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1. Introduction

In recent years, many researchers have developed numerical integration formulas and
found their error bounds using different techniques. To determine the error bounds of
numerical integration formulas, mathematical inequalities are used, and the authors used
various functions, such as convex functions, bounded functions, Lipschitzian functions,
and so on. For example, some error bounds for trapezoidal and midpoint formulas of
numerical integration using the convex functions were found in [1,2]. A number of papers
have been published on the error bounds of Simpson’s formula using the convex functions
in different calculi, and some of these bounds can be found in [3-10]. Some error bounds
for Newton’s formula in numerical integration have also been established by using the
convex functions in different calculi, and these bounds can be found in [11-15].

In open Newton-Cotes formulas, Milne’s formula is very important and its error
bounds for four times differentiable functions were found in [16]. Let F : [p, 0] — R be four

F(4)(x)‘ < oo, then
from the following inequality, we can find the error bound of Milne’s formula:

fro-r(555) ] - 2 [ rios

times differentiable functions over (p, o) and HF () H = SUP,c(p0)

4
< oo |

Due to its proven applications in a variety of seemingly unrelated fields of science
and industry, fractional calculus, which is the calculus of integrals and derivatives of any
arbitrary real or complex order, has gained prominence and relevance during the past three
decades. In fact, it provides several potentially useful techniques for resolving differential
and integral equations, as well as a number of other issues involving unique mathematical
physics functions, as well as their extensions and generalizations in one or more variables.

In this paper, we will use the well-known Riemann-Liouville fractional integrals that
are given below:
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Definition 1 ([17,18]). Let F € Li|p,c]. The Riemann—Liouville fractional integrals (RLFIs)
Joi b and J5_F of order « > 0 with p = 0 are defined as follows:

JoL(x) = r(la) /Px(x )T (), x> p

and
(%) = r(la) /U(K — ) (k) x < 0,

respectively, where I is the well-known Gamma function.

Considering the importance of fractional calculus (see [19-23]), researchers have
used Riemann-Liouville fractional integrals to develop a number of fractional integral
inequalities that have been demonstrated to be very helpful in approximation theory. We
can determine the boundaries of formulas used in numerical integration by employing
inequalities, such as Hermite-Hadamard, Simpson’s, the midpoint, Ostrowski’s, and
trapezoidal inequalities, etc. In [24], Sarikaya et al. proved some Hermite-Hadamard-
type inequalities and trapezoidal-type inequalities for the first time using the Riemann—
Liouville fractional integrals. The authors of [25] proved a Riemann-Liouville fractional
version of Ostrowski’s inequalities for differentiable functions. Iscan and Wu used harmonic
convexity and proved Hermite-Hadamard-type inequalities in [26]. For more inequalities
via fractional integrals, one can consult [27-30] and references therein.

Inspired by the ongoing studies, we give the fractional version of Milne’s formula-type
inequalities for differentiable convex functions and Riemann-Liouville fractional integrals.
We also give some mathematical examples for newly established inequalities to show their
validity. The main advantage of these inequalities is that they can be converted into classical
inequalities for @« = 1 and we can also find some more results for the whole interval of «.

2. Main Results

In this section, we establish and prove some Milne’s rule-type inequalities for differen-
tiable convex functions. For this, we will prove the following lemma first.

Lemma 1. Let F : [p,0] — R be a differentiable function over [p,c]. If F € Lq[p, 0], then the
following equality holds:

;[ZF(PZ&T)—F(F)?T>+2F(3P4+U)} (1)
_m [];}J(a) + L‘LF(P)}
T—p

5 /0Z K*[F'(ko+ (1 —x)p) — F'(xp + (1 — x)0) ]| dx

+ 17 (K“ — ;) [F'(ko+ (1 —x)p) — F'(xp + (1 — x)0)]dx

+ 7 (K"‘ — > [F'(ko+ (1 —x)p) — F'(xp + (1 — x)0) ]| dx

+ 31(1(“ —D[F' (ko + (1 —x)p) — F'(xp+ (1 —x)o)]dx|.

4

Proof. From the fundamental rules of integration and Riemann-Liouville fractional inte-
grals, we have

L = (c—p) '/01 K F' (ko + (1 —x)p)dx ()
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) 1
= «kF(koc+ (1—x)p)|j —w /04 KU (ko + (1 —x)p)dx

1

_ (i)“p<3p4+”> —a/OZK“*lF(KU—f—(l—K)p)dK,

L = (U—p)/f(K“—;)F’(KU’—F(l—K)p)dK (3)

Nl—

1
— 04/12 KU (ko + (1 —x)p)dx

4

(1) =3)r (*5)

= (K"‘ - ;)F(KO’-F (1-x)p)

NOREICER

TN ke

I; = (U—p)/li(xﬂ‘—;)F'(KU—k(l—K)p)dK 4)

() () )

—u /Z KL (ko 4 (1 — x)p)dxk

NI—=

and

b= (—p) [ (=D (ko4 (1 K)o ®)

4

= (K*-1F(ko+(1- K)p)|l% - zx/; K“*lF(KU—i— (1—-x)p)dx

4

<1 - (Z)“)F(p —230) - oc/; KL (ko + (1 —x)p)dx.

4

Thus, we get the following equality by adding (2)—(5)

h+bL+L+1 :1{2F<p+30> —F(“”) +2F<3p+‘7ﬂ — I F (o). (6)

3 4 2 4

Similarly, we have
L+l+I;+1g = (U—p)l/o—K”‘F’(Kp—f—(l—;c)a)dx (7)
12
/
+/1 (3 - K”‘>F (kp+ (1 —x)o)dx

o

F'(kp+ (1 —x)o)dx

+
N‘H\
W
7N
Q| =
|
b
N———

_|_
—
|
A
=
=

"(kp+ (1— K)O’)dK:|

() (05) s (5]
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Hence, we get the required equality by adding (6) and (7). O

Theorem 1. If all conditions of Lemma 1 hold and |F'| is a convex function, then the following

inequality holds:

p+30 p+o 3p+0
s () o (57 e (7)) ®

I'(a+1) "
sk @ 1 )|
(c—p) 1
< O S IF @I+ O+ AW @]+ )]
1
A WF O]+ F O + g 1@+ @]
where
((a41)-2¢F1 —6).4% 4 3.2% In(%)
- 120+ 1) 2040 O ES
(2(a+1)-3% —a2a+3) — 31
- 12(a + 1) 34 4%
Ai(a) =
1) (Z(a—i—l) 3% — g 2a+2) 20— 33+ in(3) in(3)
- 71 ? <ua S 1 :1;
6(a_|_1).3g.2a n(%) n(z)
((a41)-22F1 —6)-4% 4 3.2¢ In(})
12(a 1 1)2%-4% 7 n(d)
3t 1 1 In(3)
4T (g 41)  20F(at1) 127 O<as 1n(§)
3a+l ((a +1)3% —204)2“
B 6(x +1)-3a -2
Ar(a) =
2( ) (3(DC+1) 30‘ —4&) .40 _3IX+%+2 N l) ln(l)
_ , it <a < —3
12(x +1) 37 -4¢ In(3) In(%)
1 30+l 1 In(3)
20+ T(q 1) 4FT(at1) toa> m(%)’

Proof. Taking modulus of equality (1), we have

() (057) o (457
I'(a+1)

—W[LHF( )+]gF(P)H

(c—p)

5 /0z K*|F' (ko + (1 —K)p)|d1<+/01 K*|F'(kp + (1 — x)0)|dx

IN

1

2
+A
4

3

4
+A
2

1
K" — 3‘|F/(K(T+ (1—-x)p)

2 1
K“—3‘|F’(KU+(1—K)p)|dk+/12
1

K" — i’]F’(K;H— (1—x)o)|dx

3
K" — ;”F’(Kp-l— (1—x)o)|dx

1 1
+/3 |K“—1||F'(K(f+(1—K)p)|dk+/3 I — 1|1 (kp + (1 — 1)) |dic .
1 1
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Now, using the convexity of |F’| and the fact that for « € (0,1] and 1, %, € [0,1],

K1 —x3| < —m”,

o (25 (259 o (259)

et @+ )]
= (‘T;") /OL11 K“IF’(W+(1—K)P)|ﬂli<+/0‘11 K1 (kp + (1 — x)0)|dx
+/; K" — §‘|F’(W+(1—K)p)!dx+/; K — §‘|F/(Kp+(1—x)(7)|d;c
+/; K~ §‘|F’(W+(1—K)p)!dx+/j K" — ;‘|F’(Kp+(1—x)a)|d;c
+/;(1—K)“|F/(m+(1—x)p)|dx+/;(1—x)“|F’(Kp+(1_K)U),dK]
< 0 [leliro)+ )] 2l + e

e = 3@l e [ a0+ |F’<P>Hd1<]

3

4
+/l
2

(a—p){ 1
2 |4 (a41)

[F @]+ [ @)]] + Av@) [[F @) + | ()]

1

+H@[F @O+ F O+ g

1F'@)]+ 17 (@)}
Thus, the proof is completed. [

Corollary 1. For @ = 1 in Theorem 1, we have the following Milne's rule type inequality:

; [ () (55) oo (V)] g [ o

< 1) + (@)

This inequality helps us find the error bound of Milne’s rule.

Theorem 2. If all conditions in Lemma 1 hold and |F'|", ¢ > 1 is a convex function, then the
following inequality holds:

(e () ()]

F'(a+1) N
W[IPJFF( )+Ia—F(P)]

< 020lz(wﬂ(ipﬂ))fl’{(IF’(a)!q;27|F’(p>|q>3

71 (@) + [ (o) 7
*( 2 ) }
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+</; K‘X—g pd;c); <3F/(‘7)|q;;5lf’(p)|‘7>$
+(5|F’<a>|"3+23|ﬂ<p>|‘7)5}
+</f K _é de>;{ <5F’<v>l"3+23|F’<p>|‘7)5

31 ()| + 51F ()| ¥
(e srer)|

where p~t +g71 = 1.

Proof. Taking modulus of equality (1) and using Holder’s inequality, we have

o (25 (e59) e (259)

F(Dé-i-l) « «
D @)+ )
< @ /f K| (ko + (1= x)p)|dc + /f K F(kp + (1 =)o) |dx

1

2
+</l
1

.3

1
+~/l
2

1 1
+/3 I — 1) |F (ko + (1 — )p) |dic + /3 I — 1) |F'(xp + (1 — x)0)|dx
s '

2 3 2
le—3“F’(KU+(1—K)P)|d"+/12 K“_3’!F'(KP+(1—’<)U)|‘1K
1

1 3
K'X—3“F/(K0'+(1—K)p)|d1(+/14
2

K“—;’]F’(Kp—k(l—;c)aﬂdx

% [(/04 Kade> ' (/04 |F (ko + (1 — K)p)|qd1€> q

IA

. (/Oi K:xpd;c) % (/0‘1‘|F’(Kp+ (1- K)a)yqu> '
(R3] (e s-soma
+</; w2 pdx>;(/}11|F’(Kp+(1—’<)0)|qd’<>
ST L —.
+</j e ] "dx> % (/;|F’(Kp+ (1- K)(T)|qd1<>tl]
+</;(1 el (/;\F’@cp +(1=x)0)[lax ) ;]
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Now, using convexity of |[F'|7, g > 1, we have

IN

o () (13 (75)

ek @+ )]

1

+</31[K| o) + (1 —x)|F (o ”d"y}
<4ap+1(ip+1))p{(|/f’(0)|‘7 ;_27|F’(p)|ﬂi)q
7‘F’<ff>l"+F'<p>rq);}

32
/; dey{(3'F’<‘7>Iq3+25|ﬂ<p>w>s
5|/ (o )|‘7+3|F( )|q> }
/1 { 5|F |q+3|,r

)

2
‘X_f
+ K 3

+

+

e N N e N

K_f

2

+

31F (¢ >|"+5|F (0 ) }

L\ (7@ 1 )
i 4“P+1<zxp+1>) {< 32 )
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/(@) + 717 @)\ 7
(ot

Thus, the proof is completed. [

Corollary 2. For @ = 1 in Theorem 2, we have the following Milne’s rule type inequality:
1 p+3c\ _(pto 3p+o\] 1 /‘7
R (05) () ()] Ly o
1 1
1 v ()T +7)F (p) T\ 7
< (c-p) <4p+1( ) (I (@ +71F (o) )
p+1) 32

WAL 3}

32

51 R NETR GRS TAOTAY
(@ e ) {( 2 )

51F'(0)]7 +3)F" (o) \ !
(et rer)l)

This inequality helps us find the error bound of Milne’s rule.

3. Examples

In this section, we give some mathematical examples to show the validity of the
first-time-developed Milne’s rule-type inequalities in fractional calculus.

2

Example 1. We consider a convex function | (x) = x* over the interval [p, o] = [1,2], and from

Theorem 1 for o = %, we have

LHS. =

and

RHS. = (‘7;")[1 17 )[2(2)+2(1)]+A1<;>[2(2)+2(1)}

2(2) +2(1)]

+A2(;> 2(2) +2(1)] + m
2

- ;(112(4+ 1) +0.0165(4 + 1) +0.1139(4 + 1) + %(4+ 1))

0.7426.

Q

Thus,

1
L~ 07426
30 <
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and
L.HS. < R.H.S.
which shows that the newly proved inequality (8) is valid.
Example 2. We consider a convex function F (x) = x? over the interval [p, o] = [1,2] and from

Theorem 2 for o = % and p = q = 2, we have

2 2 2
2(1+6) B <1+2> +2<3+2>

1
LHS = |-
S 3

and

RHS. = ‘T;p [2<4w+1(ip - 1))’1’ { (IF’(U)I'7 ;27|F’(P)Iq>‘l’

71 o)l + |r'<p>|q)$}

- 32

2

P % 3|F/(0_>|‘7+5|F/(p)|q %
) { (e g

5F'(0)| +3|F’(p>lq> 3}

32

PN (S @)+ 3 (o))

) (e
31F'(@)] + 517 (o) \ !

sy

s e

+(0.0017)%{ (3(16”5(4))% +<5(16)+3(4)) %}

1
3

32 32

(o) (o))

=

+(0.0524)

0.9697.

1%

Thus,

1
£ 09697
30 <

and
L.H.S. < R.H.S.

which shows that the newly proved inequality (9) is valid.
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4. Conclusions

In this work, we have proven an identity involving Riemann-Liouville fractional
integrals and differentiable functions. Then, we have proven some error bounds for Milne’s
formula by using the newly established identity in the setting of fractional and classical
calculus. Finally, we have added some examples to show the validity of the newly proven
bounds. The results presented in this paper are more useful than the classical calculus
because already established bounds are the special case of our results for « = 1 and our
results hold for the whole interval given for «. It is an interesting and new problem for
upcoming researchers that they can obtain similar inequalities for other fractional integrals
and coordinates.
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