundary
conditions is established in this paper, and the influence of the boundary constraint param-
eters on the modal characteristics of the thin rectangular plate is investigated. The main
conclusions are as follows:

1. A new dynamic modeling method for periodically bounded rectangular plates based
on the variational principle of mixed variables is proposed. In particular, the proposed
boundary constraint equivalence method based on the energy equivalence principle
realizes the transformation of the periodic constraint boundary from “structural geo-
metric constraint” to “mathematical physical constraint”, and this method provides
a theoretical basis for the design of periodic boundaries of plate structures and the
control of vibration noise of plates.

2. The influence law of the periodic boundary constraint form of the rectangular plate
on the modal frequency of the plate structure is revealed, which provides a theoretical
basis for adjusting the modal frequency and improving its dynamic characteristics
through the design of the boundary constraint conditions. The plate stiffness and
modal properties can be changed by introducing periodic boundaries to change the
additional energy of the plate boundary. Any combination of periodic, free, and
simply supported boundaries can adjust the modal frequency of the rectangular plate
in a wider range, which is more conducive to avoid resonance and reduce the vibration
noise of the structure.

3. The influence law of the period-constrained boundary parameters on the dynamic
properties of rectangular plates is revealed. In this paper, the relationship between
the number of periods, clamped support ratio, and modal frequency of the boundary
periodically constrained rectangular plate shows that the clamped support ratio
has more significant influence on the inherent characteristics of the plate structure
compared to the number of periods. For the traditional bolted rectangular plate, the
design of the clamp support ratio and number of periods can be used to regulate the
dynamic properties of the plate.

The mentioned study shows that the natural frequency of a rectangular plate is closely
related to the boundary form and period distribution of the plate, etc. With a fixed size
of the plate structure, the adjustment of its natural frequency can be realized through the
design of boundary conditions, so as to change the inherent characteristics of the system,
avoid modal resonance, and reduce the vibration noise of the structure.
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Appendix A

∏amp =
a∫

0

b∫
0

1
2 D
{(

∂2w
∂x2 + ∂2w

∂y2

)2
− 2(1− ν)

[
∂2w
∂x2

∂2w
∂y2 −

(
∂2w
∂x∂y

)2
]}

dxdy−

a∫
0

b∫
0

(
qw + 1

2 ρω2w2
)

dxdy−


rcy Ly1∫

0
My1x0

(
∂wy1

∂x

)
x=0

dy+

n
∑

q=2

Ly1+Ly2+···Lyq−1+rcy Lyq∫
Ly1+Ly2+···+Lyq−1

Myqx0

(
∂wyq

∂x

)
x=0

dy


+

 rcy Ly1∫
0

My1xa

(
∂wy1

∂x

)
x=a

dy +
n
∑

q=2

Ly1+Ly2+···Lyq−1+rcy Lyq∫
Ly1+Ly2+···+Lyq−1

Myqxa

(
∂wyq

∂x

)
x=a

dy


−

 rcx Lx1∫
0

Mx1y0

(
∂wx1

∂y

)
y=0

dx +
m
∑

p=2

Lx1+Lx2+···Lxp−1+rcx Lxp∫
Lx1+Lx2+···+Lxp−1

Mxpy0

(
∂wxp

∂y

)
y=0

dx


+

 rcx Lx1∫
0

Mx1yb

(
∂wx1

∂y

)
y=b

dx +
m
∑

p=2

Lx1+Lx2+···Lxp−1+rcx Lxp∫
Lx1+Lx2+···+Lxp−1

Mxpyb

(
∂wxp

∂y

)
y=b

dx


−

 rcy Ly1+r f y Ly1∫
rcy Ly1

wy1x0
(
Vxy1

)
x=0dy +

n
∑

q=2

Ly1+Ly2+···+Lyq−1+rcy Ly1+r f y Lyq∫
Ly1+Ly2+···+Lyq−1+rcy Ly1

wyqx0

(
Vxyq

)
x=0

dy


+

 rcy Ly1+r f y Ly1∫
rcy Ly1

wy1xa
(
Vxy1

)
x=ady +

n
∑

q=2

Ly1+Ly2+···+Lyq−1+rcy Ly1+r f y Lyq∫
Ly1+Ly2+···+Lyq−1+rcy Ly1

wyqxa

(
Vxyq

)
x=a

dy


−

 rcx Lx1+r f x Lx1∫
rcx Lx1

wx1y0
(
Vyx1

)
y=0dx +

m
∑

p=2

Lx1+Lx2+···+Lxp−1+rcx Lx1+r f x Lxp∫
Lx1+Lx2+···+Lxp−1+rcx Lx1

wxpy0

(
Vyxp

)
y=0

dx


+

 rcx Lx1+r f x Lx1∫
rcx Lx1

wx1yb
(
Vyx1

)
y=bdx +

m
∑

p=2

Lx1+Lx2+···+Lxp−1+rcx Lx1+r f x Lxp∫
Lx1+Lx2+···+Lxp−1+rcx Lx1

wxpyb

(
Vyxp

)
y=b

dx



(A1)
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w(x, y) = 4
Dab

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1

αi
K′ij

2

 1
2 rcy

b
n −

b
4jπ

 sin 2jπ
b

(
q−1

n b + rcy
b
n

)
− sin

(
2jπ

b ·
q−1

n b
) 

· sin αix sin β jy
(
Cq,j
)

− 4
Dab

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1

(−1)iαi
K′ij

2

 1
2 rcy

b
n −

b
4jπ

 sin 2jπ
b

(
q−1

n b + rcy
b
n

)
− sin

(
2jπ

b ·
q−1

n b
) 

· sin αix sin β jy
(

Dq,j
)

+ 4
Dab

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1

β j
K′ij

2

 1
2 rcx

a
m −

a
4iπ

 sin 2iπ
a

(
p−1

m a + rcx
a
m

)
− sin

(
2iπ

a ·
p−1

m a
) 

· sin αix sin β jy
(
Ep,i
)

− 4
Dab

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1

(−1)j β j
K′ij

2

 1
2 rcx

a
m −

a
4iπ

 sin 2iπ
a

(
p−1

m a + rcx
a
m

)
− sin

(
2iπ

a ·
p−1

m a
) 

· sin αix sin β jy
(

Fp,i
)

+ 4
ab

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1

αi
K′ij

2

[
αi

2 + (2− ν)β j
2] 1

2 r f y
b
n −

b
4jπ

 sin 2jπ
b

(
q−1

n b + rcy
b
n + r f y

b
n

)
− sin 2jπ

b

(
q−1

n b + rcy
b
n

) 
· sin αix sin β jy

(
cq,j
)

− 4
ab

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1

(−1)iαi
K′ij

2

[
αi

2 + (2− ν)β j
2] 1

2 r f y
b
n −

b
4jπ

 sin 2jπ
b

(
q−1

n b + rcy
b
n + r f y

b
n

)
− sin 2jπ

b

(
q−1

n b + rcy
b
n

) 
· sin αix sin β jy

(
dq,j
)

+ 4
ab

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1

β j
K′ij

2

[
β j

2 + (2− ν)αi
2] 1

2 r f x
a
m −

a
4iπ

 sin 2iπ
a

(
p−1

m a + rcx
a
m + r f x

a
m

)
− sin 2iπ

a

(
p−1

m a + rcx
a
m

) 
· sin αix sin β jy

(
ep,i
)

− 4
ab

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1

(−1)j β j
K′ij

2

[
β j

2 + (2− ν)αi
2] 1

2 r f x
a
m −

a
4iπ

 sin 2iπ
a

(
p−1

m a + rcx
a
m + r f x

a
m

)
− sin 2iπ

a

(
p−1

m a + rcx
a
m

) 
· sin αix sin β jy

(
fp,i
)
,

0 ≤ x ≤ a, 0 ≤ y ≤ b

(A2)

Ryc =
4
ab
· 1

K′ij
2

{
1
2

rcy
b
n
− b

4jπ

[
sin

2jπ
b

(
q− 1

n
b + rcy

b
n

)
− sin

(
2jπ

b
· q− 1

n
b
)]}

(A3)

Rxc =
4
ab
· 1

K′ij
2

{
1
2

rcx
a
m
− a

4iπ

[
sin

2iπ
a

(
p− 1

m
a + rcx

a
m

)
− sin

(
2iπ

a
· p− 1

m
a
)]}

(A4)

Ry f =
4
ab
· 1

K′ij
2

1
2

r f y
b
n
− b

4jπ

 sin 2jπ
b

(
q−1

n b + rcy
b
n + r f y

b
n

)
− sin 2jπ

b

(
q−1

n b + rcy
b
n

)  (A5)

Rx f =
4
ab
· 1

K′ij
2

1
2

r f x
a
m
− a

4iπ

 sin 2iπ
a

(
p−1

m a + rcx
a
m + r f x

a
m

)
− sin 2iπ

a

(
p−1

m a + rcx
a
m

)  (A6)

αi =
iπ
a

(A7)

β j =
jπ
b

(A8)
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∆ =



[1, 1] [1, 2] [1, 3] [1, 4] [1, 5] [1, 6] [1, 7] [1, 8]
[2, 1] [2, 2] [2, 3] [2, 4] [2, 5] [2, 6] [2, 7] [2, 8]
[3, 1] [3, 2] [3, 3] [3, 4] [3, 5] [3, 6] [3, 7] [3, 8]
[4, 1] [4, 2] [4, 3] [4, 4] [4, 5] [4, 6] [4, 7] [4, 8]
[5, 1] [5, 2] [5, 3] [5, 4] [5, 5] [5, 6] [5, 7] [5, 8]
[6, 1] [6, 2] [6, 3] [6, 4] [6, 5] [6, 6] [6, 7] [6, 8]
[7, 1] [7, 2] [7, 3] [7, 4] [7, 5] [7, 6] [7, 7] [7, 8]
[8, 1] [8, 2] [8, 3] [8, 4] [8, 5] [8, 6] [8, 7] [8, 8]


(A9)

[1, 1] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αiβ jRyc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A10)

[1, 2] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαiβ jRyc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A11)

[1, 3] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
β j

2Rxc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A12)

[1, 4] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jβ j

2Rxc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A13)

[1, 5] =
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αiβ j

[
αi

2 + (2− ν)β j
2]Ry f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A14)

[1, 6] = −
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαiβ j

[
αi

2 + (2− ν)β j
2]Ry f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A15)

[1, 7] =
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
β j

2[β j
2 + (2− ν)αi

2]Rx f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A16)

[1, 8] = −
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jβ j

2[β j
2 + (2− ν)αi

2]Rx f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A17)

[2, 1] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)jαiβ jRyc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A18)

[2, 2] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)i+jαiβ jRyc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A19)
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[2, 3] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jβ j

2Rxc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A20)

[2, 4] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
β j

2Rxc sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A21)

[2, 5] =
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)jαiβ j

[
αi

2 + (2− ν)β j
2]Ry f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A22)

[2, 6] = −
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)i+jαiβ j

[
αi

2 + (2− ν)β j
2]Ry f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A23)

[2, 7] =
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jβ j

2[β j
2 + (2− ν)αi

2]Rx f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A24)

[2, 8] = −
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
β j

2[β j
2 + (2− ν)αi

2]Rx f sin αix,

x ∈
[

Lxp−1 , Lxp−1 + rcxLxp

]
p=1,2,··· ,m

(A25)

[3, 1] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αi

2Ryc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A26)

[3, 2] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαi

2Ryc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A27)

[3, 3] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
αiβ jRxc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A28)

[3, 4] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jαiβ jRxc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A29)

[3, 5] =
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αi

2[αi
2 + (2− ν)β j

2]Ry f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A30)

[3, 6] = −
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαi

2[αi
2 + (2− ν)β j

2]Ry f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A31)
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[3, 7] =
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
αiβ j

[
β j

2 + (2− ν)αi
2]Rx f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A32)

[3, 8] = −
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jαiβ j

[
β j

2 + (2− ν)αi
2]Rx f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A33)

[4, 1] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαi

2Ryc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A34)

[4, 2] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αi

2Ryc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A35)

[4, 3] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)iαiβ jRxc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A36)

[4, 4] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)i+jαiβ jRxc sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A37)

[4, 5] =
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαi

2[αi
2 + (2− ν)β j

2]Ry f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A38)

[4, 6] = −
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αi

2[αi
2 + (2− ν)β j

2]Ry f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A39)

[4, 7] =
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)iαiβ j

[
β j

2 + (2− ν)αi
2]Rx f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A40)

[4, 8] = −
∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)i+jαiβ j

[
β j

2 + (2− ν)αi
2]Rx f sin β jy,

y ∈
[

Lyq−1 , Lyq−1 + rcyLyq

]
q=1,2,··· ,n

(A41)

[5, 1] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αiβ j

[
β j

2 + (2− ν)αi
2]Ryc sin αix,

x ∈
[

Lxp−1 + rcxLxp , Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

(A42)

[5, 2] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαiβ j

[
β j

2 + (2− ν)αi
2]Ryc sin αix,

x ∈
[

Lxp−1 + rcxLxp , Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

(A43)
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[5, 3] = − 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
β j

2[β j
2 + (2− ν)αi

2]Rxc sin αix,

x ∈
[

Lxp−1 + rcxLxp , Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

(A44)

[5, 4] = 1
D

∞
∑

i=1,2

∞
∑

j=1,2

m
∑

p=1
(−1)jβ j

2[β j
2 + (2− ν)αi

2]Rxc sin αix,

x ∈
[

Lxp−1 + rcxLxp , Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

(A45)

[5, 5] = −
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
αiβ j

[
αi

2 + (2− ν)β j
2][β j

2 + (2− ν)αi
2]Ry f sin αix,

x ∈
[

Lxp−1 + rcxLxp , Lxp−1 + rcxLxp + r f xLxp

]
p=1,2,··· ,m

(A46)

[5, 6] =
∞
∑

i=1,2

∞
∑

j=1,2

n
∑

q=1
(−1)iαiβ j

[
αi

2 + (2− ν)β j
2][β j

2 + (2− ν)αi
2]Ry f sin αix,

x ∈
[

Lxp−1 + rcxLxp , Lxp−1 + rcxLxp + r f xLxp
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