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1. Introduction

In recent years, numerous issues in mathematics, engineering, physics, and allied
fields have been formulated in integral equations, notably, singular integral equations.
Singular integral equations with a Cauchy kernel are an important class of such equations.

Fractional-order differential equations have been utilized extensively in quantum
mechanics, astrobiology, medical science, chemical engineering, robust control, engineering,
physiology, and hydrodynamics to describe various events.

The purpose of [1] is to investigate the dynamical evolution of symmetric oscillator
with a fractional Caputo operator. The dynamical properties of the considered model such
as equilibria and its stability are also examined. The existence, results, and uniqueness of
proposed model solutions are considered using methods from fixed point theory. The au-
thors of [2] decoupled a Lotka—Volterra model to explore the critical typical form coefficients
of bifurcations for one-parameter and two-parameter bifurcations using a newly disclosed
nonstandard finite difference method. In [3], a neural network strategy for solving the
spatiotemporal fractional advection—diffusion equation with a nonlinear source term was
described. Utilizing shifted Legendre orthogonal polynomials with variable coefficients, the
network is created. The loss function of a neural network can be determined theoretically
based on the features of unstable fractional derivatives. Multiple and generic discrete-time
planar bifurcations were examined in [4]; using bifurcation theory and numerical continua-
tion approaches, the Hindmarsh—Rose oscillator was analyzed for the study of three types
of one-parameter bifurcation and five types of two-parameter bifurcation. Complex dynam-
ics of the Kopel model with non-symmetric response among oligopolies were described
in [5]. The studies indicated that a fixed point in a non-symmetric model may undergo fold,
transcriptional, pitchfork, and Neimark—Sacker bifurcation under specific parameters.

The most valuable features for simulating functional problems and mathematical
modeling are projection methods. These methods are efficient techniques for numerically
solving integral and integro-differential equations. Over the past two decades, practical
approaches for solving compact operator equations utilizing the Galerkin and Kulkarni
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approaches have been established. These two strategies inspired [6] to solve the follow-
ing bounded equation. In [7], the authors recently proved how to solve fuzzy integro-
differential equations with weak singularities using airfoil polynomials. The authors of [8]
presented a novel projection approach based on Legendre polynomials for evaluating
integro-differential equations of the Cauchy type. In addition, they investigated, in [9],
a projection approximation for solving integro-differential problems of the Cauchy kind
using first-order airfoil polynomials.

The orthogonality property of various significant polynomials, such as Vieta—Lucas
polynomials, is used to approach the solution of different functional equations. These
polynomials are crucial to solving functional equations.

The recurrence interaction of Vieta—Pell and Vieta—Pell-Lucas polynomials was in-
troduced in [10]. The authors defined the associated sequences and obtained the Binet
form and generating functions of Vieta—Pell and Vieta—Pell-Lucas polynomials. They also
described some differentiation rules as well as finite summation formulas.

The authors of [11] developed a collocation approach based on a novel family of orthog-
onal functions for numerically treating a class of second-order singular multi-pantograph
delay differential equations. The Vieta—Lucas functions were examined as differential bases,
and the maximum norm errors were calculated.

The variable-order fractional form of the coupled nonlinear Ginzburg-Landau equa-
tions was formulated using the non-singular variable-order fractional derivative in the
Heydari-Hosseininia concept in [12]. A numerical scheme based on shifted Vieta—Lucas
polynomials was used to solve this system.

The authors of [13] proposed a fractional model of non-Newtonian Casson and
Williamson boundary layer flow in fluid flow that takes the heat flux and slip veloc-
ity into account. The governing nonlinear system of PDEs is transformed into a nonlinear
set of coupled ODEs, which is then solved using Vieta—Lucas polynomials, which are used
to implement the spectral collocation method.

In [14], a new approximation technique combined with Vieta—Lucas orthogonal poly-
nomials is used to solve the advection-dispersion equation, a fractional-order mathematical
physics model.

In the last two decades, numerous results for solving compact operator equations
using the Galerkin and Kulkarni approaches have been established. These two approaches
are used to approach the solution of the following bounded equation, as cited in [6]:

x—Ax =y,

where A is a bounded linear operator, y is a know function, and x is a unknown function.
The author examined an approximation of the following equation:

G G
x; — Apx,, =11y,

with approximate solution x, and approximate operator A,. The author originally estab-
lished approximate operator A, as a Galerkin approximation.

AS =TI, AIL,.

Here, G stands for Galerkin, and (I1,),>1 is a sequence of bounded projections each
one of finite rank, that is,
12 = I, also IT} = IT,.

Second, he utilized Kulkarni’s approximation in the following manner:

AK =11, A + AIT, — 11, AI,.
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More recently, the authors of [15] introduced a novel projection approach for the
following system of classical Cauchy integro-differential equations on L?(]0, 1], C) using
shifted Legendre polynomials.

1
q)’(T)—}—f;dEg_)L_dg — n(r), 0<t<1,
+7{ g)dg = k(1) 0<t<1
g—T 7 _— —_— 7

»(0)=0, w(0) = 0.

This work presents a projection method for solving the following system of fractional
Cauchy integro-differential equations on L2([0, 1], C):

Low(c
CD&q)(T)—k%gEidg = nh(t), 0<t<],
PG
CD& +j{g—)ng = k(1) 0<t<1,
r—1 k
Zk' =0, Z = 0 r-1l<gy<r

We turn the problem into a system of two separate equations that looks like this:

{ng+0 +KQ=H,
n —
Dy ¢ — K¢ =K.

Our aim is employ Vieta—Lucas polynomials and present an approximation scheme to
solve the above system. The solution is found for two different linear equation systems. The
existence of a solution to the approximation equation is demonstrated, and an investigation
of error analysis is presented. The theory is illustrated with numerical examples.

The remaining sections of this research paper are described in the following: The
following section discusses some of the fundamental terms and theoretical concepts used
in fractional theory. Section 3 discusses the system of fractional Cauchy integral equations.
Section 4 discusses some key aspects of Vieta-Lucas polynomials and the development of
the method. Section 5 improves the convergence of the approximate solution and estimates
the error analysis. Section 6 explores some numerical examples.

2. Preliminaries

In this section, we begin by reviewing some of the basic terms and theoretical concepts
used in fractional theory.

Let I' indicate the fundamental Euler Gamma function in the analysis of fractional
differential equations.

Definition 1. The left-sided Riemann—Liouville fractional integral of order 1 > 0 of an integrable
function w : (0,00) — R is described by

]&w(r) = F(117) /(;T (Ti)(gg))lﬂ dg, T>0.

Remark 1. The above integral can be represented in convolution form as follows:

1 w(t) = (% @)(0),
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where

¥y (1) = {T”_l/r(ﬂ)/ >0,
n\T) =

0, T <0.

Definition 2. The left-sided Riemann—Liouville fractional derivative of order 7 > 0 of a continuous
function w : (0,00) — R is defined by

_ b 4w
D3, ) = Ky o o e

Remark 2. For i > 0, we have

d 1-
DY w(t) = )y, "w(v),

18,08, (@(1) = w(0)) = w(r) = w(0).

Definition 3. For an absolutely continuous function w, the Caputo fractional derivative of order
n > 0 is defined by

DY () = Iy fol®) = ey [ (79 T (e

Remark 3. For a continuous function w, the relationship between the Caputo and Riemann—
Liouville fractional derivatives is provided by

CDg+w(T) = Dg+ (w(t) —w(0)), 75 >0.

In addition,

r—1 -k
‘DY w(t) =D}, (W(T) -y Fw<’<>(o)), T>0,r—1<g<r.
k=0 "*

3. System of Fractional Cauchy Integro-Differential Equations

Let H := L?([0,1],C) be the space of complex-valued Lebesgue square integrable
functions on [0, 1]. In this study, a new projection technique for solving a system of fractional
Cauchy integro-differential equations using Vieta—Lucas polynomials in H is presented.

Consider the system of fractional Cauchy integro-differential equations of the follow-
ing form:

Tw
“Dg, o(7) +]€ gﬁgidg = n(r), 0<T<1,
1
G
‘D, w(7) +f5 gp()gk = k(r), o0<7t<1,
r—1 Tk r—1 Tk

The integral of each equation denotes the Cauchy principal value as follows:

1w(g)dg:hm(/0”“’(‘5)dg+ 1 w(g)dg>,

0 ¢—T £—=0 c—T THeC—T

1(€)dg—lim(/oT£q0(g)dg+ 1 (g)dg)

0 ¢C—T e—0 C—T T+e G — T
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As in [16], let us consider the following transform:
p=w—¢9, H:=k+h
Q=w+¢, K:=k—h

Lemma 1. Problem (1) can be expressed in the following form:

1
cpll Q()+]§ ?_(gid — H(r), 0<t<1,
L o(g)
<p!l PO 4o — k(o) 0<T<1,
¢(7) A (7) T
r—1 rlTk
ZFQ(’()(O)—O, Eqb(k)(O) =0 r—l<py<r
k=0 k=0
Proof. In fact,
Q+¢ _H-K
w = T h—iz ;
Q- H+K
=5t k=

By substituting them into (1), we obtain

D (=)0 + g - gy (o) )
‘DJ (Q+¢)(T ]f (- i d¢ = (H+K) (7). )

We derive (1) by adding Equations (1) and (2) together and then subtracting (1)
from (2). O

System (1) can be rewritten in operator form as follows:

{Cpgﬁ(r) + KQ(t) = H(7),
‘D, (1) — K¢() = K(7),

where K is the Cauchy integral operator, i.e.,
1
Ko(t) := 7{ &g?tdg, 0<t<1.
0 C—

Following [8], operator K is bounded from H into itself.
Letting

r—lTk
D= {we?—l: w® ey, k;JEw(k)(O):O’ r—1<17<r}.

It is well known that
1 eyl =T
3,08 w(t) = w(x) - Y ¥ (0)
k=0
So,

]ng&w(T) =w(t), forall we D.

In addition, ]g+ : H — D is compact.
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4. Vieta—Lucas Polynomials
In this section, we look at a class of orthogonal polynomials. These polynomials
can be used to construct a new family of orthogonal polynomials known as Vieta—Lucas

polynomials using recurrence relations and an analytical formula
Vieta—Lucas polynomials V; of degree n € N are defined as follows

Vu(T) = 2cos(nf), 6 = cos™? <;), 6 €[0,7] forall |T| <2.

The following iterative formula can be used to generate polynomial V;,

Vu(T) = V0 1(7) = Vya(1), n=23,..., Vo(T) =2, Vi(t) =1.

Also, the explicit power series formula shown below can be used to calculate V;,
nl"(n — 1) n—2i

={2,3,...}.
Iri+1)r(n+1—2i) =123}

0=

In addition, V), are orthogonal polynomials with respect to the integral shown below

) 0, m#n=#0,
1
<vm,vn>:/2ﬁvm(r)vn(r)dr: 4, m=n=0,
- o 2, m=mn #0.
Let
VE(1) = Vi(d41 —2) = Vy(2v/7), k=10,2,3,...

denote the corresponding normalized sequence. Additionally, V;f are produced using the

recurrence formula shown below:

V(1) = (4t -2V (v) - Vo (1), k=12,...,
with
Vi(t) =2, VP(r)=41-2
We note that
P ATTRp—))
VS(t) =2 —1) — / Pl p=1{23,...
and
0, k#j#0,
(VEVE),, /vk WV (Dw(t)dr = { 4m, k=j=0,
2, k=j#0,
where 1
w(t) = .
(7) —
Letting
vy
m/ ]:O/
A;-S =
Vi
Nir j#0
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Now, we introduce the first six terms of Af

AS(s) = V2(8s* —8s+1)
2 f
7T
AS(s) = V2(32s% — 4852 + 185 — 1)
3 \/“ ’
7T
AS(s) = V2(128s* — 2565% + 160s* — 325 + 1)
4 f 4
7T
V2(512s° — 1280s* 4 1120s> — 400s> + 505 — 1)

AS(s) =
5 (S ) \/E
Let 75 be the chain of bounded finite rank orthogonal projections described by

1
- /0 (@) P(@)AF (0)do.

7

s s S\ AS s
T 1= Z <1/), A]- >wA]- , Where <lp, A]- >w =
j=0
Denote with || - || the corresponding norm on . Thus,

lim ||759 — 8| =0, forall &€ H.
n—oo
Let H,, represent the space covered by the first n-shifted Vieta-Lucas polynomials. It

is obvious that ]g+ (Hn) = Hpaa
We note that )y, ¢, € DN Hy 1. Thus, the system

{Q+]g+ICQ=]g+H,
¢—J5, Ko=1J5 K

is approximated by
Qu + J{, T KOy = J§ 73 H,
$n — Iy, 708 K = J§, TR K.

We assume that —1 and 1 are not eigenvalues of ]77 K. Thus, both operators I + J, e
& 0 P 04

and I — ]gJC are invertible.
We recall that ]g+ is compact and

. S . S S
Tim || (7, 7K = 10 K) g Kl =0, lim || (8, 75K = I K) I 75K = o.

Writing
Qp =Y 4,07,
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We obtain 21 + 2 unknowns a,, ; and b, ; by solving the two separate linear systems,

n n
Y | DY AT + T KAT| = 7SI H, with Z(;)an,jA}S (0) =0,
]:

j=0
n n

T AS S S| _ +S7 : S _
jgobn,j [DmA]- — ICA]-} = n$J¢ K, with jgobn,jA]. (0) = 0.

As a result, two separate linear systems are produced,

n
Z Mn(i/j)an,j = En,ir i= 0/ e n,
]70

}:Mn(z]) :E , 1=0,---,n.
j=

where, fori =0,--- ,n—1landj=0,--- ,n,

S
M,(i,j) = / CD&A;S( S)A; (s)w(s)ds+/()l (]gl ?f?da) Af(s)w(s)ds],
S
Ma(i,j) = / CD&A;S( $)AY (s )w(s)als—/o1 <7{01 Agj_(as)da> Af(s)w(s)ds],
Mu(n,j) = 587(0), Mu(n,j):=57(0),
Eq(i) := /OlH(s)CD&Af(s)w(s)ds, Eu(i) == /OlK(S)CD&A;g(s)w(s)ds,
E,(n) := 0, E,(n):=0.

5. Convergence Analysis

We now show how the current method converges. To that end, consider L2 ([0, 1], C)
to be the weighted space and ||.||o to be its norm.
Denote with I the identity operator. We recall that there exists M > 0 such that

H(I - nf)l,b”w < mla‘/z’ forall ¢ € L2([0,1],C).

Since ]g+ K is compact, according to [8], operators (I + ]g+ moK)land (I— Ig+ oK)t
exist for n large enough and are uniformly bounded with respect to 7.

Theorem 1. Assume that k,h, Kw, K¢ € sz([O, 1], C). Then, there exist My, My > 0 such that

My

”Qn Q”w =12 3/2'

and M
2
||(Pn (P”(D =121 17 ,3/2°

Proof. In fact,

+

Qn +J¢, T KOy = J§ 73 H,
$n — Iy, 708 K = J§, TR K.
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Moreover,
0-0, = [(1 + ]6’+IC)71](’]7+H - (1 + ]gﬂ,f/c)l]gﬂ,fH]
(e g mi) g H - (1 g ) A
= (i Jr](’)ﬁn;‘f/c)71]3+ (1= 7)o+ (1- ) H].
In addition,
0= = | (1= 1K) Tk (1= R m) R 2K
+ (1= 1, 73K) K- (1- . m5K) Tk

_ (1_]g+nf/c)_1]g+ [(1— nf)ICcp—i- (1— n;f)K]

Hence,

Q- Q= (1+]g+n§/c)*1]g+ [(1— nf)/qw+q)) + (1— n;f)(k+h)],

and thus
pn— = (1= 7SK) R [(1- 78K —g) + (173 (k- m)].

Letting

n
Jo,

7

5= H (Iﬂgﬂf/c)*l

v |-

n
Jo,

7

we obtain
10 = 0llg < 8[| (1 = ) K +- 9|+ (1= ) G+ ] ]
[ e R [ TSI
0 [12]\2;/2 + 12]\7/1%/2} ’

IN

for some constants M3, My > 0. Moreover,
190 = 0o = | (1= R, 75) ™[R, (1= )+ o, (1 n8)K]

<Af|(1-m) k-9 +|(1-78)k=n)|_]

Ms Ms
S {12 n3/2 T 12 n3/2]’

@

for some constants Ms, Mg > 0.

Letting
M := émax{Ms, My} and M, := ymax{Ms, Mg},

we obtain the desired results. [
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6. Numerical Example

In this section, numerical experiments are established to illustrate the results presented
in the previous section. In these numerical evaluations, the Maple programming language
was implemented.

Example 1. We study the fractional integro-differential system (1) in this example, which has the
exact solution as follows:

_ 13 13 1
p(1) = 5T w(t) = E(T 2T ), n=3
In this case, we obtain
Q(t) = - 12, (1) = —72,
H(t) = —12[—243r8/3+120r(2)r31n(r)+216T5/3
1207 (2) 3
2\ 3 2\ » 2\ »
— 1207 ( 3 )T In(~7+1) 1207 ( 3 )7 In(7) + 120 3 | In(~7 +1)
2\ , 2
~ 120r<3>r +60r+20r<3>}
and
1 5/3 2\ » 5/3
K(1) = ——— {181 — 107 £ )22 In(1 — 1) + 2167
10r(2) 3

+ 10F<§>72 In(t) — 1or(§>r - 5r<§)]

To show the efficiency of this example, we shall offer some numerical testes. For example, for
n =7, unknowns ay - - - ayy are as follows:

azg = —078334x1071, a7, = —039165x 107},
az, = 078330 x107%, ay3=0.39165 x 1071,
ayy = —5.6631x1077, a5 = —0.17120 x 107>,
a7e = —32531x1077, a;7; = —0.14416 x 10°.

Approximate solution )y is given by

Oy(t) = —0.16755 x 10737 + 0.988707> + 0.30814 x 10~ '7* — 0.44449 x 10~ '7°
+0.32446 x 107 17% — 0.94226 x 107277 — 0.997797> — 0.21845 x 107°.

In addition,

b;g = —0.46998, byq = —0.62666,

by, = —0.15668, by3=0.30641x 107>,

b;y = —028020x107°, by5 = 0.44393 x 1072,
bze = —0.20660 x 107>, by; = 0.25847 x 107°.

Approximate solution ¢7 is provided by

¢7(t) = 0.71009 x 10737 +0.29927 x 10~ 17% — 1.00667> — 0.11933 x 104
— 0.71647 x 1071 7* 4 0.93245 x 10~ 17° — 0.62505x 10~ 17° 4 0.16894 x 10~ 177,
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Table 1 shows the numerical findings obtained for Example 1 using the method we
suggest.

Table 1. Numerical results for Example 1.

n 12— Qull, ¢ — @ullo

3 41428 x 10~° 1.5520 x 104
5 8.6994 x 10~° 3.5924 x 10~°
7 9.6542 x 108 8.2544 x 10~8
13 7.2543 x 10713 7.2547 x 10~12
17 9.2541 x 10715 3.8531 x 10714

Figure 1 depicts the graphs of the achieved absolute errors for Example 1. Here, we
note that the T symbol in the figures refers to the T-axis labels.

0 ' 0

-0.024
~0.044

-0.06 1 4 -0.44
Omega Phi
-0.084 [
051
-0.10

-0.124 -0.84

-0.144
-14

| *  Approximate Solution Exact solm:ionl ‘ % Approximate Solution Exact solut{on‘

Figure 1. Comparison of exact solutions () and ¢ and approximate solutions (2, and ¢y, respectively,
for the first example, where n = 7.

Example 2. Various types of fractional integro-differential and integral systems can be studied
and solved with the proposed method. As a second example for testing, we consider the system of
fractional logarithmic integro-differential equations of the following form:

1
‘DY 9(r) + § w(e)nlg —Tlde = h(r), 0<T<,
0
1
‘Df,w(t)+ § ¢(e)lnc—Tde — k(r), 0<T<1,
0
r—=1 _k r=1 _k
Zl,q’(k)(o):or T—a)(k)(O) = 0, r-1<n<r,
= k! = k!

which has the following exact solution:

o(1) = —%(T3+T4), w(T) = %(’LA —T3>, =5

Here, we have
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We provide some numerical tests to demonstrate the efficacy of this illustration. If n = 5, then
the values of as - - - as 5 are as shown below:

asp = —0.39168, as5; = —0.58757,
a5, = —023503, as3 = —0.39169 x 107,
a5, = 0.15704x 107>, a55 = 9.5589 x 10~7.

Approximate solution Qs is given by

Os(t) = 0.15159 x 10737 — 0.30425 x 107372 — 0.999477> 4 0.39048 x 10~ 37°
+ 0.68731 x 10°.

In addition,

bsg = 034276, bsq = 0.54834,
bsy, = 027418, bs3 =0.78336 x 1071,
bsg = 097933 x1072, bss =5.6341 x 1077.

Approximate solution ¢s is provided by

¢5(T) = —0.79785 x 10~°7 + 0.999557* + 0.27127 x 10 37> — 0.23936 x 10472
4+ 0.45188 x 10~* +0.23015 x 10~ 47°.

Figure 2 illustrates the numerical results produced for Example 2 using the indicated
approach.

-0.44
Om eza

-0.64

_084

-1- tan

| *  Approximate Solution Exact solutionl ‘ *  Approximate Solution Exact soluu'on‘

Figure 2. Comparison of exact solutions () and ¢ and approximate solutions 2, and ¢y, respectively,
for the second example, where n = 5.

Example 3. Now, we consider the above system of fractional logarithmic integro-differential
equations, with the same exact solutions.

o(1) = —%(TB +T4), w(T) = %(74 - T3).

In Table 2, we examine the influence of fractional order 7 on the approximate solutions.
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Table 2. Influence of fractional order 7 on the approximate solutions.

Ul ”Q_inlw ||¢_¢n”w
0.3 1.0548 x 107> 3.1473 x 107>
0.4 1.2668 x 10~* 1.0739 x 10~*
0.6 7.9977 x 10~° 3.2081 x 10~°
0.7 84737 x 107> 47114 x 1075
0.8 9.8905 x 10> 9.2993 x 10~°
1.3 9.1313 x107° 9.7317 x107°
1.6 8.4393 x 10~° 2.3766 x 1074
2.4 51952 x 10~° 7.0123 x 1074
3.7 4.0924 x 105 1.4281 x 1073

7. Conclusions

The application of projection methods is extended in this study so that it can be
applied to a fractional Cauchy singular integro-differential system. Shifted Vieta—Lucas
polynomials are a class of orthogonal polynomials that serve as the foundation of this
approach. The significance of this fractional Cauchy singular integro-differential system is
evident in mathematical sciences issues, particularly in physics interactions. It has been
observed that the fractional operator has a substantial impact on the development of the
numerical results. Numerous kinds of fractional integro-differential and integral systems
can be investigated with this method, and their solutions can be found.
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