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Abstract: In this paper, we prove the unique existence of global strong solutions and decay estimates
for the simplified Ericksen-Leslie system describing compressible nematic liquid crystal flows in RY,
3 < N < 7. Firstly, we rewrite the system in Lagrange coordinates, and secondly, we prove the global
well-posedness for the transformed system, which is the main task in this paper. The proof is based
on the maximal Ly-L, regularity and the L,-L; decay estimates to the linearized problem.
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1. Introduction

Nematic liquid crystals are aggregates of elongated, rod-like molecules that possess
the same orientational order (cf. [1]). A continuum theory for the hydrodynamics of nematic
liquid crystals was developed by Ericksen [2] and Leslie [3] in the 1960s. In this paper, we
consider the following simplified Ericksen—Leslie system modeling compressible nematic
liquid crystal flows in the N dimensional Euclidean space RN,3 < N < 7.

9o + div (ov) =0 in RN for t € (0,T),
p(9v + (v V)v) — Div (S(v) — P(p)I)

= —yDiv (Vd oVvd - ;|Vd|21> in RN fort € (0,T), 1)
0:d + (v-V)d = ¢(Ad + |Vd|*d)

(0,v,d)|t=0 = (0« + po, Vo, d« + do)

in RN for t € (0,T),
in RN,

Here, 9; = 9/dt, t is the time variable, p = p(x,t), x = (x1,...,xy) € RN is the
density function of the fluid, v(x,t) = (v1(x,t),...,on(x,t))7 is the fluid velocity, where
MT denotes the transposed M, d = (d1(x,t),...,dn(x,t))T is the macroscopic average
of the nematic liquid crystal orientation field, and P(p) is the pressure satisfying a C*
function defined on (0,00) and P’'(p«) > 0, where p, is a positive constant describing
the mass density of the liquid crystal flows in RN. For the vector of functions u, we set

divu = Z]-I\L 1 ajuj, and also for N x N matrix field A with (j, k)th components Ajk, the

quantity Div A is an N-vector with j" component Y drAjk, where d = 9/9x. The
tensor S(u) is
S(u) = uD(u) + (v — u) divul,

where y and v are the viscosity coefficients satisfying y, v > 0, D(u) = Vu + (Vu)7 is the
deformation tensor, I is the N X N identity matrix. Moreover, # and { are positive constants
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describing the competition between kinetic and potential energy and the microscopic elastic
relaxation time, respectively; Vd ® Vd = (Vd)TVd, |Vd|? = ij]jzl (aidj)% and d. is a
constant vector.

The system (1) is a simplified version, but still retains most of the interesting mathe-
matical properties of the original Ericksen-Leslie system; see [4-6] for more discussions on
the relations between the two models. The simplified Ericksen—Leslie system modeling
the motion of incompressible nematic liquid crystals was first derived by Lin [7]. Since the
nonlinear term |Vd|?>d with the restriction |d| = 1 causes mathematical difficulties, Lin [7]
introduced the Ginzburg-Landau approximation of the simplified Ericksen—Leslie system,
namely, | Vd|?d in the third equation of (1) is replaced by the Ginzburg-Landau energy
functional V(]d|? — 1)2/€? or more general smooth and bounded functions. Consequently,
Lin and Liu [5] proved the global existence of weak solutions in the two-dimensional case
and the three-dimensional case.

In the past several decades, there are many results on the analysis of (1) by overcoming
the difficulty induced by the nonlinear term |Vd|?d. For the incompressible case, Li and
Wang [8] considered the problem in a three-dimensional bounded smooth domain and
obtained a global strong solution with small data in certain Besov spaces. Hineman and
Wang [9] proved the global well-posedness in R3 with small initial data in the space of
uniformly locally L3-integrable functions. Wang [10] established the global well-posedness
in RN for small initial data (vo, dg) belonging to BMO ™! x BMO with div vy = 0, which
is a invariant space with respect to parabolic scaling associated with the system for the
incompressible nematic liquid crystal flows. Schonbek and Shibata [11] obtained the global
well-posedness and decay properties in RN for small initial data by using the maximal
Lp—Lq regularity and Lp—Lq decay estimates for the Stokes and heat equations, which is the
same as our motivation.

For the compressible case, Ding, Lin, Wang, and Wen [12] obtained the existence
and uniqueness of global strong solutions in dimension one. Later, this result about the
classical solution was improved in the presence of a vacuum by Ding, Lin, Wang, and
Wen [13]. For the multi-dimensional case, Huang, Wang, and Wen [14] proved the local
existence of unique strong solutions for the initial and initial-boundary value problem
provided that initial data were sufficiently regular. Later, Huang, Wang, and Wen [15]
showed the global well-posedness and L, decay estimates for 1 < p < 6 with initial
condition close to a constant state in H2 norm. In L, framework, Gao, Tao, and Yao [16],
Xu, Zhang, Wu [17], and Xiong, Wang, and Wang [18] obtained the existence of a unique
global solution to the Cauchy problem and optimal time-decay rates when initial data
is a small perturbation near a steady state in H3(R3) N L;(R3), H?(R?) N Ly (R3), and
H3(R3) N Bi 5 (R3) for 0 < s < 5/2, respectively. Schade and Shibata [19] proved the

existence of local in time strong solutions in a uniform W; ~4 domain and global in time
strong solution for small initial data in a bounded domain. In particular, they constructed
local in time solutions p = p« + w, v, and d = d. + n in the following maximal L,-L,
regularity class:

w € Hy((0,T), Ly(RN)) N Ly((0, T), Hy(RN)),
(v,n) € Hy((0,T), Lg(RN)*N) N L,((0,T), Hy (RY)*N)

with certain p and 4.

Motivated by [11,19], we improve the existence result obtained by [19] in the whole
space and establish the decay estimates by the maximal L,-L, regularity and Lj-L; decay
estimates of solutions to linearized equations. The spirit to use both of them are the same
as in [11], but the idea of how to use them is different, and we think that our approach
here gives a general framework to prove the global well-posedness for small initial data
of quasilinear parabolic equations in unbounded domains. To explain our idea more
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precisely, we separate problem (1) into the linear part and nonlinear part by the Lagrangian
transformation as follows:

910 + ps divu = f(6,u) inRY fort € (0,T),
px0ru — Div (S(u) — P'(p4)01) = g(6,u, k) inRY fort € (0,T), 2)
(8,u)]t=0 = (po, Vo) in RN,

{atk — Ak =h(u,k) inRNforte (0,T), -

d|i—o = do inRYN,

where 6, u, and k are the density, the fluid velocity, and the macroscopic average of
the nematic liquid crystal orientation field in Lagrange coordinates, respectively, and
nonlinear terms f(p, v), g(p, v, k), and h(v, k) are detailed in Section 2 below. Note that the
linear operators for (2) and (3) are the same as the compressible Navier-Stokes equations
and the heat equation, respectively. In particular, we write (2) as d;u — Au = f and
ulj—g = up symbolically, where u = (6,u), f = (f(6,u),g(0,u)), ugp = (po,vo) and A
is a closed linear operator with domain D(A) = Ht} X Hg. We decompose a solution
u = uy + up, where u; satisfies the time shifted equations: 01 + Agu; — Aup = f and
u1|t—p = 0 with some large number Ay and u, satisfies compensation equations: d;uy —
Auy = Aguq and up|i—g = ug. For the time-shifted equations, we use the maximal L,-
D(A) regularity and we see that u; has the same decay properties as f. On the other
hand, by Duhamel’s principle, the solution of the compensation equations is written by
uy = eMuy + A fot eAt=5)y,(s) ds. To estimate fot_l eAt=9)y; (s) ds we use Ly-Ly decay
estimates of continuous analytic semigroup {e};>( associated with the operator A for
t > 1,and to estimate ftt—l eAt=5)y, (s) ds we use a standard estimate: [|eA(=5) 1, (s)|| p(ay <
Cllu1(s)[Ip(a) for 0 <t —s < 1, where || - |[p(4) denotes a domain norm. For the later part,
whatu;(t) € D(A) fort > 0is a key observation. Note that if we apply Duhamel’s principle
to the original equations directly, we need to use L;-L; decay estimate of semigroup
{eAt}tZO for 0 < t < 1 proved in [20]. In this case, we can not choose 2 < p < oo such that
/. Ll eA(t=5)y(s) ds is bounded. Therefore, we use a standard estimate of the semigroup.

Before stating the main result of this paper, we summarize several symbols and
functional spaces used throughout the paper. N and R denote the sets of all natural
numbers and real numbers, respectively. We set Ny = N U {0}. Let p’ be the dual exponent
of p defined by p’ = p/(p — 1) for 1 < p < co. For any multi-index & = (ay,...,ay) € NY,
we write |a| = ay + - +ay and 9% = 97! - - - 93 with x = (x1,...,xy). For N-vector of
functions u, we set V?u = (9%uy,...,0%uy) with [a| = 2. Forany 1 < p,q < oo, L,(RN),
H"(RN) and B; ,,(RN) denote the usual Lebesgue space, Sobolev space and Besov space,
while || - || Ly(RN)/ Il my(rYN) and Il B;,(rN) denote their norms, respectively. We set
HS(RN) = Lo(RN) and H;(RN) = Bglq(RN). C*(RN) denotes the set of all C* functions
defined on RN. L,((a,b), X) and Hy'((a,b), X) denote the standard Lebesgue space and
Sobolev space of X-valued functions defined on an interval (4, b), respectively. The d-
product space of X is defined by X?, while its norm is denoted by || - || x instead of || - | ya
for the sake of simplicity. Set

Hy(BN) = {(f,8) | f € HJ'(RY), g HI(RM)N),
1CF8) gy = 1 gy + g gy

The values of constant C may change from line to line. We use small boldface letters,
e.g., f to denote vector-valued functions and capital boldface letters, e.g., A to denote
matrix-valued functions, respectively.

The following theorem is the main result of this paper.
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Theorem 1. Let 3 < N <7and0 < T < oo. Let2 < p <00,2<q1 <N <gp <o00,b>0be
numbers such that

e L R 29 2 p

Then, there exists a small number € > 0 such that for any initial data po € Ny=4, 4, H,% (RNYN

2(1-1/ .
Ly /2(RN), (vo,do) € Ny—grar B /P (RN AL, o (RY)N with

1:= q:§q2(‘|p0“H,}(RN) + [[(vo, dO)”B;/(;*l/P)(RN)) +l(po,vo, do) 1, , vy < e,

problem (1) admits unique solutions p = p4 + w, v, and d = d. + n with

w € HY((0,T), Ly(RN)) N Ly ((0,T), HH(RN)),
(

v € Hy((0,T), Ly(RM)N) N L,((0, T), Hy (RM)N), (4)
n € Hy((0,T), Ly(RN)N) N L, ((0, T), Hy(RN)N)
for q = q1, and q; satisfying the estimate
E(w,v,n)(T) <e. (5)

Here, we have set
E(w,v,n)(T)
= <t>b V| 0,11y, &y 1T <t >b V)L, o)1, 23))
+<t>? @l (01,13, Ny T < >b (vm)lL, (o,m), 12, @Y)
+ <t >N (w,v, n)HLoo((O,T),qu (RN))
+ <t>P (w, Vo) [l (0,7) Ly, (BRN))
| <t>? Va0 L,, @) T 1T <t >P a1l (o), HL (RY))

+ ) <|| <t >l o)1,y F Il <> at(vfn)HLF,((O,T),Lq(RN)))
q=4q1.92

with < t >= (1+12)1/2,

Remark 1. (1) T > 0 is taken arbitrarily and € is chosen independent of T, therefore, Theorem 1
yields the global well-posedness for (1).

(2) Choosing g1 =2+ 6 and p = 4 for small § if N = 3, we can obtain the decay rate b satisfying
3/4<b<(8+0)/4(2+9), for instance.

(3) Physically, it is natural to treat d satisfies the constraint |d| = 1. We can show this condition in
the same way as in ([19], Proposition 1.3). In fact, if (v, d) is the solution obtained in Theorem 1, we
see that v € Leo((0,T), Leo(RN)) and n € Leo((0, T), HL (RN)) by Bayy /P (RN) ¢ HI(RN)
provided by p > 2, (87), and Lemma 1 below. Thus, we can verify the uniqueness of the solution
to the parabolic convection—reaction—diffusion equations with homogeneous initial data for t > 0.
Therefore, if we assume that |do + d.|* = 1 and |d.| = 1, then |d| = 1 for all t > 0.

This paper is organized as follows: Section 2 introduce the Lagrange transformation
and the key theorem, which is the global well-posedness for the system in Lagrange
coordinates. In Section 3, we consider estimates of nonlinear terms as preparation for
analyzing time-shifted equations and applying the contraction mapping principle below.
In Section 4, we consider a priori estimates for the linearized problems with the help of the
maximal L,-L, regularity and the L,-L; decay estimates. Section 5 proves the key theorem
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for equations with Lagrangian description. Section 6 proves the main theorem by using the
key theorem proved in Section 5.

2. Lagrangian Formulation

In order to eliminate v - Vp from the first equation of (1) and treat (1) in the maximal
Ly-L, regularity class, we reduce the problem by using the Lagrangian transformation. Let
velocity fields u(g, t) and v(x, t) be known as vectors of functions of Lagrange coordinates
¢ and Euler coordinates x of the same fluid particle, respectively. In this case, the connection
between the Lagrange coordinate and the Euler coordinate is written in the form:

t
=+ [u(@s)ds =x0) ©)
for 0 < t < T. In order to ensure the inverse transformation of X;(&), we assume that
T
/0 IVeu(,s) .y ds < 0 @)

with sufficiently small ¢ € (0,1), where V¢ = 9/0¢. By (6), we have
o _
oF
and then by (7), there exists the inverse of VzX; such that

9
£ = (VeXy) ™t =1+ Vo(Ku),

t
VeXe =T+ [ Veu(g,s)ds,
0

where V((Ky) is an N x N matrix of C® functions with respect to Ky = fg Veu(g,s)ds
defined on |Ky| < o satisfying V((0) = 0.

By the chain rule, we have the gradient, divergence, and deformation tensor in La-
grange coordinates as follows:

Vi = (I+Vo(Ky))Ve,
div,v = divzu + Vg, (Ky)Veu,
V div (Ku)vc;‘u = Vo(Ku) : Veu,
Dy (v) = Dg(u) + Vp (Ku) Veu, ®
Vi (Ku)Veu = Vo(Ky) Veu + (Vo (Ky) Veu) T,
Div A = Div ;A + Vi, (Ku) VA,
Vbiy (Ku)VCA = (VO(Ku)VC | A),

where A : B = 2%:1 AjjBjj and i component (BVe | A); = Z%c:l BjxdrAjj for N x N
matrices A and B with (i, /)" components A;; and Bjj, respectively. Assume that p(x, t) =
p« +w(x,t),u(x,t), and d(x,t) = d. + n(x, t) satisfy (1) in the Euler coordinate. Setting
w(Xe(§),t) = 0(¢,t), v(Xe(S), 1) = u(C, ), n(X¢(¢),t) = k(¢,¢) and using (8), (6,u,k)

satisfies the following systems:

9:0 + ps divu = f(6,u) inRY fort € (0,T),
0:9ru — Div (S(u) — P'(0.)01) = g(6,u, k)  inRN fort e (0,T), ©)
9tk — {Ak = h(u, k) inRN fort € (0,T),

(6,u,k)|t=0 = (po, vo, do) in RN,
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where
f(0,u) =—0divu — (o« +0)V gy (Ku)Vu,
g(6,u,k) = —09;u + V1 (Ku)V2u + Va(Ky) /Ot V2udsVu
— (P(p. +6) — P'(0.)) V0 — P'(p. + 6)Vo(K,) VO

—1{(VK)TAk + V3(Ky) (VZk) Vk + V4 (Ky) /Ot V2uds(Vk)?},

h(u, k) = {V5(Ky)V?k + V¢(Ky) /Ot ViudsVk
+ | VK|?(k + d.) + (|Vo(Ku) VK[> + (VK : Vo(Ky)VK)) (k4 d.)}

with V;(K) (j = 1,...,6) are some matrices of C* functions with respect to matrix K for
K| <o.

In order to prove Theorem 1, we first show the following theorem concerning the
global well-posedness of the system in Lagrange coordinates.

Theorem 2. Let 3 < N <7and0 < T < oo. Let2 <p <00,2<q1 <N <gp<oo,b>0be
numbers such that

1 1 1 N 1 N 1 1
<4, —=—=+—, —<<b<—=—+z—-. 10
B m N 2y 22 p 1o
Then, there exists a small number € > 0 such that for any initial data pg € Ny—g, 4, H;(RN) N

2(1-1/ .
Ly /2(RN), (vo,do) € Ny—grgy Bap /P (RN ALy /o (RN with

1= q:%Z(”PO"Hmw + 170,80 gz o) + 11 00 Vo, o)1, ey < € (1D

problem (9) admits a unique solution (0, u, k) with

6 € Hy((0,T),Hy(RY)), u e Hy((0,T), Lg(RN)N) N L,((0,T), Hy (RN)N)
k€ Hy((0,T), Ly(RV)N) N Ly ((0, T), H (RM)N)

for q = q1, and q; satisfying the estimate
N(0,u,k)(T) <e.
Here, we have set

N(Q, u,k)(T) = S(G,u, k)(T) + Z || <t >b atve”LP((O,T),Lq(RN)) (12)
q=4q1.92

with < t >= (1+2)1/2,

Remark 2. (1) Since nonlinear terms have products of derivatives of k (e.g., (Vk)T Ak), we need
to estimate V|| (0,71, (&N)) for 4 = q1,00. In order to estimate these norms in a short time

interval, we use Sobolev’s embedding properties provided by p > 2 and (N/2q, +1/2)p’ < 1,
which implies that N/2qy < 1/p’. According to [19], the local well-posedness is also obtained
under these conditions. For details, see Section 4.2 below.

(2) In order to get a priori estimates, we use the Lg,-Lg, /2 and Lq,-Ly, /o decay estimates of
semigroup associated with the homogeneous compressible Navier—Stokes equations, therefore, we
assume 1 < q1/2 < 2. By this condition and N < g, wealsohave1/4 <1/g1 =1/g,+1/N <
2/ N, which implies that N < 7. For details see Section 4.1.2 in Section 4.1 below.
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3. Estimates of Nonlinear Terms

Let X4.(i = 1,2,3) be underlying spaces for linearized equations corresponding to (9),
which is defined by

xp={oe N HYOT),H}®RY)) |6lio = po, sup [6(, )|, g) < p/4},

q=41,q2 te(0,T)
X2 = {u e N HM(O,T),Ly(RN)N) NL,((0,T), HX(RN)V) |
q=4q91.92 (13)

T
ul;— = vo,/O IVu(-,s)|,, @y ds < a},
xp={ke () HOT),LEY)N) N L((0,T), H3RN)N) | Klip = do ).
q=q91.92

In this section, we consider the necessary estimates of the nonlinear terms: f (6,u),
g(0,u,k), and h(u k) for (6,u, k) € X} x X2 x X3 and difference: f(61,u;) — f(62,u2),
g(91,u1,k1) — g(92,u2,k2), and h(ul,k1) — h(u2,k2) for (Gi,ui,ki) € X%w X X% X X%
(i = 1,2) to prove the global well-posedness. For this purpose, we review estimates
of matrices V gy (Ku) and V;(Ky) (j = 0,1,...,6) proved in [21]. For notational sim-

plicity, we write || fll; n) = [[fllL,, [|fllg@ny = 1l 1 flloon,x) = 1fllL.x), and
| <t>b f||Lp((0,T),X) = Hf”L,,/b(X) for the Banach space X. Recall that Ky = fot Vuds for

ue X%, then
Ku(G t)| <o (14)

for any (¢,t) € RN x (0, T). Moreover, by Holder inequality and the condition bp’ > 1,

T
1Kl < [ IV, Dllxat < CVullr ,x) (15)

for X € {Lq,H,}} with g = g1 and g,. Note that V g;, (0) = 0and V;(0) =0 (j =0,1,...,6),
by (14) and (15), we have
HVdiv(Ku)HLw(H%) < C”Ku”Lw(H;) < CHVUHLM(H‘})/
IVi(Ka) 1o (z,) < CliKallrgry) < ClIVullL, 1), (16)
Vi (Ka) | (L) < ClKallp ) = ClIVall )

forqg=g1,92and j =0,1,...,6. We also have estimates of difference:

IV aiv (Kuy) = Vaiv (Kuo) [l 1)

< CUV (=)l + 1 IVl o 1V (w1 = w2) )
i=1,2 (17)
IVj(Kay) = Vi(Ko) [ Lo(1y) = CIV (w1 —w) L1y

1V (Kuy) = Vi(Kuy) [ L (1) = CIV(w = w2)ll a1 )

forg=gqg1,qpandi =0,1,...,6.
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3.1. Estimates of f(6,u)
According to [21], f(6,u) and difference f(61,u1) — f(62, up) satisfy

1Ol
< CN(Q,u,k)(I—i—N((),u,k))(l +/\/(9,u,k)),

1£(61, 1) — £02,02)], )
< CN((61,u1, k1) — (62,12, k2))
X (I-i— Z ./\/(Gi,u,-,ki)> (1 + Z N(Giluirki)> (1 +N(91,u1,k1))

i=1,2 i=1,2

(18)

forq =q1/2, q1, and g».

3.2. Estimates of g(6, u, k)

Set
g0, u, k) = gi(6,u) + g2 (u, k),

where
t
g1(6,u) = —98m+V1(K“)V2u+V2(Ku)/O V2udsVu
— (P'(p +6) — P'(0.))V0 — P'(p. +0)Vo(Ku) V6,
t
g2 (w, k) = —{(VI)TAk + V3(Ku ) (V2k) VK + V4 (Ky) /O V2uds(Vk)2}.

Due to [21], g1 (0, u) and difference g1 (61, u;) — g1 (62, up) satisfy

1816, WL, 1,
< CN(0,u,k)(Z+N(6,u,k)),

181(61,u1) — 81(62,w2)lr, (1) (19)
< CN((61,uy,kq) — (62,12, k2)) <I+ Y N(b;,u;, ki)) (1 + ). N, uirki)>

i=1,2 i=1,2

for g = q1/2, q1, and g.
Now let us consider ||gz(u, k)HLp/b(qu/Z) and ||g2(uy, kq) — g2(uy, k2)||Lp,b(qu/2) by
using the following estimates:

HngLp,b(qu/z) S Lo 8L, p(14,)

(20)
HfthLp,b(qu/z) < Hf”Loo(Loo)”gHLoo(qu)Hh”LP,b(L,h)-
By (14), (16), and (20), we have
||g2(u’ k)HLp,b(qu/Z) (21)

< C(HVkHLw(qu)”VZkHLP/b(qu) + HVZuHLM,(L%)HVkHLP/h(qu)HVkHLm(Lw))'

In order to estimate difference g, (uy, k1) — g2 (up, kp), we write

3
Ig2(u1, k1) — ga(uz )l (1, 1) < Z%Eé,ql/z, (22)
]:
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where

Egqus2 = (Vk) Ay — (Vi) Akallp 1, ),

Eg /2 = V3(Ku)) (VK1) Vki — V3(Kuy) (V) V2|l 1, )0

t
Eéql/z = ||V4(Ku1)/0 V2uy ds(Vk)? _V4(KUZ)/0 Vu, dS(VkZ)ZHLp,b(quQ)'

By (14), (16), (17), and (20), we have

E} < CUIVOa = k)l r, ) 18l (1) + V2l (1, ) 1801 = T2) L 1,,))0
<C(|V(u1 —wp ||Lp,,,(L,,l)||V2k1|\Lp,,,(qu)HVleLw(Lw)

+ {1V (k1 — ko)L, o) VI o1, ) + ||V2k2||L,,b(Lq])||V(k1 —ko)l1eo(r,,))
Eg g2 < CUIV(wi —w)llp ) IVl o, ) IVEIIT, r)

+ V2 (g — uZ)”LPb(qu IVKille,, (L) IV (1)

+ ||V2u2||L (L, )1V (k1 — kZ)||Lpb(Lq1)(||Vk1||Loo(Loo) + I Vkall (1)) }-

8M/2 = )
Egth/Z )

We next consider |/gp(u, k)”Lp/b(Lq) and ||g2(u1, k1) — g2 (up, kZ)”L,,,b(Lq) forg = q1
and g;. If terms do not include fot V2uds, we use

1£81le,,(00) < Nl ey 18]I, (2)-

(23)
1£8hll, 1y < 1fllr(ra) ”gHLw Loy 1tll,, ¢

if terms include fot V2uds, we use

| 7ees)s
(7o)

By (14), (16), (23), and (24), we have

< CHVzVHLp/b(Lq)”f”Lp,b(H%Z)’

Lp,b(Lq) (24)

< CHvszLM,(Lq)”f”Lpb(H% Y& L (o) -
Lp,b(Lq) ' 2

HgZ(urk)HLp,b(Lq) (25)
< C(”kaLw(Lm)”Vzk”Lr,,b(Lq) + ”Vzu”Lprh(Lq)HVk”prb(H,}z)HVkHLoo(Loo))'
Writing
Ig2(u1, k1) — ga(wz, ka)lp, 1) < Z Ef g (26)
by (14), (16), (17), (23), and (24), we have
Egq < CUIV (k1 — k)l (1) 18K ([, (1) + IVEK2| Ly 1) Bk = K2) I, 1))
Egp < C(| V(a1 — w)lly,, @) ||V2k1||L ) I VKl (L)
+ V2 (ka1 =)L, (1) | VK L1y + ”VszHL 1) IV (k1 = k2|1 (1))
Eg,q < {IV(m - u2)||L (H3,) 12 ul”L (Ly) HVleL (H} )”Vkl”Lm Leo)
+ (V2 (ug — W)L, ) IV, ) VKL L)
+ (V2 quL,,,b(Lq)HV(kl - kz)||Lp,b(Hgl2)(||Vk1||Loo(Loo) + VK| (1)) }-
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Thus, by (19), (21), (22), (25), and (26), g(6, u, k) and difference g(61, uy, k1) — g(62, uz, ko)
satisfy

866,910l
< CN(8,4,K)(Z+N(6,u,K))(1+N(6,u,K)),

||g(91/u1/k1) - 8(92/ uz, k2) ”Lp,b(Lq)
< CN((61,u,kq) — (62,u2, k2))
X <I+ Z N(Gi,lli,ki)) (1 + Z N(eiluirki)> (1 +N(91,U1,k1))

i=1,2 i=1,2

(27)

forq =q1/2, q1, and g».

3.3. Estimates of h(u, k)
Recall that

t
h(w, k) = £{Vs(Ka)V2k + Ve (Ky) / V2udsVk
0
+ VK2 (k 4+ d.) + (|Vo(Ku) VK|]? 4+ (VK : Vo(Ky)Vk)) (k4 ds) }.
By the same calculation as in Section 3.2, we have

Ih(w 1)L, i, )
<C{||V“HL (Lgy) HVZkHL (Lgy) JF||V211||L (Lgy) HVkHL (L

+ IIVkIILp,b(L,,1 IV L 2, (1K Lo 20) +1)},

. 28)

[h(uy, k) = h(u, k)L, 1, )
<C{[V(u - uz)HLp,b(qu)Hvzklan/b(qu) + ||Vu2||Lp/b(Lq1)||V2(k1 —ka)llr, (1)
HIV(w —w)llp )||V2111||L,,1,(L,7 IVKallL, 1)
+ [V (w —‘lz)HLp,b(L,,1 IVKallL, 1) + HV2112||LP;,(Lq IV (ki =X)L,z
+IVOa =kl 1, ) allg ) + DUVl 1,,) + [ VR2lL1,)
+llka =Kol mr Hszsz (Lg)
+ IV (w1 - u2)||L (Lo (Mt ll L) F DIVEL )

X (VKL y,) + VK2l L 2,)) 3

'71 (29)

Moreover, ||h(u, k)HLp,b(Lq) and ||h(uy, kq) — (uz,kz)HLnb(Lq) with g = g1, g satisfy
the following estimates:

(w1 )
< C{HVuHLplb(ch)HVZRHLM(L;,) + ||V2u||Lp,b(Lq)||Vk||Lp,,,(H‘}2) (30)
+ ||Vk||Lp,h(Lq)HVkHLOO(Loo)(HkHLw(Lw) +1)},
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[h(uy, k) —h(uz, k)l 1)
< C{|IV(u - uZ)HLp,b(H%Z)”VzleLp,b(Lq) + ||Vu2||Lp/h(H;2)||V2(k1 — k)L, 1)
+ [ V(u — u2)||Lplb(H;2) ||V2u1||Lp,b(Lq) HVleLplb(H}]z)
+ V2 (a1 = @)l ) VKl ) + 192021, 1) IV O = K2 i)
+ IV = k)l (1) (Kl ) + DUV g 10) + 1V g (1)
k=Kol ) IVl V2l 1,
HIV (= w)ll, ) (Kl ) DIVl a1 )

X (VK1 Ly (Loo) + VK2l (100)) }-

Therefore, by (28), (29), (30), and (31), h(u, k) and difference h(uy, ki) — h(up, k)
satisfy the following estimate

(31)

Ih(w X)L, L, < CN(6,u,k)*(1+N(6,u,k)),
h(uy, ki) —h(uz, ko)l 1,
< CN((61,ug,kq) — (62,u2, k2)) (32)

x ), N(8;u; k) <1 + ) N, uirki)> (1+N(01,u1, k1))

i=1,2 i=12
forq =q1/2, q1, and g».

4. A Priori Estimates for Linearized Problems
Let € be a small positive number and let N (p, v, d) (T) be the norm defined in (12). Let

Ire ={(p,v,d) € X x X% x X% | N(p,v,d)(T) < e}.

Given (p,v,d) € I, let (6, u, k) be a solution to equations:

90 + p«divu = f(p,v) in RN fort € (0,T),
p+9ru — Div (S(u) — P'(p.)01) = g(p,v,d)  inRN fort € (0,T), (33)
(6,u)|t—0 = (o0, Vo) inRY,

{atk — Ak = h(v,d) inRN fort € (0,T), (34)

Kk|i—o = do in RN,

Now we shall prove the following inequality:

N(6,u,k)(T) < C(e? + €+ €*). (35)
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For this purpose, we divide NV (6, u, k) (T) into two terms: N'(0,u, k)(T) = N1(6,u, k)(T) +
Na(k)(T), where

MO w k) (T) = || < £ >0 Vbl (0,1, (rvy) + 1 < 8> V@R 0,1, 2))
1< £ >0l 0.1, my, vy + 1T < > (WKL (0.1, 12 (Y))
1< >N (0,0, 1)L (0.1),1,, (2Y))
<t > (6,w 1)Ly (011, @)

+ Z (H <t >b atGHLP((O,T),H,}(]RN)) + || <t >b 8t(u, k)HLp((O,T),Lq(]RN)))
9=4q1.92

No(K)(T) = | <t >° VKL 01,15, @) + I < > Kl 0,1, 1 Y-

4.1. Estimates of N71(6,u,k)(T)

In this subsection, we prove N1 (6, u, k) (T) < C(€? + €3 + €*). To obtain this inequality,
we decompose solutions (6,u) to (33) by (6,u) = (01,u1) + (62, uz) and k to (34) by
k = kj + kp, where (61, u;) and k; satisfy time-shifted equations:

9101 + Aoby + px divuy = f(p,v) in RN for t € (0, T),
p+dru; + Aguy — Div (S(uy) — P'(0+)611) = g(p,v,d)  inRN fort € (0,T), (36)
(61,u1)]i=0 = (0,0) in RV,
oiki + ki —Aky =h(v,d) inRNfort e (0,T), 7
Ki|f—0 =0 in RV,
(02, up) and k; satisfy compensation equations:
010, + px divuy = Agby inRN fort € (0,T),
p+9rup — Div (S(up) — P'(0+)621) = Agu;  in RN fort € (0,T), (38)
(62, u2)|1=0 = (p0, Vo) inRYN,
otk —(Aky =k;  inRNforte (0,T), (39)
k2|t:0 = do in RN.
4.1.1. Analysis of Time Shifted Equations
We consider the following linearized problems for (36) and (37):
0t0 + Agf + p divu = f inRN fort € (0,T),
0+9ru + Agu — Div (S(u) — P'(0,)01) =g  inRN fort € (0,T), (40)
(6,u)i=0 = (0,0) in RN,
dk+k—CAk=h inRNforte (0,T), @)
kli=o=0 in RN,

By the existence of R-bounded solution operators for the resolvent problems corresponding
to (40) and (41), we have the following theorem.

Theorem 3. Let 1 < p,q < oo. Let b > 0. Then, there exists a constant Ag > 0 such that the
following assertions hold:
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(1) Forany < t >t (f,g) € Lp((0, T),H‘;’O(]RN)), problem (40) admits unique solutions
0 € Hy((0,T), Hy(RN)) and u € Hy((0,T), Ly(RN)N) N Ly((0, T), Hi (RN)N) possessing
the estimate
b b

(42)
<Cl<t>"(f, g)

”L ((0,7),Hy° (RN))*

(2) For any < t >% h € L,((0,T),Lg(RN)N), problem (41) admits a unique solution
ke Hl((O T), Ls(RN)N) N Ly ((0, T),Hg,( N)N) possessing the estimate

<t >P 0kl 0,7y Ly + 11 < ¢ > Kl (0,1, m20m8)) (43)
< Cll <t >"hllp 01),1,®Y)-

Proof. (1) Firstly, we consider the case b = 0. Let fy and gy be the zero extension of f and
g outside of (0, T). By the existence of R-bounded solution operators for the resolvent
problem corresponding to (40) proved in ([22], Theorem 2.5), we see that there exists Ao > 0
such that the following system

910 + Aof + pi divu = fy inRN fort € R,

px0ru + Agu — Div (S(u) — P'(p4)01) = go inRN fort € R
has:. un.ique solutions 6 € H},(R, H;(RN)) and, u € XH,},(]R, LyRNN)NL,(R, Hg(RN)N)
satisfying

Haf(9' u) HL,,(R,H;’O(RN)) + H (9' ll) ”LP(R,H[}’Z(RN))

< CH (fO/ gO) HLP(R,H;’O(RN)) = CH (f/ g) ”Lp((O,T),H;’O(]RN))'
Moreover, for any v > Ao, we have

O WL, (o), @Yy < Y™ O W)L ((—eo0),L Ny < VT O )L L, =Y
—t o
< CHE 7 (fOl gO) HLP(R,H;’O(RN)) - CH(f/ g) HLP((O,T),H(}’O(RN))’
where C is a constant independent of -y. Thus, letting v — co yields that (6, u) vanishes for
t < 0. In particular, we have (6, u)|;—o = (0,0).
Secondly, we consider the case b € (0,1]. Multiplying < t > to (40) and setting
<t>P9=pand <t >"u=v,wehave
00+ Agp + pxdive =<t > f+ (3 <t >0  inRNfort e (0,T),
00tV + Agv — Div (S(v) — P'(p.)pl)
—<t>Vg+4 (9 <t>Mu inRY fort € (0,T),
(p,v)|t=0 = (0,0) in RN,

Noting that [9¢(< ¢ >!)| < 1 and applying (42) for the case b = 0 yields that

b
|| < t > af )HL OT) HlO(]RN + || < t > (9/ u)HLP((O,T),H;’Z(RN))

< Hat(PI HLP((O,T),H,}’O(RN)) + ”(ID’V)HLP((O,T),H;’Z(RN)) + ”(6' u)HLP((O,T),H;’O(RN))

< CH <t >b (fl g)HLp((O,T),H;’O(RN))'

Finally, if b > 1, the repeated use of the argument above yield estimates (42) for any
b>0.
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(2) Let hy be the zero extension of h outside of (0, T). By the results concerning the R-
bounded solution operators to the heat equations proved in [23], we see that the following
two estimates:

19K, 1, ) + 1Kl & m2(RY)) < CllhollL, & 1, @N)),
Y™Kl 1,@v)) < Clle™"holl, (m,,®N))

for any 7y > 0, where C is a constant independent of y. Thus, employing the same method
as in (1), we have (43), which completes the proof of Theorem 3. O

Applying Theorem 3 to (36) and (37), we have

b b
” <t> at(glrul)”LP((O/T),H;/O(RN)) + ” <t> (Bl’ul)HL,,((O,T),H;/Z(RN))
1 <t >P drkallp, oy, v + I < £ > Kallp, o) 2eny)
b
<l <t>" (Fo,v),80,% D), o) s eny,

+ <t > (v, )l 01),L,N))

(44)

for g = q1/2, q1, and qy. In order to estimate the right-hand side of (44), we recall that
Yg=a1.40 ”POHH;(RN) < e, N(p,v,d) <e,(18),(27), and (32). Then we have

|| <t >b at(elrul)||Lp((o/T),H;/0(RN)) + || <t >b (Glru1>HLP(((),T)/H;,Z(RN))
+ <t >0 okl o1 @y + I <> Kl o), sy (45)
<C(e@+ed+et)

for g = q1/2, q1, and g2. Moreover, by the trace method of the real interpolation theorem,

| <t>b (91,u1)||Lw((0,T),H;,0(RN)) | <t>t Kl (0,1),L,(®N))

< C(|| <> 9:(61,u1) <> (0 m)

HLp((O,T)IH%’O(RN) ”Lp((OrT),Hé’Z(RN))

b b
<t > 9kl o,m), 1,y + I <> Tallp, o, H20EN)))
which combined with (45) yields that
| <t>b (el’ul)HLOO((O,T),H;'O(RN)) +l<t>t kil (om L@y < Ce?+e+et) (46)
for q; and g». Summing up, by (45) and (46), we have

b b
q:qlxzqu <=0l o oy +1< 827 O woll, o syzem)

+ I <t > okl o1y + I <> Kl o), )

+ ) <t >b (91/111,1(1)||Lw((o,T),Lq(RN))
q=91.92

< C(e? 43+ €t).

(47)
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4.1.2. Analysis of Compensation Equations for (6, u)

Let us consider problem (38). The existence of R-bounded solution operators proved
in ([22], Theorem 2.5) implies generation of continuous analytic semigroup {S(t)}¢>o on
H;'O (RN) associated with the following homogeneous problem:

940 + p. divu = 0 inRN fort € (0,T),
p+9ru — Div (S(u) — P'(p,)01) =0  inRN fort € (0,T), (48)
(6,u)]t=0 = (po, Vo) in RN,

Applying Duhamel’s principle to (38) furnishes that (62, uy) = (03, u}) + (63, u3), where

(6}, ub) = S(t)(po,v0), (63,u3) = Ao [ St )6, w) (- 5) s, (49)

To get estimates of (01, u}) and (63, u3), we use the decay estimates for (6,u) = S(t)(f, g),
which follow from ([20], Theorem 2.3 and 2.4):

16, W), @v) < CE 2

2, 8)lpa (50)
V%]l ey < CF 26 (f8)]

V(0,u < Ct 205
IV (0, w)l L, )

fort > Tand1<g<2<p<co Here [fglpg = I8)lpogn + I(£,8)llL v
Moreover, we use the following standard estimates for continuous analytic semigroup:

10}y < CIE 8 g, for (fr8) € HEARY),

10N (51)
10,) a0z, < CICE 8 pngay for () € HEO(RY)
for0 <t <2.
Estimates of (6}, u)

Firstly, we consider the case 1 < t < T. Using (50) with (p,q) = (91,91/2), (92,91/2)
and noting that1/q; = 1/42 +1/N, we have

_ N
H(G%/u%)HL ]RN) <Ct *n [(POIVO)]ql,ql/Zr

N
24,

1(63, u3)llp,, vy < Ct2

f,L 1
(q )[(PO/V())]qz,ql/Z =t 2[(p0/V0>]q2,q1/2/

1
IV (62, w3)l1,, mvy < Ct™ n (0o, v0)lgy,91 72/ )

_N¢2_1y_1 _N _4
HV(G%/“%)HL,,Z(RN) <Ct 2w 2[(POrVO)]qz,q1/2 =t N [(PO/VO)]qz,th/z/

V2l <ct !
IVl @y < [(00,v0)] 41,4172/

N/2 1y _ N
IV2udl,, vy < CE 201 (0o, v0) g0 2 = £

NI

[(0, V0)]g2,91/2-

Noting that all decay rates obtained in (52) except for || (63, u)|| Ly, (RN) is greater or equal
to N/2g1 +1/2 and using the condition 1 < (N/2g1 +1/2 — b)p in (10), we have

b (pl 1
H <t>! V(QZrHZ)HL ((1,7), HOl(]RN + H <t> (92’uZ)”Lp((l,T),HL%’zz(RN))

| <t >N/C@1) (9,u Mo, Ly, (RN)) T | <t>? (Gru)HLm((l,T),qu(RN)) (53)

<C Y [(po,vo)lgae 2 < CZ,
a=491.92



Mathematics 2023, 11, 181

16 of 26

where 7 is defined in (11).
Secondly, we consider the case 0 < t < min(1, T). Since (63, u}) satisfies (48), we infer
from ([24], Theorem 2.7) that

Z | <t>b (92,112>HL ((0,1),Hy*(RN))
9=q1,92

< C Z pO’VO ||H1 RN)XB 2(1- UP)(RN) (54)
q=4q1.92

< CZ.

Moreover, by (51), we have

N
<t >0 (63, )l (0.1),L, Yy + I <t >b (02, 92) | (0,1, Loy (RN

<C Z H pO/VO)”HlO(RN (55)
q=4q1,92

< CI.

Then, (53), (54), and (55) give us

” <t> V(QZIuZ)”L OT)HOl(RN +|| <t> (92/u2)HL OT)le(RN))

+ <t > (02/u2)HLoo((O,T),Lq1 @y Tl <t >b (621112)HLOO((O,T),LqZ(IR{N)) (56)

< CI.

Furthermore, we can obtain estimates of time derivatives 9; (63, u}) by using equations
of (63, ul). In fact, by (48) and (56), we have

Yoottt at(92/u2)”L ((0,7),HY(RN))
9=9192

<C Y (I<t>" Vo3l oL, @y + I <t>' VH%HLP((O,T),H%(RN))) (57)
q=4q1.92
< CZ.

Estimates of (63, u3)
Let

[[(Qllul)('rs)“ = ||(91rul)( )HL 172( (RN) + Z 91,“1)(75)”H‘;,Z(RN)-
q=1q1.92

Setting "
T
o)) = ([ (< 2 6w 0l)r )

and using (47), we have
N(01,u)(T) < C(e* + €3 +€*). (58)

In what follows, we estimate (62, u3) with the help of (61, u;). Note that

ot
(63,03) = Ao [ /S(t=5)(01,u1)(-,5) ds 59)
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satisfies the linearized problem:

8t9§ + p« divup = Ay inRN fort € (0, T),
p+9ru3 — Div (uD(u3) + (v — p) div w3l — P'(p.)631)
= Aouq in RN for t € (0,T),

(9%/ u%)|t:0 - (0/ 0) 1n RN

(60)

Firstly, we consider the decay estimates of spatial derivatives of (63,u3). Set (63, u3) =
(V632,VIVu3) when g = g1 and (63,u3) = (V163 V2u3) when g = gq,. Here, V" f =
(0%f | |@| < m). Let us consider the case 2 < t < T. In this case, we decompose

1063, u3) (-, )|, ()
£/2 t—1 t . 1w
< c(/O +/t/2 +/t1) 17,9 9) or (¥, 92)S(t — 5)(Aabr, Agur) (- 8) | v ds
=: I;(t) + II;(t) + I1I,(¢).

We shall consider estimates of I;(t), I1,(t), and I11;(t) by (50). Setting £ = N /241 +1/2,
we see that all the decay rates used below are greater than or equal to /. In fact, by (10)
and (50) with (p,q) = (91,91/2), (92,91/2), we have the following decay rates:

N/2 1 i N ,

—(=—-=+5= +L>0(j=1,2),

2<q1 q1> 2 2g 12200 )

N/2 1 j N(Z 1 1) i N 1 j .
——— )ty =5t )T =55 1+520(=012).
<‘h 112> 2 71 ¢ N 2 25 2 2 (j )

Using (50) with (p,q) = (g9,41/2) and Holder’s inequality, we have
t/2 ¢
(B <€ [ (6 =) 100, un) ()]} s

<clt/2)- (/ s> ”bds)l/p,(/oT(<s>b H(el,uu(-,sm)pdS)

< Ct' N (61, w1 )(T).

1/p

Since 1 — (£ — b)p < 0, we have

/ZT(< p>b Iq(t))"dt < C/ZT <t > (0P gt N (6, 1) (T)P
< CN (61, w)(T)P.

(61)

Using (50) with (p,q) = (¢,91/2), < t >’< C < s >V fort/2 < s < t —1, and Holder’s
inequality, we have

<t>PIL(t)

< C(/t;;(t —5)7" ds>w (/t;l<t—s)—‘(< 5 >t [[(91,u1)(-,s)ﬂ>pds)

By Fubini’s theorem, we have

/2(<t> 11,()

1/p

p

P dt <c/ / (t—s)"dr(< s >0 [[(61,w)(5)))) " ds
< CN(61,u1)(T)P.

(62)
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By (51), we have
t t
L) < C [ 16 u)(8) o ds < C [ (101, u1)(,9)]]ds
Employing the same method as the estimate of 11;(t), we have
T b p .
/ (<> 11y(0)) " dt < CR (0, ur)(T)P. 63)
2
Combining (61), (62), and (63), we have
T b P ~
L (<2 100w ) )t < CA (o1, w) (1) (64)

In the case that 0 < t < min(2,T), by the same method as the estimate of I1I,(t),
we have

min(2,T) b P 5
L (<>t 168w () ) e < CA B w)(T),
which combined (64), we have
T b p "
| (<2 1@ 0) )y )t < CAT (01, w) (T,
namely,
I <t >V (8, w)lL, (011, @) I <t > V28I, 011, &Y)
+ | <t >0 (63,ud)

S C./\7(61,u1)(T)

Ie, om iz ceny) (65)

In the same way as estimates of (61, u}), using Equations (60), we can obtain estimates
of time derivatives 9;(63, u) as follows:

] qzq | <t>P 9 (63, u%)HLp((O,T),H;'O(RN)) < CN(01,u1)(T). )
=q1.42

Secondly, we consider estimates of (63, u3) in Lo in time L, in space setting for g = q;
and g,. Since we can obtain the case 4 = g, by the similar calculation as the case g = ¢,
we only verify the case ¢ = g;, namely, we consider the estimate of | < t >N/(20n)
(02,u3)|| Loo((0,T) Ly, (RN))- I the case that 2 < t < T, we divide three parts as follows:

163, ud) (-, )l mvy

t/2 t—1 t
SC(/O +/t/2 +/t1) ||S(t—s)(/\091,)\0u1)(-,s)||Lq1(RN) ds
=: 'hfo(t) + IIql,O(t) + IILh,()(t).
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Using (50) with (p,q) = (41,41/2) and noting that 1 —bp’ < Oand t —s << s > if
t/2 < s <t—1, we have estimates of I, o(t) and 1y, o(t) as follows:

Io(t) < C / NI (01w (), ) 45

t/2 . 1y
C(t/2)~N/ @) (/ <s>7 ds)
0

t/2 p
b
- (/0 (<5 = @)l ) )

< CtN/C) N (61, u)(T). (67)

1/p

t—1
Hyuo(t) <C [ (=)™ @061, 01)(,5) I, v, 45

’ 1/p

-1
_ g N/ —b)P
§C</t/2 ((t s) V<s> ) ds)

F—1 1/
b P
X </t/2 << s > H(Ol,ul)(~,5)Hqu/z(]RN)) ds)

<C<t/2 >N/ (/H
B t/2

/ 1/p
((t —5)"N/Ca) < >N/(271>’h>p ds) N (01, u1)(T)

<C<t>"N(@n) (/F
- t/2

< C <t >"NC1 K (6y,u)(T). (68)

1 1/p'
(t—s)~ 0 ds) N (61, u)(T).

Using (51) and noting that N/ (29;) < band <t >< C <s>if1 <t—1<s <t wehave
t
g, 0(t) < C/t_1 1061, ) ()l 22 gy ds

1/p'
< C<t>"N/Cq) (/t < s> (=N/Qq))p' ds)
t

-1
t ) p 1/p
<, (<5 100w e, ) o)
l/p
<C<t>NCn) ( S) N (61, u1)(T)
< C<t>NCn) /\7(91 uy)(T). (69)

In the case that 0 < t < min(2, T), by (51), we have
| <t >N/Cn) (62, 82) | L0 min(2,) gy (&) < Cll <t >b Ol o1) mbo vy
which combined with (67), (68), and (69) yields that

| < ¢ >N/ (63, u%)HLoo((O,T),qu)

- (70)
CUl <t (B, g ey + 61, u1)(T)).
Similarly, we have
1< t>" (63, u)l| o)L
2772 ((0.T)Lgy) 71)

C(H <t>b (91’u1>”LOO((O,T),H},éO(]RN)) +./\7(91,111)(T)).
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4.1.3. Analysis of Compensation Equations for k

Let {T(t)}+>0 be continuous analytic semigroup on L, (R") associated with the heat
equations:
0:d —¢Ad =0inRN fort >0, d|;—g = finRN. (72)

Recall that {T(t) };>0 has the following L,-L; decay estimates:

1_1

) _N \_J_g
I8l oy < 6 F D)5, 73)

fort >0,1 < g < p < o, kand j are non-negative integers. Moreover, {T(t) };>¢ has the
following standard estimate for continuous analytic semigroup:

1Tl g2n) < Clifll gy for f & Hy(RY), -
IT(B)Ellp, rr) < ClIEllL, @y)  for f € Ly(RY)

for 0 < t < 2. Now we consider (39). By Duhamel’s principle, we write kj as kp = ki + k2,
where

t
Kl = T(t)do, K& = AO/ T(t — )ky (-, s) ds. (75)
0
Firstly, we consider estimates of ki. Using (73) with (p,q) = (q1,91/2), (42,91/2) if
1 <t < T,(74) and the maximal L,-L, regularity if 0 < t < min(1, T), namely, we use the
fact that if d satisfies (72), the following estimate holds:
19edl1,,((0min(1,7)),,&N)) T 14l L, ((0,min(1,7)), H2RN)) < CHfHB;,(pl—l/p)

with constants C (cf. ([19], Theorem 2.2(2))), then we have

b b
| <t> Vk%HL,,((o,T),HgI(RN)) +<t> k%HL,,((o,T),H,gz(RN))

N
+|| <t > k%”Lm((O,T),L,h(RN)) +<t> k%”Lw((O,T),L,h(RN)) (76)
< <
< Cq:%qz(HdOHqu/Z(RN) + HdOHB;(;*l/P)(RN)) < CI.

Secondly, we consider estimates of k3. Let
(1 ()] = Nk (8)le, jpmr) +q_;q2 1 (/) g2 vy -
—{1/

Setting

T

1/
Ata)(®) = ( [ (< 6" a0 ar) '

and using (47), we have
N(k)(T) < C(® + € +€*). (77)

Employing the same calculation as estimates of (63, u3) and using (73) and (74), we have

b b
|| <t> Vk%HLP((O,T),H%l(RN)) + || <t> k%HLP((O,T),H,%Z(RN))

+ || <t >N/ k%”Lm((O,T),L,h) +<t>b k%HLw((O,T),qu) (78)
<C Y (I <t>"Tallp,(omL, @y +NEa)(1):
9=0112

Summing up, by (11), (56), (57), (58), (65), (66), (70), (71), (76), (77), and (78), we have

N1(92, up, kz)(T) S C(GZ + 62 + 64),
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which combined (47) yields that
Ni1(6,u,k)(T) < C(e® 4 € +€*). (79)
4.2. Estimates of Np(k)(T)
Recall that k is a solution to the equations:
ok — Ak =h(v,d) inRNfort e (0,T), 0)
K|i—o = do in RN

for given (v,d) € X2 x X3. In this subsection, we prove
g T T P

Loy

Firstly, we consider the case 2 < t < T by using L,-L; decay estimates for the heat
semigroup (73). By Duhamel’s principle, we write k as

k= T(t)do + /Ot T(t — s)h(v,d)(-,s) ds. (81)

Since VT(t)dg and V!T(t)dy can be estimated by (73) with (p,q) = (q1,91/2) and (p,q) =
(00, 41/2), respectively, we only consider the second term of (81) below. Set k = fot T(t—
s)h(v,d)(-,s)ds. Letks = Vkin Ly, (RV) and k3 = V'lkin Lo (RYN). To estimate k3, we
divide three parts as follows:

ks ()l my

e /2 1t O or 1T hiv.d i
o[ ) [ I or ST e 5l o
= qlo(t)+IIq,O(t)+IIIq,O(t)

for g1 and oo. Employing the similar calculation as (67) and (68), we have

Io(t) <Ct 7P| <t > h(v, d)L, 01,1, @)

i y (82)
Hgo(t) < C<t>77 || <t >"h(v,d)l|, (0,1) L, /2(RY)):

Using (73) with (p,q) = (o0, 42) and noting that 1 — (% + %)p’ > 0 provided by p > 2

and < t >'< C<s>Vfort—1<s <t wehave

-t
lxp(t) < C
t—1
t
=C [ (t—s) N2/ <5 5705 SV |R(v,d) (- 5)|L,, @y) ds
t—1

(t—s)" N2 IR (v, d) () |, @) ds

o , 1/p
<C<t>7! (/t_l(t —5) " (N/2q51/2)p ds) 1< t>" (v, d)llL, 0,1, @&Y)

<c<t>" | <t>Ph(v,d)lL,01),L, ®"): (83)
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Using (73) with (p,q) = (q1,91) and noting that 1 — p’/2 > 0 provided by p > 2, we have
t
o) <C [ (E=) 2R, ) 8) 1, ) ds

¢ , 1/p'
<cctxt ([ =9 2s) 1<t Ry oy )

<C<t >_b || <t >b h(V, d)”LP((O,T),qu (RN))- (84)
Combining (32), (82), (83), and (84), we have

sup < t>P ks (s E)ll, vy < C(e? + €% (85)
2<t<T

for g = g1 and co.
Secondly, we consider the case 0 < t < min(2, T) by using the following lemma
proved in ([11], Lemma 1).

L;mma 1. Letu € Hy((0,T), Ly(RN)) N L,y((0,T), Hy(RN)) with 1 < p,q < coand T > 0.
Then,

sup [lu(:, ) 20-1/p)
te(0,1) By T (RN)

< C(||“('/0)||B;(;—1/p>(RN) Flull, o, m2Ny) 191, (01)L,mN))),
where C is a constant independent of T.

Since 2(1 —1/p) > 1 as follows from p > 2, we have B,?/(F}_l/p) (RN) H; (RN),
so that by Lemma 1, the maximal L,-L, regularity with finite times interval for the heat
equations proved in ([19], Theorem 2.2(2)), and (30) with b = 0, we have

b
sup < £ >0 k() (e,
0<t<min(2,T) 1

< C(||do||B§§};1/p>(RN) F KL, (o mine 1), 12 &) + 19KIL, (0min2,m),L,, ®N)) (86)

< C([ldo ||B§g;1/n> @) T IR DL (mine 1)L, @)
< C(e? 4 €%).

Moreover, since we can choose a small number ¢ such that N/g, +1+6 < 2(1—-1/p)
provided by (N/2q, +1/2)p’ < 1, by Sobolev’ embedding theorem we have

I )l g gy < CllKC ) ppvrmysaes gy < CUC g2t 170 - (87)
Then employing the same calculation as (86) yields that

0<t<min(2,T)
Summing up, by (85), (86), and (88), we have
No(K)(T) < C(e? +€%),

which combined with (79) yields that (35).
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5. A Proof of Theorem 2

In this section, we prove Theorem 2. By (35), choosing € > 0 small that C(e + €* +
€3) < 1,wehave N'(6,u,k)(T) < e. In particular, | < t >N/201 (9, u, k)”Lm((O,T),L,“ ®RN)) <

€ implies that (6,u,k) € L,((0,T), Ly, (RY)) by g1 < N and p > 2. Moreover, by 6 =

po + fot 06 ds, Sobolev’s inequality: || f||,_ rn) < C||f||H% (&) (92 > N), Holder inequality,
2

and the condition bp’ > 1, we have

1611 Lo ((0,7), Leo (RNY)

< (lonlg ) + | 13000l v

© , 1/p
C{ HPOHHl (RN) (/O <t>"F b dt) H <t >b atGHLP((O,T),H,}Z(RN))}

lleoll gy, vy + | <t>"o8l, ((07),HL (RN)))

<C(
Cle* + e +¢€).

IN

Choosing € > 0 so small that C(€2 + €3 + e*) < p./4, we have 1011 oo ((0,7), oo (RNY) < /4
Furthermore, by Holder inequality and 1 — bp’ < 0, we have

T )
Vu(-, ds < / <s > d)
[ IV gy ds < ([T s> as

<C(e?+e +¢et).

1/p .
IF< > Vully, 0.1, m, @)

Choosing € > 0 so small that C(e? + €3 + €*) < o, we have fOT [Vu(:,s)llp,@mnyds < 0.
Thus, we have (0, u, k) € Z7 .. Therefore, we define a map ® acting on (p,v,d) € Zr¢ by
®(p,v,d) = (6,u,k), and then P is the map from Z . into itself.

Let (p;, vi,d;) € Z7.. Setting (0,u, k) = (61,u3,ky) — (62, up, ko) = P(p1,vy,dy) —
(02, v2,d2), f = f(p1,v1) = f(p2,v2), 8 = 8(p1,v1,d1) —g(p2,v2,d2),and h=h(vy,dy) —
h(vy,dy), by (33) and (34), we see that (6, u, k) is a solution to the following system:

90 + pidivu = f inRN fort € (0,T),
p:0ru — Div (S(u) — P'(p.)01) =g  inRN fort € (0, T),
0k — Ak =h inRN fort € (0,T),
(6,4,k)|—o = (0,0,0) in RN,

Employing the same argument as in the proof of (35) and using (18), (27), and (32), we have
N(q)(pl/ vy, dl) - q)(PZI \7) d2>) (T) S C(e + €2 + 63 + 64)N((p11 Vi, dl) - (P2/ V2, dZ)) (T)

with some C independent of T and €. Therefore, choosing € > 0 so small that C(e + €2 +
€3+ €*) < 1, we see that @ is a contraction map on Zr ., and therefore & has a unique fixed
point (p,v,d) € Zr . which solves (9) uniquely by the contraction mapping principle. This
completes the proof of Theorem 2.

6. Proof of Theorem 1

In this section, we prove Theorem 1 by (2). Assume that p, 41, q2, b, and initial
data (po, vo, do) satisfy the same condition (10) and (11) as in Theorem 2, respectively. As
was mentioned in ([21], Section 2), Theorem 2 implies that the Lagrange transformation
x = X¢(&) given by (6) is a C'*% (w € (0,1/2)) diffeomorphism on RN for any t € (0, T).
In particular, since |Kul|, g®v) < ¢ < 1 provided by Theorem 2, choosing ¢ smaller
if necessary, we may assume that c1l< det(I + K,) < C with some constant C for
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any (&, t) € RN x (0,T), where we have set K, = fot Vu(E s)ds. Let & = X; () be
an inverse map of x = X;(&) and let w(x, t) = 8(X;(x),1), v(x,t) = u(X;!(x),t), and
n(x,t) = k(X;1(x),t). From now, we verify &(w, v,n)(T) is estimated by N (6, u, k)(T).
Noting that dx = det(I + Ky ) d¢, we have

[(w, v, n) [, vy + Il myy < CIIE w1 @y + (1Kl @y
for g = q; and g,. By the chain rule, we have

IV(w, v, )|, wy) + VDl &N
< C = (1Kl @) VO, w8 [ vy + VK L @)
< C(IV(0, w K I, my) + VKl ),

IV2(v, ), e
< {1 = 1Kl ) 2V (K] vy
+ (1= 1 Kall )™ VRl @) 1V (0 ) vy 3

which combined with (15) and ||V (u, k)|, rv) < C[[V(u, k) HH; (rN) Yields that
2

Yool <>t Viw, v, )l o) L,@vy) <C Y Il <t >b V0, K) |, (0,1),L,(N))/
q=aq1.92 q=91.92

| <> (@, v, )1, (1)L, RNy < Cll <t >b (0, w 1)L, ((0,7),L,, (RN))-

| <t >N/2m (@, v, )L (01,1, @Yy T <t >b (@, v, )l ((0,7),L,, (BN))

< Q|| <t >N/2n (0, w ) |01 Ly, mN)) + 11 <t > (0,0, K) [ ((0,7) Ly, (BN))/

| <t>" V| (1)L, ®N) < CIF <t > VK[ ((0,7) Ly, (®Y))-
I <t>PVnl o e@y) < Cl<t>" VKL (01)L0@N)):

I <t>Pnllp ooy < Cll<t>P Kl (01),L0@N))-

Yol <t VAV, ) |l (01,1, (Y))
=792

<C Yy (I<t>? vz(u/k)||L,,((0,T),Lq(]RN))
q=91.92
<> V2l oyl < ¢ > VL o, =v)-
Noting that 0;(6,u, k) (&, t) = 0¢(w, v,n)(x,t) +u- V(w,v,n)(x,t), we have

10+ (w, v, )|, (mr)

(89)
< CUI9: (6, w 1) I, vy + 1ull g mv) [[VOl L vy + [l vy [V (0 ) |, )-

By 0 = pp + fot 950 ds, Holder inequality, and the condition bp’ > 1, we have

HVQHLOO((O,T),Lq(RN)) < HVPOHL,,(RN) +Cl <t>? at9||Lp((o,T),Hgl(RN))r
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which combined with (89) yields that

Z || <t >b at(w,V, n)”LP((O,T),Lq(RN))
9=91.92

<C Y {l<t>? 9t(0,w, K) [, ((0,1),L, (YY)
q=91.92

+l<t>? u|\Lp((o,T),H;2(RN))(||VP0||L4(RN) <> at9||Lp((o,T),H,;(RN)))
+ (|| <t SN2 (01,1, V) + I <t > ull (0,11, (BY))

x|l <t > V() g, 0.1, @) -

Summing up, we have

E(w,v,n)(T) < CN(6,u,k)(T).

Using (35) and choosing € > 0 smaller if necessary, we have
E(w,v,n)(T) <,

which implies that (1) has solutions, p = p« + w, v, and d = d. + n satisfying (4) and (5).
Moreover, the uniqueness of solutions also follows from Theorem 2, which completes the
proof of Theorem 1.

7. Concluding Remarks

In this paper, we proved global well-posedness for the simplified Ericksen-Leslie sys-
tem in the maximal Lj-L, regularity class. We provided a general framework to prove the
global well-posedness for small initial data of quasilinear parabolic or hyperbolic—parabolic
equations in RN. This approach can be extended to boundary value problems with a non-
homologous boundary condition (cf. [25]).
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