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Abstract: Assume that (X, d, 1) is a metric measure space that satisfies a Q-doubling condition with
Q > 1 and supports an L2-Poincaré inequality. Let £ be a nonnegative operator generalized by a
Dirichlet form & and V be a Muckenhoupt weight belonging to a reverse Holder class RH;(X) for
some g > (Q + 1)/2. In this paper, we consider the Dirichlet problem for the Schréodinger equation
—0?u + Lu + Vu = 0 on the upper half-space X x R, which has f as its the boundary value on X.
We show that a solution u of the Schrédinger equation satisfies the Carleson type condition if and
only if there exists a square Morrey function f such that 1 can be expressed by the Poisson integral of
f. This extends the results of Song-Tian-Yan [Acta Math. Sin. (Engl. Ser.) 34 (2018), 787-800] from
the Euclidean space R€ to the metric measure space X and improves the reverse Holder index from

9> Qtog > (Q+1)/2.
Keywords: Schrodinger equation; Morrey space; Dirichlet problem; metric measure space

MSC: 35]10; 42B35

1. Introduction

The Dirichlet problem was originally posed for the Laplace equation. In such a case,
the problem can be stated as follows. Assume that () C R" is a domain and f is a continuous
map on dQ). Let us find a continuous function u satisfying

{—Au(x) =0, xeQ,
u(x) = f(x), x € 9Q).

We call f as the boundary value of u. Here, —Au = 0 means that

/Vu~V<pdx=0
Q

holds for every smooth function ¢ on R"” with compact support in (), where Vu is the
distributional gradient of u. For the upper half-space case, the study of the harmonic
extension of a function has become one of the elementary tools of harmonic analysis ever
since the seminar work of Stein-Weiss [1]. As we know, for any function f € L”(R") with

1 < p < oo, its Poisson extension u(x, t) = e~V =2f(x), (x,t) € R"!, which satisfies

+1
(x,t) € R"F1,

—9%u — Au =0,
x € R™.

u(x) = f(x),

In the study of singular integrals, a natural substitution of the end-point space
L*(R") is the space of functions of bounded mean oscillation (BMO). Fefferman-Stein [2]
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proved that a function f belongs to BMO(R") if and only if its harmonic extension
u(x,t) = e V=>4 f(x) satisfies the following Carleson condition

"B dt
sup/ ][ [tVu(x, t)[Pdx— < oo, 1)
O B(XB,VB) t

XB,/'B

—_ 1 /
]i(xBr”B)‘ |B(x5,78)| JB(xgrp)

Later, Fabes-Johnson-Neri [3] found that the Carleson condition (1) actually charac-
terizes all harmonic functions u(x, f) on ]R”jl with BMO traces. Since then, the research
on this topic has been widely extended to various settings, including heat equations [4],
elliptic equations and systems with complex coefficients [5], degenerate elliptic equations
and systems [6], as well as Schrodinger equations [7,8]. We refer the reader to [9-13] and
the references therein for more information about this topic.

In this paper, we consider a metric measure space X, which satisfies a Q-doubling
condition with Q > 1, and supports an L?-Poincaré inequality. Let & = L+ V be a
Schrodinger operator, where £ is a nonnegative operator generalized by a Dirichlet form &,
and the nonnegative potential V is a Muckenhoupt weight belonging to the reverse Holder
class. We study the boundary behavior of Schrodinger harmonic function on X x R..
Roughly speaking, we derive that a solution u to the Schrédinger equation

where

—Pu(x,t) + Lu(x,t) = —0%u(x,t) + Lu(x, t) + V(x)u(x,t) =0

satisfies the Carleson type condition analogous to (1) if and only if there exists a square

Morrey function f such that u = e tVZ f holds, where the square Morrey spaces L>*(X)
with —1/2 < & < 0 are defined by

2,6 _ 2 - su 1 2 12 00
L <x>—{feLloc<X>-§C§[ﬂ(B)]a(]i Pan) < }

We refer the reader to Section 2 for more about the Dirichlet metric measure space,
the reverse Holder classes, the Muckenhoupt weight and the main result. We would like to
mention that, when X = R",if V € RH;(R") for some q > n, Song-Tian-Yan [8] studied
the boundary behavior of Schrodinger harmonic functions. Our result covers more general
spaces, such as the Riemannian metric measure space, sub-Riemannian manifold; see [14]
(Section 7) for more details.

Regarding their proof, the condition V € RH,(R") for some g > n is to assure that
there exists a pointwise upper bound for the gradient of the Schrodinger Poisson kernel.
However, even without the potential V, such bounds are not valid in general metric space
unless a group structure or strong nonnegative curvature condition is assumed (see [15,16]).
Indeed, for uniformly elliptic operators, the pointwise upper bound of the gradient of heat
kernel has already failed; see [14,17] for instance.

To overcome this difficulty, we adopt a Caccioppoli inequality for the Schrodinger
Poisson semigroup in a tent domain B(xp,rp) % (0,7p) from [18], and hence the reverse
Holder index can be improved to g > (1 + 1) /2 in the case of Euclidean space setting. At
this moment, combined with more delicate analysis, we can remove the C!-regularity of the
Schrodinger harmonic function. Moreover, based on some new observations, we establish
a new Calderén reproducing formula, which plays a crucial role in our proof; see Lemma 6
for more details.

The paper is organized as follows. In Section 2, we begin with a brief overview of our
settings, i.e., the metric measure space with a Dirichlet form. Next, we recall the definition
of the reverse Holder class and the Muckenhoupt weight and finally state the main result
of this paper. In Section 3, we establish some properties for the Schrodinger harmonic
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functions, which satisfy Carleson-type conditions. In the last two sections, we prove the
main result.

Throughout the paper, we denote by the letter C (or ¢) a positive constant that is
independent of the essential parameters but may vary from line to line.

2. Main Result

Before stating the main result, we first briefly describe our Dirichlet metric measure
space settings; see [19-22] for more details. Suppose that X is a separable, connected,
locally compact and metrisable space. Let y be a Borel measure that is strictly positive
on non-empty open sets and finite on compact sets. We consider a regular and strongly
local Dirichlet form & on L?(X, 1) with dense domain 2 C L2(X, ) (see [20] or [21] for
an accurate definition). Suppose that & admits a “carré du champ”, which means that,
forall f,¢ € 2,T(f,g) is absolutely continuous with respect to the measure u. Hereafter,

for simplicity of notation, let (V,f, Vyg) denote the energy density % and |V, f]

denote the square root of LD - Assume the space (X, u, &) is endowed with the intrinsic

dp
(pseudo-)distance on X related to &, which is defined by setting

d(x,y) = sup{f(x) = f(y) : f € Dioc NC(X), |Vif| <Tae.},

where C(X) is the space of continuous functions on X. Suppose d is indeed a distance and
induces a topology equivalent to the original topology on X. As a summary of the above
situation, we will say that (X, d, it, &) is a complete Dirichlet metric measure space.

Let the domain 2 be equipped with the norm (||f||3 + &(f, f))'/2. We can easily
see that it is a Hilbert space and denote it by W'2(X). Given an open set U C X, we
define the Sobolev spaces W*(U) and Wé’p(ll) in the usual sense (see [22-24]). With
respect to the Dirichlet form, there exists an operator £ with dense domain Z(£) in
L2(X,u),2(L) C W2(X), such that

Azﬂwﬂwwuy:aﬁw,

forall f € 2(L) and each ¢ € W'2(X).

We denote by B(x,r) the open ball with center x and radius r and set AB(x,r) :=
B(x, Ar). We suppose that p is doubling, i.e., there exists a constant C; > 0 such that, for
every ball B(x,r) C X,

H(B(x,2r)) < Can(B(x,7)) < co. @

Note that y is doubling implies there exists Q > 1 such that, forany 0 < 7 < R < 0
and x € X,

R\ 2
W(B e R) < () (),
and the reverse doubling property holds on a connected space (cf. [25] Remark 8.1.15 or [26]

Proposition 5.2), i.e., there exist constants 0 < n < Q and 0 < ¢ < 1 such that, for any
0<r<R<oandx € X,

u(B(x,1) < C(%) n(B(xR)). ©)
There also exist constants C > 0 and 0 < N < Q such that
d(x,y) \N
(e, < € (14 2B ) (i) @

uniformly for all x,y € X and r > 0. Indeed, property (4) with N = Q is a direct
consequence of the doubling property (2) and the triangle inequality of the metric 4. It is
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worth pointing out that N can be chosen to be zero in the cases of Euclidean space, the Lie
group of polynomial growth and metric space with a uniformly distributed measure.

Suppose that (X,d, 1, &) admits an L2-Poincaré inequality, namely, there exists a
constant Cp > 0 such that

(4 lf—fBIZdﬂ>1/2 <com(f Ifode)l/z, ©)

for all balls B = B(xg, rg) and W'?(B) functions f, where fp denotes the mean (or average)
of f over B.

We suppose that V is a non-trivial potential satisfying 0 < V € A (X) N RH;(X),
where the Muckenhoupt weight class A« (X) and the reverse Holder class RH,(X) are
defined as follows (cf. [27,28]).

Definition 1.
(i)  We say that a nonnegative function V on X belongs to the Muckenhoupt weight class A (X),
if there exists a constant C > 0 such that

-1
sup][ Vdu (inf V) <C,
B B xEB

where the infimum is understood as the essential infimum or there exists constant 1 < p < oo

and C > 0 such that )
p
sup][ Vdu <][ Vllr’dy) <C.
B JB B

(ii) Forany1 < g < oo, we say that a nonnegative function V on X belongs to the reverse Holder
class RHy(X), if there exists a constant C > 0 such that

1/q
(7[ quy) < C][ Vdy,
B B

for any ball B C X, with the usual modification when q = co.

When X = R”, it is well known that A« (R") = Ui <4< RHy(R"). However, in gen-
eral metric measure space X, this relationship between the reverse Holder classes and the
Muckenhoupt weight may not hold; see [28] (Chapter 1). We point out that, if the measure
i on X is doubling and the potential V belongs to A« (X), then the induced measure Vdyu
is also doubling (cf. [28] Chapter 1).

Let us recall the definition of the critical function p(x) associated with the potential V
(see [29] Definition 1.3). For all x € X, let

p(x) ::sup{r>0:r2][ Vd‘ugl}.
B(x,r)

Since the potential V is non-trivial, it holds that 0 < p(x) < oo for every x € X.
Additionally, by the results of Yang-Zhou [30] (Lemma 2.1 & Proposition 2.1), the critical
function satisfies the following property. If V € A (X) N RHy(X) with g > max{1, Q/2},
then there exist constants kg > 1 and C > 0 such that, for all x,y € X,

1 d(x,y)\ d(x,y) |/ oY
C p(x) <1+ o(x) ) <p(y) < Co(x) (1—|— o(x) ) . (6)

In this paper, we consider the Schrodinger operator

Z=L+V.
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Throughout this paper, we denote, by & = e V7 the Schrodinger Poisson semi-

group associated with % and, by p?(x,y), the kernel of 2 = ¢! VZ Due to the perturba-
tion of V, the Schrodinger Poisson kernel and its time derivatives admit the Poisson upper
bound with an additional polynomial decay (see [18])—namely, for any k € {0} UN and
K > 0, there exists a constant C = C(k, K) > 0 such that

o t 1 t+d(xy))
|tatpt(x/y)|<Ct+d(x,y)y(B(x,t+d(x,y)))(1+ o(x) ) ‘

For more results about the Schrodinger operator and their applications, we refer the
reader to [31-44].

Let us recall the definition of .Z; -harmonic functions on the upper half-space. A
function u € W?(X x R ) is said to be an .#; -harmonic function on X x R, if, for every
Lipschitz function ¢ with compact support in X x R, it holds that

/ / dudepdudt + / / (V11 Vi) dudt + / / Vugdudt = 0.
0 X 0 X 0 X

Suppose —1/2 < & < 0. We define HL
functions u satisfying

. 1/2
U]l g2 := sup 1 / B][ |tVu(x,t)|2dy(x)ﬁ < oo.
vz aprp HB(xg,78)]* \Jo  JB(xgrp) t

The definition of the Morrey spaces refers to [8,42,45]. For every —1/2 < a < 0,
the square Morrey space L>*(X) is defined as

%/‘:‘(7(}( x R4 ) as the class of all .Z;-harmonic

BCX

L*(X) := {f € Lipe(X) : sup W})]z‘"ﬁ |f(x)Pdp(x) < °°}~

This is a Banach space with respect to the norm

. 1 ) 1/2
Il = sup pocore (f 0 Pan())

The following theorem is the main result of this paper.

Theorem 1. Assume that (X,d, u, &) is a complete Dirichlet metric measure space that satisfies
the doubling condition (2) with Q > 1, and admits an L?-Poincaré inequality (5). Let 0 <V €
Aco(X) NRHy(X) withg > (Q+1)/2,and —1/2 < a« < 0.

() Iff € L2¥(X), then u(x,t) = Pf(x) € HL>*

@(X x Ry), and there exists a constant
C > 0, independent of f, such that

lllgeze < Clifllzza:

i1 urther assume that max{ — , — <a <0 Ifue . X R4), then there
(ii) Furth h 1/2,—-1/2N 0. I HL@%X R hen th

exists a function f € L**(X) such that u(x,t) = 2 f(x). Moreover, there exists a constant
C > 0, independent of u, such that

o < Cllu o
[fll 2« < C| IIHsz?
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Remark 1.
(i)  In Theorem 1, we assume that the reverse Holder index g is not less than (Q + 1) /2. Howeuver,
the observant readers might notice that, in [29], Shen assumed that the nonnegative potential
V belongs to RH, (RQ) for some q > Q/2. However, we consider the boundary value problem
of the Schrodinger equation
—?u+ Lu+Vu=0

on the upper half-space X x R,. In order to make sure the above Schrodinger harmonic
function is Holder continuous on X x R, the critical reverse Holder index (Q + 1) /2 seems
to be the least condition via the natural extension V (-,t) := V(-) for all t > 0. One might
wonder if there is any possibility of relaxing the requirement g > (Q + 1) /2 in Theorem 1
to g > 1 together with q > Q/2. From the initial value to the solution, this is ensured by
the Caccioppoli inequality for the Schrodinger Poisson semigroup; see Proposition 3 for more
details. To the contrary, from the solution to the initial value, this is an interesting problem to
be solved.

(if) The range of a in Theorem 1 (ii) is slightly different from that in (i). This assumption
—1/2N < a < 0 first appears in Lemma 3 below, which is caused by the time regularity of

HL%}%—function

e, )] < Clp(Bx )]z

Since the pointwise upper bound of the time regularity of HL%Z‘?—function has to do with
the measure of some ball to the « power, the condition 2aN + 1 > 0 ensures the series in
Lemma 3 is convergent. In fact, for metric measure space X, the nonnegative parameter N
arises automatically if we want to calculate the ratio of the volumes of two balls with different
centers. However, this would not occur in the cases of Euclidean space, the Lie group of
polynomial growth and metric space with a uniformly distributed measure. We remark that

N can be chosen to be 0 under these settings, and hence the assumption —1/2N < a < 0 s
superfluous.

3. Schrédinger Harmonic Functions Satisfying Carleson

In this section, we will establish some properties of HL%}%-function.

Lemma 1. Assume the Dirichlet metric measure space (X,d, u, &) satisfies (2) and (5). Let
V € Ax(X) N RHy(X) for some q > max{1,Q/2}. If Lu = Lu + Vu = 0 holds in a bounded
domain Q) C X, then there exists a constant C > 0 such that, for any ball B = B(xp,rg) with
2BC Q)

s < C £, fuldp
2B

Furthermore, u is locally Holder continuous in (), and there exists a constant
0 € (0,min{1,2 — Q/q}) such that, for any x,y € 1B,

ju(x) — u(y)| < c(”“j‘;”)enunmg) (1 +hf Vdu).

Proof. For the proof, we refer to [18] (Proposition 2.12). [

Let us extend the potential V to the upper half-space by defining V(x,t) := V(x) for
all t € R. We can easily find that V(x,t) € Acx(X x R) NRH,(X x R) withg > (Q+1)/2,
if 0 < V(x) € Aw(X) NRHy(X) with g > (Q + 1) /2. Therefore, it follows from Lemma 1
that .Z; -harmonic functions are locally Holder continuous on X x R .



Mathematics 2022, 10, 1112

7 of 22

Lemma 2. Suppose the complete Dirichlet metric measure space (X,d, u, &) satisfies (2) and
(5). Let 0 < V € Aw(X) N RHy(X) with g > (Q+1)/2. Ifu € HL%’/":?(X x Ry) with
—1/2 < & < 0, then there exists a constant C > 0 such that, for all x € X and t > 0,

e, )] < Clp(Bx )]z

Proof. Lete > 0. Given —e < h < ¢, forany x € X and t > ¢, set

u(x, t+h) —u(x,t)
- :

u(x, t;h) =

It follows that u(-, -; 1) is an .Z; -harmonic function on X x (€, 0); see the proof of [18]
(Lemma 4.1).
Then, by the mean value property in Lemma 1, we conclude that, for any ¢ > 2e,

3t/2 172
|u(x, t;h) |<C<][ ][ y,sh|dsdy( )) , (7)
B(x,t/2)

which, combined with the argument in the proof of Jiang-Li [18] (Lemma 4.1), yields, for
each t > 3¢, that

o 1/2
zds

|tu(x, £ )| < C( / |s9su(y,s)| d#@))
B(x,2t) JO 5

This implies that, for each t > 3e,
[P (x, £)| < Clu(B(x, )] ||l e
vz
Letting € — 0 indicates that the above estimate holds for every ¢t > 0. O

Lemma 3. Assume the complete Dirichlet metric measure space (X, d, u, &) satisfies (2) and (5).
Suppose 0 <V € Aw(X) NRHy(X) withq > (Q+1)/2,and max{—1/2,-1/2N} < a <O0.
Ifuc HL%/%(X x Ry ), then there exists a constant C > 0 such that, for any x € X and t,e > 0,
|u(y,e)”
d
s s
< O 7€) ez + CBOBE )P 2N (B )P ey 2
<

Proof. By Lemma 1, u(-, -) is locally bounded and locally Hélder continuous in X x R.
The integral is split into B(x, 1) and X\B(x, 1). For the local part B(x, 1), it holds that

ju(y, o) c
/Bm) (53009 n (B, 4 G, 7)) W) = TG iy

For the global part X\B(x,1), by the annulus argument, we have

ju(y, )2
/X\B<x,1) T EmITCEAET IR

00 2]
<C szf ][ u(y,e)|*d ds
]; - B(x,zj)l (v,€)*dp(y)
<cYy 2 7{; Ju(y, €) — u(y,s) Pdu(y)d s
j=1 i
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+CY 27 uly,s) — g Pau(y)ds + C Y2 g
j=1 Ej j=1
= C(L+1,+13),

where we denote the cylinder B(x,2/) x [2/~1,2/) by E j for simplicity.
For the term I, it holds by Lemma 2 and —1/2N < « that

s 2
/ oru(y,r)dr
E] €

< Cllulfyze Ji 2 (] 5[u<B<y,r>>]“T)2dy<y>ds

i

du(y)ds

L =Y 27
j=1

© X 2j —2Nu .
< Clulfy, 1.2 f{[u(B(x,w “(2) weeer }
< c(wB(x,l))F“+e2N“[u<B<x,e>>F“)Huni% .

Above, in the second inequality, we used the fact that

B

€ r

< [ BT (xomn(€) + X @)

< [ B xgay @ + [ B

<c{ [7(D) " et Laga @+ [ (5) e e}

N« —Nua
< c{ (1+28)  mnenna o)+ (1+ 54 [u(B(x,zfm“}
i\ —Na
< c{wB(x,l))]“ +(%) [u(B(x,em“}.
Now, we put us(-) := u(-,s). For the term I, we use the Poincaré inequality to
deduce that

)] 2
I, < 222 ]<f fB(xzj) us B(x,2 ’ d}l dS + ][2‘/_71 (MS)B(X,Zf) — ME/.’ dS>

2] 2
<C22 J<22]][ 1][ ) |V u(y, )| *du(y ds—i—][i ‘(us)B(xlzj) — U ds). (8)

By the Holder inequality and the Poincaré inequality, it holds that

2/ 2
][2' (14s) g 2 —qu’ ds

j—1
][ ][ ][ u(y,r)du(y)dr| d
B(x,21) 2/~1 JB(x,2))
2

2]
2]
£ ][ ,s) — u(y, N ()dr
2i=1 JB(x,2))

2]
]i”

2

ds
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][xZJ ]é l]é ) — uy,r)*drdsdp(y)

<C22]][ ][ |51 (y, s)|2dsdu(y).
B(x.2/) J2i-

This, together with (8), gives that
necy 2@ fTulys)Pautds
j=1 2/=1 JB(x,2/)

© 2 ds
<cy2d [ f sVl S
j=1 0 JB(x2) s

< €Y 27 [u(B(x, 2)) 2 fu] 2, o
j=1 vz

< Clu(B(x, 1) [[ull? 20 -
HLF

As E; = B(x,2/) x [2771,2),itholds Ej, Ej1 C B(x,2/"1) x [271,2/*1) =: F;,;. For
the term I3, one writes

|ug, |+ Z|“E UE | 2
= )

. 2
. J
2_’<l(u—u )| + lu(€)lliw(px2) Z(Iua—ualJrIMP,»—uE,vJ)) :

<

N gt Wrm

7= =2

It follows from the Poincaré inequality that

|ug, — ug,| + |up, —ug, || < C( ][ Nu(y,s) —upi|2dy(y)ds>
21 2 (x,ZI)
i 1/2
< C(f f u du(y) )
2i-2 JB(x2i)
21'
+c<][
21’—2
1/2
<2 <][ ][ [Vu(y,s)Pdu(y)d )
2= x21

1/2

(]/,S)— ) B(x,2%)

, \ /2
(MS)B(xlzi) - upl.‘ ds>

oi /2
<c (/ T ET e ) )
< Clu(B(x 2))) 2
< Clu(Br D) 2 ©)

and from Lemma 2 that

rw—u«anJ<ﬁ()Umwm@—umaumw%

S][ /auy, r)dr
B(x,2)x[1,2)

dp(y)ds
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s L ar
< Cllul e f / (B (y, /)2 |dpu(y)ds
vVZ JB(x2)x[12) /e r
< C([(B(x, 1)) + N [u(B(x, €))]) ]y 20 - (10)
N2

Here, we used the fact that

[ <c( [Tuownrd + [Cueonrd)

(/eoo(Z)M[y(B(y’e))]ad: +/100 r"“[y(B(yll))]ac‘ij’)

The above two estimates (9) and (10) yield that

L <CY 27|u(, )||2 B(x,2))

j=1
%) ) 2
+c];2-f(m<3<x,1>>]“|u||Hsz§ + e (B ) [l gz )

< () By + (B D) ulgss + N (B €Nl ):
L*(B(x,2)) HLY HLYE
In combination with the estimates of I, I, and I3, we obtain the required conclusion. O
Lemma 4. Suppose the complete Dirichlet metric measure space (X,d, u, &) satisfies (2) with

Q > land admits (5). Let 0 <V € Aw(X) N RHy(X) with g > (Q +1)/2. Assume that w is a
solution to (—9? + ¢ )w = 0 on X x R. If there exists m > 0 such that

w(y, 1)
// A5 (4 A0 y)" p(Bm 1 1 L4 d(x, g))) <>

then w = 0.
Proof. For the proof, we refer to [18] (Corollary 4.5). [

Proposition 1. Suppose the complete Dirichlet metric measure space (X, d, i, &) satisfies (2) with
Q > 1and admits (5). Let 0 < V € Aw(X) N RHy(X) with ¢ > (Q +1)/2. Assume that
ue HLf/”L(X x Ry) with max{—1/2,—1/2N} < a < 0. Forany x € X and s,t > 0, it holds
that
u(x, t+s) = Z(u(-,s))(x).
Proof. For eacht > 0, let
o(x,t) = u(x,t+5) — Pi(u(-5))(x).

As u(-, -+ s) is Holder continuous on X X (—s,o0) and u(+,s) is Holder continuous on
X, we see that

v(x,0) := lim v(x,t) = Um {u(x,t+s) — P (u(-,s))(x)} =0.

t—0t t—0+t
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We extend v(x, t) to X x R as

v(x,t), t>0;
w(x,t):=<¢0, t=0;
—ov(x,—t), t<0.

Then, w is a solution to the Schrodinger equation (—9? + .#)w = 0 on X x R. We fix
a point yg € X. By Lemma 4 and the fact that w is odd with respect to ¢, it is sufficient to

show that there exists m > 0 such that

” [w(x, £)[? N
/o /X(1+t+d(xfyo))m+1ﬂ(3(yo,1+t+d(x,y0)))d7‘(x)dt< .

By Lemma 3, we have

® lu(x,s+t)|2
/0 /X (1+t+d(x,y0))™ u(B(yo, 1+t + d(x,yo)))d‘u(x)d t
lu(x,s+t)|?
: /o (146" /x (1 +d(xryo))ﬂ(3(yo,1 A goy) Hxd

e / T { <<yo,1>>}2“+<s+t>2N“[u<B<yo,s+t))]za)nun;% b

1
sc/O s + Ol
= 1 2w 2Nu 2w 2
+C /0 (Ht)m{([u(B(yo,l))} + 52N [u(B(yo, 5))] )HunH% dt.
It follows from Lemma 2 that

(s + )l Biyo2)) < N5 +1) —u(8) Lo (Bryo2)) + 118 Lo (Byo2))
+ ()l Lo (B(yo,2))

s+t
/ 19,1(-, r)|dr
; L=(B(1.2)

AN "
< C<1+ s> (Bl s lullggze, + €8l (a2

= C(a, N, vyy,s, ||u a ,||u oo
(¢, N,yo,s, | IIHLz@ (s 8) | L (B(yo,2)))-

<

Above, we used the fact that

s+t s+t d?’
sup [ u(xn)ldr<C sup [ [u(Blxr))* ullygze o
x€B(yo,2) /s x€B(y0,2) /s ve T
© e " dr
<C sup [ (C) Bl

x€B(yo,2) ¢

—Nu«
<c(142) B0 Il

Therefore, one has

0 lu(x,s +t)|?
du(x)dt
o s s st gy )
< dt
< O, N0 Iulnzs ) =(o2) | oy
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< C(a, N, yo,5, H“HHL%/ (-, 8) | Lo (B(yo,2))) < (11)

provided m > 1.
For the remaining term, we need to prove that

— (" |22 (u(-,5)) (x)? N .
1._/0 /X(1+t+d(x,yo))’”+1u(B(yo,1+t+d(x,y0)))d?‘( Jat < co.

By the Poisson upper bound and the Holder inequality, it holds that, for all ¢t > 0

tu(y, s)|?
Ju(B(x, t+d(x,y

| Zi(u(-,9)) (x)]* < C|2:(1) (x |/ (t+d(x,y)

Hu(y,s)|?
- C/X (t+d(x/y))V(B(X,t-I—d(x,y)))dy(y)'

Hence, we have

® 1
= C/o /X/x A+ 1+d(xy0) " 7(Blyo 1+ +d(x 1))

tu(y,s)|?
U dle,y))uBx, t+dxy))) dp(x)dp(y)dt

{/ //yodyyo /2) / //yodyyo /2)t }"'dV(x)dH(y)dt

=1 +1.

For any x € B(yo,d(y,y0)/2), we have d(x,y) > d(y,yo) —d(x,y0) > d(y,y0)/2.
Hence, by (4) and Lemma 3, we have

Hu(y, )2
b<C [t [ G a Bl T Y

du(x)
/ 1+d<x y0))#(B(yo, 1+ d(x,0)))
Hu(y,s) 2

<C/ S T B T

<1 >\|u< )P 550.2)
SC/ g

Byo, 1)) (]2, 1n + 2N [(B(yo, )2 u]12. ».

+c/ HLF(Ht)m ez 4

< C(a,N,yg,s, ||u x5 ||u(,8)||7e < 00,
< C(a,N,yo,s || HHLZJ§ [1(+, ) |2 (B(yo,2)))

provided m > 2. For any x € B(yo,d(y,y0)/2)C, we have d(x,vo) > d(y,y0)/2. This,
together with Lemma 3, yields that

|u(y, s)[*dp(y)
Izgc/o (1+t)”’/ (1+d(y,yo))u(3(yo,1+d(y,yo)))
dp(x)
(x,t+d(x,y)))

></yod(ym)/z) ¢ (t+d(x, }/)) (B

1y, )P
<C/ [ A e T
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2 20 2Nw 20
gc/w [4( )7 (B (o2 T {11 (Byo, 1))% + 7V [u(B(yo,5))] }Hu”HL%/%dt
0 (1+t)m

< C(a,N,yq,s, ||u x ||U o < 0o,
< C(a, N, yo,s | IIHLz@ [ 8) |2 (B(yo,2)))

provided m > 1. Therefore, it holds that

| Ze(u(,5))(x)[? -
/o /X(1+t+d(x,y0))m+1y(3(y0,1+t+d(x,y0)))dﬂ(x)dt< ,

which, together with (11), yields that

/ / |a1](x OF dpu(x)dt < oo,

o Jx (L+t+d(x,y0))" u(B(yo, 1+t +d(x,10)))

provided m > 2. The Liouville theorem (Lemma 4) then implies w(x,t) = 0, which means
u(x,t+s) = Z(u(-,s))(x) and thus finishes the proof. [

2,0
vz

L**(X) uniformly for all s > 0. To this end, we introduce a notation

s, ([ frscorace®)
=SuUp ————— t X x)— ,

Housll = S0 G Uy Sl 7 e

for any

feMy:= U U L2(X, (14d(x, x0)) Pu(B(x0,1+d(x,x0))) tdu(x)),
x0€X 0<p<1

Next, for every u € HL*"_ (X x R} ), we will show that us(-) = u(-,s) is bounded in

and establish Lemmas 5-7 as follows.
Lemma 5. Assume the complete Dirichlet metric measure space (X, d, i, &) satisfies (2) with
Q > 1 and admits (5). Given a ball B = B(xg, 1), a function f € My and an L?>-function g
supported on B, set

F(x,t) :=t: P f(x) and G(x,t):= td; Pg(x),

forany (x,t) € X x Ry If [y, £l < oo, then there exists a constant C > 0 such that

| [ 10660l % < Clu® 2 sl gl

Proof. Let us consider the square function G (h) given by

(1) (x) = (/Ooowat%h(x) Z”itt)l/z.

By the spectral theory, the function G (h) is bounded on L?(X). Let
T(B):={(xt)e XxRy: x€B, 0<t<rg}=Bx(0,rp),

and write

//\Fxt xi,‘|d‘u()ljltL

dt © dt
— /(23) |F(x,t)G(x, t)|du(x ) + Z/(sz)\T@le) |F(x,£)G(x, t)|dpu(x )

k=2/T
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0
=: A1 =+ Z Ak-
k=2

Using the Holder inequality and the L2-boundedness of G, we obtain

1/2
21‘3 dt
A1<</0 /ZBuat%f(x)qu(x)t) 19z < Clr(B) >l £l I8l 2o

Let us estimate A for k = 2,3, . ... Note that, for any (x,t) € T(2fB)\T(2*"1B) and
y € B,we have t +d(x,y) > 25 2rp. It holds

Gl = | [ ot g(anto)

1g(w)|
<C | rraty i ey
t 1g(y)|
< 2 wtato 2y
tlglliis
%rp pu(2B)

which, together with the Holder inequality and (3), implies that

dt
/ IF(x, DG, ldn(x)
T(2%B)\T(2¢-1B)

k 1/2
2! rp 5 dt
<c( [ 4 mzslaF ) sl

< Clu@*B)*llpw, £lll Mgl )
< 2 (B2l £, g 12 s)

Summing over k leads to

[ [ PG 006 Dl = 3 A < ClrB s, sz

This completes the proof of Lemma 5. [

Lemma 6. Assume the complete Dirichlet metric measure space (X, d, u, &) satisfies (2) with
Q > 1and admits (5). Suppose B, f, g, F, G are defined as in Lemma 5. If ||[py, ¢|[| < oo, then we

have the equality:
/f X)du(x _4// (x,£)G xtdy()dt

Proof. From Lemma 5, we find that

/m/ |F(x,t)G(x,t)|dy(x)# <o
0 X

By the dominated convergence theorem, the following integral converges absolutely
and satisfies

© 1/6
/ /F(x,t)G(x,t)dy(x)? ~ lim /P(x,t)G(x,t)d‘u(x)#.
0 X 0 X
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Next, by the commutative property of the semigroup {2 }~¢, we have

[ G () = [ F(3)P.L Pug(x)auo).
This, together with Fubini’s theorem, gives

0 1/6
/ /F(x,t)G(x,t)dy(x)% ~ lim /f VA% Py (x)dn(x )””
0 X

1/6
—tim [ () [ 270 Fi)

1/6 ) dt
= lim/ fi(x / t XQZtg(x)Tdy(x)

60—0

1/6
+lim /X folx) /5 tZ.,s,ﬂ%g(x)?dy(x)

6—0
=1 +1,

where f1(x) := fxap(x) and fo(x) := f)((4B)c(x).
We first consider the term I;. It follows from the spectral theory that

170 dt
g(x) =4lim 2L Pyg(x )
6—=0Js
in L?(X). Hence, it holds
1/6
I = lim / filx) / P2 Prg(x) / filx ().
6—0Jx 5

In order to estimate the term I, we need to show that, for any x € (4B)C, there exists a
constant C = C(xp,rg) > 0 such that

dt

1/6
/5 t2$@2tg(x)7 Hg||L2(B)

= O+ a0, p(B s, T+ A0, 7))

sup (12)

6>0

Recall that supp g C B. Forany x € X\4B and y € B, we have
3d(x,xp)/4 < d(x,y) <5d(x,xp)/4.

Hence, it follows from the Poisson upper bound and (6) that, for any ¢t > 0,

‘t2$<@2tg(x)‘

2t 1 2t +d(x,y)\ 7
<C |, arrampytaama () S0

! p(xp) (1+ 22 ))ko/(koﬂ)
p(xp
< C/B (t+d(x,xp)) u(B(x,t+d(x,xp))) t+d(x, xp) 19(y)|du(y)

t
(t + d(x, xB))B.u(B(xB/t_" d(x/ xB)))
H8HL2(B) t
(1+d(x,xp))u(B(xp, 1 +d(x,xp))) (t+d(x,xp))*

< C(xp,7p) HgHLl(B)

S C(XB,T’B)
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The above estimate, together with the fact

* t dt ® ot
v At _dt _
/0 (t+d(x,xp))% t 7/0 (t+rp)2 — (rp) < oo

yields that

dt

1/6 ) dt ) )
/5 t.,SfWZtg(x)T S/o ‘t L Pug(x) n

||8||L2(B)

= Ol T8 4, 20 (B, 1+ A, x0)))

Accordingly, (12) follows readily. Now, we estimate the term I. Since f € My,
the estimate (12) yields that

sup du(x) < C(g,xp,1p) < 0.

178 , dt
fz(x)/ L Pyg(x)—
5>0 /X 5 t

This allows us to pass the limit inside the integral of I,. Hence, we conclude

1/6
b=t [ o) [ P22ug0Fan = § [ A0s@n).

Combining the previous formulas for I; and I, we complete the proof. [

Recall that we set u5(-) = u(-,s) for any s > 0.

Lemma 7. Suppose the complete Dirichlet metric measure space (X,d, u, &) satisfies (2) with
Q > 1and admits (5). Let 0 <V € Aw(X) N RHy(X) with q > (Q +1)/2. Assume that u €

HL@%(X x Ry) with max{—1/2,-1/2N} < a < 0.

Then, there exists a positive constant C such that, for every s > 0,

|||}4Vt,us|||,x < CHM”HL%/%

Proof. Let B = B(xp,rp). It holds by Proposition 1 that

W(lB)]“ (/OB ]i|tat%uszdyd:>l/2 _ W;)]“ (/OB ]i\tatu(y,H s)|2d;¢(y)d:)l/2.

If rg > s, by the doubling property (2), we have that

1 B dt 1/2
B (/0 f *”S'zdﬂt)
< 1 1/r3+s/ |ta » t)|2d ( )ﬁ 1/2
= [u(B)]* \ u(B) Jo B(xp,rg+s) Ly HYy t

¢ ot o\’
: [u(ZB)]“</0 ]éB“at”(%t)I dﬂ(y)t)

< Cllu o -
<C|| IIHLzJ%
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Otherwise, rg < s, Lemma 2 together with elementary integration implies that there
exists a positive constant C independent of rp and s such that

1 8] 5 dt 1/2
w(/ ][|tat%us| dyt)
a2
o L st NP, )

( [ £ (L) wemrsnul,, du(y)‘“)m

S Cllu 28 4
|| IIHL@
which, together with the case ¥ > s, means that
v ulll, < CIIMHHLZJ%I
which thus finishes the proof. [

Proposition 2. Suppose the complete Dirichlet metric measure space (X, d, i, &) satisfies (2) with
Q > 1and admits (5). Let 0 < V € Aw(X) N RHy(X) with ¢ > (Q +1)/2. Assume that

u € HLf/”L(X x R4) with max{—1/2,-1/2N} < a < 0. Then, for any s > 0, we have
us € L% #(X) and there exists a constant C > 0, independent of s, such that

u « < Cllu « -
[t ]| 2 < C| IIHLzb

Proof. Since u € HL%/"L(X x R4 ), it follows from Lemma 3 that u; € M,. Given a ball
B C X, for any L? function g supported on B, it follows from Lemmas 5, 6 and 7 that

’/ usgdy’ :4’/ /tat,@tustatff”tgdyﬁ
X 0 Jx t

< B, 18 25y
1/2+a
< C[u(B)] ||”HHL2,;||8||L2(B)

This together with the L?-duality argument shows that

ar(f '“S'Zd’*)l/z - r Sup /X”sgd’*’

HgHLZ(B><1

<C sup ullg2e lI8llzp)y < Cllullg2a -
HgHLZ(B)< vZ vZ

Then, by taking the supremum over all the ball B, it holds that
u y S Cllu y
Jasllias < Cllzs

which completes the proof. [

4. From Initial Value to Solution

In this section, we will show that every Morrey function f induces a Carleson type
measure |V 2 f|?dudt. In order to estimate the space derivation part |V, 2 f|2dudt,
we introduce a result of Jiang-Li [18] (Proposition 5.2), which establishes a Caccioppoli
inequality for the Schrédinger Poisson semigroup in a tent domain B(xp, ) % (0,7p).
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Proposition 3. Suppose the complete Dirichlet metric measure space (X, d, i, &) satisfies (2) with
Q > 1and admits (5). Let 0 <V € A (X) N RHy(X) with q > max{1,Q/2}. Assume that g
satisfies for some y € X that

/ 1g(x)]
x (T+d(x,y))u(B(y, 1 +d(x,y)))

Then, for any ball B = B(xp, rg), it holds that

B dt 21 dt
| [vezstan<c [ [ (182l +12is?)an-

Theorem 2. Assume the complete Dirichlet metric measure space (X, d, u, &) satisfies (2) with
Q > 1and admits (5). Let V € Aoo(X) N RHy(X) with q > max{1,Q/2}. If f € L>*(X) with
—1/2 < a <0, then u(x,t) = Zif(x) € HLf/":?(X x R4). Moreover, there exists a constant
C > 0 such that

dp(x) < oco.

lullgeze < Cllflliza.

Proof. For any ball B = B(xg, rp), it holds that
rg JNY2 - g2
(/ ][ |tV32tf|2dy> <y (/ ][ |tv<0/7’tfk|2dﬂ> =Y Tk
o J t i—1\Jo /B f k=1

where fi := fxap and fi := fxornp g fork € {2,3,4,... }.
For the term J1, we apply the L2-boundedness of the Riesz operator V.2 ~1/2 to obtain

B dr\ /2 1 [ dr\ /2
N 2 f1*d ) g( / / N 217 )
(/o ]il thildp t #(B) Jo X| thil“dp t

< c<y<13) /Ooo/Xu\/E%fﬂzdy‘?)l/Z

1/2
(it 49
< CluB)]*If 20

Since f; € L>*(X), it is easy to see fy € My. Hence, f; satisfies the requirement in
Proposition 3, which implies that, for any k € {2,3,4,...},

that

1/2
2 dyudt
Jk§<3</0 ﬁB(tat%koVZa%%fk%fk|+|%fk|2)’;) .

Then, for any x € 2B, we apply the Poisson upper bound to obtain

| P fi(x)| + 101 Py fie(x)| + |07 Py fie(x) |
<cC t |f(y)]
= Janpokg (F+d(x,y)) p(B(x, t+d(x,y)))

gt
<crtf i) du)

dp(y)
.t
<2 kg[y(zk”B)}“Hflle/a

.t
<2 kr—[y(B)}"‘Ilflle,a/
B



Mathematics 2022, 10, 1112 19 of 22

which yields
Jk < C2F[u(B)*If ] 2o

Hence, it follows that

1 B , ., dn\? &
9 a = SUp ————— </ ][ tV:@ d ) S ] S C 0.
|| ff”HL%/§ BCI))( [V(B)]lx 0 B| ff| M t k:X‘i k ||f||L2

This completes the proof. [

5. From Solution to Initial Value

In this section, we will show that, for every function u € HL%/%( X X Ry ), there is a

function f € L**(X) such that u(x,t) = 2 f(x) with the desired norm control.

Theorem 3. Suppose the complete Dirichlet metric measure space (X, d, u, &) satisfies (2) with
Q > 1 and admits (5). Assume 0 < V € A(X) N RHy(X) with g > (Q+1)/2, and
max{—1/2,-1/2N} < a < 0. Ifu € HL%/":?(X x Ry), then there exists a function f €
L>*(X) such that u(x,t) = 2 f(x). Moreover, there exists a constant C > 0, independent of u,
such that
0 S Cllu o .
1122 Illze

Proof. Without loss of generality, we may assume q > (Q + 1)/2 because of the self
improvement of the RH,;(X) class. Suppose u € HL%Z‘?(X xRy). Forany 0 < € < 1,

by Proposition 2, we have
u 2,0 < Cllu 2,0 - (13)
|| € || L H ||H[

Next, we will fix a point xo and look for a function f € L*¥(X) through L?(B(x,2/))-
boundedness of {u,} for each j € N. Indeed, for every j € N, we use (13) to obtain

[ weloPute) < Clu(B 2l
B(x,2) N2

which implies that the family {uc(+) }o<¢<1 is uniformly bounded in L?(B(xg,2/)). Then, the
Eberlein-Smulian theorem and the diagonal method imply that there exists a sequence e, —
0 (k — oo0) and a function g; € L2(B(xo,2/)) such that ue, — gj weakly in L?(B(x0,2)),
for any j € N. Now, we define a function f(x) by

f(x) = gj(x),

if x € B(x0,2/),j =1,2,.... Itis easy to see that f is well defined on X = Uiz B(xq,2/).
We can check that, for any ball B C X,

[ 1) Pa(x) < CluB) 2l
B vZ
which implies that

« < Cllu P
Iz < Cllwlhze

Finally, we will show that u(x,t) = Z%f(x). By Lemma 1, we know that u(x, -) is
continuous on R . This together with Proposition 1 yields that

u(x, t) = kgrfoou(x, t+ep) = kgrfoo Pike, (x).
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This reduces to verify that

im Pue, (x) = Pif (x). (14)

k—+0c0

Indeed, we recall that p?(x, y) is the kernel of %%, and for any ¢ € N, we write

Pie, (x) = /

ey )+ [ e ()
B(x,2t)

X\B(x,2't)

Using the Poisson upper bound, the Holder inequality and (13), we obtain

<C i;r ]{; ey 1 W)

| e () _

X\B(x,2't) x,20+1¢)

< C L2 (B (e 20)]" e
i={

< C27 ' [u(B(x, 1))]*
< [1(B(x,1))] IIuIIHLz@

where C is a positive constant independent of k. One has

0< Iim Iim
f—+00 k—+00

| e ()
X\B(x,2't)

< lim C2~‘[u(B LA « =0.
¢ 1m [V( (x ))} ”uHHLZ,
Therefore, it holds that

kl—i>Too ytuek (x) - ZEI-POO kl—i>r—il-loo B(x,ﬂt) p?(x/y)uek <y)dy(y) - :@tf(X)’

which yields (14) readily. Then, we show that

u(x,t) = Pf (x).
The proof of Theorem 3 is complete. [

6. Conclusions

In this article, we solved the Dirichelt problem for the Schrodinger equation on the
metric measure space. We obtained that a Schrodinger harmonic function satisfies the
Carleson type condition if and only if it is the Poisson extension of a Morrey function. This
continues the line of research on the Dirichlet problem with boundary value in L” space
and BMO space, extends the result in Song-Tian-Yan [8] from the Euclidean space to the
metric measure space and improves the reverse Holder index fromq > ntog > (n+1)/2.
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