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Abstract: In this paper, we introduce an extension of the Hilfer fractional derivative, the “Hilfer
fractional quantum derivative”, and establish some of its properties. Then, we introduce and discuss
initial and boundary value problems involving the Hilfer fractional quantum derivative. The existence
of a unique solution of the considered problems is established via Banach’s contraction mapping
principle. Examples illustrating the obtained results are also presented.
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1. Introduction

Quantum calculus, also known as g-calculus, is a branch of mathematics that study
calculus without the notion of limits. Results on g-calculus can be traced back to the
works by Euler. Jackson [1] was the first to establish the notions of the g-derivative
and the definite g-integral. Quantum calculus has found its applications in many area
of mathematics, including orthogonal polynomials, hypergeometric functions, number
theory, and combinatorics, as well as topics in physics, such as mechanics, relativity
theory, and quantum theory [2,3]. In [4], the author applied the neutrix limit to generalize
g-integrals. The fractional g-difference calculus, which further generalizes the idea of
g-derivatives and g-integrals with non-integer orders, was developed in the works by Al-
Salam [5] and Agarwal [6]. Recent treatment on such material can be found in [7]. Research
on the topic has yield variety of new results in recent years, as seen in [8-23] and references
therein.

Tariboon and Ntouyas [24] introduced the idea of quantum calculus on finite intervals,
in which they obtained g-analogues of several well-known mathematical objects and opened
a new avenue of research. Further details can be obtained from the recent monograph [25].

The Riemann-Liouville fractional g-derivative and g-integral on an interval [a, b]
were introduced in [26]. In the present paper, we introduce the Hilfer fractional quantum
derivative, which generalizes the Hilfer fractional derivative created by R. Hilfer in [27],
and establish some of its properties. It is well known that the Hilfer fractional derivative
reduces to both Riemann-Liouville and Caputo fractional derivatives in special cases. In
addition, we present and discuss some examples of initial and boundary value problems
with the Hilfer fractional quantum derivative.
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The remaining part of the paper is organized as follows. In Section 2, we recall some
preliminaries and lemmas from g-calculus and fractional g-difference calculus. In Section 3,
we introduce the Hilfer fractional quantum derivative and prove some basic results.
Section 4 is devoted to applications, where existence and uniqueness results are established
for initial and boundary value problems involving the Hilfer fractional quantum derivative.

2. Preliminaries

Let [n], be the quantum number defined by

, @

where 0 < g < 1and n € N. For example, 3], = (1—¢°)/(1—¢q) = 1+ g+ 4% and
[3]% =7/4.

Definition 1. Let f : [a,b] — R be a given function. The quantum derivative (q-difference)

“_rr

starting at a point “a” is defined by

_fO—flatr O =ga) oy

A () [ R @
and oDy f (a) = limy_q (o Dy f) (£).
If a = 0, then for ¢ € (0, b], we have

which is the Jackson g-derivative. Observe that the quantum derivative of Jackson sense [1]
in Equation (3) is around the point “0” while Tariboon and Ntouyas sense [24], in Equa-
tion (2), is related to any point “a”. If f(t) = (t —a)" is the power function, then the
quantum derivative is expressed by

aDy(t —a)* = [a]y(t — a)* 1, for a>0,t>a. 4)
Definition 2 ([24]). The g-integration of a function, f, on an interval, [a,b], is defined by
t
agf(t) = / f(8)adgs
DE—a) L a"flg"t+ (1= q"a). ®)

If a = 0, then the above definition is reduced to the Jackson quantum integration [1],
as follows:

[} Fee = (10 L g7 (a0 ©

For example, if we let f(t) = (t —a)%, then we obtain the g-analogue of integral
formula for a power function:

Ayl =)t = [ (5= a)*adgs = (t—a)yT, )

[+ 1]4

for @ > —1. In [24], the authors proved the following:

/at (/ﬂs f(r)adqr) adgs = /at[t —(gs+ (1 —q)a)|f(s)adys, )
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which reduces a double integration to a single one.
In [26], the authors defined a power function by
ot =) Ht—acbl ), keNU{w}, )
i=0

and ,(t — S)SIO) = 1, where a@;(t) = g't + (1 — g')a. If a is any real number, then it is
defined by setting

(@ © D (s))
ot — . A 10
* JT —s o
For example, if & = 3/2, then we have
(3/2) _ (t=5)(t —a Dg(s))(t =2 DF(s)) - .-

a(t_ )q (11)

(£ =0 @3/2(3)) (t 0 @F2(5)) (£ —a @/2(5)) ...

Let us now recall the Riemann-Liouville fractional g-derivative and g-integral on an
interval [a, b], and present some of their properties from [26].

Definition 3 ([26]). The fractional g-derivative of Riemann—Liouville type of order « > 0 on an
interval [a, ] is defined by

@Dif)(t) = (Dyaly “f)(1)

I“q(nla)(uDg)/a a(t—a q)q(s)),gn_a_l)f(s)udqs, a >0,

and (ELDgf) (t) = f(t), where n is the least integer greater than or equal to « and the T'q(u) is
defined by

o(1— q)é”’”
(I—gn 1’

Definition 4. Let « > 0 and f be a function defined on an interval [a, b]. The fractional q-integral
of Riemann—Liouville type is given by

T, (1) = ueR\{0,~1,-2,...}.

1
Tg(a)

and (algf) (t) = f(t), provided that the right hand side exists.

(alg f)(t) = /;a(f - a%(S))é“’”f(s)adqs, x>0, telab

Lemma 1 ([26]). Let a, B € Rt and f be a continuous function on an interval [a,b], a > 0.
The Riemann—Liouville fractional q-integral satisfies the following semi-group property:

oI (I F) (1) = alg (D) (1) = Iy P ). (12)

Lemma 2 ([26]). Let f be a g-integrable function on an interval [a,b]. Then, the following
equality holds:

Ripa (ulgf)(t) = f(t), fora>0,t€[ab].

Lemma 3 ([26]). Let « > 0 and n be a positive integer. Then, for any t € [a, b] the following
equality holds:

t _ a)a-&-k—n

T2 (D2 F) (6) = oD (a5F) (1) g a+k_n+l)(uD§f>(a).
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In addition, from [26], we have the following formulas:
I,(B+1) _
RLpya(s _ \B _ q _g)B«
DA(t—a)P = t—a)P™h, (13)
a ( [;(B—a+1) (
Ir,(p+1)
aeg NB_ _TA\ET ) \BHa
oy (t—a)’ = T,(+atT) (t—a)P™. (14)

From [28], the Caputo fractional g-derivative was defined as follows:

Definition 5. The fractional q-derivative of Caputo type of order o« > 0 on an interval [a, b] is
defined by

(D50 = aly = (aDif) (1),

_ 1)/t (t =y (s)) (aD;’f)(s)udqs, € >0,

Iy(n—a
and (EDg f)(t) = f(t), where n is the least integer greater than or equal to .

Lemma 4 ([28]). Let « > 0 and n be the least integer greater than or equal to a. Then, for any
t € [a, b, the following holds

a (Cru 11) k
qu(aqu)(t) Zm( f)()
Lemma 5 ([29]). Let u,v > 0and 0 < p,q < 1. Then, for 7t € [a,b], we have
u 70 _ FP(U+1) u+v
olpaly (1) () = Tp(u+o+1)(v+1) (7t =)™,

We now present the proof of the following lemma, which might not yet appeared in
the literature.

Lemma 6. Let « > 0 and n be the least integer greater than or equal to «. Then, for any t € [a, b],
we have

anc (RLDocf) i ta__a] - 1) (RL ”‘ ]f) ( ) (15)

wheren —1 < a < n.
Proof. By applying Lemma 3, we obtain the following;:
A (REDsf) () = otk (oD (ol ()
_ n o n—u (t )uc+k " kn—uo
= oD (alg (olyF(1)) — 2 P iy (DE=£ (1)) (@)

a)chrk n

- o) - e (e

by Lemma 1. The relation (15) is obtained by setting j = n —kfork = 0,...,n -1,
and Lemma 2. [
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3. The Hilfer Fractional Quantum Derivative

The Hilfer fractional quantum derivative of order & > 0, with parameter g € [0,1],
of a function, f, on an interval, [a, b], is defined by

ngrﬁfO,) _ u][/?("*”‘)uDg . élfﬁ)("*“)f(t% (16)

where n — 1 < & < n, the quantum number 0 < g < 1, and a variable ¢t > a.
If B = 0, then we have

SDYOf(t) = KDY (1),
which is the fractional quantum Riemann-Liouville derivative. If § = 1, then we obtain the
following:

2 Dy f(8) = EDgf (1)
which is the fractional quantum Caputo derivative. If we set a constant y = « + B(n — ),
then (16) can be rewritten as

TDyPf(r) = o1y (KEDYF) (1), te [a b, (17)

Theorem 1. Let f € C"[a,b], n —1 < a < n,0 < B < 1and quantum number 0 < q < 1.
Then, we have

N n — \rJ .
W i ({050 = 50 - ) Forr () @)
(ii) DY (al2f) (1) = f(1),
where v = o + B(n — ).

Proof. The Riemann-Liouville fractional g-integral of order « > 0 acting on the Hilfer
fractional derivative of order &, by (12) and (17), leads to

A (D)0 = ari (ot (R0FF)) 0
= oI (FD7f) @),

Applying (15), we obtain a requested relation in (7).
To prove (ii), from (17), we obtain the following:

IO (atif) (1) = ol (KD (a1 f) ) ()

= o1 (KD ) (),

since v € [a, n]. Using (15), then we have

0GP (ul5f ) (5) = £(8) — %(ﬂ;ﬂ_v )@

Since f is continuous, it follows that f is bounded, that is, [f(t)| < M, for all t € [a, 1],
M > 0. Hence

IN

(L™ ) @] < Milim | (uly™77(1)) (1)

t—a

M
= ——————lim(t —a)!**7
[;2+a—17) tgl;( )

= 0.
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This implies that equation in (ii) holds, as desired. O

Remark 1. The notation ELD,;q) is replaced by alg), where ¢ > 0. Since p € [0,1], then ¢y €

[, n], and consequently some terms in Theorem 1 are given by RLDI™"f(a) = 41y "f(a) and
—_— + —

RLDT T 18T ),

Lemma?7. Let A > a—1,0 < B <1 be constants. Then, we have

HyaB A Tg(A+1) A—a
o« Dg"'(t—a) —m(t—a) . (18)

Proof. To claim this, the Formulas (13) and (14) are used as

"oy -at = a7 (FDf(t—a)t)
I;(A+1) e
To(A—a+1)"7
IR VIO NP
Ii(A—a+1) ’

(t—a)*="

and this completes the proof. O

4. Applications

In this section, we use the newly established Hilfer quantum fractional derivative
in (16) to introduce and study two new boundary value problems of orders 0 < & < 1 and
1 < & < 2, respectively. Banach’s contraction mapping principle helped us to guarantee the
existence and uniqueness of the solutions for the investigated problems.

4.1. Boundary Value Problems of Order 0 < & < 1

Consider the following boundary value problem with the Hilfer quantum fractional
derivative of order 0 < a < 1:

HDMPx(t) = f(Lx(t), O<a<1,a<t<b,

. (19)
oly "x(a) = pux(b) + Y Ai(alyx) (), v =+ B(1—a),

i=1

where 1 Dg # is the Hilfer quantum fractional derivative of order & with parameter 0 < 8 <
1 and quantum number 0 < g < 1, staring ata pointa > 0, f : [a,b] x R — Ris a nonlinear
function, p, A; are given constants, uL’; 1‘ is the quantum fractional integral of order x; > 0,
0<gi<landyn; €[ab],i=1,...,m.

Before proceeding to the main result, we transform the problem into an integral equa-
tion. The following lemma concerns a linear variant of the boundary value problem (19),

and is the basic tool to transforming the given problem into a fixed-point problem.

Lemma 8. Let I : [a,b] — R be a continuous function and Q) # 0. Then, the boundary value
problem

HDSPx(t) = h(t), 0<a<1,a<t<b,
1—vy u K (20)
aly Tx(a) = px(b) + ) Ai(algix) (73), v = 2+ (1 —a),
i=1

is equivalent to the integral equation
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_ (t — a)'y—l o a Ki e . o
x(t) = ar,(7) l#alq h(b) + i:Zl)\i (ulqialqh) (i) | +algh(t), (21)
where ,
O=1- e (b— a)”’_l - ATy (7) (i — a)'yﬂ"*l. (22)

Fq(')’) i=1 rl]f (7 + Ki)

Proof. By applying the formula (i) of Theorem 1 for n = 1, to the equation of (19), we have

(t_a)7_1 o
K1) = LA algh) (23)

where A = (,1 I,; 77x) (a) is a constant and consequently,

x _ (b — a>771 o
(0) =y A+ alihe),
and
- Ki — A L Ki - o
z;Ai(”Iqix)(Ui) - I—-q(,)/) Zg)tiﬂli(t_a)’y ! t_m—i_z/\ ( ”I h) 771)

A & AT, ()

= fq(’y) lzqul(,y_i_K)(U' ’YJFKI “’Z)\( qi al h) 771)

From the boundary condition of (19), we obtain the following:

A—évwh +2A(mﬂ@mﬁ

The integral Equation (21) is obtained by substituting the constant A in (23).
Conversely, taking the Riemann-Liouville quantum fractional derivative of order -y to
both sides of (21), we have

1 ® o . Ki o .
ar, ) [Valq h(b) + l; Ai (alqialqh(’?z))
+5LD;(azgh(t))

— REpFp).

RLDIx(t) = s D (t—a)7!

Applying the Riemann-Liouville fractional g-integral of order B(1 — «) to both sides
of the above equation, we deduce from (17) that

JOY(REDYx) (1) = HDyPx(r)
_ ulﬁ(l @) (RLD.B1 ah(t))
1

_ (t—a)PU=0=1 4 g4
= h(t) - Wﬂ q h(a)
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Therefore x in (21) satisfies the first equation of (20). By direct computation, we can
also show that x in (21) satisfies the boundary condition in (20). The proof is completed. [

Let C([a, b], R) be the Banach space of all continuous functions from an interval [a, b]
to R with norm x| = sup;¢, [x(t)|. We define the weighted space of continuous
functions Cy_,([a,b],R) = {x: [a,b] = R: (t —a)"7x(t) € C([a,b],R)} with the norm
l[x[l1—y = sup;efop {1t - a)l=7x(t)|}. Clearly, C1_,([a, b], R) is a Banach space.

We will show the existence and uniqueness of the solution of a Hilfer quantum
boundary value problem (19) by using the Banach contraction mapping principle.

Theorem 2. Assume that the nonlinear function f : [a,b] x R — R satisfies

[f(tx) = f(Ly)] < Llx—yl, (24)

where L > 0,Vt € [a,b]and x,y € R. If LOy < 1, where

1 AT (y + ) ,
Qo = — a)rtel 4 L . g)rretri—1
1 |Q|Fq(’y—|—1x) |V|( Z; q, +lX+Kl) (171 )

rq(’Y) "
+7rq(7+a>(b—a) ,

then the boundary value problem (19), containing the Hilfer quantum fractional derivative, has a
unique solution in C1_,([a, b], R).

Proof. To use the Banach contraction mapping principle, in view of Lemma 8, we define
an operator K : Ci_, ([a,b],R) — Ci_,([a,b],R) by

t—a)r1

Kx(t) = (qu() yul‘)‘f (b, x( +ZA( uI f(ni,x(n )) —l—ulg‘f(t,x(t)),

where Q) is defined by (22) and we will prove that K has the unique fixed point, which is the
unique solution of boundary value problem (19). Setting a constant M = sup, [, ;; |f(t,0)[,
we now define a ball, B,, with radius, r, such that

Lo MO,
110y
where
1 ul(b—a)* & |Ai|Tg; (e + 1) , 1
Q — 4 i . a+K; - -
2= 1alT,() | T,a+1) l;l"ql(ac+xl—|—1)l"q(ac+1)(17 7) MVICES)

Then, for any x € By, from (24) that |f (¢, x)| < [f(t,x) — f(t,0)| + |f(t,0)| < L|x| + M
and from Lemma 5, we have
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. 1 [ ’
(=)' < oy | lelf LA 0) |+2|A|( It aIf £ i x( >|)]

+(t— ﬂ)l’”ah’;‘\f tx(t))]

|Q|I‘1q() |V\{L||x||1_7 oI5 (t—a)" " (b) +Malg‘(1)(b)}

+LiJx] - sz( Il (t=a)7 ) ()

IN

+M; |Az«|(a1;‘;a1;<1>)<m>]
+ (b= )" Llxll1y alf (= a) 7 (0) + MaI§ (1) (8) }

B 1 Ty(7) o 1] (b —a)"
= oI, ['”L""l‘wqwa)“’ O M

T e L L
TS Ty +a)q (v + &+ x;)

Tyt ) |
+M 1 — 0£+K1
i:le",,i(oc—i-Ki—kl)Fq(oc—i-l)(nl )

Ta(7)
+L||x||1—7m

< Lr(y+MQO, <rv.

W
(b—a)*+M Tt 1)

This means that ||Cx||;_, < r, which implies B, C B;. Next, we will show that C is
a contraction. For any x,y € B;, we have

(£ =)' = TCx(t) — (t—a) Ky (t))]

! | [Vlalé‘lf(b,X(b)) — F(b,y(b))|

IN

[Q[T4(7)
! i Al (T 1 i 1) —f<m-,y<m>>|)]

+ (t =) I (8 x(8) — F(1y ()]

Lilx -yl ) o )
Mll lalg (=)~ ( +IZ|A|( WL (t— ) 1)(,71,)1

+L{x = ylli—yal] (£ = a)7 7} (b)
= LOyllx =yl

IN

This leads to || Cx — Ky|l1—, < LOy|x — y|li—,, because L)y < 1, K is a contraction
operator. Therefore, the boundary value problem, containing the Hilfer quantum fractional
derivative of order 0 < a < 1 in (19), has a unique solution on [a,b]. The proof is now
completed. [
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Example 1. Consider the following boundary value problem containing the Hilfer quantum frac-
tional derivative:

1/35/7(4) — Ze~ (417 <x2(t) +2|x(t)|> 1

1 3
D P41, S <t<z,
1747172 28+ 13\ 1+ ) 28T st a

1 1 3 1 1
4/21, _ 25
(1a1if3 )<4> _nx(2>+44(1/411/3 )(2) )
3 35\ (3 5 7/5.\ (2
+%(1/411/5 )(4) 66(1/411/7 ) 4)
Here,a =1/3,6=5/7,9=1/2,a=1/40=3/2,v=17/21, u =1/m, Ay = 1/44,
Ay = 3/55,A3 =5/66,x1 =1/2,xk =3/5,x3 =7/5,q1 =1/3,q20 =1/5,q93 =1/7,

m =1/2,42 = 3/4, 13 = 5/4. These constants leads to (2 ~ 0.598505 and ()1 ~ 2.028477.
Choosing

Ze= (=17 /2 4 o|x| 5
f(t’x)_2(8t+13)< 1+ x| >+t +1

then, we have

£, = f(e)| < f5lx =yl oy re |33,

which implies that LQ); ~ 0.946623 < 1. Therefore, problem (25) has a unique solution—
X € C% [1/4,3/2].

4.2. Boundary Value Problems of Order 1 < & < 2

Now, we consider the boundary value problem for the Hilfer quantum fractional
derivative of the following form:

HDiPx(t) = f(t,x(t), 1<a<2, a<t<b,

m (26)
x(a) =0, =2 Ailalgix) (), v = a+ B2 —a),

i=1
where Dy %P is the Hilfer quantum fractional derivative of order « € (1,2) with parameter
0<B< 1 and quantum number 0 < g < 1, f : [2,b] x R = R, I3 is the quantum
fractional integral of order x; > 0, A; € R,0< q; < 1,#; € [a,b],i =1,..., m. Note that
7€ (a,2).

Lemma 9. Let g : [a,b] — R be a continuous function and ® # 0. Then, the boundary value
problem

HD,‘;’ﬁx(t):g(t), l<a<2 a<t<b,

W (27)
x(a) =0, x(b) =) Ai(algx)(mi), v=0a+p2-a),
i=1
is equivalent to the following integral equation:
t—a)?
x(y = L= [D (aT5ialt) (m) — alig(v)| +alig(t), (28)
where AT (7)
D= (b—a) =y o (vl 29
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Proof. The formula (i) of Theorem 1 for n = 2, implies

(t—a)7 ! (t—a)?

rq (7) rq (y—1)
by taking the Riemann-Liouville fractional quantum integral of order « to both sides of the
equation in (26), where C; = (ELDgflx) (a) and C; = (,Zlquvx) (a). From v € («,2) and
the given first condition x(a) = 0, we have C; = 0. Therefore, (30) is reduced to

(t—a)r!
rq(')’)

To find the constant C;, we use the second condition of (26) to above equation as

x(t) =

Ci+ Ca +algg(t), (30)

x(t) = C1+alpg(t).

(b—a)r! .
x(b) = = ~—Ci +al;g(b),
(0) = = 0y Gt alig(®)
and
m C] m )\qul(f)/) ’7+K1—1 .
1:21/\1( I x)(ﬂl) Fq('Y) = Fqi(7+Ki) (771 ) + Z/\ ( ai " qg) (;71),
which yields

rq [i i(alyialtg) nz)a;‘g(b)]-

Maintaining a constant Cj, the integral Equation (28) is established. The converse can
be proved easily by direct computation. The proof is now completed. [

The existence and uniqueness of the fixed point of the problem x = Gx will be proved
by defining the operator G : C([a, b],R) — C([a, b],R) by

gx(ny = L= [ZA( Il £ 1 2010)) ) — B2 £ (0, x(0) | + T2 £, 2(1)),

in view of Lemma 9, where @ is defined in (29), and using the Banach contraction map-
ping principle.

Theorem 3. Assume that (24) holds. If L& < 1, then the boundary value problem (26) has the
unique solution on an interval [a, b], where

(b—a)®
Ip(a+1)

(b —a)*
y(a+1)

D, =

(b—a)”ll |Ai|Tg; (2 + 1)
Tqi(

a+K;
D] ppranyon eurs s LU

Proof. If x € B, then we have

gx(n) < =9 [

m

Al (a5l £ O (o >>)+azg|f<b,x<b>>|]

el &
+alg | f(t, x(t))]
(5—0)7_1 Ki 1o o«
< 2Zu Z|Ai|(u1q;a1q(1))(m)+a1q(1)(b) (Lo + M)
EI =
a2 (1) () (Lp + M)
< Lp®y + My <p,
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where M = sup;.(,, |f(t,0)| and By = {x € Cla,b] : ||x|| < p} with p satisfying p >

M,
1—LPg
To show that the operator G is a contraction, for any x,y € B, we obtain

Gx(t) = Gy(t)

—ua 1| m .
S <p|7 l;Az|(a1q£a1§‘|f(m,x(m))—f(m,y(m))l)

. Consequently ||Gx|| < p which means that GB, C B,.

+alg | f(b,x(b)) — f(b,y(0)]| + a7 f (£, x(8)) — f(£y(t))]

( 0( (44

< ‘q)' L;M( I ( >)<n,»>+a1q<1><b>]u|x—yn
+ a8 B)L]x — ]

< Loy —yl,

which yields ||Gx — Gy|| < L®q||x —y/|. Since Ld; < 1, we conclude that G is a contraction
operator, and thus has the unique fixed point in B,. This implies that the boundary value
problem (26) with the Hilfer fractional quantum derivative of order 1 < a < 2 has the
unique solution x, such that ||x|| < p on [a, b]. The proof is now completed. [

Example 2. Consider the boundary value problem containing the Hilfer fractional quantum deriva-
tive of the following form:

2 2
3/2,4/7 _ 5cos*mt ((3x%(t) + 4|x(1)] 1 11 11
1/8D2/3 x(t)_13(8t+3)< 1+ x(t)] +osin?t+ o, o <t< —

3 4" 8 8’

()
(31)
11 2 23\ (3 4 Y
x(s) 33 (1/811/2 )(8) 55 (1/811/4 ) 8
6 6/5.\ (7 8/7.\ (2
+77(1/8[1/6 )(8) 99 (1/811/8 ) 8)
Here, « = 3/2, B = 4/7,q = 2/3,a = 1/8,b = 11/8, Ay = 2/33, A, = 4/55,
A3 =6/77, Ay = 8/99, 4 = 2/3,ky = 3/4, k3 = 6/5, k4 = 8/7, 41 = 1/2, g2 = 1/4,

gz =1/6,q4 =1/8,11 =3/8, 12 =5/8, 13 =7/8, 54 = 9/8. From the given data, we
obtain ® ~ 1.0551 and ®; ~ 2.5027. Setting

5cos? it (3x? + 4x| 1 .,, 1
t = - t _
f6%) = 365 3) ( 1+ || ) tayemity
then we have |f(t,x) — f(t,y)| < (5/13)|x —y| forallx,y € Rand t € [1/8,11/8]. Apply-
ing Theorem 3, the boundary value problem (31) has the unique solution on [1/8,11/8].

5. Conclusions

Two of the most popular fractional derivatives are those in the sense of Riemann—
Liouville and Caputo. In [27], R. Hilfer created a generalization that combined both aspects
of Riemann-Liouville and Caputo fractional derivatives, known as the Hilfer fractional
derivative of order « € (0,1) and a type € [0, 1], which can be reduced to the Riemann-
Liouville derivative when = 0, and to the Caputo fractional derivative when g = 1.
On the other hand, in [26], the fractional g-derivatives of Riemann-Liouville and Caputo
type were introduced. In the present paper, we have introduced the notion of “the Hilfer
fractional quantum derivative”, and we have studied some of its basic properties. For
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applications of this new notion, we studied one initial value problem of order in (0,1)
and a boundary value problem of order in (1,2), involving the Hilfer fractional quantum
derivative. Using a linear variant of the considered problems, we transformed them into
fixed-point problems, in which we can apply Banach’s contraction mapping principle and
proved the existence and uniqueness of the solutions in both problems. By constructing
numerical examples, we demonstrated the applicability of our theoretical results.

Author Contributions: Conceptualization, S.K.N. and ].T.; methodology, PW., S K.N., D.P. and ].T,;
formal analysis, PW., SK.N., D.P. and ].T.; writing—original draft preparation, PW. and J.T.; writing—
review and editing, S.K.N.; funding acquisition, J.T. All authors have read and agreed to the published
version of the manuscript.

Funding: This research was funded by College of Industrial Technology, King Mongkut’s University
of Technology North Bangkok (Grant No. Res-CIT0282/2021).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jackson, EH. g-Difference equations. Am. J. Math. 1910, 32, 305-314. [CrossRef]

2. Ernst, T.A. Comprehensive Treatment of q-Calculus; Springer: Basel, Switzerland, 2012.

3. Kac, V,; Cheung, P. Quantum Calculus; Springer: New York, NY, USA, 2002.

4.  Salem, A. Generalized g-integrals via neutrices: Application to the g-beta function. Filomat 2013, 27, 1473-1483. [CrossRef]

5. Al-Salam, W.A. Some fractional g-integrals and g-derivatives. Proc. Edinb. Math. Soc. 1966, 15, 135-140. [CrossRef]

6. Agarwal, RP. Certain fractional g-integrals and g-derivatives. Proc. Camb. Philos. Soc. 1969, 66, 365-370. [CrossRef]

7. Annaby, M.H.; Mansour, Z.S. g-Fractional Calculus and Equations; Lecture Notes in Mathematics; Springer: Berlin, Germany, 2012;
Volume 2056.

8.  Ahmad, B.; Ntouyas, S.K. Boundary value problems for g-difference inclusions. Abstr. Appl. Anal. 2011, 2011, 292860. [CrossRef]

9.  Dobrogowska, A.; Odzijewicz, A. Second order g-difference equations solvable by factorization method. J. Comput. Appl. Math.
2006, 193, 319-346. [CrossRef]

10. El-Shahed, M.; Hassan, H.A. Positive solutions of g-difference equation. Proc. Amer. Math. Soc. 2010, 138, 1733-1738. [CrossRef]

11.  Ferreira, R. Nontrivial solutions for fractional g-difference boundary value problems. Electron. |. Qual. Theory Differ. Equ. 2010,
2010, 1-10. [CrossRef]

12.  Gasper, G.; Rahman, M. Basic Hypergeometric Series; Cambridge University Press: Cambridge, UK, 1990.

13.  Ma,].; Yang, J. Existence of solutions for multi-point boundary value problem of fractional g-difference equation. Electron. ]. Qual.
Theory Differ. Equ. 2011, 2011, 1-10. [CrossRef]

14. Ahmad, B,; Ntouyas, S.K. Boundary value problems for g-difference equations and inclusions with nonlocal and integral boundary
conditions. Math. Mod. Anal. 2014, 19, 647-663. [CrossRef]

15.  Yang, C. Positive Solutions for a three-point boundary value problem of fractional g-difference equations. Symmetry 2018, 10, 358.
[CrossRef]

16. Guo, C,; Guo, J.; Kang, S.; Li, H. Existence and uniqueness of positive solutions for nonlinear g-difference equation with integral
boundary conditions. J. Appl. Anal. Comput. 2020, 10, 153-164. [CrossRef]

17.  Ouncharoen, R.; Patanarapeelert, N.; Sitthiwirattham, T. Nonlocal g-symmetric integral boundary value problem for sequential
g-symmetric integrodifference equations. Mathematics 2018, 6, 218. [CrossRef]

18.  Zhai, C.; Ren, ]. Positive and negative solutions of a boundary value problem for a fractional g-difference equation. Adv. Differ.
Equ. 2017, 2017, 82. [CrossRef]

19. Ren, J. Nonlocal g-fractional boundary value problem with Stieltjes integral conditions. Nonlinear Anal. Model. Control. 2019, 24,
582-602. [CrossRef]

20. Ren, ]J.; Zhai, C. Characteristic of unique positive solution for a fractional g-difference equation with multistrip boundary
conditions. Math. Commun. 2019, 24, 181-192.

21. Ren,]; Zhai, C. A fractional g-difference equation with integral boundary conditions and comparison theorem. Int. ]. Nonliner Sci.
Num. 2017, 18, 575-583. [CrossRef]

22.  Ren,].; Zhai, C. Unique solutions for fractional g-difference boundary value problems via a fixed point method. Bull. Malays.
Math. Sci. Soc. 2019, 42, 1507-1521. [CrossRef]

23.  Zhai, C.; Ren, J. The unique solution for a fractional g-difference equation with three-point boundary conditions. Indag. Math.

2018, 29, 948-961. [CrossRef]


http://doi.org/10.2307/2370183
http://dx.doi.org/10.2298/FIL1308473S
http://dx.doi.org/10.1017/S0013091500011469
http://dx.doi.org/10.1017/S0305004100045060
http://dx.doi.org/10.1155/2011/292860
http://dx.doi.org/10.1016/j.cam.2005.06.009
http://dx.doi.org/10.1090/S0002-9939-09-10185-5
http://dx.doi.org/10.14232/ejqtde.2010.1.70
http://dx.doi.org/10.14232/ejqtde.2011.1.92
http://dx.doi.org/10.3846/13926292.2014.980345
http://dx.doi.org/10.3390/sym10090358
http://dx.doi.org/10.11948/20190055
http://dx.doi.org/10.3390/math6110218
http://dx.doi.org/10.1186/s13662-017-1138-x
http://dx.doi.org/10.15388/NA.2019.4.6
http://dx.doi.org/10.1515/ijnsns-2017-0056
http://dx.doi.org/10.1007/s40840-017-0560-2
http://dx.doi.org/10.1016/j.indag.2018.02.002

Mathematics 2022, 10, 878 14 of 14

24.

25.

26.

27.
28.

29.

Tariboon, J.; Ntouyas, S.K. Quantum calculus on finite intervals and applications to impulsive difference equations. Adv. Differ.
Equ. 2013, 2013, 282. [CrossRef]

Ahmad, B.; Ntouyas, S.K.; Tariboon, J. Quantum Calculus: New Concepts, Impulsive IVPs and BV Ps, Inequalities; Trends in Abstract
and Applied Analysis; World Scientific: Singapore, 2016; Volume 4.

Tariboon, J.; Ntouyas, S.K.; Agarwal, P. New concepts of fractional quantum calculus and applications to impulsive fractional
g-difference equations. Adv. Differ. Equ. 2015, 2015, 18. [CrossRef]

Hilfer, R. (Ed.) Applications of Fractional Calculus in Physics; World Scientific: Singapore, 2000.

Ahmad, B.; Tariboon, J.; Ntouyas, S.K.; Alsulami, H.H.; Monaquel, S. Existence results for impulsive fractional g-difference
equations with anti-periodic boundary conditions. Bound. Value Probl. 2016, 2016, 16. [CrossRef]

Suantai, S.; Ntouyas, S.K.; Asawasamrit, S.; Tariboon, J. A coupled system of fractional g-integro-difference equations with
nonlocal fractional g-integral boundary conditions. Adv. Differ. Equ. 2015, 2015, 124. [CrossRef]


http://dx.doi.org/10.1186/1687-1847-2013-282
http://dx.doi.org/10.1186/s13662-014-0348-8
http://dx.doi.org/10.1186/s13661-016-0521-y
http://dx.doi.org/10.1186/s13662-015-0462-2

	Introduction
	Preliminaries
	The Hilfer Fractional Quantum Derivative
	Applications
	Boundary Value Problems of Order 0<<1
	Boundary Value Problems of Order 1<<2

	Conclusions
	References

