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Abstract: An efficient algorithm is proposed to find an approximate solution via the wavelet colloca-
tion method for the fractional Fredholm integro-differential equations (FFIDEs). To do this, we reduce
the desired equation to an equivalent linear or nonlinear weakly singular Volterra—Fredholm integral
equation. In order to solve this integral equation, after a brief introduction of Miintz-Legendre
wavelets, and representing the fractional integral operator as a matrix, we apply the wavelet collo-
cation method to obtain a system of nonlinear or linear algebraic equations. An a posteriori error
estimate for the method is investigated. The numerical results confirm our theoretical analysis, and
comparing the method with existing ones demonstrates its ability and accuracy.

Keywords: wavelet collocation method; fractional integro-differential equation; Miintz-Legendre
wavelets

MSC: 65L60; 47G20; 65T60

1. Introduction

In this study, we propose an efficient scheme for solving the fractional Fredholm
integro-differential equations (FFIDES) of order a (x € R™) on the finite interval [0, 1]

1
CD@@?=ﬁﬂ%y@N+@K;H%ﬂﬂﬂﬂMt x € (0,1, ©)
with the Caputo fractional derivative “D§ and initial conditions
yvwWO0)=y, v=0,...,.n—1, )

in which ¢y, ¢; are constants, [¢] +1:=n € N, fora ¢ Nand n = a for &« € N. Here, the
function f is assumed to be a sufficiently smooth linear or nonlinear function on (3 x R
with Q) := [0, 1], k is a continuous function on 02 := O x O, and the linear or nonlinear
function g is assumed to be continuous and satisfies the Lipschitz condition

1g(y) —g(v)| < ply — 7|, ®)

where p > 0 is the Lipschitz constant.

These types of equations have a very valuable role in modeling some physical phenom-
ena, such as glass-forming process [1], epidemic processes [2], and viscoelasticity [3]. There
exist several papers that offer analytical methods for solving such equations. However,
when the problem is complicated, the existing analytical methods no longer work and
we cannot find the exact solution. Therefore, numerical methods are often suggested to
solve this problem. In [4], the Spline collocation method is applied to solve the problem.
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Momani et al. [5,6] used the Adomian decomposition method for solving the fourth-order
and systems of FFIDEs. To solve a special type of these equations, i.e.,

1
“Diy(x) A [ KOOt = f(x), v>1, @
with the initial conditions
yD0)=¢, i=0,....n—1, n—1<a<n,

Zhu et al. [7] proposed the Galerkin method based on the Chebyshev wavelet.
After introducing the Chebyshev wavelet and the operational matrix of the Riemann-
Liouville fractional integral for this basis, they used the Galerkin method to reduce (4) to
a system of algebraic equations. The fractional differential transform scheme is used to
solve the equation [8]. Saeedi et al. [9] used the same procedure based on CAS wavelets.
Shahmorad et al. [10] proposed the Tau-like numerical algorithm to solve the delay frac-
tional integro-differential equation. To read more about the methods provided, please refer
to [11,12].

Recently, the Miintz-Legendre wavelets have been applied to find the numerical
solution of some equations, such as fractional pantograph differential equations [13],
fractional optimal control problems [14], fractional differential equations [15] and multi-
order fractional differential equations [16].

The outline of this article is as follows: In Section 2, we provide an introduction to
fractional calculation and introduce the Miintz-Legendre wavelets. Section 3 is dedicated
to the application of the wavelet collocation method for solving FFIDEs. In this section, an
a posteriori error estimate is also surveyed. In Section 4, some numerical implementations
are performed to demonstrate the accuracy and efficiency of the method.

2. Preliminaries

We begin this section with a brief introduction to fractional calculus and the Miintz-
Legendre wavelets (ML wavelets).

2.1. Fractional Calculation

Definition 1. Let « € R™, we specify the Riemann—Liouville (RL) fractional integral operator % via

TG = gy [ 60O, xelod, felLlat, 6

(14

in which T'(«) is the Gamma function.

With this definition, it is easy to verify that

T4 (xP) = 1"(?3(—[?—::—11—)1) xPte, (6)

Lemma 1 (cf. Lemma 2.1 (a), [17]). Given 1 < p < oo, the operator L} is bounded in
LP([a, b)), ie.,
(b—a)"

1Z2 (H)llp < m”f”p ()

Definition 2. The Riemann—Liouville operator of fractional derivative is defined by

KDY ) = D) = e =0l ®)

wherea € RY, [a] +1:=n € Nand D" := 4.
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There exists another fractional derivative operator that can replace the Riemann—
Liouville fractional derivative.

Definition 3. The Caputo fractional derivative is determined by [17].

x  f(n)
DI s = e |, e = T D (), ©)

I'(n—uw x — )l
inwhicha € RT and [x] +1:=n e N.

Lemma 2 (cf. Corollary 2.3 (a), [17]). It can be proved that the Caputo fractional derivative
operator “Dy is bounded via

D (f) e < !

= F(n —oc)(n —a+ 1) ”fHC”/ (10)

wherew € R, a & Nygand n = —[—a].

2.2. Miintz—Legendre Wavelets

For ] € Ngandr € N, let R := {0,1,...,r —1} and B := {0,1,...,2/ —1}. Then
assume that the sub-space A; € L2(A) is spanned by

Aj =span{¢],: neR,beB},

in which ¢7, is the scaled and translated version of ¢", and A is a bounded interval
or A := R. Furthermore, the parameters | and r are called the refinement level and
multiplicity, respectively.
At the sequel, we give a brief introduction to the ML wavelets that, in addition to spanned
V], they also satisfy certain circumstances [18] (namely, multiresolution analysis (MRA)).
Motivated by [19], an increasing sequence £ = {0 = Ag < A; < ...} guarantees that
the vector space

[e9)

P(L):= ] Pu(L) = span{x*,n=0,1,...}, x¢€(0,1),
n=0

spanned by {x*7}%_, and is a dense subset of C[0, 1]. Here P, (L) := span{x’0,xM, ..., xM
for each n. The Russian mathematician S. N. Bernstein specifically proved that the sufficient
and necessary conditions to have P(£) = C[0, 1] are

2 1+logAy
/\k>0 Ak
and
Ak

li =

ko k logk
respectively. He also conjectured that the necessary and sufficient condition to have
L={0=A <A <...}is

= 1
Y-
=1 M
Two years later, Miintz proved this conjecture [20]. It can be shown that the same
result can be held for L?(0,1) [21]. It is worth noting that the functions {x*}%_; are not

suitable as basis functions. Thus, in the sequel, the Miintz-Legendre functions will be
introduced such that they are easy to evaluate and are orthogonal.
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Motivated by [21,22], the ML polynomials are determined by
S + /\k +1 x5
L) / ds, 1
(3 = 2mi Aj s—Ar s—Ay ° (1)

where A is a simple contour which is circumambient to all zeros of the denominator in the
integrand. The aforementioned polynomials can be shown via

lenx ! € 1[0,1], (12)

where the coefficient [; ,, is obtained by

Lo H (AZ—F)\ +1)
b Hl,o,lﬂmz—m)'

(13)

inwhich A; ;= {ly: y € R, 1 =0,...n}. It can easily be shown that the ML polynomials
are orthogonal [21,22].

For simplicity, assume that L, (x) := L, (x; £) from now on. According to the definition
of L,(x), the ML wavelets [16] can be obtained via

" 222N+ 1L, (2 x —b), 5 <x<Bl,

0, otherw1se

Motivated by ML wavelets, we introduce a projection operator P; that maps any
function y € L?([0,1]) onto A as follows.

21 r—

y(x) =P Z Z Yo p(x Td(x) € A, (15)

where ®(x) is a N = 2/r dimensional vector function whose (br + n + 1)-th element is
o7 (x). To evaluate the element of vector U, we have

1
Vom = W91 = [ v}y () (16)
The aforementioned expansion (15) can be bounded as follows [13].
Lemma 3 ([13]). Ify € H™(]0,1]) for r > m, then

ly = Prwlic, (o)) < elr — 1)@y I L2(j0,1)) (17)

and when s > 1, we get

Clyee 1
ly = Pyl oy < @) " = 12 ly"™ | Ly 0,1, (18)

in which H™ ([0, 1]) is the Sobolev space and the related norm is determined by

1/2
||}/||Hm [0,1]) <Z||y ||L2 01]) :

2.3. Representation of Fractional Integral Operator in ML Wavelets

The fractional integration of the vector function ®;(x) can be expressed by

P(Z5)(@(x)) = L®(x), x€(0,1), (19)
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where I, is called the Riemann-Liouville fractional operational matrix.
In order to find the elements of I, for ML wavelets, we need to introduce the piecewise
fractional-order Taylor functions, i.e.,

t/\n’ by < bil, N
Vi = { 0 gilfh;rwis_e 2] beBneR,JeZ U{0}. (20)

Using the vector function ¥ (x) whose elements are 9}/, the vector function ®(x) (ML
wavelets) can be represented by

O(x) =T 1¥(x), (21)

where the transformation matrix T is the square matrix of dimension N x N with elements
1 ..
T, = (@i(x), ¥;(x)) = /0 O;(x)¥;(x)dx, i,j=1,...,N. 22)

It can be shown that
Y(x)=1[v,...,v],, (23)

in which V is assumed to be a r-dimension vector whose i-th element is x*i. From (6), one
can calculate the fractional integral of the i-th element ¥(x), i.e.,

F(Al + 1) x/\,'thX.

5 (¥, == 24
Therefore, there exists a matrix Iy , (x) such that
Z5(F)(x) = Iy o (x)F(x). (25)

It can easily be demonstrated that
Iy o (x) = diag[Py(x),..., Ps(x)],
in which Py (x) := x*Q (Z§(V)(x) = Pa(x)V(x)), and Q is a diagonal matrix
Qi = (T + D) +a 1))
Now, we can obtain the fractional integral operational matrix for the ML wavelets

Py(Z5)(P(x)) = Py(Z) (T~ ¥ (x))
= T 'y (x)¥(x)
= Ty o (x) TO(x).

Thus we obtain
Io(x) := T Iy 4 (x)T. (26)

3. Wavelet Collocation Method

In the present section, we utilize the collocation method based on ML wavelets to
obtain an approximate solution of the fractional Fredholm integro-differential Equation (1).
In the operator form, Equation (1) may be written as

(°D§ — 2Ky = arf, (27)

in which the operator K is denoted by
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) () = [ Kkx gl 28)

0

If y is a sufficiently smooth function on [0, 1], it can be proved that Equation (1) has a
unique solution y(x) on [0, 1].

Lemma 4. Given « € RT, let n = —[—a]. Assume that f, k, and u are continuous functions.
Then y(x) is the solution of (1) if, and only if, y(x) satisfies the integral equation

0. +aZy(f)(xy(x) + Iy K(y)(x), (29)

-1

Proof. The proof is similar to the proof of Theorem 3.24 in [17]. O

To obtain the discretization of (29), the numerical solution may be approximated by
the operator Py, i.e.,

y(x) = Py(y)(x) = UT@(x) ==y (x), (30)

where U is a N-dimension vector whose elements should be found. Replacing (30) into (29),
we get

D+ T8 () (o () + 2 T8 () () (3): (1)

Now, we transfer all terms in (31) onto Aj via the projection operator Pj as follows

e Letusputp(x):= Zn ! y 9 i, then we can write

p1(x) = Pj(p1)(x) = P{ ®(x), (32)

where the j-th element of the N dimensional vector P; is obtained by (p, ®;).
*  After putting the approximate solution y; into g(y(t)) and then approximating it and
the kernel function k(x, t) using operator Pj, we have

p2(t) = g(y; (1)) = Pr(g(y; (1)) = GTo(1),
k(x,t) ~ Pj(k)(x,t) = T (x)KD(t), (33)

Q

where G is an N-dimensional vector whose j-th element is (p,, ®;), and K is a square
matrix of dimension N x N whose (i, j)-element is

1 r1
Kij = /O /O K(x, £); (x) (1) dxdt.

Replacing (33) into K(y;)(x), we obtain
PiK(y)(x) = GTKT®(x) € A), (34)

To give rise to the discretized form of Z§K(yj)(x), using the operational matrix I,
and (35), we obtain

TEK (y7)(x) =~ GTKT Iy (x)®(x). (35)
* In the same way as the previous item, we can use the projection P; for the term

Z5 (f)(s,y(s)), as

I§(f) (s, yy(s)) =~ I§ (FT@(x))
~ FT I, (x)®(x), (36)

where F is a N-dimension vector whose j-th element is (f, @;).
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Now we refer to (29) and rewrite it using (32), (35) and (36) as follows.
r(x) 1= (uT — PT— e FT I (x) — GTKTLX(x))CD(x) —0, (37)

where r(x) is the residual function that our goal is to reduce to zero. By choosing the
collocation points {x;} € Q which satisfy r(x;) = 0, we obtain a system of nonlinear or
linear algebraic equations. After solving this system, we can find the unknown coefficients
U. Here, the collocation points are chosen so that they are the roots of the shifted Chebyshev
and Legendre polynomials.

Error Analysis

Theorem 1. Assume that k(x, t) is a sufficiently smooth function on [0,1] x R and the functions
g and f are continuous and satisfy the Lipschitz conditions (3) and

[f(xy(x) = fx,0(x))] < ely -, (38)

respectively.

M .
Ifclof)r—(al) + czﬁ < lwitha € (0,1), and My = max, (o1 [k(x, t)|, then the a

posteriori error estimate can be found as,

C ] =1\ —
ly() =yl = 7=, (r =1) "(@2h
Proof. Motivated by Lemma 3, we have
IZ3K () = PIZEE Il < co(r = 1)) ™" My, (39)

where M, = max{D™Z§K(yj)}, and to approximate it, we can consider two situations.
1. if m < n, then we have

D"LiK(yy) = Iy " K(yy), (40)
and it follows from Lemma 1 that
1
mau — N—m <
D" B = 128" K < =gy )
M,

1
| ) sl
M,

1
< R Jy lsw@la @y

Since the function g is continuous, then || D™ Z§ Ky || is bounded.
2.  Letm > n. Motivated by the Lemma 2.21 [17], it is easy to write

D"IEK (y;) = CD" DY TEK (y;) = D" K (yy). (42)

Taking the norm from both sides of (42) and using Lemma 2, we have

ID"ZEE (yp) || = 15D * K (yy)l

: I'(m’' m+(x)(1ﬂ’ —-m+a+1) Il = [ =] +2) )

As a result, we can bound this case according to the previous one.

Further, we can obtain

IZ6 () (xoyy) = PrZE () (x| < eslr = 1) 7" (2171 7" M, (44)
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and
I1Z8 (p1) (%, yp) = PrZ (p1) (x,yp) | < calr = 1) 7" (271 7" My, (45)

in which M3 = maxgc(o1{P" L5 f(C,y;(¢))}, and My = maxgc(o1{DP"Zyp1(E, y5(8))}-
Similar to the process used to calculate My, it can be used to approximate M3 and M.

If k is a continuous function and g satisfies the Lipschitz condition (3), then we
can write

I755() ~ Tl = 123 ) ke Do) - [k gty o) )|
1
<1175 (o ke 000 ~ vy o) )|
1
<1175 (M | (06 =y () )| (M 1= e o, 1)

M x o 1
< 2 [Ca= ) [y — vy st

= ()
M x _

< G ly—will [} (e

< sl =yl (46)

It is easy to find a bound for ||(Z5(f)(x,y(x)) — Z§(f)(x,y;(x)))|| according to the

Lemma 1, via

125 (f) (%, y(x)) = Z5 (F) (x, y1 () < ell Zg (y = y)
< tarplv- vl 47)

Subtracting (29) from

yj(x) = Py(p1)(x) + 1Py (Z5) (f) (x, y (%)) + 2Py (Zg) (K) (y)) (%), (48)

and taking the norm from both sides, it follows from (39), (44)—(47) that

ly =yl < llpr = Py(p)ll + el Zg () (x, y(x)) — Zo (f) (x, 5 (x)) |
+ a1 ||Zg (f) (%, vy (x ))—017’11“(f)( yy(x))|l
+ 2l o K(y) (x) — ZoK(yp) (x) |
+ 2| Zo Kyy) (x) — 7’I(I"‘)/C(w)(X)II
<Clr—=1)"2 )" +ylly -yl (49)

in which C = ¢y My + c1c3M3 + cocoMp and 7 = ¢ F(lx+1) + o= ar( ) If y < 1, then we can
bound the error as follows.

Iy(x) = ()] < = (=D ) ™ (50)
O

4. Numerical Experiments

All numerical computations were carried out simultaneously using Maple and Mat-
lab software.



Mathematics 2022, 10, 1272 90f 12

Example 1. Consider the following equation [23] as the first example.

1
DY uta) + [ xe 1) et = s (207 - 2V - x(asse - ),

with initial condition u(0) = 0. The exact solution is reported in [23] as u(x) = x — x°.

Table 1 gives a comparison between the proposed method and Alpert’s multi-wavelets method.
It can be seen that our method offers better accuracy. The Loo-error is reported for different values of
r (N = r2/) and x in Table 2. To show the effect of the parameters y and r in the L?-error, we plot
the Figure 1.

Table 1. The comparison between Alpert’s multiwavelets method and the proposed method taking
u = 5/6 and Chebyshev nodes for Example 1.

Proposed Method Alpert’s Multiwavelets Method [23]
N=4 N=5 N=7 N =9
L2-error 1.78 x 1073 408 x 10~* 1.72 x 1074 1.43 x 1073

Table 2. The Lo—error taking jt = 5/6 for Example 1.

x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
Chebyshev nodes N=5 6.62 x 1074 341 x 1074 217 x 1074 1.98 x 1076 1.89 x 1074
Y N=7 1.65 x 1075 2.09 x 10 9.63 x 107° 2.77 x 107° 6.68 x 1075
Lesendre nodes N=5 2.84 x 1074 6.80 x 10~° 219 x 1074 2.70 x 10~4 469 x 107>
& N=7 295 x 1074 1.07 x 1074 9.61 x 107° 8.85 x 10~° 1.48 x 1074

—o&— Chebyshev nodes
— % —Legendre nodes

—©—Chebyshev nodes
— * —Legendre nodes

Iogz(Lz-error)
Iogz(Lz-error)

3 35 4 45 5 55 6 6.5 7 3 3.5 4 45 5 55 6 6.5 7

Figure 1. The L?—errors for u = 1 (right) and u = 5/6 (left) at the Chebyshev and Legendre nodes
for Example 1.

Example 2. Consider the nonlinear FFIDEs [23]

1 1
€Dy u(x) +/0 xt(u(6)'dt = s (8/322 —262) = 75 xe o]

subject to the initial condition u(0) = 0. The exact solution is u(x) = x> — x [23].

To show the effect of the parameter r in the L2-error, we plot the Figure 2. A comparison between
the proposed method and Alpert’s multi-wavelets method is reported in Table 3. The Le-error is
reported for different values of r (N = r2]) and x in Table 4. With fewer bases, the proposed method
shows better accuracy than the Alpert’s multi-wavelets method. Figure 3 illustrates the exact and
approximate solutions at the Chebyshev nodes with different numbers of bases.
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Figure 3. Plot of the exact and approximate solutions taking r =

—o—Chebyshev nodes
N —+ —Legendre nodes

Iogz(Lz-error)

—— Approximate solution
— # —Exact solution — Approximate solution

0.1 F — * —Exact solution

0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08
X X

7 (left) and » = 5 (right) at
Chebyshev nodes for Example 2.

Table 3. The Lo—error taking p = 1 for Example 2.

x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
Chebyshev nodes N=5 439 x 104 8.10 x 104 9.42 x 104 1.10 x 1073 481 x 1074
Y N=7 5.03 x 1074 494 x 1074 2.88 x 10~* 7.34 x 1074 357 x 10™4
Leeendre nodes N=5 8.95 x 10~° 1.30 x 10~* 9.42 x 104 322 x 1074 8.72 x 1074
& N=7 256 x 107° 8.63 x107° 2.88 x 1074 9.01 x 10~° 7.25 % 1074

Table 4. Comparison between Alpert’s multiwavelets method and the proposed method taking u =1
and Legendre nodes for Example 2.

Proposed Method Alpert’s Multiwavelets Method [23]
N=5 N=6 N=7 N =96
L2-error 9.01 x 10~* 6.54 x 1074 6.34 x 1074 1.17 x 1074

Example 3. Let us dedicate the third example to the nonlinear equation

1 18x4T 3 _ — 5x2T 3 _ 3 1/2—B8
CDEu(x) + 3x%ut (x) — / 2+ 1) (t)dt = — (3-p) -5 3(2 p) + 3y
Jo 6I'(5 — B)
where 0 < B < 1 and the exact solution is u(x) = \/x.
Figure 4 is plotted to verify the effect of the parameter r. The Loo-error is reported for different
values of r (N = r2J) and x in Table 5. Figure 5 illustrates the exact and approximate solutions at
the Chebyshev and Legendre nodes.
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Table 5. The Lo—error taking p = 1/3 and u = 1/3 for Example 3.

x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
Chebyshev nodes N=5 8.60 x 1074 1.59 x 10~* 1.46 x 104 6.49 x 107° 3.36 x 107°
Y N=38 5.58 x 10> 1.05 x 107> 1.67 x 107> 1.66 x 107> 1.36 x 10>
Legendre nodes N=5 6.62 x 1074 1.16 x 104 1.48 x 1074 5.55 x 107° 325 x 107°
& N=38 228 x 107> 8.03 x 10~° 1.71 x 1075 1.53 x 107> 1.44 x 1075

0.025

0.02

—&— Chebyshev nodes
0.015 —*— Legendre nodes

L2—error

0.005

Figure 4. The L2-errors for = 1/2 and y = 1 at the Chebyshev and Legendre nodes for Example 3.

12 T T T T -1

1

0.8

Chebyshev nodes
Legendre nodes

0.6

u(x)

0.4

Absolute error
b
2

02 F

Exact solution
—o&— Approximate solution (Chebyshev nodes) -5r
0 —#— Approximate solution (Legendre nodes)

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Figure 5. Plot of the exact and approximate solutions (left) and absolute error (right) taking r = 7
and B = y = 1/3 at Chebyshev and Legendre nodes for Example 3.

5. Conclusions

In the present paper, the wavelet collocation method has been used to solve the
fractional Fredholm integral differential equations. After converting this problem to an
equivalent linear or nonlinear weakly singular Volterra-Fredholm integral equation, we
apply the wavelet collocation method based on ML wavelets to solve this integral equation.
To do this, the fractional integral operator based on ML wavelets is represented as a matrix
and then the collocation method is used to reduce the problem to a linear or nonlinear
system of algebraic equations. An a posteriori error estimate for the method is investigated.
To demonstrate the ability and accuracy of the method, some numerical examples are
presented. The results are compared with other existing methods and demonstrate that
this method offers better results.
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