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Abstract: Numerous studies have pointed out that the issue of global warming is getting increasingly
more serious. Therefore, the concepts of circular economy (CE) and sharing economy have been more
and more valued by enterprises and governments. With the gradual popularization and maturity of
the Internet of Things (IoT), various smart APP platforms have sprung up rapidly. For example, the
fuzzy evaluation model of bank APP performance was proposed in such an environment, aiming to
improve the APP service performance by means of evaluating, analyzing, improving, and enhancing
customers’ satisfaction with their use of APPs, and increasing the number of users of APPs. Since the
follow-up of the article did not mention the improved testing model used to verify the improvement
effect, this paper then proposed a fuzzy two-tailed testing model with two indices before and after
the improvement based on the confidence interval to verify whether the improvement has had a
significant effect. This complete bank APP fuzzy performance evaluation, analysis, and improvement
model measured the bank APP operation performance using customer time intervals, so the data
collection time was short. Not only can it meet enterprises’ need for rapid response and grasp the
opportunity for improvement to achieve the effect of energy-saving and carbon reduction, but it also
can satisfy enterprises’ requirement to pursue fast and accurate decision-making. Furthermore, the
fuzzy two-tailed test proposed by this paper was based on the confidence interval, which can reduce
the risk of misjudgment caused by sampling error. Plenty of studies have indicated that the designs
based on confidence intervals can integrate expert experience and past data so that the accuracy of
testing can be maintained in the case of small-sized samples.

Keywords: thinking of sharing economy; bank APP; APP performance index; confidence interval;
fuzzy two-tailed testing model

MSC: 62C05; 62C86

1. Introduction

Many studies have revealed that the issue of global warming is becoming increasingly
more serious. Consequently, the thinking of circular economy (CE) and sharing economy
has been more and more highlighted by businesses and governments [1–7]. A variety of
smart applications (APPs) have sprung up rapidly in the face of this issue, especially as
the Internet of Things (IoT) and big data analysis technologies gradually become popular
and mature. Smart APPs can link all relevant information and facilitate the disclosure
and delivery of information, making what we are doing more convenient and more eco-
nomically efficient [8–12]. For example, various transportation APPs raise the willingness
and population of carpooling, educational APP platforms allow people to learn without
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going out, and bank APPs allow people to complete transfers, payments, and various
transactions at home without going out. Obviously, the development of smart APPs can
not only alleviate traffic congestion and reduce carbon emissions but also save the labor
cost of banks so that enterprises can accelerate their pace toward the goal of innovative and
smart management as well as achieve economic benefits and the effects of energy-saving
and waste reduction [13–16].

Based on the above-mentioned, Chen et al. [2] has put forward a fuzzy evaluation
model of bank APP performance to promote the APP service performance, enhance cus-
tomers’ satisfaction with the use of the APP, and increase the number of users of the APP
by means of evaluation, analysis, and improvement. According to some research, the
number of customers (Nt) accessing an APP is a Poisson distribution with a rate λt [17–21].
As noted by Chen et al. [2], the mean time (Tj) is the average time that two continuous
customers access an APP, and then Tj is a distributed exponential random variable with
mean τ = 1/λ. The probability density function of Tj is

fTj(t) =
1
τ
× exp

{
− t

τ

}
, t ≥ 0.

If at least N0 customer is required to access the APP within a unit of time, it is
equivalent to the requirement of Tj ≤ U, where U = 1/N0 denotes the maximum expected
interarrival time of two continuous customers accessing the APP. On this basis, Chen
et al. [2] proposed an APP performance index (API) as follows:

API =
U
τ

.

Obviously, performance index API and ratio q, which do not meet performance re-
quirements, have a one-to-one mathematical relationship, where

q = p
(
Tj > U

)
= exp{−API}.

Then, Chen et al. [2] proposed a fuzzy testing model based on the confidence interval
for performance index API to evaluate whether the bank APP performance can meet the
required performance level. The fuzzy evaluation model employed customer time intervals
to measure the bank APP operation performance, so the time for collecting data was
relatively short. Consequently, this model can meet enterprises’ need to pursue fast and
accurate decision-making. However, the fly in the ointment is that the above-mentioned
model only provides an evaluation of the bank APP operation performance. Although
it can quickly grasp the opportunity for improvement, it cannot provide verification of
whether the improvement is effective. Therefore, this paper then proposes a fuzzy two-
tailed testing model based on the confidence interval to verify whether the improvement
has a significant effect. This fuzzy improvement testing model, combined with the fuzzy
performance evaluation model of Chen et al. [2], will form a complete model of bank APP
fuzzy performance evaluation, analysis, and improvement. In addition, because the fuzzy
two-tailed test proposed by this paper is based on the confidence interval, it can reduce the
risk of misjudgment resulting from sampling error.

The other sections of this paper are organized as follows. In Section 2, this paper de-
duces confidence intervals of bank APP performance indices before and after improvement
to construct fuzzy membership functions. In Section 3, a fuzzy two-tailed testing model is
proposed by means of the above two fuzzy membership functions to verify whether the im-
provement has a significant effect. Section 4 presents an application example demonstrating
the applicability of the proposed approach. Section 5 provides conclusions.

2. Confidence Intervals of Two APP Performance Indices

Obviously, putting forward a complete model for evaluation, analysis, and improve-
ment of smart APPs will help enterprises develop more efficient APPs, so it is a crucial topic.
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If the operating performance of an APP is directly measured by the number of customers
who use the APP within a unit of time, then it will take a relatively long time to collect data.
Since the number of customers using the APP within a unit of time is a Poisson distribution,
a larger sample size is required to make statistical inferences with the normal approximation
rule. If 30 pieces of data are collected to meet the central limit theorem, it will take 30 units
of time to complete the collection. In contrast, if the operation performance of the APP is
measured by the time interval of customers using the APP, the sample data of sample size
n = 35 can be immediately obtained when there are 35 users in the first unit of time. That
way, the fuzzy test based on the confidence interval can be carried out, so the time of data
collection will be 1/30 of the number of collected customers. Apparently, measuring the
APP operation performance with time intervals of the customers using the APP is more in
line with the need of enterprises’ pursuit of fast and accurate decision-making. Quite a few
studies have suggested that sorting the time intervals between customers’ access to an APP
is more effective than the number of customers arriving within a unit of time [2,22,23]. It is
assumed that the two sets of samples of the time intervals between customers accessing
the APP before and after the improvement are sorted as Th,1, . . . , Th,j, . . . , Th,nh

, where h = 1
represents the pre-improvement while h = 2 represents the post-improvement. Then, the
unbiased estimator of APIh is expressed as follows:

A∗PIh =
U
τ∗h

,

where τ∗h = (nh − 1)−1∑nh
j=1 Th,j is the estimator of mean τh. According to Chen et al. [2], let

W =
(nh − 1)APIh

A∗PIh
,

then W is distributed as G(nh, 1) and the probability density function of W is displayed below:

fW(w) =
1

Γ(nh)
× wnh−1 × exp{−w}, w ≥ 0.

Therefore,
1− α = p(LAPIh ≤ APIh ≤ UAPIh)

= p
(
(nh − 1)LAPIh

A∗PIh
≤ (nh − 1)APIh

A∗PIh
≤ (nh − 1)UAPIh

A∗PIh

)
= p

(
(nh − 1)LAPIh

A∗PIh
≤W ≤ (nh − 1)UAPIh

A∗PIh

)
.

Thus,
(nh − 1)UAPIh

A∗PIh
= G1−α/2(nh, 1)

and
(nh − 1)LAPIh

A∗PIh
= Gα/2(nh, 1).

Equivalently,

LAPIh =
Gα/2(nh, 1)

nh − 1
A∗PIh

and

UAPIh =
G1−α/2(nh, 1)

nh − 1
A∗PIh,
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where Gα/2(n, 1) is the lower α/2 quintile of G(n, 1) and G1−α/2(n, 1) is the lower 1−α/2
quintile of G(n, 1). Therefore, the confidence interval of APIh can be shown as follows:

[LAPIh, UAPIh] =

[
Gα/2(nh, 1)

nh − 1
A∗PIh,

G1−α/2(nh, 1)
nh − 1

A∗PIh

]
.

Let th,1, . . . , th,j, . . . , th,nh
be the observed values of Th,1, . . . , Th,j, . . . , Th,nh

for h=1, 2;
then the observed value of A∗PIh is expressed as follows:

A∗PIh0 =
U
τ∗h0

,

where τ∗h0= (nh − 1)−1∑nh
j=1 th,j is the observed value of τ∗h . Thus, the observed value of

two 1− α confidence limits, LAPIh and UAPIh, can be expressed as follows:

LAPIh0 =
Gα/2(nh, 1)

nh − 1
A∗PIh0;

UAPIh0 =
G1−α/2(nh, 1)

nh − 1
A∗PIh0.

3. Fuzzy Two-Tailed Testing Model

As noted by Chen et al. [2] and Chang et al. [24], using data to develop a rapid and pre-
cise model for analysis and decision-making has become a trend of business development
as the Internet of things (IoT) and Big Data analysis technology have gradually become
mature and stable. Not only can the model meet the need of enterprises to pursue a rapid
response, but it also can help the industry to move toward the goal of smart innovation
management at the same time. Once the result of the evaluation shows that the bank APP
performance does not meet the required performance level, improvement must be carried
out right away. Based on the approach proposed by Chen et al. [2], we determined that
the α-cuts of the triangular-shaped fuzzy number ÃPIh is ÃPIh[α]=[APIhL(α), APIhR(α)] for
0.01 ≤ α ≤ 1, where

APIhL(α) =
Gα/2(nh, 1)

nh − 1
A∗PIh0;

APIhR(α) =
G1−α/2(nh, 1)

nh − 1
A∗PIh0.

We recalled that all of the α-cuts of triangular-shaped fuzzy number ÃPIh for 0 ≤ α ≤ 0.01
are equal to ÃPIh[0.01], where

ÃPIh[0.01] = [APIhL(0.01), APIhR(0.01)].

Thus, the triangular shaped fuzzy number of APIh is ÃPIh=( AhL, AhM, AhR), where

AhL = APIhL(0.01) =
G0.005(nh, 1)

nh − 1
A∗PIh0;

AhM = APIhL(0.5) =
G0.5(nh, 1)

nh − 1
A∗PIh0;

AhR = APIhR(0.01) =
G0.995(nh, 1)

nh − 1
A∗PIh0.
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Furthermore, the membership function of ÃPI is:

ηh(x) =


0 i f x < AhL
α′h i f AhL ≤ x < AhM
1 i f x = AhM
α
′′
h i f AhM < x ≤ AhR

0 i f AhR < x

,

where
Gα′h/2(nh, 1) = (nh − 1)x/A∗PIh0

and
G1−α

′′
h /2(nh, 1) = (nh − 1)x/A∗PIh0.

Thus,
α′h = 2G−1(w, nh, 1)

and
α
′′
h = 2

(
1− G−1(w, nh, 1)

)
,

where w= (nh − 1)x/A∗PIh0 is the α′h quantile of G(nh, 1)
.
In order to confirm whether the post-improvement performance is better than the

pre-improvement performance, we consider the problem of the hypothesis test, the null
hypothesis H0:API2 = API1 against the alternative hypothesis H1:API2 6= API1. Figure 1 is
the schematic diagram of the fuzzy membership function η1(x) before improvement and
the fuzzy membership function η2(x) after improvement. When the distance between the
graphs of η1(x) and η2(x) is longer, the corresponding dashed area is smaller, indicating
that the performance gap between pre-improvement and post-improvement is larger. Con-
versely, when the distance between the graphs of η1(x) and η2(x) is shorter, the correspond-
ing dashed area is larger, showing that the performance gap between pre-improvement and
post-improvement is smaller. Especially, when we have A1M = A2M, there is no significant
difference between pre-improvement and post-improvement. Subsequently, this paper
develops follow-up fuzzy evaluation rules based on this concept.

Mathematics 2022, 10, x FOR PEER REVIEW 6 of 11 
 

 

improvement and post-improvement is smaller. Especially, when we have 1 2M MA A= , 

there is no significant difference between pre-improvement and post-improvement. Sub-

sequently, this paper develops follow-up fuzzy evaluation rules based on this concept. 

 

Figure 1. Schematic diagram of fuzzy membership function 
1( )x  before improvement and fuzzy 

membership function 
2( )x  after improvement. 

Let set 1TA  be the area in the graph of 1( )x , such that 

( ) 1 1 1, ( ) ( ),0 1T PI L PI RA x A x A   =     ,  

where 

1 ( )PI LA  = /2 1

1

( ,1)

1

G n

n



−
10PIA ;  

1 ( )PI RA  = 1 /2 1

1

( ,1)

1

G n

n

−

−
10PIA .  

Similarly, let set 2TA  be the area in the graph of 2 ( )x , such that 

( ) 2 2 2, ( ) ( ),0 1T PI L PI RA x A x A   =     ,  

where 

2 ( )PI LA  = / 2 2

2

( ,1)

1

G n

n



−
20PIA ;  

2 ( )PI RA  = 1 /2 2

2

( ,1)

1

G n

n

−

−
20PIA .  

Then, this paper discussed 10 20PI PIA A   and 10 20PI PIA A   respectively as follows: 

(1) When 10 20PI PIA A  , there are two conditions: (1) 1 2R LA A  and (2) 1 2R LA A , and 

the value of C is defined as follows: 

Figure 1. Schematic diagram of fuzzy membership function η1(x) before improvement and fuzzy
membership function η2(x) after improvement.



Mathematics 2022, 10, 1409 6 of 10

Let set AT1 be the area in the graph of η1(x), such that

AT1 = { (x, α)|API1L(α) ≤ x ≤ API1R(α), 0 ≤ α ≤ 1},

where

API1L(α) =
Gα/2(n1, 1)

n1 − 1
A∗PI10;

API1R(α) =
G1−α/2(n1, 1)

n1 − 1
A∗PI10.

Similarly, let set AT2 be the area in the graph of η2(x), such that

AT2 = { (x, α)|API2L(α) ≤ x ≤ API2R(α), 0 ≤ α ≤ 1},

where

API2L(α) =
Gα/2(n2, 1)

n2 − 1
A∗PI20;

API2R(α) =
G1−α/2(n2, 1)

n2 − 1
A∗PI20.

Then, this paper discussed A∗PI10 ≤ A∗PI20 and A∗PI10 > A∗PI20 respectively as follows:

(1) When A∗PI10 ≤ A∗PI20, there are two conditions: (1) A1R ≤ A2L and (2) A1R > A2L,
and the value of C is defined as follows:

C =

{
A1R, A1R ≤ A2L
A1R+A2L

2 , A1R > A2L
.

(2) When A∗PI10 > A∗PI20, there are two conditions: (1) A2R > A1L and (2) A2R ≤ A1L,
and the value of C is defined as follows:

C =

{ A2R+A1L
2 , A2R > A1L

A1L, A2R ≤ A1L
.

Let dT=A1R−A1L, then

dT =

(
G0.995(n1, 1)

n1 − 1
− G0.005(n1, 1)

n1 − 1

)
A∗PI10,

and let dR=A1R − C, then dR and dR/dT are expressed as follows:
Case 1: A∗PI10 ≤ A∗PI20

dR =

{
0, A1R ≤ A2L
A1R − C, A1R > A2L

;

dR/dT=

{
0, A1R ≤ A2L
(A1R − C)/dT , A1R > A2L

.

Case 2: API1R > API2L

dR =

{
A1R − C, A2R > A1L
dT , A2R ≤ A1L

;

dR/dT=

{
(A1R − C)/dT , A2R > A1L
1, A2R ≤ A1L

.

According to Chen et al. [2], we let 0<φ<0.5, and the decision-making rules of the
fuzzy two-tailed testing model are displayed below:
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(1) If dR/dT<φ, then reject H0 and conclude that API2 > API1, which shows significant
improvement has been achieved.

(2) If dR/dT>1− φ, then reject H0 and conclude that API2 < API1, which means that the
situation after improvement not only has no significant effect, but it is even worse
than before, so that the operation should be reviewed and continuously improved.

(3) If φ≤dR/dT≤1− φ, then do not reject H0 and conclude that API2 = API1, indicating
that the improvement has not received any significant outcome, so that the operation
should be reviewed and continuously improved.

4. Application Example

As noted above, this paper uses an application example to demonstrate the fuzzy
two-tailed testing model in this section. Then, the hypotheses for improvement and testing
are described as follows:

H0: API2 = API1;

H1: API2 6= API1.

This paper first evaluated the bank APP performance according to Chen et al. [2].
The required value of bank performance index API1 was supposed to be 5; in fact, the
estimated value of the index API1 was only 4.29 (A∗PI0 = 4.29). Based on the evaluation
rules proposed in this paper, the result of bank APP performance evaluation showed that it
did not meet the requirement of the performance index value, so that it should be reviewed
and improved. In practice, it is quite easy to collect the time interval data of customers’
using an APP. As long as the time difference between the time when the data collection
starts and the time when the first customer goes online is th,1, we have h = 1, 2, where
h = 1 represents pre-improvement and h=2 represents post-improvement. Because of
τ∗h0= (nh − 1)−1∑nh

j=1 th,j, the time difference between the starting time and the nh customer

(that is, the last online customer within a unit of time) is ∑nh
j=1 th,j; therefore, the time

intervals between the middle customers going online do not need to be recorded. As long
as the starting time and the nh customer’s online time are calculated, the value of τ∗h0 can
be obtained, and then the subsequent fuzzy testing task can be completed.

According to the above statement, this paper set a unit of time as 522, used the above-
mentioned evaluation data as the pre-improvement data, and presented samples of the
time intervals between the accesses of customers to the APP after improvement as the
post-improvement data, as follows.

Before improvement:
Sample data of the time intervals between the accesses of customers to the APP:

t1,1, . . . , t1,j, . . . , t1,225(n1 = 225) and ∑225
j=1 t1,j= 521.92;

τ∗10= (n1 − 1)−1∑n1
j=1 t1,j= (225− 1)−1∑225

j=1 t1,j = 2.33;

A∗PI10 =
U
τ∗10

=
10
τ∗10

= 4.29;

A1L = API1L(0.01) =
G0.005(n1, 1)

n1 − 1
A∗PI10 =

188.24
224

× 4.29 = 3.61;

A1M = API1L(0.5) =
G0.5(n1, 1)

n1 − 1
A∗PI10 =

224.67
224

× 4.29 = 4.30;

A1R = API1R(0.01) =
G0.995(n1, 1)

n1 − 1
A∗PI10 =

265.51
224

× 4.29 = 5.08;

ÃPI1 = (3.61, 4.30, 5.08);
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η1(x) =


0 i f x < 3.61
α′1 i f 3.61 ≤ x < 4.30
1 i f x = 4.30
α
′′
1 i f 4.30 < x ≤ 5.09

0 i f 5.09 < x

.

After improvement:
Sample data of the time intervals between the accesses of customers to the APP:

t2,1, . . . , t2,j, . . . , t2,270(n2 = 270) and ∑270
j=1 t2,j= 521.86;

τ∗20= (n2 − 1)−1∑n2
j=1 t2,j= (270− 1)−1∑270

j=1 t2,j = 1.94;

A∗PI20 =
U
τ∗20

=
10
τ∗20

= 5.15;

A2L = API2L(0.01) =
G0.005(n2, 1)

n2 − 1
A∗PI20 =

229.55
269

× 5.15 = 4.39;

A2M = API2L(0.5) =
G0.5(n1, 1)

n1 − 1
A∗PI10 =

269.67
269

× 5.15 = 5.16;

A2R = API2R(0.01) =
G0.995(n1, 1)

n1 − 1
A∗PI10 =

314.20
269

× 5.15 = 6.02;

ÃPI1 = (4.39, 5.16, 6.02);

η2(x) =


0 i f x < 4.39
α′2 i f 4.39 ≤ x < 5.16
1 i f x = 5.16
α
′′
2 i f 5.16 < x ≤ 6.02

0 i f 6.02 < x

.

In fact, A∗PI20=5.15 is bigger than A∗PI10= 4.29, and A1R = 5.09 is bigger than
A2L = 4.39, then

C =
A1R + A2L

2
=

5.09 + 4.39
2

= 4.74;

dR = A1R − C = 5.09− 4.74 = 0.35;

dT = A1R − A1L = 5.09− 3.61 = 1.48;

dR/dT = 0.35/1.48 = 0.24.

Let φ=0.25; based on the decision rules, reject H0 and conclude that API2 > API1 for
dR/dT<φ, indicating that the improvement has achieved a significant effect. According to
the statistical test, since the intersection of the confidence interval of index API1 and the
confidence interval of index API2 is not an empty set, do not reject H0, showing that the
improvement has no significant effect. As a matter of fact, A∗PI20= 5.15 is much larger than
A∗PI10= 4.29. According to the above-mentioned, it is obvious that the fuzzy test is more
reasonable than the statistical test.

5. Conclusions

This paper is based on the bank APP fuzzy performance evaluation proposed by Chen
et al. [2]. When the bank APP performance evaluation does not meet the requirements
of performance indices, the APP must be improved. This paper proposed a model for
improvement and testing so as to confirm the effect of improvement. The bank APP
performance evaluation model, proposed by Chen et al. [2], was a fuzzy two-tailed testing
model with a single index. This paper then proposed a fuzzy two-tailed testing model with
two indices before and after improvement, not only an extension of the method but also a
more complete procedure of evaluation.
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In addition, the fuzzy improvement testing model developed in this paper combined
with the fuzzy performance evaluation model of Chen et al. [2] formed a complete model
of bank APP fuzzy performance evaluation, analysis, and improvement. Since customer
time intervals were used to measure the bank APP operation performance, the time of
collecting data was short. Hence, this model can help companies quickly and accurately
make decisions on whether to improve as well as complete the verification of improvement
effects. The advantages of this bank APP fuzzy performance evaluation, analysis and
improvement model are illustrated as follows:

(1) The fuzzy testing model was based on confidence intervals, so it can reduce the risk
of misjudgment caused by sampling error.

(2) The fuzzy testing designs built on confidence intervals can incorporate expert expe-
rience and past data so that the accuracy of testing can be maintained in the case of
small-sized samples [25–27].

(3) The time of data collection is short, which can help enterprises quickly grasp the
opportunity for improvement and meet the need for enterprises to pursue fast and
accurate decision-making.

(4) Making good use of the fuzzy performance evaluation, analysis and improvement
model [28,29] can continuously enhance the bank APP operation performance and
allow users to complete banking operations without going out. Not only does the
model increase the bank’s operating efficiency, but it also eases traffic congestion and
parking as well as benefits energy saving and carbon reduction.

At the end of this paper, an example was presented to explain the application of the
fuzzy two-tailed testing model with two indices. The three fuzzy evaluation rules stated in
Section 3 and the cases discussed in Section 4 have shown that the two-tailed fuzzy test of
two indicators can verify whether the performance after improvement has improved or
unchanged compared with the performance before improvement. It is even likely to make
the performance decline instead of improving. These three situations are relative. Thus,
it is necessary to further check whether the indices are greater than the required value
(H0 : API2 > 5) to confirm whether the improved performance reaches the required level.
This can be said to be the limitation of the two-tailed fuzzy test of the two indicators.

In addition, the use of the bank APP will be affected by the smoothness of network
traffic or some kind of promotion. When the number of users is not a Poisson distribution,
then the time interval will not be an exponential distribution. The above two situations are
both important issues worth exploring in the future.
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