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1. Introduction

Before adequately introducing the subject of this article, it should be noted that our
primary goal is to study the boundedness of the vector-valued operators on variable
A()

exponent Herz spaces KZ 5 (R™). Our main results apply to the intrinsic square function
and sublinear operators. In addition, the boundedness of the scalar-valued intrinsic square
function and its commutators are also discussed in the aforementioned Herz spaces.

Wilson was the first to propose the intrinsic square functions in [1,2]. In [2], the author
obtained the boundedness of the intrinsic square functions on L?(w) spaces. Since then,
numerous researchers have paid a great deal of attention to the study of the boundedness of
the vector-valued and scalar-valued intrinsic square functions in various functions spaces.
For instance, in [3], the author proved sharp weighted norm inequalities for the intrinsic
square function in terms of the A, (Muckenhoupt weight class) characteristic of w for all
p € (1,00). In a series of papers by Wang [4-7], he has proposed the boundedness of the
scalar-valued intrinsic square functions on weighted Hardy spaces and weighted Morrey
spaces, respectively. Liang et al. [8] discovered the boundedness of intrinsic Littlewood—
Paley functions on Musielak-Orlicz Morrey and Campanato spaces. Moreover, we refer to
Wang [9], who studied the boundedness of the vector-valued intrinsic square functions on
weighted Morrey-type spaces. More applications of such intrinsic square functions can be
found in [10-15].

The classical notion of Herz spaces KZ’q (R™) was originally introduced by Herz in [16].
These spaces were extended and studied by many authors [17-21]. The topic of variable
exponents function spaces is currently a very active research area (see, for example [22-27],
and so on), in part due to the breadth of their applications (e.g., in fluid dynamics [28] and
in differential equations [29-31]). Herz spaces with variable exponents have been studied
by many authors using different approaches. The Herz spaces K;(q) (R™) with one variable

exponent p(-) were defined by Izuki [25], who also established some boundedness results
for certain sublinear operators on such spaces. Wang et al. [32] investigated the Herz spaces
()
0
results for parameterized Littlewood-Paley operators on Kg(qg) (R™). Yang et al. [33] proved

(R™) with two variable exponents p(-) and p(+), as well as obtaining the boundedness
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the boundedness of the 0-type Calderén-Zygmund operators and commutators on the
homogeneous Herz space with variable exponents Kz(qg) (R™). Cai et al. [34] established

the boundedness for the rough singular integral operators and commutators on KZ’(q_g') (R™).
Another approach including variable exponents was used in [35] to study Herz spaces.

We also mention that Zhuo et al. [36] established the intrinsic square function character-
izations of the variable Hardy spaces. Ho [37] proved the boundedness of the vector-valued
intrinsic square function on variable Morrey and Bloke spaces. On variable exponent
function spaces, Wang [38] investigated the boundedness of commutator of intrinsic square
function. For some recent developments, we refer to [39,40].

Motivated by [32,37,38], we study the boundedness of the vector-valued intrinsic
square function and the boundedness of the scalar-valued intrinsic square function on the
variable exponent Herz spaces. The boundedness of the commutator generated by the

scalar-valued intrinsic square function and BMO function is also discussed on Kz(qg) (R™).
In this article, by Q, we denote a cube in R". If E C R", |E| denotes its Lebesgue
measure set in R"” and x its characteristic function. We always denote a positive constant

by C, which is not necessarily the same at each occurrence. By 1 < g, we mean that 7 < Cg.
The expression /i ~ g means that i < ¢ < 7.

2. Definitions and Preliminaries

We review some fundamental lemmas and definitions about variable exponent func-
tions spaces.

Definition 1 ([22]). Let p(:) : £ — [1,00) be a measurable function. The variable exponent
Lebesgue space is defined as

) , ()] \ P
LPY)(X) = < h is measurable : / 9 dx < oo for some constant & > 0 5.
z

The space L|, () (%) is defined as

ocC

Lp(')(Z) = {h :h e LPU)(E) for every compact subsets E C Z}.

loc

LPU)(X) is a Banach space with norm given below [27]:

) A(x) [\ P
||h||Lp(~)(z) —lnf{ﬁ>02é<| (19)) dx < 1}.
+

For brevity, let us set p— := py := essinf{p(x):x€ X}, pr = pi = ess

sup{p(x) :x € Z}.
The notations P*(X),P;(X) and B*(X) are defined, respectively, as follows:

P*(Z) := {p(-) is measurable : p_ > 1and p; < +oo},
Py(Z) := {p(-) is measurable : p_ > 0and p; < oo}

and
B*(X) := {p() € P*(X) : My is bounded on U’(')(Z)},

where My, is the standard Hardy-Littlewood maximal operator, which can be defined as

1 7 .
(M) () =sup o [ (h)ldy, e L (RY)

n
>0 T .
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We say p(-) € B*(R") if p(-) € P*(R") and satisfies the following two inequalities:

N
log(|x —yl)’

1
lp(x) —p(y)| < wr

lp(x) —p(y)| < — if [x —y| <1/2; 1

if [y| > ], @

See [23,24]. In the sequel, the conjugate of p(x) is given by the symbol p’(x), which
means p'(x) = p(x)/(p(x) —1).

Before recalling the definition of Herz spaces with two variable exponents, let us
present the following notations: for all | € Z, we denote B; := {x € R" : |x| < 2/}, R, :=
B;\ B;_j and x; := Xg,- Denote Z* as the sets of positive integers, §; := Xr, ifl € 7T and
Xo := XB,- The notation of the mixed Lebesgue-sequence space /1 ) (L” (')), which is first

introduced by Almeida et al. in [41]. Let p(-) and q(-) € P;(R"). Given a sequence of

functions {1, }] < define the modular

p(x)
(x)]
@M(.)(Uq(.)) ({h]}]EZ> : me 19 >0: / ( 170(%) dx <1

The quasi-norm is defined as follows:

: {h] }]EZ
@6 (Lr0)) = 1nf{19 >0: @M(-)(Uo(-)) < 9 <1;. 3)

When p(-) € Pg(R"), then the space LP(") (R") can be defined as follows:

17} ez

LPO(R") = { |1|Po e L) (R™) for some po with pg € (0, p_) and g(x) = p(x)pal}.
and its quasi-norm is defined as follows:
1/
llgoc == 1P

Thus, we may substitute (3) for the simple formula

©pat) <{h/ ]eZ> 2 H

L
L4C)

Definition 2 ([32]). Let p(-),q(-) € P;(R") and let « € R. The homogeneous Herz space

K;’(‘?g') (R") is defined as

Kt ®) = (€ LLD®AOD: Pl <
.

r()
L490¢)

where
7l )
K0

(rr) = H{ZMW"}I—O@

= inf{l? >0: Z
|=—00

() (LP(-))

2% |nx | 7
9
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The non-homogeneous Herz space K;(qg) (R™) is defined as

Kt (@) o= (e LD @O 5 1l g ) <.
.
where N
R ln
Hh”KZ’(?;)(R") o H{z |th‘}l:OHM(‘)(LP(‘))

—infl9>0:) 2% hxal <1p.
= 9 pC)
Lat)
Remark 1. (1) If q(-) is a constant, then Kz’Q(')(Rn) = Kgq

8 ()(R”). If both p(-),q(-) are con-
stant functions, then Kg’(7§')(R”) = Kz’q(R”). Furthermore, if x = 0 and p(-) = q(-), then
Kol (R = KA (R7) = 12O (RY).

(2) If q1(-) and q2(-) € Pg(R") satisfying (q1), < (q2)_, then (see [32])

1)) (on A,02(°) (on
Kp(‘) (R") C Kp() (R™).

Proposition 1 ([34]). Let 6; € [0,00), 1 < p; < sup;c, p; < o (I € Z). Then

Yo <2. (Z el>p*,

1eZ 1€Z

{ infpl lfzelglf
p, = leZ 1€7,

supp; if 36 > 1.
leZ 1€Z

where

When p(-) € P*(R"), Holder’s inequality holds true in the following form:

o1

- P+

[ sl < (14 Ml 11 @
See [22].
Lemma 1 ([25]). Let p(-) € B*(R"). Then, we have for any ball B in R",
Bl lxs oo lxsll iy < C

Lemma 2 ([25]). Let px(-) € B*(R"), X = 1,2. Then, there is a positive constant C such that
for every ball B in R" and any measurable subset S C B,

/ o 1
||Xs||LpN<»>< |S| ||X5||LPN(‘)< (\Sl) Nzl o |XR||LpN<«>§C(IS|)m,

x5l o) = 1Bl lxBll ) — \IBI X8Il pec

B
where dy1, Onp are constants with 0 < dyy, dno < 1.

The following result was studied by Wang et al. in [32].
Lemma3. Let p(-)and q(-) € P*(R"),h € LPO)IC), Then we have

min(”h”‘z;(‘)qo, |‘h||Z;(~)q(-)) < |||h|q(A)HLp(-) < maX(HhHZ;(.)q(A)/ ||h||‘z}(~)q(«))‘
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The following Lemmas are due to [37].
Lemmad4. Let 0 < B < 1. If p(-) € B*(R"), then we have for all h € LP(),
1S6() || oy S NTell ot (5)

Lemma 5. Let r € (1,00),0 < B < 1. If p(-) € B*(R"), then for any {h,}, .y satisfying
{7} x|l € LPY), we have

||/ {8s(m)3,

3. Boundedness of Operators on Herz Spaces
3.1. Vector-Valued Intrinsic Square Function

For 0 < B < 1, the family Cg consists of those functions ¢ : R" — (0, o) such that
suppp C {x € R" : |x| <1}, [, (x)dx = 0 and for x1, x7,

L) (6)

o SR,

P(x1) — P(x2)| < |2 — x2fF. ?)

Forany i € L. (R") and (y,t) € R = R" x (0,00), let us set

loc

L, iy =)z

Ag(y,t) == sup|(f*t)(y)| := sup
l[JECﬁ I,IJECﬁ

’ ®)

where 91 (y) = t "¢ (%) and Ag is Lebesgue measurable.
The intrinsic square function of % of order  is defined as follows:

dt dy\ /2 ;
Sp(h)(x) = (//r(x) (Ap(y, 1)) tHny) vx e R, ©)
where I'(x) = {(y,t) eRM: [x—y| < t}.

Theorem 1. Suppose that 1 < r < co,q1(-) and g2(-) € Py (R") with (q1)+ < (q2)— and let

B € (0,1], p(-) € B*(R"). Ifa € (—nd11,nd12), where 511,012 € (0,1) are constants stated

in Lemma 2, then for any {h,},cr with ||| {7}, » |K“’”1(')(R'1) < oo, the following vector-valued
()

H (;\smw)}' (ghzrf

Proof. For any {f,},.y satisfies ||||{7.}, |+ ||K“,<q§(,> < oo, we can write i, = Y32 Tux; =
(-

inequality holds:

<C

() 001 ()
Ky Ky

Y __ #l. By the definition of Kz(qg) (R™), we have

2()
o | (2 {Sp()}, | xi
Sy(h e =inf{#>0: e <1
sl ol £ (1 .
L920)
Since
2| {55}, | 1\ " 2e{xe s} | u\™
/5 Sy or S |=— ‘B ! 1l er
9 P0) 811 + 12 + b3 "
L92() [ 020)
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— Sla {Zj.;iwsﬁ(hg‘)}lHMl 2()
. 1 |
LR
' )
+C ol {Z;"‘,Z j:f(h{)}z e 02
Lo
72(+)
LC 21”‘”{ Jl+j9153,5 }H X1 |
Lo
where oo

1-3

b1 = {ZM { Z } Xl} ,
B o I=—collpa2() (Lp())
+ (o]

010 = ||4 2" Z h] Xi ,
== o 920) (LP())

|=—00
b3 = {Zla { Y. S } Xl} .
1+3 e ) i=—collmo (100
23

o—1 810, thus,

If 8 := (811 + 012 + 013) :=

92(+)
o 2| LS4 (1) X1
5 {Sp(m)},,, -c
|=—0c0 19 p()
L

a2()

3
o <co:=C Y o,
30 (L)

, 013 < C|||I{R A (- ,
"‘(Q§(>( n) 13 HH{ Z}ZHZ HK;'(q§(>(R”)

Then,

[lssen.],
Hence, if we prove that

€1 ey 012 < C||[{M}, |l

811 < C[[{7}, 1l

we are done. Let g = [|[| {7}, ||| . mn )(R1)’

First, we consider ¢;,. For eachl € 7, we define

2|2 sﬁ(h{) X
(q%)l = (qZ)f if = 2{ }’ s < 1/
Lr()
(92) 4+ otherwise.
Using Lemmas 3 and 5, it follows that
le|| f 142 j 92()
i 2 {Z] I— zsﬁ(hz)}z K’Xl
I=—c0 %o pC)

L2
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(@3)1

o lex {Zl+2 S (7"1])} H X
j=1-2 2 p\'* e
< C 1 Z
N l:goo 190
Lr()
(43)
. 142 2106 {Sﬁ h] } H Xi 2)1
<
=C _Z _Z %o
I=—oc0 \ j=I-2 Lr0)
) 142 la] (Q%)l
<< £ (E{"")) )
[=—00 \j=I-2 0 ler HLpC)
i (4
o) 142 lay,] 2
[=—c0 -2 O Juller llppe)
where C := max Dglh)*, Dg{h)* } Since [|{.},|,» € Kg(qﬁ() (R™), it is not difficult for us to
(o) In ql() In
get ) (W) o) < 1 and %}’”“X’ < 1. Hence, from Lemma 3
I=—c0 0 Lm0 0 Lr()
and Proposition 1, we deduce
210( 1+2 S h] 92()
i {Z] -2 5p( } H Xi
I=—00 0 0.
L920)
(”%)l
0 n i 710) || G+
<C ) (2 {19} Xl) p0)
|=—0c0 0 J llgr Ln()

1
B 7() T
) L) =
0 Lilgr Lm

where (43), > (92)_ > (q1), and g1 = infien(43),/(41) .- Consequently, we get

o &

|=—0c0

B < CO = C||[|[ {7}, ||

a0y
Now, let us turn to ¢1;. For any g € (0,1], (y,t) € T'(x) and ¢ € Cg, we have

1
dz < 7/
T IRin{zly—z|<t}

sup| (1)) « | = sup | [ 9y —2)1(2)

pelp pelp

Taking || - ||+ of each side of the above inequality, we find that

| {7 (2) }, || rdiz.

I {sup |(1]) =

peCs t” /S%jﬂ{z:yz|<t}

|7 (2)|dz.

(10)

Forany x € %, (y,t) € T'(x),j <l —2and z € R;N{z: [y — z[ < t},itis easy to get

= (t+/2> (Ix—yl+ly—2)/2> [x—2]/2 > |x|/4.

(11)

Thus, by combining (10) and (11), together with Minkowski’s inequality, it follows that
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[{ss (W)},

1 .
— nl(z rdz
5 ety g 1

<
e
S ( INICICH ||érdz> (L, tﬂi)

S (/%] | (=)} Herdz> " S 27 /m]_ 1{H)(2) }: || dz.

Then, by virtue of Lemma 3, it follows that

_ j 72(-)
= (zl“||z§_3_oo{sﬁ<h£>}z||erxl)2

2 2
dydt
tl+n

1 )
I H(z) 4| ed
5 oty sy 1 il

L)

2 || 2122 {Sp(t) b e
)

2% {Sp(m) Y llerxa
%o

_3 || 2lap—nl f%]H{hf}l ZdeXl

=] 1
<C ) ( 5
I=—c0 \ j=—00 0
Lr()

(’1%)1

2
% 1-3 h{ e (63),
<C Y | XN T
e T 0 ) llorllpr ey
where |
la|yl=3 Lsyn) .
2 (q2)- if = {ﬁﬁ( )} Nl -
(72)1 = o .

(q2)+ otherwise.

From Holder’s inequality (4), and using Lemmas 1 and 2, we infer that

_ ~ 2(+)
o || (2T L spD e\ ™
)3 o

|=—00
1
0
1

SCi<lf

|=—00

2
el 1811\
||Xl||m/(-) 2

j=—00 erlipp()
1 (‘7%)1
o || (2 e\
< —Z TR neA) 2 (I=j)(a=b12)
_lezf: ;X_" ( % ()
=T ET® L710)

Now, we can distinguish the following two cases: (1), >1and 0 < (q1), < 1.

2

) 1
dydt
tl+n
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Casel®: If 0 < (q7) 4 <1, then from Proposition 1 and Lemma 3, we obtain

; ()
o || (291222 {Spt) Yo\
Z ( ) {

LA

|=—c0

p()

L3

<c§{

|=—0c0 190

{ ( ||{h}|m> )
]—700

where g2 = infjepy ( q2

Case 2°: 1 (q1) . > 1 then 1< (q1), < (92)_ < (g3),- Hence, for & < nép, by using
Holder’s inequality (4) and Proposition 1, we obtain that

" _ ' 72(°)
5 (zl PrmiRERUAR ml)

zwu{h} ||m> ne

2(‘11)+(l—1)(0¢—‘512)}

[0 9]

7

L()z 73

Up
2(‘71)+(1f)(0<51z)} <C

0

27 {3, e \ ™
0

-3
. { y 2;<z—j><a—au)h}

jzfoo
2]'04 Fl . ql()
%o

where b= ((q1) )" and g3 = infien (3),/ (q1) +-
Then, based on the computations presented above, it follows that

jzfoo

T«
: 5 zé(l—j)(a—éu)(qm} <C,

B1 < C := C||[[ {7}, ||

| ”"71 (Rn)

Finally, we estimate ¢3. For any g € (0,1], (y,t) € T(x) and ¢ € Cg, we have

dz<l

1l (z)|dz.
tn /Rjﬁ{z:|yz<t}| /(2)ldz

sup‘ Fz] l[Jt’ = sup
Ypelp Ppelp

L,y =2)miz)

By applying the norm || - ||,» on each side of the above inequality, we find that

I {sup | 1)) = 1| Yo ller

| H(2) Y[l ordz.
sup 5 oy | 0 (12)

Letz € ®;N{z:|y—z| <t},(y,t) €T(x)and j > [ +3,itis easy to get

=(t+8)/22 (x—yl+ly—z0)/2> |x—z[/2 > ||z| = [x][/2 > |z|/4. (13)
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Thus, by combining (12) and (13), we obtain

H{Sﬂ(h{) <x)}z o S (//F(x) tln/§Rjﬂ{ZiyZ|<t}H{h{<Z>}l

(L
< ([

2 4ot

y

érdz tl4n )

1 : 2 et

7"/ H{h{(z)} dz i1/+n
R;n{z:|y—z|<t} 1 t

1
© dt \2
grdz> </|z|/4 tl+2n>

or

< j n < o-nj j
< (o} o)z [ o} o
Then, from Lemmas 1-3, it follows that
Ta 00 ] ‘72()
212 |2 s { (D) 1l
|=—c0 190
- - (a3)
o (2% T2 a{ St bl |
<C )
[ %o p()
L720)
; i (‘7%)1
o | e |22 fy {0} |z
gr
SC Z { 2 119 1
I=—co | j=I+3 0
Lr()
; (qg)z
= - h{ lan—nj
<C Yy )Y 5 2927 xi
|[=—00 | j=I4+3 0 1ller Ll(]R")
i (‘73)1
o o n, I HXIHLP(-) |Bj|
< e 2 el 29
I=—co | j=I+3 O ) iller iy ey WAillLro)
1 (‘lg)z
o © < N\ 11O || o)
<C Y <) 21 Nler s h +2(l—j)(4x+511)
- B p()
I=—co | j=1+3 0 el

where

<1
Lr()

7

22 {Sp e
do

@y={ P- 1

(92)+ otherwise.

Observing that (41)+ < (42)— and the fact &« > —ndj1, by using a similar argument to
that used for 911, we deduce that

013 < Cdy 1= CH {7} 1l pr

o ey

This completes the proof of Theorem 1. []
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3.2. Intrinsic Square Function

Theorem 2. Suppose that q1(-) and qo(-) € Py (R") with (q1)+ < (g2)- and let B € (0,1],
p(-) € B*(R"). If & € (—ndy1,nd1p), where 511,012 € (0,1) are constants stated in Lemma 2,

then Sg is bounded from KZ’Z%(') (R") to K;’(7§(') (R™).

Proof. Leth € K“’ql(')(R”). We can write i(x) = Y22 fi(x)xj(x) = X2 hj(x). By the

p() =
definition of K'’ q( ) (R™), we have
Ia 32(+)
(2 !5;3(?1))(1|> -1
8 TOR.
La2(

72()
L e S (1)1 )
L

1500 g =i 002 5
K20 ()

|=—c0
la 72(°)
21|Sg () x1
"]

Since

p(+)
Zluc
p() Uo7 + Uop + O3

L720) q’%
92(°)
2lac 21_300 (h)Xl
<C ] !
- U1 20
L7220
72(+)
. . zlzx ZH—Z ( ])Xl
02 )
L92()
o 2(+)
LC (21“‘Zj—1+2 Sﬂ(hi)Xl )
U3 o
L920)
here
| -3
1921 = 2“ Z Sﬁ(h])Xl ,
J=—0° [=—c0 ng(‘)(LP('))
1+2 o0
0 =32 Y Sp(h)x ,
j=1-2 l=—co || gr20) (£r0))
O3 = {21“ Y. Sg(h)x } ,
j=t3 I=—coll20) (1r0))
and 0 := (%1 + O + U23) := 23:1 0. That is,
3
15605 < 0= 1)
Koe) 0=1
Hence, once we establish that
U1 < Cl|A|| .o S0 Cha , U3 < ClA|| aan . ,
21 < C|| ||Kp,(q& @y 92 < IR 1) ey 923 I ||Kp/(7§<>(Rn)

we are done. Let ¢y = |7 "“11 )Ry’
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First, we consider ¢»;. By the boundedness of S pon LP(), and using the same technique
as for ¢y, in the proof of Theorem 1, we find immediately that

92(-)
o | (2 Z;izz_z Sﬁ(hj)?(l’
Y <C.
o -

|=—00

That is,
B < Cyg := Cl|A|| . aa - .
22 > 20 || ||Kp:(‘7}< )(R")

Now, let us turn to the estimates of ¢,;. For any g € (0,1],x € R, (y,t) € I'(x) and
j <1—3,wehave

sup |(hj) * 1pt| = sup /R” Pe(y — z)hj(z)dz

l[JGCﬁ 1[766/3

1
S = hi(z)dz|.
~on /§R]-ﬁ{z:|yz<t}| ](Z) d (14)
Letz € ®;N{z: |y —z| < t}. Since (y,t) € I'(x), we have

t=(t+t)/2>(x—y|+|ly—2z|)/2>|x—z|/2 > |x|/4 (15)

2 2
dydt
tl+n

2 2
dydt
tl+n

Thus, by combining (14) and (15), we deduce that

Sp(h)(x) < (//r(x) t1’1/§];kjm{z:|y—zéf}

< /w / l/ Ihy(2)]dz
x|/4 J]x—y|<t | P JR;n{z:|y—z|<t}
1
© dt \2
< , =
~ (/%]_‘FIJ(Z)MZ) (/x/4 t1+2n>

$ (, eles) <2l

Then, by applying Lemma 3 and Holder’s inequality (4), we find that

M 02()
- 2|22, Sp () x|
20

[7j(2)|dz

J=—0c0 p()
L20)
1
la|y-1-3 (72),
o | 2|3 86 1)
<C ),
1= oo o
Lr()
© (123 || z (22);
<c £ (2 F I il o)
=—00 j=—00 20 Lr()
where ‘
12T sp () |
TR e
Lr()

(q2)+ otherwise.
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From Lemmas 1-3, we deduce that

-3
Z:j:—oo Sﬁ

|=—c0

0 ol
A

L2

(h]'))(l ’ ) 72(°)

p()

L920)

00 _ . (72)
<Cc )y (2" lf Il xilpo (B )™
1= ol 820 [l £r0) ||X1HLp;(-> 21l
1
_1 q
L nO T (a2),

cy

IN

l=—o00 | j=—00

X

(

\2j“th|>

o

p(I=j)(a—ndiz)
).

L3

Moreover, using the same approach as ¢y in the proof of Theorem 1, we infer that

o

® 2% hux
{ £ ) (2o
]:—00

o || (20
al

[=—00

)‘11(‘)

_ 72(+)
i o Sp()x ’)

L20) I=j+3
<C
ja q1(+)
2 | (2 5
) 2% L0
j=—00 L2 I=j+3

where g1 = infien(g2),/(q1), - This implies that

921 < Cdyp = Cl|A]] gy

p ()(Rn)'

Finally, we estimate 0p3. For any x € %}, (y,t) € T'(x),z € R N{z: [y —z| <t} and

j > 143, we find that

t=(t+0/22 (Ix—yl+ly—z)/2 = |x —z[/2 > ||z - [x][/2 = |z| /4,

(16)

Thus, by combining (14) and (16), we get

Sp(

[7j(z)|dz

2 3
1 / dydt
t R {zly—z|<t} gl

2
dydt
tl+n

o< (ff,

([
(o) ([, o)

< ([Rj]hj(zﬂdz) lz|" < 2*7"||h]-}|L1(R,,).

N

|7j(2)|dz

!
£ RN {z:|y—z|<t}

Thus, when « > —ndy1, as argued for ¢»1, we deduce that
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|=—o00 1920 ()
L92()
(”ﬁ)z
© |12 ’Z]—l+35ﬁ(h1>?€l‘
<C ).
1= 20
Lr()
o ] . (q%)l
<C ) { zT |Xl||m<»>HXJ‘HLpg(»z_"]}
|=—00 j= 1+3
2
0 oje (‘72)1
[=—0c0 j=I+3 200 ||Lp0) HX]HLP 27
q1(+) (32),
S jo
1920 20).
== | j= l 3 1920
here
2lwlye oS (h;
2 (q2)- if —‘E"’Tf ]|y
(92)1 = 2 L0
(q2)+ otherwise.
Hence,
B3 < Cyp —CHhH ‘“71 (R”)

This finishes the proof of Theorem 2. [J

3.3. Commutator of the Intrinsic Square Function

Let B be any ball with a radius of r > 0 and a centre at x € R". If a locally integrable
function b satisfies the following conditions, it is said to be a BMO function.

ol = sup [BI" [ [b(y) — baldy < e
xeR",r>0 B

where ||b|, is the norm in BMO(R") and bg := |B| ™1 [ b(t)dt
The commutator of the intrinsic square function Sg(/) and b € BMO(R") is defined

as follows:
%
2 dydt
tl +n

oo ([f,

Theorem 3. Suppose that q1(-) and qo(-) € Py (R") with (q1)+ < (g2)- and let B € (0,1],
p(-) € B*(R"),b € BMO(R"). Ifa € (—nédq1,nd12), where d11, 612 € (0,1) are constants stated

in Lemma 2, then [b, Sg| is bounded from K;(q;() (R™) to K;(qi() (R™).

p| [ (b(x) = b(=)g(y — h(z)dz

To give the proof Theorem 3, we use the following lemmas.
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Lemma 6 ([25]). Let b € BMO(R"), v be a positive integer and p(-) € B*(R™). Then there is a
positive C such that for each x,] € Z withx > |,

1
sup
BCR" ||XB||LP(‘)

|(o=0) .

The following Lemma 7 is due to Wang [38].

(b —bg)" x8]|p0) ~ ClIbIIY,

o S = P11, -

Lemma 7. Let p(-) € B*(R"). Then for any b € BMO(R") and h € LP("), the commutator
[b, Sg] is bounded on Lr0).

Proof. Let b € BMO(R") and i € K;’(.;(')(R”). We can write i(x) = 122 hi(x)xj(x) =

Y2 o Nij(x). By the definition of Kz(qg) (R"), we have

< | (27|, Splmpal \ ™
b, S|l (B) || .aant- =inf{ ¥4 >0: _— <15.
0l o0 £ | (50
- L920)
Since
72(°) la|yoo 72()
2'%|[b, Sg] (1) x| 2 Z-:foo[b,s,s](hj)x:\
1 0 T 031 + 032 + 033 )
Lflz(‘) qu()
la|y1-3 92()
—al(? Ei=> b, 61 ()
- 031 )
L920)
72(+)
e 2%\ (b, Sl (1) xa
U3 20
1920)
oS 2(-)
L 2l ’Zj:l-‘rZ[b’ Sp) () x1
¥33 o
L920)

let

03 = '
J=—00 Mz(‘)(UI(-))

-3
21 Y [, Sl () xi } ,
I=—oo
210{

Mz(‘)(uﬂ(-))

U353 =

142 «
O3 = { Y. [b,Spl () x } ,
j=1-2 |=—00

2 i [b, Sp) () xa } ,

j=I+3

|=—oc0 zqz(»)(yﬂ(-))

and 0 := (931 + O3 + U33) := 23:1 ¥30. That is,

<2lo¢ ‘ [b, Sﬁ] (h>Xl| ) 72(+)
4

[ee)

|=—00
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Therefore, once we prove that

931 < ClILARN oy ) gy B32 < CHOILAP gy ) g B33 < CHBILAT gy

(R)’ w10 () K0 ey’

we are done. Let 89 = ||h||Ka,(q}(-)(Rn)'

First, we consider ¢3;. By the L? ()-boundedness of [b, S 5] (Lemma 7), as discussed
about ¢, in the proof of Theorem 1, we obtain

72(°)
°° 2l Zj*lz L[, 55](71]'))(1‘ e
)y o -

I=—00 ()
L720)

That is,
832 < C[[b| 020 := C||b||*||h||Ka,<q§
(-
Now, we estimate #3;. Noting that x € R;,j < [ — 3. Similar to the estimation of
Sp(7j)(x) in the proof of Theorem 2, we can obtain

Yy

Sp()(x) S 27"l 1 oy -
Thus,

[b, Sp](1;) (x) == |Sp[(b(x) — )] ()] S 27| (b(-) = b);l 1 ey

Hence, by Lemma 3 and Holder’s inequality (4), we get

N 72(+)
i 20|02 b, Sﬁ}(hj))(z‘
O20][b]]«

|=—00 ()
L20)
la|v1-3 nl (qé)l
co i PlEE 1) = Bl gyt
R = 20[10]l« 0
_ _ (q%)l
- I ’h | , 2
S ; (_Z 20( 1920 . H(bibj)XB U’,(’) HbH*”XlHLV()
= j=—00 Lr()
o] ]| 2~ (2)
e £ (2l te-nmaloo i boln)
[=—o00 \j=—0c0 20 Lr()
where ’ ‘
22 L 0.86) (1)
(q%)l — (‘72)7 if ] IR o S 11

(q2)+ otherwise.

It follows from Lemmas 1-3 and 6 that

72(+)
5 2 £123 [b, Sg) (1) 0|
[l B20l[b]|«
L

2%y

i(zw

|=—00 \ j=—00

(2),
(l _ j)zla XBj"LP,(‘) |Bl)

() [ xE, ||LP/1(‘) 2!
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(q%)z
(I— j)z(l—f)(“—"‘su)

1

o -3 Zj“|7l)(]-| 71(-) () l(l_‘)(a_ms ) qx
r X U0 () (l _]) +2207) A+ ’ (ql)-',- > 1,

l=—c0j=—00 L720)
<cC
o 1=3 || /oinfpy |\ DC) 7
{ y 123 (2] J,fj‘”) 1 0 (1 ]')(q1)+2(l—j)(a—n5u>(q1>+} ,0< (1), <1,
lzfoojzfoo LW
<C,

where gl = inf;cy (q%)l/(q1)+. This implies that

1931 < C”bH*ﬂZO = C||b||*||h||K”‘r<’7}()(Rn)
e

Finally, we estimate ¢3,. Let x € 3?/', j = 1+ 3. Similar to the estimation of Sg (h]') in
the proof of Theorem 2, we can find that

Sp (1) (x) S 27" [5]] 11 -
By using the inequality stated above, we can conclude

[b, Sg] (1) (x) = [Sp[(b(x) = O)} (x)] S 27| (b(-) = D)l 1 -

Therefore, when & > —nd1y, as argued for 93, it follows that

2(4)
i (Zl“’zf”—m[br Sg] (hj)?(l‘ ) !
L

B20l[D]]

|=—00 ()
7()
I 00 —nj (q%)l
BN T 1(6() = B)Pl 2 oy
[ R B0 b« 0
o (o |l ol (93),
<C 2M | = b—b)xg | , _
<cy (j PR b WH( Dxel| |b*||xl||m>)
IS IS | ’I"-l]‘ z_nl (q%)l
+C M| = b—"b;)xs 3= X ,.>
l_;oo<j_;s-3 B0 Lp(.)H( J) IHLP()”bH*H ]HLP()
) ) 2]lX|h ’ XBH |B | (q%)l
<C 2% j (1 — j)2h o) [
I:Z_;oo (]’—IZ—&-S Y20 Lrt) s, | o 20
2
N R A
<c Y ( / ) ([_]')2(1*])(“*”512)
I=—oo \ j=113 920 L)
<C,
where ‘ ‘
L2 T2 143 b,5p] (7)) [
(q%)l — (qz)* lf ﬁZOHbH* LP() S 1/

(q2)+ otherwise.
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U3 < Cpp = CHh”Kw

P('% . (")

This completes the proof of Theorem 3. [J

3.4. Vector-Valued Inequalities for Sublinear Operators

In this section, we shall establish the boundedness of vector-valued sublinear operators

on K;(q g') (R™). The boundedness of this operator on the Herz spaces with one variable

p(-) exponents is well known [42]. For further research about the sublinear operators on
different spaces with variable exponents, we refer readers to [43-46] and so on.

Theorem 4. Suppose that 1 < r < co,q1(-) and g2(-) € Py (R") with (q1)+ < (q2)— and let

p(-) € B*(R"),a € (—nédyy,ndyn), where 611,615 € (0,1) are constants stated in Lemma 2. If a
sublinear operator A\ verifying the size condition

AW [ =y Imldy,  x é supph, a7

for any b € LY (R™) with compact support and the vector-valued inequality on LP(")

‘ (ZIMMV) r

then, for any {h, },cy satisfying ||| {.}, || < oo, the following vector-valued inequality

holds: \
H (;mm»r) (;w) 7

Proof. For any {f,},.y satisfies ||||{%.}, |+ ||Ka,(q§(,> < oo, we can write i, = Y32 Tux; =
o

1

(£er)

<C , (18)

Lr()

Lr()

0@

S1=

<C

2 () 1 ()
KP(') Kn(l)

B 1. By the definition of Kg(qg) (R™), we have

0 21"‘ NG . 72(+)
A 0| o, =il 0> 02 3 | (ZLATD o <1
by (R 1= ¢ 5
Since
i 72(+)
q2() la © /
2epam bl )| | (2 {EE e am)} |0
I FI0 N 01 + 042 + 43
L020) 20
L92()
_ ; 72()
2| {Z2 At} |
<C 1 ”
- On ‘
0
L120)
la|| [ xl+2 j 72()
e 2 { ]':’*ZA(hl)}szle

(2%
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+C

here

Uy =

U3 =

Oa1 = {2’“ {j_ZwA(h{)}l ,Xl

ol { y A(h{')} X

j=T+2
and 9 := (1941 + g + 1943) = 23:1 1949, thus,

(zlﬂ{A(hz)}llierm)“(') <c

VIO
1920)

sere(e)

815 < kom0
“

00
X
|=—c

%

Then,

HHAG) Y e

Hence, if we establish that

(R™)’

04 < C||||{hz}z||er||1-<§’(7§<‘) (R™)

(R”)I 1942 < CH || {hl}z ||£V ||K;:(’4§(>

we are done. Let 89 = [||[{7:}, [l ol oty () o
Ky (R
First, we consider ¢4. Since A satisfies (18), then by using the same approach as 91, in
the proof of Theorem 1, we can easily obtain

{Z§+12 2 (h{)}szer
4

[=—c0 Pl
L920)

Sla 72(+)

<C.

Thatis, 94 < C8y := CH”{h } HZ’

g0 :

(R")
Ky )

Now, we estimate 94,. Foralll € Z,j <[ —3 and x € R, since A satisfies (17), by
applying Minkowski’s inequality and the inequality (4), it follows that

{a@)e} |, xs { /m,|hz<y>||x—y|“dy}

<27 { /ﬁjmxyndy}
{1,

"Xl
o

1

* X1
gr

1

< 277‘[’

0 il e - 2
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From Lemmas 1-3, it follows that

_ ' 2(+)
o | (222 A e ™
%o

o0 1-3 h{
£ (E]l{&)
I=—00 \ j=—00 0 :

(’ﬁ)z
zlam Bl')

£ LP(‘)(Rn) ”XlHLp/(A) onl
(92),
) 1-3 Zj"‘l\{hz} ||€"Xj 1) || )y o
<C Z Z (01 9 2( (a—012) .
I=—c0 | j=—c0 0 pA
Ln®)
where ‘
ola 2%:3_001\(;1]) X
o) if T HjE=me VM <1
(‘1%)1 = (72) T

Lre)
(q2)+ otherwise.

Moreover, using the same approach as ¢, in the proof of Theorem 1, we find

_ ‘ 2(+)
o (2’“ =B NI ||m,) ’

Z %

|=—c0

Finally, we estimate 043. Foralll € Z,j <1 —3 and x € ), since A satisfies (17), by
applying Minkowski’s inequality and the inequality (4), it follows that

{a(r) o}, { /mjmz(y)ux—m“dy}

{ /%jm(yndy}
{1,

Thus, when & > —néjq, similar to the approach taken to estimate #4; before, we
can obtain

/r'Xlg X1

or

1

<27 Xl

ZY
|X]'||Lp/(-) "Xl

1

$27

Vig LP(')|

o - 72(°)
o (21“ || szg{A(hz)}lnerxl) ’

[=—0c0 Y
- ' ()
R e e R 127 e
x i o
=- L720)
. 2)
= (el il B
St C3 1 MRS
I=—co | j=I+3 0 ) Mol e AijllLee)
\ ()
o o j nC) || @)
5y (z]ﬂ{hl}lnerm) o)
I=—co | j=1+3 Yo Lfl(fﬂ))

<C.
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where

la

2 a{ AW} e

% <1

— 4

Lr()

@y ={ P- 1
(42)+ otherwise.

This completes the proof of Theorem 4. []

Remark 2. (1) It is worth pointing out that even in the particular case that q(-) is constant, our
main results, namely Theorems 1, and 2, are also new.

(2) All of these results can also be proved for non-homogeneous Herz spaces with two variable
exponents. Due to the similarity of the arguments, details are omitted.

4. Conclusions

We obtain the boundedness of the vector-valued intrinsic square function and the
boundedness of the scalar-valued intrinsic square function on Herz spaces with two variable
exponents. The boundedness of the corresponding commutators generated by a BMO
function and scalar-valued intrinsic square function is also obtained. As a supplement, the

vector-valued inequality for sublinear operators is obtained on K10 (R™).
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