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1. Introduction

Fractional differential equations (FDEs, for short) have recently received a lot of
attention from scholars working on a variety of problems. Numerous fields of engineering
and science, including signal and image processing, polymer rheology, complex media
electrodynamics, chemistry, aerodynamics, economics, biophysics, control theory, physics,
blood flow phenomena, etc., use the aforementioned equations to mathematically model
processes and systems. For details, see [1-7]. As a result, scholars are paying close attention
to the topic of the aforementioned equations. The theory of boundary value problems for
nonlinear FDEs, however, is still in its development and needs more research in many
areas. For detailed studies, see [8-11].

By utilizing a variety of fixed point techniques, several scholars have come to some
surprising conclusions on the availability of solutions to boundary value problems for
FDEs. The study of coupled systems of differential equations is extremely important since
these kinds of systems commonly arise in real situations with powerful applications. For
more details, see [12-15].

Approximate solutions are frequently used in disciplines such as numerical analysis,
optimization theory, and nonlinear analysis; thus, it is essential to understand how closely
these solutions resemble the real solutions of the relevant system or systems. Other ap-
proaches might be used for this, but the Ulam-Hyers stability (({HS, for short) procedure is
simple and straightforward. In 1940, Ulam [16] first brought up the aforementioned stability,
to which Hyers brilliantly countered in 1941 [17]. In 1978, Rassias developed the mathe-
matical UHS approach by taking variables into account. Following this, some researchers
developed the concepts of functionals, differentials, and integrals, and subsequently, some
researchers developed the concept of FDEs, see, for example [18-23].

Recent years have seen an increase in the study of the existence, uniqueness, and vari-
ous forms of the YHS of solutions to nonlinear implicit 7 DEs with the Caputo fractional
derivative. For more information, see [24—29]. We provide some related results in the list
that follows:
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e Alietal [30]identified four alternative types of Ulam stability, as well as the existence
and uniqueness of a solution, for the implicit 7 DE given by

D*v C) = ¢(€/V(€)/,DIXV(C))I gel= [Or T}, T>0 wac (1/2]r
DY 2v(07) = ;D (T7),
)

where 1,1 # 1. For 7 DEs that are coupled, researchers are currently concentrating
their efforts on analysing various types of Ulam stability. Details can be found in [31-34].

e Alietal. [35] examined several forms of stability for the implicit coupled system
described below in the Ulam sense as well as existence theory:

“V(C) =¢1(G,v(0), DV(D)), Ced=[0T], T>0, ac(12],
DPw() = ¢2(3,w(0), PPw(Q)), ¢el=[0T], T>0, pe(12]
DY 2 (0") = mD* 2(T7), D v(0") =& D" Iv(T"),
DF2w(01) = 1, DP2w(T™), DPlw(0h) = 8, DP~tw(T™).

* Zhang et al. [36] investigated the following mixed-derivative nonlinear implicit
Langevin equation with Stieltjes integral conditions:

‘Do (D+Mv(G) = <P(€,V(C)), g€ (0,1],
Z / “Dyirv(0)dui(g)-

v(0) =0, CDVO

Inspired by the previous discussions, in this article, we explore the existence, unique-
ness, and different types of Ulam stability for the following coupled system:

“Di (D +AV(E) = $1(E (D), Te(01],
Z [ <Dy @),
CD&ADHz)w@) = p(Cw(©), Te(01),

Z / DY w(@)dpi(2),

v(0) =0, CD%
)

w(0) =0, “Dw

where J = (0,1], CD(()% represents the classical Caputo derivative of order (-), with the
lower bound zero, 0 < (-) < 1, A, Ay € R\{0},p,g €N, y; € Rforalli =0,...,p, 0 <
N<1T<-<7p<B v€0na),dcRforali =0,...,, 0< ) <& < - <
dp < a, b €[0,B), ¢1,¢2 : J = [0,1] x R — R is continuous, and the integrals from the
boundary condition are Riemann-Stieltjes integrals with y; (i = 1,..., p/q) functions of
bounded variation.

We list the following as the important points of this paper:

1.  We use pointwise Stieltjes integrals inspired by our previous paper [36] to model a
coupled system for the first time in the literature.

2. In this article, we shall look into the existence, uniqueness, and several kinds of Ulam
stability for the given coupled system.

3. We achieve better results by employing the Stieltjes integral conditions, even though
we operated on the coupled system in the same way as in [37].

The arrangement of the paper is as follows. We provide a uniform structure for the
suggested model in Section 2. For the existence and uniqueness of the solution of system (1),
we employ several conditions and a few common fixed point theorems in Section 3. Ulam’s
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stabilities are presented in Section 4. Finally, we present an example that illustrates our
main results in Section 5.

2. Preliminary

Let the space X = C(J,R) be a Banach space with the following defined norm
[vllx = maxze{|v()|: ¢ € J}. Similarly, the norm defined on the product space is
(v, w)[[xxx = lIvllx + [lw|x. Obviously, (X x X,||(v,w)|lxxx) is a Banach space. Fur-
thermore, the cone C C X x X is defined as

C={(v,w) eXxX:v(l) >0,w({) >0}
Consider the linear form of the first differential equation of (1) as follows:
‘Do (D+A)v() =¢1(0), CeE,

) =0, D) = X [ D0 @) (2)

We recall some definitions of fractional calculus from [3,38-40] as follows:

Definition 1. For the function v, the fractional integral of order a from 0 to { is defined by

1 4
Ioev(0) = W/O (¢ —s)*tv(s)ds, >0, a>0,

where T'(+) is the Gamma function.

Definition 2. For a function v, the Caputo derivative of fractional order « from 0 to { is defined as

¢
Dypv(6) = 1"(711—1x)/o (=) N (s)ds, wheren = [a] + 1.

Lemma 1. The FDE “D -v() = 0 with « > 0, involving Caputo differential operator “Dy .,
has a solution in the following form:

V() =cotaltel®+onal™l
wherecy € R, k=0,1,...,m—1land m = [« + 1].
Theorem 1. Suppose a Banach space X contains a cone C and © C C with 0 € D being a

substantially open set. Let the operator T : © — © be completely continuous. Then, one of the
following circumstances holds true:

(i)  Thereisv € 9D and A € (0,1) such that v = ATVv;
(i) T has a fixed point in .

Definition 3. The system (1) is UHS, if there is a constant C, g = (Ca, Cg) > 0 such that, for
some € = (ex,€p) > 0and for each { € Jand solution (v,w) € X x X of the following:

{| D v(0) — ¢1(5,v(0))] < €w,
®)

Do) — 922, w(0)] < e,
there is a unique solution (w,0) € X x X with

(v, w)() = (w,0)(D)] < Cype. )
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Definition 4. The system (1) is the generalized UHS, if there is ©,p € C(RT,RT) with
Ou5(0) = O, such that, for each { € J and solution (v,w) € X x X of (3), there is a unique
solution (w, @) € X x X of (1), which satisfies

[(v,w)(0) = (w,0)(D)] < Oup(e)- ©)

Definition 5. The system (1) is Ulam—Hyers—Rassias stable (UH'RS, for short), with respect
to @y p = (CID,X,QDﬁ) € X, if there is a constant C%,@ﬁ = (C%,C%) > 0 such that, for some
€ = (ea,€p) > 0and for each { € J and solution (v,w) € X x X of the following:

“Dg,zv(8) = ¢1(Z,v(D))] < Pu(f)ea, ©
D w(@) — 92(Zw(D)| < Pp(L)ep,
there is a unique solution (w, ) € X x X with
[(v,w)(Q) = (@,0)(0)| < Cap, 5 Pup(Q)e. )

Definition 6. The system (1) is the generalized UHRS, with respect to @y g = (Po, Pg) € X, if
there is a constant Co, @, = (Co,, C%) > 0 such that, for each { € Jand solution (v,w) € X x X
of (6), there is a unique solution (w,0) € X x X of (1) that fulfils

[(v,w)(0) = (@, 0)(D)] < Ca, 5 Pap(0)- ®)

Remark 1. If there are 1,1, € X, which depend upon v and w, satisfying the following (i) and
(ii), then we say that (v,w) € X x X is a solution of (1).

i) 1910 <ew 92| <ep, (€
(ii)
“Dyr(D+A)v() = ¢1(4,v(0) +91(8), (€,
‘Db (D + A)w(() = ¢2(Gw(D) +42(0), €.

3. Existence and Uniqueness

The criteria required to confirm the existence and uniqueness of solution to D& (1)
under examination will be built up in this section.

Lemma 2. The function v € X is a solution of (2) if and only if

1
= [ Gul@s)gn(s)as
where

GIX(C/S) = Gl(C,S) + Gz(g,S),
(1 _ 6‘“5)6”1(1_5)13?0 (1)

e‘M(g_S)IS‘,g(l) + i ,

(1 _ e*/\lg)ef)\l(lfs)lg’zm(l)
Ay ’

eMC _1F
Galts) = ) [ i)

Gl(grs) =

and

P 1
Ao = Y [ (A7 g (@) — (~Aq) e e 2o,

=1
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Proof. For the proof, see Lemma 4 in [36]. O

The solution of system (1) is therefore identical to the coupled system of integral
equations provided by Lemma 2 for { € J

1
v©) = | Galls)n(s,v(s))ds, o
w(2) = [ Gples)als,wls)is,

where the Green function Gg((, s) is given as

Gp(lrs) = Gs(Z,s) + Ga(l)s),
(1— e Ml)e =) [f-%(1)

e*Az(C*S)[g’g(l) +

A
_ B
Gs(8,s) = (1- e*/\zé)eﬂ\z(lfs)lg*%(l)
£, 0<<s<1,
Ap
e 1L L s
Ga(e,s) = S [ eI ()du(0),
g i=1”0

where

9 1
8= 1 [ (=Aa)e 8y (€) = (~1a) e 0.
i=1

Lemma 3. The Green function, G, 5(Z,s) = (Gu({,8), Gg(L,s)) of system (1) has properties
defined in the following:

(M) Gy p(g, ) is continuous over J;

1
2 r?g}/o 1Ga(g,s)|ds < Vs

1
) max [ [G4(C,5)lds < Vp,

where
3,__|1—6*M| [(1—eM1)?| Pl —e M|l —e NP |pt i,
T MI(a+1) T MVal(a—99+1) = MVaT (0 — ;i +1) ’
3V, — [1—e | [(1—e2)2| 11— e 2|1 — e P20 |pP0ip;
P NI(B+1) " MVEIL(B—d+1) & MVL(B—06+1)
p

Vo= Y (=A1)e PP, — (=Aq)0e M and
i=1

q
Vg =Y (—A)%e PP, — (—Ap)%e 2,
i=1

Proof. It is very easy to prove (1), (2), and (3); the reader may refer to [36]. O
If v,w, and { € J are solutions of system (1), then

¢ 1—e M [l _
@) = [ eI (s, v()ds + = [ eI T4 (s, v(s))ds

1_eMEP [ B o
[ e g (s v(s) s ()
i=1
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and

4 1—e 28 (1 -
w(g) = /0 e 2E 10 (s, w(s))ds + T /0 e 2015 g (s, w(s))ds

1—eMb

41 g N
A[;Z/o /0 e 263 11 iy (s, w(s))dsdp;(0).
i=1 :

Our next step is to convert system (1) into a fixed point problem. Let the operator 7 :
X x X — X x Xbe defined as

T (v, w)(E)

_ AlG“@”0¢“&V“»dS __<7HVNQ>_ (10)

/01 Gp(Z,5)Pa(s, w(s))ds Tp(w)({)

Hence, the fixed point of 7 and the solution of (1) are congruent, where

1—eM¢

Ta(v)(Q) = /g e METSI G (s, v(s))ds + — /01 e MU0y (5, v(s) )ds

0

1—eMEE (1 0 s
- - —M(G—s) 227 dsdu:
vt D A AT 91 (s, v(s))dsd(0)

S 1—e M6 1 o5
Tow)(e) = [ el I wls))ds + 51— e 0 o s w(s))s

1—e 728

11 g s
e DY A Al R RO (o}
i=1

The following assumptions are imposed for further analysis:
(Hy) For £ € Jand v € X, there are 711, 71, € C(J,R™), such that

[91(Z, V(D] < m1(8) + m2(Q) V(D)

with 71} = sup;; 71 ({) and 713 = sup;c ; 2({) < 1. Similarly, for { € Jand w € X,
there are 713, 774 € C(J,R™), such that

|92(8,w(0)] < 713(8) + 74 (8 Iw(0)]

with 713 = sup, . 713(7) and 71} = sup,; m4({) < 1.
(Hy) For all v,v € R and for each { € J, there exists a constant Ky, > 0, such that

[¢1(Z,v) — ¢1(2, V)| < Ky lv — 9.
Similarly, for all w,w € R and for each { € J, there exists a constant Ky, > 0, such that
[p2(T, w) — o (T, W)| < Ko, |w — W[

Theorem 2. Let (Hy) and ¢1,¢p : J x R — R hold. When that happens, the operator T : C — C
described in (10) is completely continuous.
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Proof. 7 is continuous for all (v,w) € C given the continuity of ¢, ¢,, and Gm(g,s).
Consider that B C C is a bounded set. Thus, for every v € 3 we have

 (r—s) 1—e M0 1 R
IEWNOF+AEM“)hﬁMw@D%+I;Léehu)hfwdw$»%

1 _ e—/\lg 4 1 g _ _ K=
lﬁzﬁéeM“Wwwwwmwmwy a
4 i=1 B

Now, by (Hj), we have
a(g) +b(0)[v(2)]

<
<7+ vl = e (12)

91(Z,v(2)]

Now, by using (2) of Lemma 3 and (12) in (11), we get
1Ta(V)lIx < Vava (13)

Similarly, we obtain

[ T5(w)lIx < Vg, (14)

where
vp = 15 + 714 [|w(|x.

Thus, from (13) and (14), we get
1Ta()llx + I Ts(W)lix = Vava + Vprp = Mo,

which yields
HT v, W ||X><X M.

As a result, 7 is uniformly bounded. We can now demonstrate that the operator 7T is
equi-continuous. To achieve this, suppose {1 < {» € Jand v € B, then

1— e MO

a1 1
[Ta(V)(21) — Ta(V)(22)] —‘ /0 e‘Al(Cl‘S)I&Q% (s,v(s))ds + T/O 6_2‘1(1_5)Igrglnmq)l(S,v(S))ds

—e MO P
_167 / / e~ M(G1-9) Iy 'Vfcpl(s v(s))dsdp;({1)

1— 67/\1€2

0
_/0 ef)u(ngs)lgrézq,l(S,V(S))ds_T/O e—M(1-9) a 704,1(5 v(s))ds

1—e Ang

/ / M (G2—s) I 714)1(5 v(s))dsdu;(Z2)

(- efAl (6 —G)* | |(1—eMER)|(1 = e M) (G — 5)*
Y )\11"(“+1) Alv,xl—‘(lx—')/O‘i‘l)

P |(1— e M@=0))||(1 — e~MP) | ot Tisp;
15
L MVal (& —7;+1) 15

In a same way, we get
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1-e D) — ) [(1— e E2)||(1 - e)|(@ - 2)P %
|773(W)(§1) - E(W)(§2)| <7ﬂ< )‘ZF(,B i 1) + /\Zvﬁr(ﬁ — 8o+ 1)
(1 — e ™G 2))||(1 — e M) |pP ;)
+l; AVaT(B—6 1) 16)

In the event that {1 — (5, the right hand sides of (15) and (16) move in the direction of zero.
The Arzela-Ascoli theorem is then applied to prove that 7 is uniformly equi-continuous. It
is also quite easy to show that 7 (B) C B. As aresult, 7 is completely continuous. [
Theorem 3. Consider hypothesis (Hy) and

y,xK(pl + yﬁK(pz <1 (17)

Then, problem (1) has a unique solution.

Proof. Letv,v € C, we have

rmw@—EWMM<GfM@%&muwm—@@wmw
0

—e MG 1
+ |1|A€||/ eff\l(lfs)lg/g’mwl (S,V(S)) B (P1(S,\7(S))|ds
—e M| P
L |j | | / / e METS T Ty (s,v(s)) — (s, 9(s)) [ dsdpi (0. 18)

Now, by (Hz), we have
191(8,v(8)) — 1(8, ()] < Ky, [v(E) —U(0)]. (19)

Substituting (19) in (18) and taking a maximum over J, we obtain
17a(v) = Ta(@)lIx < VaKgy v =[x (20)
In the same way, we can obtain
1 Tp(w) = Tp(W)[Ix < VKo, [[w — wl|x. (21)
Thus, from (20) and (21), we get

1T Cvyw) = T W) lIxox < (Vallgy + Voo ) [ (v, w) = (9, W) |-

Therefore, 7 is a contraction mapping. The Banach contraction principle states that 7 has
a fixed point as a result. This leads to a unique solution for system (1). [

Theorem 4. Consider the continuity of the functions ¢y and ¢ and presume (Hy) and
1 1
(Hs): A, :/ Ga(1,s)m1(s)ds, B, :/0 Gu(1,5)m(s)ds < 1,
0

1 1
A, = /o Gg(1,5)m3(s)ds, B, :/0 Gp(1,s)my(s)ds < 1

hold. Then, system (1) has at least one solution.
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Proof. Let a set ® be defined as

D ={(v,w) € XxX:||(v,w)]lxxx < Ro},

where max{ = ml - %} < Rp. Additionally, the operator 7 : ® — C defined in (10)
isa completely continuous operator. Considering (v,w) € D, then by definition of ©, we
have [|(v,w)[[xxx < Rao;

1
172 (v)llx < maX/ Ga(Z8)lI¢1 (s, v(s)) ds
max/ |G (Z,8)|m1(s )ds—l—max/ |G (Z,8)|m2(s)|v(s)|ds

</0 Ga(l,s)nl(s)ds—o—R@/O Ga(1, )72 (s)ds

=2, + Ro®, < RT@
Additionally,
Ro
1750 1x < 2.

Thus, we can write

1T (v,w)llxxx € Ro-

Therefore, T (v,w) € . Thus, T : ® — D is completely continuous in view of Theorem 2.
We now investigate an eigenvalue problem that is defined as

(v,w) =AT(v,w), 0<A<L (22)
In context of the (v, w) solution to (22), we therefore obtain
Ivlix = [IA7a(v) |
< max [ 16(@,5) 15, v(5)las

max/ |Ga(g,s)| (s )ds—i—max/ |G (g, )| ma(s)|v(s)|ds

cel

g/o Ga(l,s)m(s)dvaR@/o Ga(1,8)mo(s)ds

R

Similarly,
Ro
< —.
wix <
Thus,
(v, W)[lxxx < Ro- (23)

The result of Equation (23) is (v, w) ¢ 09. Therefore, Theorem 1 states that 7 has at least
one fixed point that is located in ©. This demonstrates that system (1) has at least one
solution. [

4. Ulam Stability Analysis

In this section, we will look at stability outcomes for problem (1) in the sense of Ulam
stability.
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Lemma 4. Consider (v,w) € X x X as the solution of (3). Then, for { € J, we have:

{|V(€) - Y(€)| < Vu€u,
w(Z) —z(0)| < Ypep-

Proof. In view of (ii) in Remark 1 and for { € J, we have
= <P1(C v(@)+91(0), Cel,
“Dogv( Z / “Dv(@)dpi(0),

“Df (D + A)w(g) = a(¢,

Dy (D + A)v(0)
v(0) =0,
w(0)) +2(0), (€,
Z/ “Df w(Z)dpi(Q),

and thus the solution of (25) will be in the following form

w(0) =0, “Dw

1 1
V(@) = | Gal@s)gn(s,v()ds + | Gull,s)p(s)ds
w(e) = [ Gal@ s (o wo)ds+ [ Gp(Es)pals)ds

For the first equation in (26), we have

1—e M

W) = [ e M s () + T

1—e"1€”// M@

—eMC (1
+ /0 e*M(C*S)Igglpl(s)dHlT /O e MU0 0y, (s)ds

—-A 4
_wz/lfgem@
Av = o Jo

For simplicity, let us denote the sum of terms free of ¢; by y({), then we have

1
/O 57/\1(175)13,5%4’1 (s,v(s))ds

Loz "1 (s, v(s))dsdp;(C)

oz T (s)dsdp; ()

1—eME

v0) = [ e MO g s v + e

1—e—A1§p // M
DC

Thus, from above, we have

C (r—s) 1—e MG 1 o)
Q) —y(@) < [ehE S)Io,§¢1(5)|d5+|e|| e g (s)lds

|1—€Alg|p// M@
A

Using (2) of Lemma 3 and (i) of Remark 1, we get

IV(Z) = y(O)] < Vauka-

1
/0 6—2\1(1—5)1(‘;";7061)1 (s,v(s))ds

o (s, v(s))dsdpi (0).

)18 () dsdp (2.

(24)

(25)

(26)

(27)
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Similarly, for the second equation from (26), we have
lw(Z) —2(0)] < Vgep.
As desired. O
Theorem 5. Under hypothesis (Hy) and if
VK, <1, VgKyp, <1 (28)

holds, then system (1) is UHS.

Proof. Consider (v,w) € X x X as the solution of (3) and (w,0) € X x X as the unique

solution to the system given by

“Dyr (D +A1)w() = ¢1(G, w(0)),

w(0) =0, D% 2 / “DY% o (£)dpi(0),
“Dh (D +22)6(2) = 42(2,0(0)),

6(0)=0, “DO(1) Z/ “DY,0(0)dpi(0);

then, for ¢ € J, the solution of (29) is

= [ G0,
:/01 Gp(Z,5)a(s,0(s))ds

Consider
V() —w(@ < IV(G) = y(D] + Iy() — w(D)]-

By using Lemma 4 in (30), we have

¢
Dneat [ e MEI I 1g1(5,v(5) — (s, w(s))lds

_eM¢ a
|1|A“|/ —A1(1-s) 70|¢1(s v(s)) — ¢1(s,w(s))|ds

oMl F .
] A 5 // e MEIIE T 19 (5, 9(5)) — @ (s, (s)) [dsdpi(©).

Now, by (Hz), we have
91(Z, V(D)) — ¢1(8, w ()] < Ky, [V(T) — w(D)]-

Using (2) of Lemma 3 and (32) in (31), we have

v —wllx < Vatu + YKy, [V — wl|x

< Y€ )
1- yﬂKfIH
Similarly, we have
Y€
Iw—0llx < =377

- 173}/5K472'

(29)

(30)

(31)

(32)
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Thus, now we have

Vi€ y,Be,B
v—wl|x+|lw—0]x < + . 33
L s (3)
Now, by taking max{e,, eﬁ} = €, then we can write above equation as
[(v,w) = (w0, 0)|Ixxx < Cqpé, (34)

where

Vi yﬁ
Cup = + .
YTy T 1= YKy,

Thus, problem (1) is UHS. O

Remark 2. By setting Cog(€) = Cype, Cop(0) = 0 in (34) yields that the problem (1) is
generalized UHS.

(H4) Suppose ®,, ®p € X are increasing functions. Then, there are Ag,, Aqyﬁ > 0, such
that, for each { € J, the given inequalities

[3;®u(8) < A, Pa(l)

and
15:®5(0) < Ao, @4(0)
hold.

Remark 3. According to supposition (Hg) and (28) and by using Definitions 5 and 6, one can
repeat the process of Lemma 4 and Theorem 5, and thus system (1) will be UH'RS and generalized
UHRS.

5. Example

We provide an example in this section to illustrate the major points.

Example 1. Suppose the FDE

2+ [v(0)]
126“1(1+| @

v(0) =0, “DYy( Z / “DIv(C)dpi(2),

“Di, (D~ 1)v(g) =

0, geld,

l . 1 (35)
D3, (D - z)W(C) = o5(Gcos(w(Z) —w(@)sin(@), <),

w(0) =0, “Diyw(t) = Y [ Dl w(@)eui(0),

g=3,p0=1,%1 =10, = 20, B3 = 30,
%, Y2 = %, b = 116, o = %, 6 = %, and 63 = %. Furthermore, we can easily
VoKy, + VpKg, ~ —0.142154 < 1.

Thus, system (1) has a unique solution. Additionally, the requirement (28) is also satisfied. System
(1) is therefore UHS, generalized UHS, UHRS, and generalized UHRS.
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6. Conclusions

For the given coupled system, we have established the necessary conditions for
existence, uniqueness, and other sorts of stability of the solutions of system (1) in the sense
of Ulam stability. Banach and Leray-Schauder’s cone-type fixed point theory has been
used to achieve the necessary results. Additionally, we have added criteria to the offered
solution for system (1), which are suitable for various sorts of Ulam stability. To strengthen
the main theoretical conclusion, we included an example.
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