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Abstract: In this paper, we study the nonlocal equation ( [y |u(x)|2dx)7Au = A+ plulT2u +
|ulP~2u, x in RN having a prescribed mass [y |u(x)[?dx = c?, where N > 3, i, v € (0,4),

g € (2,2%), cis a positive constant, p, g € (2,2*) with p # g and 2* = ﬁ

This research is
meaningful from a physical point of view. Using variational methods, we present some results on
the nonexistence and existence of solutions under different cases p and g which improve upon the

previous ones via topological theory.
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1. Introduction

In this paper, we consider the following nonlocal elliptic problem:
r
- (/N |u(x)|2dx) Au = Au+ p|u|T2u + |u|P~%u, xinRY, 1)
R

where N >3, 41,7 € (0,+),9 € (2,2%), p € (2,2*) and 2* = 2.
In [1,2], Almeida et al. considered the following nonlocal degenerate parabolic
equation:

Uy — (/Q uz(z,t)dz> ,yAu = f(x,t), inQx(0,T),

u(x,t) =0, (x,t)onQ x (0,T), )
u(x,0) = up(x), xin Q.

They proved the existence and uniqueness of weak solutions, and they also presented the
convergence and error bounds of the solutions for a linearized Crank-Nicolson-Galerkin
finite element method with polynomial approximations of a degree k > 1. It is easy to see
that Equation (1) is related to the stationary analogue of Equation (2). Some other nonlocal
degenerate parabolic equations can be found in [3-5]. In recent years, there have been
many papers on nonlocal problems (see [6-12] and the references therein). For instance,
in [7], Corréa et al. considered the special case

A= uﬂf(A, /Qu'YdX)f x€Q, ()

u>0, x€Qu|yn=0.

Mathematics 2023, 11, 75. https:/ /doi.org/10.3390/math11010075

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11010075
https://doi.org/10.3390/math11010075
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-4096-1469
https://orcid.org/0000-0003-0634-2370
https://doi.org/10.3390/math11010075
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11010075?type=check_update&version=2

Mathematics 2023, 11, 75

2 0f 32

By transforming the above problem into an algebraic nonlinear equation, they gave a
complete description of the set of positive solutions. In [6], Alves and Covei investigated
the following problems:

_a</0u|7dx)Au:hl(x,u)f(/0|u|7dx>+h2(x,u)g(/0ul“de), x€Q,

u‘aQ =0.

Using the method of sub-super solutions, they showed the existence of positive
solutions. In [10,13], Chipot et al. considered the functional elliptic problems
—A(x,u)Au=Af(u), x€Q,
ulpgn =0 ®)

Q) .

Using the Schauder fixed point theorem and a comparison principle, they obtained the
existence of at least one positive solution or 7 distinct solutions. Note that Equation (1) is a
special case for Equations (3)—(5), and since this problem lacks a variational structure, it is
difficult to discuss it via variational methods directly. However, when v = 0, Equation (1)
is changed to

—Au = Au+ plulT2u+ [ulP~%u, xinRY. (6)

In [14,15], using a minimizing sequence, Soave obtained some interesting results for
the existence of Equation (6) under different assumptions for g, p and c.

Physicists are often interested in normalized solutions, so it is of interest to study solu-
tions to equations having a prescribed L? norm (see [16-21] and the references therein). In
this paper, our aim is to study the nonexistence and existence of positive solutions with
prescribed norms for Equation (1), and we have following main results.

Let Q be the unique ground state solution of

_N(p-2)

1 Au + <1 + H(Z—N))u = |ulP~%u, x e RN 7)

4

with

Nl—=

IQllz = ([, 1Q)P)%.

In addition, for a positive constant ¢ > 0, define
— Loviwunz - Erunt — Lyae H(RN 3
Je(u) = 57| Vullz qH”Hq pIIuH , u€ H(RY), ®)

1 1
2 q p
where ||V, = (/RN |Vu|2dx> Nl = (/RN |u|”’dx> and ||u]], = (/RN |u|de>

Now, we have the following main results in this paper:

Theorem 1. Assume that p, q € (2,2*), q < p. Then, Equation (1) has only a trivial solution in
HY(RN) forall A > 0.

Theorem 2. If p, q € (2, 25¢*), q < p, then for any ¢ > 0, Equation (1) has at least one couple
solution (A, uc) with A, < 0.

2
Theorem 3. Assume tézatq €22 ) and p = BF IfFNy <2and 0 < ¢ < ||Q]|,”, or if

Nv > 2and ¢ > ||Q||,", then Equation (1) has at least one couple solution (Ac, u¢) with A < .
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2N + 4 2(N-2)
Theorem 4. Assume that q = 2N+4 and p € ( N+ ,2°). IF Ny < 2and ¢ < <|Qﬂ|2 ) )

2(N7-2)
orif Ny > 2and ¢ > ('Qyz > , then Equation (1) has a couple solution (uc, A.) with

A < 0.

2N +4

Theorem 5. If p, g € (
foreach ¢ > 0 with A¢ < 0.

,2") with p < q, then Equation (1) has a couple solution (uc, A.)

2N +4
Theorem 6. For2 < g < + <p <29 if Ny <2and

4-N(q=2) st (Np—2) -4, 720

C<7IIQIIZ”N( ) =) ( N2 e (9)

yiua 2N N(p—1q)

orif Ny > 2 and

4-N(g=2) N2 N(p—2) — 4, Moo

c> 7||Q||2 w( 0N ( NG a) )2r-0eN . (10)

20 o N(p—a)

then Equation (1) has at least two couple solutions (uc, A1) and (ve, Ay) with J.(u.) < 0 and
Je(ve) > 0, respectively, where | is defined in Equation (8).

This paper is organized as follows. In Section 2, we present some preliminary results
and prove the Pohozaev identity for Equation (1). In Section 3, we obtain some new
lemmas, and using the obtained lemmas, we prove our main theorems. Some ideas in this
paper came from [22-27].

2. Preliminaries

In this section, in order to present our results, we list some preliminaries and prove
some new lemmas. First, we transform the existence of Equation (1) into that of another
problem. For ¢ > 0, we consider the following problem:

—c?"Au = Au+ p|ul7%u + [ulP~2u, xinRN, (11)

where N > 3.
The solutions to Equation (1) are obtained by looking for the critical points of the
following C! functional ], in H'(RN) (or simply H') constrained on the L? sphere

Sy = {u c HYRN) : |Jul3 =127 > 0}.

For any fixed r > 0, we call (u,,A,) € HY(RN) x (0, +00) a couple solution to Equation
(1) if u, is a critical point of J;|s, and A, is the associated Lagrange multiplier:

Remark 1. If (uc,Ac) € Sc % (0,+00) is a couple solution to Equation (1), then (uc, Ac) is a
couple solution to Equation (1).

Our aim is to obtain the existence of the solutions to Equation (1) from the existence of
solutions to Equation (1) on S.. Now, we list some known lemmas:
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Lemma 1 (see [28]). Assume that p € (2,2*)if N > 3, p € (1, +00). Then, we have
p % N(é’;@ 1— N(é’pfz)
lullp < | ==z | IVulla ™ lull
2|lQl13
with equality only for u = Q, where Q is defined in Equation (7).
Lemma 2 (see [29]). Let1 < p < 400,11 < g < 400 with g ;é zfp < N. Assume that

{uy} is bounded in L1(RN), {Vu,} is bounded in LP (RN) and

sup |tn(x)|9dx — 0, for some R > 0.
yERN y+Br

Then, u, — 0 in L*(RN) for a between q and p

Lemma 3 (see [30]). Suppose f, — f a.e. and ||full, < C < 400 for all n and for some
0 < p < +oo. Then, f € LP(RN) and

im (| falls = Ifa = FII5) = [I£IID-

n—+00

Set H!

rad

(RN) := {u € H'(RN)|u is a radially symmetric function}.

Lemma 4 (Compactness Lemma; see [28]). For 2 < p < 2*, the embedding H} ,(RN) —
LP(RN) is compact.

Finally, we prove some new lemmas. Let

A 1 1 u
Fy(u) = *u2+ﬂg|u|’4+glul” =/0 (As+pls|T72s + [s|P~%s)ds

2

Now, we give the following Pohozaev identity for Equation (1):

Lemma 5. Assume that u € H'(RN) is a solution to Equation (1). Then, u satisfies

(N—-2) (/RN |u(x)2dx>7 /}RN Vu|2dx = ZN/RN Fy (u(x))dx.

g
Proof. We use the ideas in [31,32]. Set T := (/N ]u(x)|2dx) .Onaball Bg = {x e RN :
R

x| < R}, by multiplying Equation (1) by x; 2% ;; and integrating on Bg, we have

—T Auxla—dx = / (Au+ p|ul172 + |u|p72u)xla—dx (12)
ox; Bg ox;

Let § du be the exterior normal derivative of u at x € dBg, dS be the differential area at
X € dBg and 7 0 = (cosway,cosay, - ,cosay) be the unit vector of the outward normal

direction at x € dBg. Obviously, § u Zf\ll aa;‘ cosa; = Vu- 1y and |70| = 1. Since



Mathematics 2023, 11, 75 5o0f 32

/ Auxia—udx :/ ou audS / VuV x,a )dx
Br axi

o xl%xl gn du i 3
u du : u
= Josg Iaixl%ds — l/BR Vu[aTCiVx,' +xivT]dx
Or (5
ou Jdu ou |, 1 j=1
. xl%Xignd — BR(%xi> dx—% - xli&)xi dx
— ou U 4o Uy, 1 , , 2
= aBR x’axl andS /BR(axi) dx 2 s, x; cos a;| Vu|~dS
/ au 28x1
Bk 1= 1 axl
B ou au ou |, 1 5
aBR xla—%%d BR(aTCi) dx E/E)BR x; cos ;| Vu|~dS
% au
BR] ax]
by summing from i = 1 to N, one has
Au(xVu)dx / i ou auci.’S / |Vu|2dx—f/ %(x‘cosoc‘)Wu\zdS
Bg laxl on 0Br i=1 ' '
+—/ IV ul?dx
/ 2 x;cos a;) | Vul*dS — 2-N |Vu|?dx
2 BBRl Br
2—N
— = 2 _ 2
- 2R/SBR|W| as =5~ [ 1VuPdx
Then, we have
T [ Au(xVu)dx —T<2_N/ |w|2dx—11</ |w|2ds>. (13)
B 2 B 2 JaBg

Since

/ (Aat 4 g2  u]P~20) 2, 2
Bgr

spet =) %
L,

xldx

x; cos a;Fy ( )dS—/ Fy(u(x))dx,
Br

then summing from i = 1 to N yields that
/ (Au+y|u|q 2 4 |ulP2u) (x - Vi)dx
/ (3 cosa) Fa (ux ))dS—N/BR Fy (u(x))dx (14)
R/ A(()dS N/ Fy (u(x))dx.

By combining Equations (12)—(14), we have

T(Z_N/ |Vu|2dx—1R/ |Vu|2ds> R/ F(u dx—N/ Fy (u(x))dx,
2 BR 2 BBR
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ie.,

2-N ) - 1 )
T~ /BR IVl dx+N/BR Fy (u(x))dx = iRT/BBR V| dS+R/aBR Fy(u(x))ds.

Since

00 400
TIVul® +F d :T/ / R|Vu[2dSdR / / RE dSAR < +oo,
[T e = [ [ Rivutasar+ [ REGu(0)SiR < +oo

then there exists a sequence R, — +o0 such that

TRn/ |Vu|2dS+Rn/ Fy(u(x))dS — Oas n — +co.
9Bg, 9B

Rn
Hence, we have

2-N 2 ' _
TE = '/RN Vul2dx + N/RN Fy(u(x))dx = 0,

In other words, we have

(N —2) (/RN |u(x)2dx>7/RN Vu[2dx = ZN/RN Fy(u(x))dx.

The proof is completed. O
3. Some Lemmas and the Proofs of Our Theorems
In order to simplify the equations in this section, define the functional G : H'(RN)

— R, where
N N(p—2
() = &Vl — 2 - M2

-2 P
L el

For r > 0, define

I, = ulgsf, JoM,={ueS, :G(u)=0},m = u1€r}&r Je.

Let
Srraa = {1 € Hlyy(RN) : [ul} =27 > 0}
and 1 1
Ac(u) = 5|[Vul3, Bi(u) = %IIMHZ, By(u) = ;IIuII”, u e H'(R).

Then, we have

Je(u) := Ac(u) — By (u) — Ba(u).
Lemma 6. For2 < q < p < 2%, if the functional ].|s, has a constraint critical point u € S, then

N(p-2)

24,) - NU=2 gy _ .

5 Bz(u) =0

In addition, there exists A < 0 such that J\(u) — Acu = 0.

Proof. Since (Jc|s,)’ (1) = 0, there exists a Ac € R such that J/(u) = Acu in H 1(RN),

and hence
2Ac(u) — qBy (1) — pBa(u) = Acc?. (15)
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Moreover, u satisfies Lemma 5 (Pohozaev identity):

NA, 2

(N —2)Ac(u) — N(By(u) + Ba(u)) = >

Then, we have
4Ac(u) — (9 —2)NBy(u) — (p —2)NBy(u) = 0.
By putting the above equation into Equation (15), we have

1. = @N=2) = 2N)By(u) + (p(N —2) — 2N) By (1)
¢ 2¢2 ’

Now,2 <g<p< 3= 1mphes Ae < 0.
The proof is completed O

Lemma 7. Assume that u € S.:

2(Ny=2)
(1) PorWl\f‘*—q<p<2*,ngry<zandc<<h) ,or if Ny > 2 and
N

el
N
2(Ny-2)
c>< V4> , then M, # @.

QI
(2) IfH <gq<p<2 then Mc # @.
(3) ForZ<q<%<p<2*,ifN’y<2and

(p-2)-
¢ < sy QI *N(W K(W>W
yW
orif Ny > 2 and
—2)— (r=2)=
C>7HQ||2”N M>%(M)%,
LT N(p—4) N(p—9)

then there exist two sets E1, Ey C S. and a positive constant ¢y > 0 such that
Et={ueM.:]J(u) <0} #2 (16)

and

Ey={ueM.:](u)>co>0} #Q.
Proof. For u € S, let u! := 3
w : [0, +0c0) — R, defined as

u(tx). Then, u' € S.. We consider the following path

1 NGp-2)
w(t) = 5| Vul3t* — yll g *II e,

In other words, w(t) = J.(u'), and Lemma 1 implies that

—2) - - N(p=2) _ _
w(t) 2 5@ VulBR — g |Vl I v, T e
210l " 200l
Set
1 1 N(9-2) N(g-2) 1 N(p—2) N(p-2)
Mo = Loy L a-tgRpen 1 Nen e

=2 =)
2 2[Qll3 2/Ql3
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Now, we consider three cases for different p and g values:
1 I =g<p<2
N
2(Ny=2) 2(Ny=2)
Ifoy<2andc<<”4> ,orifN’y>2andc><”4> , then we
[le]lP ([elBy
have 1
A > U T c%,
el
which implies that
1, 22 Hyopa2< 1 2,20 2y 4
2 IVulat” = Zllullgt” = SVl (™ = p——rpe) > 0.
el
Then, for
1 U , 1 (
w(t) = 5| Va3 = =g — ~ [lullpt
2 g
1
4p (3> |Vull3 - Kllulf) | "5
there exists a unique positive ty := 7 such that w'(ty) =
N(p —=2)]lullp

Oand w'(t) > Oforallt € (0,tp) and w'(t) < O for all t € (ty, +o0), which implies that
Je(ufo) = max;~ Jc(u'). From w'(tp) = 0 (note that 2 = q), we have

1N(p—2) N(p=2) g
0= w(t0) = e[ Vulto — 28 ulfto —  =E ulfy

7

In other words, we have

N(p-2)

1N(p—2)
0 = VulBey — 2Ll — =5 Iulpry

= [ IvaoPds—2b [ o - SXEE2 [ oz,

Since ut € S, for u € S., we have

{u € 5:|G(u) =0} # Q.

(2) Since 2¥H < g < p,wehave X2 25 0, M2 _5 5 gand

N(g—2) Ng-2) N(p—2 (VZ
/() = s vulg - MOZD by NEZD) ey

then there exists a unique o > 0 such that w'(tp) = 0 and w'(t) > 0 forall t € (0, )
and w'(t) < 0 for all t € (to, +00), which implies that J.(u!0) = max;~¢ J.(u') and

N(g—2) N N(p—z)N -2
B Vulg = pty T )n gyt NE=2)

2p
Then, we have
{u € 5:|G(u) =0} # Q.
(8 For2<g< —2%4 < p < 2%, since one of Ny < 2 and
(p=2)—
c< 7||Q||2 WN(M)#(M)%
LT N(p—q) N(p—4q)
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or Ny > 2 and
_9) _ (r-2)-
c> ¥HQH2 w w)%(w)%,
ey N(p—q) N(p—q)
is true, we find that
= A= NE-2) B N(p—2) —4
N2 < 2T P24Q ALY AP S TR (1)
' | ” N(p—q) A N(p—q)

The discussion is divided into three steps:

Step 1. We claim that there exists an interval (ac, bc) such that h(t) < 0 forallt € (0,ac),
h(t') > 0 for some point ' € (ac,b;) and h(t) < 0 for all t > +oo.

Obviously, h(t) > 0if and only if

_N@-2)

@(t) > ch 2
2||Qj7-2 ’

Here, we have
2 N(q-2) 1 2 N(p-2) _ N(q-2) 1 _ N(p-2)
(P(t) =t 7 T -t 2 2 ﬁcp 2.
2[|Qll3
Since2 < g < % < p < 2%, it can be seen that ¢(t) has a unique critical point ¢,
which is a global maximum point at a positive level, where

c27||Q||§*2<4—N<q—z>>)W

t=( S ,
(p=2)
N(p —q)c= >
and the maximum of ¢(t) on (0, +c0) is
_ 5_N@Eg=2) 1 > _N(p=2) _N(q-2) 1 _ N(p-2)
7) = T 2 _f 2 PR
o) 5¢

;)
2(1Ql5
From Equation (18), we have

_ 1 N(q-2)
@(t) > por—c 7,
2[QJla-2

Thus, h(t) > 0. Since h(t) < 0 for a small enough t and lim_, ;« h(t) = —oo, there
exists an interval (a., bc) such that h(t) < 0 forall t € (0,a.) U (be, +00) and h(t') > 0 for
some t' € (ac,be).

Step 2. We claim that there exists an interval (ay,b,) such that w(t) < 0 for all

€ (0,ay), w(t) > 0 for some point t’ € (ay, b,) and h(t) < 0 for all t > by.
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Lemma 1 implies that

1 - ) 1 7-2) N(3—-2)
w(t) > 57|Vl T ull, £ e
2
N(p—2) 1 (p 2 N(g-2)
T ”2 o
2y 2) 1 N(g-2) qu(qd)
= ST (| Vul)2)? — FW(HWIIM 2ot 2
2
N(p—2) 1 N(p-2) N(q-2)
e (Tl e
2
_ 162752_]/[ , Nq;) q N(quZ) B N(P2*2) 1 s (p Z)C (9-2)
2 21Ql13 2(lQlI5
= h(s),
where s := t[|Vu||, and h(s) is defined in Equation (17).
Since w(t) < 0 for small enough values of ¢, lim¢_, ;o y(t) = —oo, and there is a

t' e (Mac, mm) such that w(t') > 0, then there exists an interval (a,, by, ) such that
w(t) < Oforallt € (0,a,)U (by, +00) and g(¢") > 0 for some ¢’ € (ay, by).
Step 3. We claim that there exist two sets E1, E; C S, and a positive constant ¢y > 0
such that
Et={ueM::](u) <0} #2

and
Ery={u€ M.:J.(u) >co>0} #0Q.

Claim 2 implies that there exists an interval (a,, b, ) such that w(t) < O0forallt € (0,4,),
w(t) > 0 for some point t" € (ay, by) and h(t) < 0 forall t > b,,.
Define t, = min{s|w(s) = min,¢ (g ,,) w(t)}and t* = max{s|w(s) = max;c (4, s,) w(t)}-
Obviously, we have
w'(t) =0, w'(t*) =0,

In other words, we have

22 2 Ng-2 N(g—2), g Ne=2 N(p—2), p
(£ )| Vulls = p(ts) 2 TH”Hq*’(t*) 2 TH”HP
and N(g—2) N(p—2)
« oy N1=2) — oy N(p=2) —
(P2 Vull3 = ()~ =T ullf+ () " —E=jull}.
q p
Then, we have
N(q-2) N(p—-2)
2 12
VB = =gt S
and

. N(g—2), N(p—2),
2 P2 e a P
[Vt iz = p 2 [ [lg + 2 ([ {Ip-
Set ¢ := MaX;eg 1o0) 11(t). From w(t) > h(t||Vu|)2) forall t > 0, we have

w(t*) > ¢p.
The proof is completed. O

Lemma 8. Assume that u € S,;:
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N

4 T

1) N =g<p<2tand0<r< <'QM'ZNCZ’V> = 19k %" then M, # @.
VI
(2) IfEH < g < p <2 then M # @.
3) If2<gq<2NH <p<2tand
4(p—q) N(p— _Ap=q)
urNp-2-1 < AN 4||Q|| (M) M, (19)

N(p—9q) N(p—9q)

then there exist two sets Eq ,, Ey , C Sy and a positive constant cq, > 0 such that
Ei,={ueM :J(u)<0} #0 (20)

and
Ey,={ue M, :J(u)>co, >0} #Q.

The proof is the same as that in Lemma 8, so we omitted it.
Forr > 0, set
I, = inf J.(u).

uesSy

Lemma9. (1) If2<q<p < 2MFH then for each r > 0, 1o is well-defined, and I,» < 0 for
r € (0,400), while the function r — 1,2 is continuous on (0, +oc0);

(2) If2<q<p=28F then 1, is well-defined, and I, < 0 forr € (0,c¥ |Qll2), while the

function r — 1> is continuous on (O,C% 1Ql2);
(3)
Lo <Io_ 2+ 1p,V0<a<r.

r

N
2

Proof. For u € S,, set u'(x) := t2 u(tx) for t > 0. Then, u' € S, and

1
Lo < Je(u') = QchtzllVMII% - *II 13 — *H 5.t > 0.

(1) Inthecase2 <g<p< 2N+4 , for u € S;, we have
qg<pr

127/ 20 HKyowa Ly
Je(u) = 35c RNW“(")' dx qH”Hq pl\ullp

_N(q 2) B _N<p 2) B (21)
1, , T N@g=2) P Np-2)
> S Vull = p——=[[Vul, > ———=|Vul, *
2 21Q115~ 2\|Q||p
Sj 2N+4 h N(piz)iz dN(qu)fZ hich
ince q, p € (2,5~), we have — < 2 an — < 2, whic

implies that J.(u) is bounded from below and J:(u') < 0 for small enough  values. Hence,
I» < 0is well-defined for all r € (0, +o0).
The proof of continuity of I,» is the same as that in Theorem 2.1 in [33], so we omitted it.

(2) Takethecase2 <g<p= M

Foru € S,, we have

1, 2 T’q_qu . Nig-2) rN
Je(u) = 5c7||Vulz —p = IVl ———— | Vul3
20l " 20Ql »
4 _ (q—Z) N(g—2) (22)
1 2y N 2 71 qT
> (@~ IVl p L |Vl

Iy "2l
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Since q € (2, 24*), we have < 2, which together with r < ¢ 1Qll2

N(g—2)-2
2

implies that J.(u) is bounded from below and J:(u!) < 0 for small enough  values. Hence,

L» < 0is well-defined for all € (0,2 [|Q|).
The proof of continuity of I > is the same as that in Theorem 2.1 in [33], so we omitted it.

(3) We can obtain our results from Theorem 2.1 in [16,33], so we omitted the proof.

The proof is completed. O

Set
= o e
and
Me = uier}&c Je(u).

Lemma 10. Assume that one case of the following conditions hold:

2|

2Ny -2)
(1) 2NN+4:11<P<2*,N7<2andc<( ”) .
lQll;

2|

2(Ny-2)
(2) 2NN+4:q<p<2*,N'y>2andc><”> .
el

3) MH <g<p<2n.
Then, M. is a Ct manifold.

Proof. From Lemma 7, M. # @, provided that one condition of our lemma holds.
We show that G'(u) # 0 for u € M..

Forany u € M., if p > g > , we have
N({@g—2 N(p—2
@ w)u) =227Vuld — p =D g - N2y
N(@g—2 N(p—2
= 22 g+ M )
N(@g—2 N(p—2
2y N@ D)
_ N@e=2)2_ e Np=2) 2 . »
= WDyl TR -

Hence, M, is a C! manifold. [

Lemma 11. Assume that one of the following conditions holds:

2|

N2
(1) m]\f‘*—q<P<2*,N7<26md0<< ”) :
lQl;

2|

2(Ny=2)
2) ZNI\}HL:q<p<2*,N’y>2andC>< £ > .
el

3) MH <g<p<2n,

Then, any critical point of Jc|m, is also a a critical point of Jc|s,.

Proof. Suppose that u is a critical point of Jc|p, (i.e., u € M and (Jc|p,) (1) = 0), which
implies that there exist A; and A; such that

Jh(u) — MG’ (1) — Au = 0in HH(RN). (23)
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Now, we prove that A; = 0and A, # 0.
In fact, if Ay # 0, then it follows from Equation (23) that
N(q

-2 N(p—-2
(- 220 Vul e M2 — (- N2 g a2 = 0 @9
Additionally, the Pohozaev identity for Equation (23) implies that

N-2
2

N N(g-2 N, N(p-2
(1= 20|l - (- M2 g - T - HEZ2

From Equations (24) and (25) and G(u) = 0, we have that

N
A ullp = 5 Aac =0. (25)

N(g—2 N(p—2
e e e )

2 N(q—2) N(p—2) N(p—
_ 2y 2 c Y\ 4 q_ _
(=22 Vul —p2 (1 = =7 A)llull - =7, =1 - =5

2
L)l =0,
and then

N 2
1|Vl - D gy - M=,

2)N -2
2627 Vull3 — %q e )nuq M AR g —o.
Hence, we have
N(qg -2 N(p—2 N(qg -2 N(p—2
2D g4 M2 g MDD EAZD) gy =D N2 26)

2p 2q 2p 2

Since % <g<p<2,wehave2 < (q 2 and 2 < g , which implies that

N(q-2) N(p—-2), .» _ N(@—-2)N(@g-2) N(p—=2)N(p—2), \»
1427%7 ||”||q+272p ull, < p 2 5 llullg 2 5 lullp-

This contradicts Equation (26).
The proof is completed. [

Now, we assume condition (3) of Lemma 7 and construct a set of some paths.

Let
sN

H(u,s)(x) = eZu(ex), V(u,s) € H' xR

and
2s 1

T _ L 2 2 - N(g s s
Je(u,s) = =-cT[|Vul)z [uqe 5 |u ull§ + ° S I15)-

Obviously, we have B
Je(u,s) = Je(H(u,s))
In addition, for u € S., we have

Je(u,8) = vu(e®) = h(e).

According to the definitions of E1 and E; in Lemma 7, for u € S, there exists s7 < 5 < s
such that H(u,s1) € Ey, H(u,5) € E; and H(u,s;) € S with J.(H(u,s2)) = J.(u,82) < 0.
Define

I'={p e C([0,1], Sc)[¢(0) = H(u,s1), (1) = H(u,52)}

and

I'={y e C([0,1],Sc x R)[$(0) = (H(w,51),0), (1) = (H(u,52),0)}.
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Set

c1 = inf sup Jc(¢(t)) > 0.
7€l tel0]

and

& = inf sup J.(7(t)) > 0.
1€l tef0]

Obviously, c; =¢; > 0.
Our ideas came from [14,18].

Lemma 12 (see [18]). For2 < g < % < p < 2% let {gn} C T be such that

_ 1
max Je(8n(t)) < c1+ e

Then, there exists a sequence {(itn,5,)} C Sc x R such that the following are true:

1) Tc(”n; Sn) € [Cl — %/Cl + %L
(2) minyeqo, | (ttn,5n) = (Bl < T2
3) [Telsoxm (umsn) | < %; in other words, we have

- 2
[Telttnr0), )y camcr | € 7=zl

for all

2 € T(u,s,) = {(z1,22) €H! X R: (un, 21) 2y = 0}

Remark 2. Although the conditions are different from those in Proposition 2.2 [18], we can find
the conclusion above via the same proof as in [18], so we omitted the proof.

Lemma 13. For2 < g <
following are true:

(1) ]C(Un) —c1 >0
(2)  {vy} is bounded in H';
@) @)l yr — 0

I1N(g—2
@ ol -y M2

I < p < 2%, there exists a sequence {v,} C Sc such that the

1N(p—2)

b, 2 [onllly = 0,as n — +oo.

HUHHZ_

Proof. Now, we use Lemma 12 to show that there exists {v,} C S, such thatas n — +oo,
the following is true:

Je(vy) — ¢y and ||JL(v,)| — 0, asn — +oo.

In Lemma 12, let g,(t) = ((gn)1(t),0) € H' x R, Vt € [0,1] such that J.(g) €
[c1—%,c11|—%]. ~

Let 0], (ttn,5n) = (Jo(Sn,un), (0, 1)>(H1><]R)*1><(H1><R)' From point (3) of Lemma 12, we
see that

9sJ.(n,8n) — 0asn — +oo
with 1N(q—2) 1N(p—2)
0sJc(ttn, sn) = CM”VWH% - VaqTanHZ B ?%anﬂz'

where v, = H(uy, sn). Then, point (4) of our lemma is true.

Since

1 1 1
Je(tn,5n) = ECZVHVWHZ - VEHUHHZ - Eanng
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is also bounded, there exists a constant C > 0 independent of n such that
INTe(tt, ) + 05T (1tn, 5)] < C,

which together with

D N o - M2

14

_ - N+2
N (ttn,5n) +0sJc(ttn, 5n) = = | Voul* ~
implies that
- - N+2 1 N(@g—2 1 N 2

= € < NTeln ) + 8L omysn) = 32190 = (M2 el = S (=2 s Wl @)

On the other hand, using the boundedness of {].(u, sn)}, it follows that

LNTHY BT
[[Von| §2C+2V§”vn‘|q+;“vnnp~ (28)
From Equations (27) and (28), we deduce that
2 p 2 q

(N— E(N+2)>an‘|p < C+V(§(N+2) = N)lloullg- (29)

It follows from Equations (28) and (29) that

(1 2nGIN+2) - N)
[ou? sc+<zu+ I (NH)))nvnuZ

21

P (

1 2V(Z(N+2) N) Ng-2) i Ng-2)

SC’+<2# = Vouly, 2 floall, % -
P (N - (N+2>> 2||Q||

Then, {/N an|2dx} is bounded, and from {v,} € S., we have {v,} bounded in
R

H'. Then, point (2) is true.
Now, point (1) is trivial since J.(v,) = J.(H (un,sn)) == ] (tln, sn)-
Let hy, € Ty,. Now, we show that ||J.(v,)]s, || < f — 0; in other words, we have

4
(]é(vn)/z)(H1)—1><H1 < ﬁHZHHl'

forallz € T, = {z € E, (v, 2) 2y = O}
Since

(]é(vn)/hn)(Hl)*lel
:CZV/R Vo (x )th(x)dx—AN[yUZ(x)+vZ(x hy (x)dx

sn(N+2)

=2 Ve 2 un(es"x)th(x)dx—/
R
= ¥~ Non /N Vesn(lgi) un (x)Vhy(e™*"x)dx
R
)

Z

oo [ (1)1 4 (0% (0 )

= 22 /N Vun(x)efs”¥th(e*S”x)dx
R

e [ (074 (€ () (e ),
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the by setting (1,(x)) = e_%hn(e’sﬂx), we have that

(]C(vn)/hﬂ)(Hl)—lel = (7(/:(”nrsn)/ (EWO))(HlxR)—lx(HlxR)‘
Let us show that (f;,,0) € T(uy,s,). Indeed, we have

(hy,0) € T(uy,sy) <= (hn, tin) 2m) = 0
= [an upe™ "% h(e=Snx)dx = 0
> [zn e%un(es"x)hn(x)dx =0
<~ (hy,vy) =0
= hy €Ty,

Using this observation and point (3) of Lemma 12, we see that

2
|Je(on) hn) (y 1 | < ﬁ”(hn/O)HlH-

Since

(R, 0)12 = 17|

:/N|En|2dx+/RN|VEn|2dx

[ 2l + e~ 250 /N |V [2dx
R

< 2[| ||

S
z

if e=25n < 2. This is the case for when n € N is large, since

sul = lsn — 0] < max |(uy,s,) — 2n(t)] <
|sn| = |sn ‘_te[o,l]Kn n) = &n(t)]

4

Then, point (2) of our lemma is true.
The proof is completed. [

Lemma 14. Assume that one case of the following conditions hold:

4 T
N
(1) WA —g<p<2and0<r< ('Qﬂ'sz) ;
(2) B < g < p < 2% holds.
Then, J.(u) is bounded from below on M,. Additionally, m, > 0, and the function r — m, is
strictly decreasing.

Proof. Now, Lemma 8 guarantees M, # @, provided that one condition of our lemma
is true.
For any u € M,, from G(u) = 0, we have

N(g-2) N(p-2)
27y 2 _ q P
[ Vullz AT ||u||q+72p (]| - (30)

The proof is divided into three steps:
Step 1. We show that for 25 = g < p < 2%, J.(u) is bounded from below.
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Since

1 1 2027
Jo(u :7027Vu2—7u'7—7Vu2
) = 3Vl = e el — | oo 1918 = gy =5z el

= ECZW&HV 2 - yN(p—2);4/N |u|dx

% é\](P 2 ) qN(N(PZ—)2 L
> 7027 4 Vu p—<)— V|2 v (31)
2 N(p ) ” ”2 N(p—Z) 2||Q||2% H ||2
_ |y M 4)N(P—2)—4 2
=|\c N [Vullz,
7 2N(p—2
( Tl h=2)
4 T
£ 1Ql," 24 _ Q|2 ¥ ; i
or0<r< T = I57%c 7, we know that Jo(u) is coercive on M,. Moreover,
y4
Lemma 1, together with Equation (30), guarantees that
N(P 2)
2 N(p=2)
1 |Vulf < 2p—— | Vulrt + NEZ2T gy,
2 4 2 2 p— 2
2/|Q)Iy 2[1Qll2
In other words, we have
2 LA iolP-2\ N
U= Lol
Q
V|2 > s (32)
N(p - 25"
From Equations (31) and (32), we have
4 2
4T — p—Lprn)|lQfly 7| M
4 2)—4 N
Je(u) = (sz— = rN) Z(IZ(P )2) o _Np-2)
rejipy N(p—=2)rP~ 2
Hence, we obtain
f = .
ulenM, Je(u)=m, >0
Step 2. We show that for 2 < g < p < 2%, J.(u) is bounded from below.
From Equation (30), we have that
1 2 N(p—2
Jew) = 3 IVl = S} = g7y IVl = S5 )
15, ) 2c27 )
_ 2 _ 33
S Vull2 N(p )IIV ull2 (33)
N(g-2) L1p-2
N —2)—4 Vu (= D) ||u®.

From % < g < p < 2%, we find that J.(u) is coercive on M,. Moreover, Lemma 1
together with Equation (30) guarantees that

N({@g—2 N(p—2
vulg =2 g+ SO
N(qu) _N(p-2) B
<MD oy, NEZDT gy,
i 2 2 7
IS T
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In other words, we have
_ N@g-2) - N(H) -
2y o Nlg=2)7 S22 Np-2)r =
& <L lvul, = P+ SE IVl
2(Qll; 2[Qll;
From w —-2> w — 2 > 0, we see that there exists ¢y > 0 such that
IVull3 > co. (34)

Then, we have
N(p—2)—4
>y A2 2
Jelw) = e = G —2)
Hence, we obtain

f = 0.
ulenMr ]C( ) M=

Step 3. We show that the function r — m;, is strictly decreasing.
We only prove the case 28 = =q<p< 2%,

4

For0<r <r < ('le c? ) , from point (1) of Lemma 8, there exist {u,} C S,

such that u!" € M,,:

n < Je(uy) = max J (1 )<mr1+1

It follows from Equations (30)—(32) that there exist k; > 0, i = 1, 2 independent of n

such that
ki < Jluplle < ko, ky < (|Vul || 2 < ko

By setting v, = ( 1)1’7145{‘( x) and ||vy||;2 = rp, we obtain
7o, 2-N)p
IVoulle = IVu 2, lloallfy = G Nl 17 (35)

/
Moreover, point (1) of Lemma 8 guarantees there exists £, > 0 such that Uf{‘ € M;, and

! !
]C(v,tf) = max;>( ]C(v,tf) with

.
4P(%c2’y||vvn||%dx_ %HUHHZ) N2,

!/

n

It follows from G(uj) = 0 and Equation (35) that

1
4 5 N3 -
s (39— 53 Al ) Y5
(2=N)p
N(p—2)(2) F N |
1
N(p-2)

4
4p(1 2| Va1 — 5 (2) ¥ uiz1]) S

)P
N(p—2)(2) 7" #N 2 (27| Wy | — 20l )

(- )P+N 1
<(L1)( A =

= \r




Mathematics 2023, 11, 75

19 of 32

Then, t,, < 1, and thus

/
mr2 < ]C(viln)

= (1)l ™) + [(£)2 <:2>“ a1

+[<t;>2—<%> ”+N1 ™|,

th
< (t;)zlcguf{’ )
< my, + —
n

By letting n — o0, we have m,, < m,,. We can prove the case 2 *4 <g<p<2in
the same way, and thus we omitted the proof.
The proof is completed. O

Lemma 15. Assume that one of the following conditions holds:

e

(Nv-2)
(1) 2I\TI\I+4:q<p<2*,N'y<2andc<< ”) ;

lQll
N
> 2(Nv—2)

Let {uy} C M, be a minimizing sequence for m.. Then, there exists y, € RN such that for
any € > 0, there exists an R > 0, satisfying

2

2) 2NN+4:q<p<2*,N'y>2andc>(
[Qll;
3) WH <g<p<2n

[un(x)|dx < e, / lun(x)|Pdx < e.

./RN—B(y,,,R) RN —B(yn,R)

Proof. If conditions (1) and (2) hold, then from Equation (31), we have

ry
QI
Additionally, if condition (3) holds, then from Equation (33), we have

1+ \N(p—2)—4
Je(un) > (CM' : CN) 2(16(p_)2) IV unl3

N({g—-2)—4 1 p—2
Jeun) = B2 T+ S (B2 - Dl

Then, {uy} is bounded in H!(RN). Now, Lemma 1 guarantees that
{||un||s} is bounded for each s € (2,2%)

Without loss of generality, assume that

lun|lh = ay 20,\|un||g—>112 >0, n— +oo. (36)
Set
_ N(g-2) )7 N(p—2)—4 p N
on(x) := FTW x)] +T|un(x)| >0, x e RY.

It is easy to see that p,(x) > 0 because of p > g > 2N, From G(u,) = 0, we have

[ o () = Jela) = 3G ua) > m, >0,
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which implies that
one of a1, a; is not 0 (37)

and thus , . 1
SN IVunl3 = Je(un) + HallunIIZ + ?IlunIIZ — a3 > 0. (38)
Now, we use the compactness-concentration principle in [29,34]:

(1) We claim that vanishing does not occur.

Suppose by contradiction that, forall R > 0, lim sup pn(x)dx = 0, and then
n—r+eo yeRN . BR(]/)

lim su un(x)|7dx = 0.
n—>+ooy€RIi, BR(y)| n( |

According to Lemma 2, u, — 0 in L*(RN) for g < s < 2*. Since u, € S, Holder
inequalities imply that u,, — 0 in L¥(RN) for 2 < s < 2*, which contradicts Equation (37).
(2) We claim that dichotomy does not occur.

Suppose by contradiction that there exists « € (0,m.) and {y,} C RN such that for all
en — 0, there exists {R, } with R,, — +oo, satisfying

n— x)dx
‘/BRn(yH) pn( )

Let { : Ry — [0,1] be a cutoff function such that {(s) = 1fors <1,{(s) =0fors > 2
and |{'(s)| < 2foralls € [1,2], while

hmsup( + ‘(mr —a) — /RN—BZRn ) Pn(x)dx ) < &5 (39)

n—+oo

ou(w) = 2y 2,0, 0) = (1= (2

and ,
P(u) := Je(u) — EG(u).

It is easy to see that for any r > 0, P(u) = J.(u) for all u € M,. We deduce from
Equation (39) that liminfy,—, yo P(vn) > & and liminf, e P(wy,) > me — a.
Denote (), = By, (¥n) — Br, (yn). It follows from Equation (36) that

/ on(x)dx =0(1),n — +o0.

n

From Equation (38), we have that
/Q | Vo, [2dx = 0(1),/Q |Vw, (x)|?dx = 0(1),n — +oo. (40)

Hence, we have
IVunll3 = [[oal5 + [ Vwa 5 +0(1),n = +oo (41)

and
lunlly = lloalll + llwallh + o0(1),n — +oo. (42)

We deduce from Equations (40), (41) and (42) that

P(uy) = P(vy) + P(wy) +0(1),n — +oo.
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Then, we obtain

me = liminf P(uy,) > liminf P(u,) + liminf P(w,) > a + m. — &
n—-+oo n——+oo n——+o0o
and

ngTwP(vn) =uq, ngr}rle(wn) = me — &. (43)

Moreover, from Equations (40)—(42), we have that
0= G(un) > G(wy) + G(vn) +0(1),n — +oo. (44)

Then, there are two cases for {G(vy,)} and {G(wy)}.

Case 1: There exists a negative subsequence of {G(v,)} or {G(w,)}. Without loss of
generality, we suppose that G(v,,) < 0. Now, Lemma 8 guarantees that for each #, there
exists t, > 0 such that vl € M [on,» and then G(vlr) = 0. Hence, we have

N(q722)74 9 ¢
0 2in N( g(f") ~hoC@n) N(p—2)—4 N(g—2)—4
4-2)— N(p—2 p—2)— g-2)—
= T DIVl T 6 T Tl
which implies that ¢, < 1. Now, we obtain
M|5,1 < IC(ZJ;”) = P(U;”) < P(Un) —a<m,< M[0,]- (45)

This is a contradiction.

Case 2: For each 1, G(v,) > 0 and G(wy) > 0.

From Equation (44), we see that G(v,) — 0 and G(w;,) — 0. Now, Lemma 8 guaran-
tees that for each n, there exists t,, > 0 such that qu” eM lonlla - Iflimsupt, <1, and then

G(vly) = 0, then we can obtain the same contradiction as in Equation (45). Suppose now
that lim t, = tg > 1. We will show a contradiction for different cases:

1) If 2 =g < p <2 then

G(vn) _?\](g’n)—)’fnzg(z%")
_ N(p-2), M2,
= T(tn : —1)[oullh,

which implies
lonllp — 0, asn — +oco.

We deduce from Equation (43) that there exists b; > 0 such that

[onllg — b1 (46)
On the other hand, we have
N(p—2)—4
0 2N<p—zc);—(4vn) a t;2G(v£ZH) _ N(g—2)—4 N(p—2)—4
=@ T =)ol B2 T T o,

29
which, together with Equation (46), indicates that there exists b, > 0 such that
[Voull2 — ba. (47)

By combining Equaitons (46), (48) and (47) and letting n — 400, we have

N(p—2)—4 N(g—2)—4 N(p—2)—4
(p—2) N(qu) (9-2) (p 5 )

Aty 2~V +p—g=(ty 7~k )by = 0. (48)
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Lets > w — 2. Then, we obtain
0 <« t5G(vy) — t,2G(0ln)
N(g -2 N(q—2)—4
== DIl + a2 — )l
N(p—2), N2
P e T =)ol
By combining Equations (50), (46) and (47) and letting n — 4-00, we have
N(g—2)—4
Aty = Db+ p M2 (hy 7 —F)by =0, (49)
Since s > w — 2 is arbitrary, Equation (49) contradicts Equation (48).
) If 3 <g<p <2 then
G(on) = G(vn) — fEZG(UZ")) -
N(g—2),6 Nu=2) _, N(p—2),6 Ne=2) 5
e L B e 112
which implies
||Un||q—>0and lonllp, =0, asn — +oo. (50)
On the other hand, we have
N(g—2)—4
0 «t, 2 G(og) = £°G(oy)
N(g—2)—4 N(p —2) Np-2-4 N(q—2)—4
= * -~ DIVelE+ ST Dl
which implies
|Vou|l2 = 0and |lv,|l; = 0, asn — H-co. (51)

By combining Equations (50) and (51), we have P(v,) — 0 as n — +oo. This contradicts
Equation (43).

Therefore, the compactness holds for the sequence p,; that is, there exists {y,} € RN
such that for any & > 0, there exists R > 0, satisfying

lim sup pn(x)dx > m, —e.
n——+oco JBRr(¥n)

Hence, we obtain

/ |u|7dx < e and / |u|Pdx < e.
RN —Bg(yn) RN —Bg(yn)

The proof is completed. O

Lemma 16. Assume that 2 < q < 25 < p < 2* and Equation (19) holds. Let {u,} C Sc bea

Palais—-Smale sequence for J¢|s, at a level v # 0 which satisfies that

N(g-2)
2q

N(pr-2)

Va3 — =

||un||2 — ||un||§ =o0(1), asn — +oo. (52)

Then, up to a subsequence u, — u strongly in H', u € S is a real-valued radial solution to
Equation (1) for some A < 0.

Proof. The proof is divided into four steps:
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(1) We show that {u,} is bounded.
Since
1 2y 2 1 q 1 14
Je(un) = 5[ Vunllz = p—lJunllg = —llunllp, (53)
q p
then by putting Equation (52) into Equation (53), we have
v Je(un) )
_ Lo v p-l q_L 2, A
_ 1y N(p— ® P q (54)
%C Z(\f(p 2) ) ||V n”z ( (P2)2)4 N1|1/ln| dx ( ,
—2)— ( —2)
> fcz'ypi Vu P c1~ .

Since 2 < g < 28 < p < 2%, we have that {u, } is bounded.

(2) We show that there exists a subsequence {uy, } of {u,} with a relative convergent
{An,,2} such that

(Jo(un ), 0) = A2 (i, 0) = 0(1), Vo € H'(RN).

Since N > 3, Lemma 4 guarantees the embedding H! ,(RN) < H*(RYN) is compact
for s € (2,2*), and we deduce that there exists u € Hrla 4 such that, up to a subsequence,
uy — u is weakly in HY, u, — uis strongly in L*(RN) for s € (2,2%), and it is a.e. in RN,

If u = 0, then from Equation (52), we have ||Vu,||2 — 0, and then J.(u,) — 0. This
contradicts J.(u,) — v # 0. Now, since {u, } is a bounded Palais-Smale sequence of J¢|p,,
by the Lagrange multipliers rule, there exists A, » € R such that

(]é(un)/ U) - An,Z(”nz U) = 0(1) (55)

for every v € H', where o(1) — 0 as n — +co.
By letting v = u,, in Equation (55), we have

)\n,zcz = (Ié(”n)/un) +o(1).

The boundedness of {u} guarantees that {A,,} is bounded. We can assume that
Anp — Aasn — oo,
(3) We show that A < 0.

By putting Equation (52) into Equation (55), we have

N(g—2 N(p—2
M =p(M =2y NP2 o). e
q 2p
Since 0 < M2 —1 < 1and 0 < MP2 1 < 1, we have A < 0.1f A = 0, then we

have u = 0, which together with Equation (52) implies J.(u,) — 0. This is a contradiction.
(4) We show that u, — u strongly.

By weak convergence, Equation (55) implies that

(Je(u),0) = A(u,v) =0 (57)

for every v € H'. By choosing v = u, — u in Equations (55) and (57), we obtain

(Je(un) = Je(u), iy — ) = Mg — u, uy — u) = o(1).
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Using the strong L7 and L7 convergence of u;, we infer that
AV (1 —u) 5 = Alln — ull2 = 0(1).

which, noting that A < 0, establishes the strong convergence in H'.
The proof is completed. O

3.1. The Proof of Theorem 1

Proof of Theorem 1. Assume that u is a solution to Equation (1) for A > 0. Then, we have

v 2N 2N
(N =2) (1ul) "1 9w = NAoa 5+ ==l + =l (58)
and .
(i) 1572113 = Allowl 3+ pelull] + [l (59)
By multiplying Equation (59) by %, we have
— | ||u Vulls = A—|lvulls + p—||u|lg + —||u|l}-
o (1) 19wl = A= o+ ==l =l
Using above equation minus Equation (58), we have that
1 1 1 1 p(N—=2)=2N/, 2\7 )
AN(= — - "+A2N7—f/ 2(x)dx = Y= =20 Vil (60
PN = )l +A2N(; =) [ (s S (Iul) 19wl (@)

Under our assumptions, Equation (60) implies that if A > 0, then necessarily # = 0.
The proof is completed. [

3.2. The Proof of Theorem 2

Proof of Theorem 2. Now, point (1) of Lemma 9 guarantees that I,» = inf,cg, Jc(1) < 01is
well-defined for r € (0, +-00), which implies that I» = inf,cs_Jc(u) < 0. Let {u,} C S; be
a minimizing sequence for I» < 0. From Equation (21) and {u,} C S, {u,} is bounded in
H'(RN),
Set
o:=lim sup sup |t |2dx.
n—-+00 ycRN Bi(y

If ¢ = 0, then using Lemma 2, u, — 0in L* (RN) for any 2 < s < 2*. Hence,
0 < liminfy 400 Ac(ty) = liminf, oo (Ac(uy) — B (uy) — Ba(uy)) = limy 400 Jo(uy) =
I» < 0. This is a contradiction.

Therefore, o > 0, and then there exists y, such that

: .
'/Bl(yn) |ty |“dx > 7 (61)

Denote 7, = uy (- + yn). Then, {11, } C S, is also a bounded minimizing sequence for
I, which implies that there exists a weakly convergent subsequence of {1, } in H(RN).
Without loss of generality, we may assume that for some # € H!(RN), we have

i, — 1, in HY(RN),
i, — 1, in L (RN),q € (1,2%]; (62)
iy (x) = u(x), ae inRN,

which, together with Equation (61), implies that ||7||, # 0. Fatou’s Lemma guarantees that

1
2
o1 := ||ul]z = (/IRN |u|2> < léri‘i{.‘f(/RN u,,|2dx) =c, ie., 0y € (0,cl.

N|—
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Now, we claim that o7 = c. If i1 < ¢, then Equation (62) gives

a3 = [ 1) + T (x) =) Pl

= |3 + |[it, — u||2 + 0(1),n — ~+o0.

Hence, we have

2

iy — 1|3 — 2 — 02,1 — +oo.

From the boundedness of {u,} in H!(RY) , Lemma 1 guarantees that {||u,||;} and
{llun||p} are bounded. Now, Equation (62) and Lemma 3 guarantee that

tim (] i — ) = [l (©3)
and
ng%(HﬂnHz — @, —ll}) = [lall}. (64)

Therefore, we obtain

. _ ) 1 o _ 1,_
limy—1e0 Jo(Ty) = lim (2c2”||Vun—u+u|%—l;||un|2—||un||§>

n—+-00 p

i 1 _ _ Ho— 1,_
= lim 2cz”IIV(Mn—u)II%JrIIWII%—IunIIZ—IILlnIZ)

n—+00
1

, [ I Th Sy re—) Z P
Jim S|V G =) [z — i = llg — i )

; L TV S L T N A [—
+ lim [Sc™7][ Vi . [#nlq gllun il|q

1/, _
= (Il = i — 7))

= ]c(ﬂ) + nl_ig}oo]c(ﬁn _ﬁ),

which together with Equations (63) and (64) implies that

IC2 = 1iInn—H—oo ]c(ﬁn) = ]c(ﬁ) + nl_ig_loo ]c(ﬁn - ﬁ) > IU]Z + ICZ,U]Z-

This contradicts point (3) of Lemma 9.
Thus, ||#||2 = ¢, and so

IC2 S IC(ﬁ) < lim I(ﬂn) = Icz,

n—r—+o00
In other words, J.(#) = I = inf,cg, J.(u). Therefore, u is a critical point of J¢|s,.
Now, Lemma 6 guarantees that there exists A, < 0 such that (i, A.) is a couple solution to
Equation (1).

The proof is completed. O
3.3. The Proof of Theorem 3

2 2
Proof of Theorem 3. From Ny < 2and 0 < ¢ < [|Q[|,” or Ny > 2and ¢ > ||Q|,",

we have
1 4

TN > 0,
Q1Y

2 —



Mathematics 2023, 11, 75 26 of 32

which guarantees that for u € S., we have

1 1
Jelw) = 5 [ 1V Pax = Bl — i
N(q 2) 4
1, 2 c N(g=2) cN 5
> S| Vulz —p 2ol ———[|Vu|, * —WHVL!Hz (65)
2
4 N(q-2)
1 cN ==z N(g=2)
> 5 (@ )|Vl — | Tl
lQll} 1Qll:

Then, from g € (2, 23#*), we have that J.(u) is bounded from below and Jc(u!) < 0
for small enough t values. Hence, I» < 0 is well-defined.

Let {u,} C S; be a minimizing sequence for I < 0. From Equation (65) and {u,} C
Sc, {uy} is bounded in H'(RN).

Set _

o:=lim sup sup |t |2dx.
n—s-+eo yerN 7 B1(y)

If ¢ = 0, then using Lemma 2, u, — 0 in L* (RN) for any 2 < s < 2*. Hence,
0 < liminf, 10 Ac(tn) = iminf, 4o (Ac(un) — B1(tn) — Ba(un)) = limy—s 4o Jo(Un) =
I» < 0. This is a contradiction.

Therefore, o > 0, and then there exists i, such that

2.5 9
/Bl(yn) |ty |dx > > (66)

Denote 7, = uy (- + yn). Then, {11, } C S, is also a bounded minimizing sequence for
12, which implies that there exists a weakly convergent subsequence of {i, } in H' (RN).
Without loss of generality, we may assume that for some # € H!(RN), we have

i, — 1, in HY(RN),
Uy — 1, in L70C( Ny, g€ (1,2); (67)
iy (x) = u(x), ae inRN,

which together with Equation (66) implies that ||#||2 # 0. Fatou’s Lemma guarantees that

1 1
= _2\?2 .. — 2 7_ .
o1 = [ = (/RN 1 ) < liminf /RN Tal2dx ) = c (e, o1 € (0,c]).

Now, we claim that 07 = c. If 07 < ¢, then by using a similar computation as in the
proof of Theorem 2, we obtain that

Io = limy; 1 oo ]c(ﬁn) = ]c( )+ lim ]c( ﬁ) = 1012 + Icz_glz-

n—r—+00

This contradicts point (3) of Lemma 9.
Thus, ||#||2 = ¢, and so

Io <Je(w) < lim I(u,)=Io

n——+00
In other words, J.(#) = I = inf,cg, Jo(1). Therefore, u is a critical point of J¢|s,.
Now, Lemma 6 guarantees that there exists A, < 0 such that (i, A.) is a couple solution to
Equation (1).

The proof is completed. [J
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3.4. The Proof of Theorem 4

Proof of Theorem 4. From Ny < 2 and ¢ < <|Q|

aid ™
c> hQl” , we have

I
A — yic% >0,
el
which implies that for u € M., we find that
1 1 2c27 4
Je(u = =2 ||Vul - uq—{ Vull3 — p———e ||
W = |I|V( ||22)yq4| 17 N(pN_(z)nz) - iy a1
— 27 p— _ \V4 Z_E p— — / a4
2 N(N(p;)z>4” ul2 IR juffdx
> 221 P=2) —*iul2 - p—<)— Vull2en (68)
[ H 4) N(p—2)—4 o
=|c gcV Vullz,
N 2N(p—2
( ol v=2
is coercive on M.. Moreover, Lemma 1 together with Equation (30) guarantees that
N(p=2)
4 N _2 Cp7 2 N(p-2)
1 |Vul < 20— [vulet + M=oy,
2(1QI1¥ 2([Qll;

which guarantees that there exists a ¢y > 0 such that
IVul| = ¢ >0
for all u € M,. Hence, we have

me = inf J.(u) > 0.
UeS,

Suppose that {un} C M, is a minimizing sequence for . It follows from Lemma 15
that {u,} € H'(RV) is bounded, and there exists y, € RN such that for any ¢ > 0, there
exists R > 0, satisfying

lun(x)]|9dx < e, / [un (x)|Pdx < e. (69)

/]RNfB(yn,R) RN —B(yu,R)

Let #,(x) =: un(x +yy,) for x € RN. Then, {u,} C M, is a bounded minimizing
sequence for mc. According to Equation (69), we see that

' 7 (x)19 ' T (x)|P
/RN—B(O,R) |10, (x)7dx < ¢, '/RN_B(O,M |2, (x)|Pdx < e. (70)

Without loss of generality, assume that there exists # in H! (RN ) such that

i, — 1, in H'(RN)
1, — 1, in LS(RN), forall2 < s < 2* (71)
i, — 1, a.e. RV,
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Now, Fatou’s Lemma implies that

7 9 < u P <e. 72
/RN*BR(O) T(x)]7 <e, /RN*BR(O)Iu(X)I <e 72)

It follows from Equations (70)—(72) that
i, — 4, in LY(RN) and @, — 7, in LP(RN).

Since G(i1,,) = 0, we deduce from Equation (32) that there exist two positive constants
C; and C; independent of #n such that

/ @ldx = lim [ [@.]9=C and/ alrdx = tim [l = C,
RN RN RN

n—+00 n—+oo

In other words, # # 0. Set u := ||u]|2 € (0,c]. From Equaitons (71) and (72) and
Uy € M, we have G(u) < lim,— 10 G(71;) = 0, and thus

N(p—2
1 [ 1V a2 [ o) < “’2P>nu|§- 73
2p(Lc2r Vi(x)|” — u(x)|7dx
Lemma 8 infers that that there exists tg = ( 4t fR;’]J =) "y i Jen 1) )>
prRN |ii(x)|Pdx

1
N(p-2)
&272)72 such that 7 € M. Now, Equation (73) implies that

1
t 2;7(%c27 Sy | V( )|2dx—y S [ (x) [7dx) | Me-2 -,
0 p—
P 2) fR |pdx

1
< x)[Pdx ,,zz> -2
N pTZ)fRN [7( x)\F’dx

=1.

Hence, from Lemma 15, we have

my, < ]C(ﬂto)

2y NG—=2)—4 oy S21 p=2 o
= B AR gy (A= -y
—2)—4, 1 p-2 _

< 27((17 2 —(— — P
.. N(g—2)—4, _ 1,p-2 _
< 29N\ T L) T = 2, 2(F_ = p
_lr%r_r}}rrc}of ¢ 2N(g—2) Hvun||2+p(q—2 1)Hu"”p
NG =2~ (Lo Ly
< —————— | =¢||Viul5 + =||u
g (g IVl + ol
= l&gligof(]c(un) - mc(un))
:mC
< my,

In other words, m. = m,. Lemma 15 implies that = c (i.e., # € S¢). Now, tg = 1,
Je(©t) = mc (ie., Jc|pm, attains its minimum at 7). Hence, % is a nontrivial critical point
of J¢|m,. It follows from Lemma 6 and Lemma 11 that there exists A < 0 such that
Je(#) — At = 0 (ie., Equation (1) has a couple solution (7, A¢)).

The proof is completed. [
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3.5. The Proof of Theorem 5

Proof of Theorem 5. For ¢ > 0, point (2) of Lemma 14 implies that inf,,cpy, Jo () = me > 0.
Suppose that {un} C M, is a minimizing sequence for .. It follows from Lemma 15 that
there exists {y,} C RN such that for any & > 0, there exists R > 0, satisfying

Idx < d/ Pdx < e. 74
/RN—BM)‘””(X)' reeam RN—BRW'””(X)' reE 7

Define 7, (x) := uy(x 4+ y,). Now, i, € M, is a bounded minimizing sequence for ..
From Equation (74), we have

4 p
/RN—BR(O) |ty (x)|Pdx < e and /RN—BR(O) |t (x)|Pdx < e. (75)

Without loss of generality, assume that there exists {1, } in H!(RN) such that

i, — u, in L(RN), for all2 < s < 2* (76)

i, — 1, in HY(RN)
i, — 1, a.e. RN,

Now, Fatou’s Lemma implies that

u 7 < u P <e.
/RN—BR(O) [77(x)]7 < eand /RN—BR(O) [a(x)|F <e (77)

It follows from Equations (75)-(77) that
i, — U, U, — uin LF(RN) N LP(RN). (78)

Since G(i1,) = 0, we deduce from Equations (78) and (34) that there exist two positive
constants C; and C; independent of n such that

1 p— 1 7,’/1 p— 1 p— 1. pr— ;
/RN @idx = lim [ []7 = Ci and /RN\qu tim [l = G
n (e} n o]

In other words, i # 0. Then, let 7 := ||u]|2 € (0, ¢]. From Equations (76) and (78) and
iy, € M¢, we have G(u) < limy— 40 G(#1;) = 0. In other words, we obtain
_ N(g—2) _ N(p—2) _
2y 2 q P
c ./]RN |Vi(x)|%dx < u 2 /]RN |[i(x)|7dx + 2 /]RN [t(x)|Pdx.  (79)

Now, point (2) of Lemma 8 infers that that there exists tg > 0:

)

_ N2 N(p — 2
t5c%7 /]RN |Vii(x)|2dx = ut, * 2 0 (p=2)

1 q 2 _\F 7 17 p
/RN|u<x)\ dx + t > /RN 7(x) |Pdx,

In other words, there is

_ NG2 HN(g—2) [ NG=2 o N(p—2) [
2y v 2 _ 7 2 q q 7 p / p
¢ /RN | M(X)l dx = nut(] zq /I‘RN |u(x)| dx tO Zp RN |M(X)| dx/ (80)
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>c

From w —-2>0, w —2 > 0 and Equations (79) and (80), we have ty <1,
which together with Lemma 15 infers that

my S]C(Hto) 5
:]C(ﬂto) - N(q_z)
N(g—2)—4 _ Ne=2 1 p—2 _
_ 42 27 2 2 _ q
toe AN —2) /]RN |Vi(x)|*dx + t, ( 5 1) /]RN |7]7dx

N(g—2)—4 _ 1 p—-2 _/ _
2y 2 - — q
<N =) [ V)] dv+ (=g =) [ Jltdx

< nminf(cZ“rN(‘"z)“J“ [ vaPas S (P22 o [ |u|‘7dx>
RN 14 RN

G(u')

—

H— o0 2N(q —2) 7-2
= MminfUe(in) = o3 =2 ¢ ()
= mC
S m]l/

In other words, m. = m,. Lemma 15 implies that u = c (i.e., # € S¢). Now, tg = 1,
Je(©t) = mc (ie., Jc|pm, attains its minimum at 7). Hence, # is a nontrivial critical point
of J¢|m,. It follows from Lemma 6 and Lemma 10 that there exists A < 0 such that
Jo(#) — At = 0; that is, Equation (1) has a couple solution (i, A;) for each ¢ > 0.

The proof is completed. [

3.6. The Proof of Theorem 6

Proof of Theorem 6. The proof is divided into two steps:

Step 1. We show that Equation (1) has at least one couple solution (uc, A1) with
Je(ue) < 0 under our assumptions.

For u € M,, since G(u) = 0, we have

1 2 N(g—2
Jew) = 3 VT P~ 2l - o vl - w2
N(p—2)—4 P 9—2
_ 2y 2 2 e q
=c Vull5|Vu(x)|“dx 1 u 81
N2(N(pz_)z)4|| Bveofes - Jo—Gogy @)
Y /i v P STG R Bl Y AT Vull, 2
Ny IVl == =l IVl
Since g € (2,2M), we have W < 2, and thus J.(u) is bounded from

below.
Since E; C M., we have

Io, < inf u) < 0.
crad = UES rag MEEY ]C( )

Then, I 2 ,,y < 0 is well-defined under our assumptions. There exists a sequence {u }
such that Jc(u,) — I 2,4, and the Ekeland variational principle guarantees that J{ (u,) — 0.
Under Equation (81), {u, } is bounded. Now, Lemma 16 implies that u,, — u strongly in H L
and u, € M, is a real-valued radial solution to Equation (1) for some A1 < 0 and J.(u.) < 0.

(2) We show that Equation (1) has at least one couple solution (v, A;) with J.(v:) > 0
under our assumptions.

From Lemma 13, there exists a bounded Palais-Smale sequence {v, } C S, satisfying
Equation (52). Lemma 16 guarantees that there exists (v, A;) which satisfies Equation (1)
with v € S, Ay < 0and J.(v.) > 0.

Consequently, Equation (1) then has at least two positive couple solutions (u¢, A1) and
(ve, Ap) satisfying Jo(uc) < 0and J.(v;) > 0, respectively.

The proof is completed. O
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4. Conclusions

In this paper, we studied the nonexistence and existence of solutions with prescribed
norms for nonlocal elliptic equations with combined nonlinearities. The results show
that the nonexistence and existence of normalized solutions are not only related to the
nonlinearities but also related to the prescribed mass.
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