
����������
�������

Citation: Jerbi, H.; Ben Aoun, S.;

Omri, M.; Simos, T.E.; Tsitouras, C. A

Neural Network Type Approach for

Constructing Runge–Kutta Pairs of

Orders Six and Five That Perform

Best on Problems with Oscillatory

Solutions. Mathematics 2022, 10, 827.

https://doi.org/10.3390/

math10050827

Academic Editor: Xiangmin Jiao

Received: 15 December 2021

Accepted: 2 March 2022

Published: 4 March 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

A Neural Network Type Approach for Constructing
Runge–Kutta Pairs of Orders Six and Five That Perform Best on
Problems with Oscillatory Solutions
Houssem Jerbi 1 , Sondess Ben Aoun 2, Mohamed Omri 3, Theodore E. Simos 4,5,6,*
and Charalampos Tsitouras 7

1 Department of Industrial Engineering, College of Engineering, University of Ha’il, Hail 1234, Saudi Arabia;
h.jerbi@uoh.edu.sa

2 Department of Computer Engineering, College of Computer Science and Engineering, University of Ha’il,
Hail 1234, Saudi Arabia; s.benaoun@uoh.edu.sa

3 Deanship of Scientific Research (DSR), King Abdulaziz University, Jeddah 21589, Saudi Arabia;
Mnomri@kau.edu.sa

4 Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung City 40402, Taiwan

5 Data Recovery Key Laboratory of Sichun Province, Neijing Normal University, Neijiang 641100, China
6 Section of Mathematics, Department of Civil Engineering, Democritus University of Thrace,

GR671-00 Xanthi, Greece
7 General Department, National & Kapodistrian University of Athens, GR34-400 Psachna, Greece;

tsitourasc@uoa.gr
* Correspondence: tsimos.conf@gmail.com

Abstract: We analyze a set of explicit Runge–Kutta pairs of orders six and five that share no extra
properties, e.g., long intervals of periodicity or vanishing phase-lag etc. This family of pairs provides
five parameters from which one can freely pick. Here, we use a Neural Network-like approach where
these coefficients are trained on a couple of model periodic problems. The aim of this training is to
produce a pair that furnishes best results after using certain intervals and tolerance. Then we see that
this pair performs very well on a wide range of problems with periodic solutions.
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1. Introduction

The Initial Value problem (IVP) is

y′ = f (x, y), y(x0) = y0 (1)

with x0 a real number, y′, y ∈ Rm and f : R×Rm → Rm.
Runge–Kutta (RK) pairs are the most widely used numerical schemes for tackling

problems (1). Their coefficients are usually tabulated with Butcher tableaus [1,2], given
as follows.

c A
b
b̂

with b̂T , c, bT ∈ Rs and A ∈ Rs×s. The tableau above indicates that the method shares s
stages and A is a strictly lower triangular matrix. These stages are computed explicitly.
RK pairs produce two approximations for y(xn+1) in the point xn+1 = xn + hn after
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advancing each time from available data (xn, yn). These approximations yn+1 and ŷn+1 are
computed by

yn+1 = yn + hn

s

∑
j=1

bj f j

and

ŷn+1 = yn + hn

s

∑
j=1

b̂j f j

where

f j = f (xn + cjhn, yn + hn

j−1

∑
i=1

aji fi),

for j = 1, 2, · · ·, s. The two estimations of the true solution, namely ŷn+1 and yn+1 share
algebraic orders ql and qh > ql , respectively. Then we may have an estimation of the local
error as

εn = hqh−ql+1
n · ‖ŷn+1 − yn+1‖. (2)

Then we artificially force en = O(hqh), i.e., the same as the global error of the higher-
order formula (here qh = 6). Additionally, we expressed no reliability issues, e.g., tolerance
proportionality is attained. Estimate (2) here reduces to εn = ‖ŷn+1 − yn+1‖, which is
computed in every step and is used for guessing the next step size forward using the
formula [3]

hn+1 = 0.9 · hn ·
(

t
εn

)1/qh

, (3)

with tolerance t a low positive number set by the user. In case εn > t, we do not allow the
solution to be advanced. Then, we again use (3) but now we set hn+1 as a new value of the
current step hn. These pairs are named RKqh(ql) as an abbreviation.

Runge–Kutta procedures were first introduced in the late 19th century [4,5]. RK pairs
were introduced about 60 years ago. Erwin Fehlberg issued the first well-known pairs of
orders 8(7), 6(5) and 5(4), refs. [6,7]. Dormand and Prince continued in the early 1980s [8,9].

RK pairs are well-suited to efficiently solve any non-stiff problem of the type (1).
The precision of demand explains the wide range of pairings. As a result, the lower the
accuracy of demand, the more efficient the lowest RK pairings. A high-order pair, on the
other hand, should be chosen for demanding accuracies at quadruple precision.

In this work, we concentrate on RK6(5) pairings, which are chosen for intermediate
to high accuracies. Problems (1) with periodic/oscillatory solutions interest us here. As a
result, we shall offer a specific RK6(5) pair for dealing with such problems.

2. Theory of Runge–Kutta Pairs of Orders 6(5)

A Runge–Kutta method applied to a system of differential equations of the type (1) is
said to be of algebraic order q if and only if

X(τ) = 0 ∀τ ∈ Ti, for i = 1, 2, · · · , q (4)

where Ti is the set of i-th order rooted trees and

X(τ) =
1

σ(τ)

(
Φ(τ)− 1

γ(τ)

)
.

σ, γ are integral functions of τ (symmetry and density function respectively, in the ter-
minology introduced by Butcher [2]) and Φ is a certain composition of A, b, c. In the
following, the symbol T(i) denotes a vector with all the elements of the set X(Ti) in some
arbitrary order.

In the case of a 6(5) pair, Equation (4) is expanded in 37 nonlinear algebraic equations
that must be satisfied by its higher-order method and 17 equations by its lower-order
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method [2]. Meanwhile, we mention that all methods of order higher than five that have
been constructed so far, as well as those that we consider in this article, obey the simplifying
assumption

Ae = c, e = (1, 1, . . . , 1)T ∈ Rs. (5)

Otherwise, the number of conditions is 224; for details see [10].
All currently known pairs (except those derived by Sharp and Smart [11]) effectively

use eight stages (i.e., they use eight stages, with or without the first stage of the next step).
In such a case, the number of available free coefficients in A, b, b̂, c, is 44 or 45, depending
on whether the FSAL (First Stage As Last) device is employed or not.

The number of unknowns is less than the number of equations. Most of these equations
are strongly nonlinear with respect to the elements of A. It is common in Runge–Kutta
literature to apply for their solution some sort of simplifying assumptions. In the following,
we focus on a special kind of simplifying assumption that forms a family of solutions for
the order conditions. This family of solutions (and in consequence RK pairs) was proposed
simultaneously by Dormand et al. [12] and Verner [13]. The coefficients for pairs coming
from this family can be derived explicitly. Thus, we set initially

c1 = a42 = a52 = a62 = a72 = a82 = b2 = b3 = b̂2 = b̂3 = 0, c8 = c9 = 1, c3 =
2
3

c4 (6)

and assume the FSAL property a9j = bj, j = 1, 2, · · · 8.
In the following, whenever c is a vector, we denote by componentwise multiplication

ci = c ∗ · · · ∗ c ∗ c︸ ︷︷ ︸
i times

(we assume c0 = e). Here we set

A · c = c2

2
, A · c2 =

c2

3
and b · (A + C− I) = 0 (7)

where I is an identity matrix of suitable dimension and C = diag(c). Observe that the first
of the above simplifications (7) holds for indexes greater than 2. The second assumption
holds for indexes greater than 3, i.e., a32c2

2 6= c3
3/3.

After making the simplifying assumptions (6) and (7), the equations of order condi-
tion to be solved are less than the parameters of the method. See [14] for more details.
The remaining equations are

b · e = 1, b · c = 1/2, b · c2 = 1/3, b · c3 = 1/4, b · c4 = 1/5, b · c5 = 1/6, b · C · A · c3 = 1/24,

b̂ · e = 1, b̂ · c = 1/2, b̂ · c2 = 1/3, b̂ · c3 = 1/4, b̂ · c4 = 1/5, b̂ · A · c3 = 1/20.

The above order conditions along with (6) and (7) form a set of equations that are six
less than the parameters. Thus, we choose arbitrarily the parameters c2, c4, c5, c6, c7 best
in the interval (0, 1) and b̂9 6= 0. This family’s pairs have been shown to perform best in a
variety classes of problems [14].

We may proceed by evaluating successively the coefficients. Thus, we initially take (6).
Then we compute successively and explicitly

b8 =

{
3c6(−4 + 5c7)− 2(−5 + 6c7) + c5(−5c6(−3 + 4c7) + 3(−4 + 5c7))
+c4(−5c6(−3 + 4c7) + 3(−4 + 5c7) + 5c5(3− 4c7 + 2c6(−2 + 3c7)))

}
60(−1 + c4)(−1 + c5)(−1 + c6)(−1 + c7)

,

b7 =

{
−60b8(−1 + c4)(−1 + c5)(−1 + c6)− 5c5(−3 + 4c6) + 3(−4 + 5c6)

+5c4(3− 4c6 + 2c5(−2 + 3c6))

}
60(c4 − c7)(c5 − c7)(c6 − c7)c7

,
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b6 =
3− 12b8(−1 + c4)(−1 + c5)− 4c5 + 2c4(−2 + 3c5)− 12b7(c4 − c7)(c5 − c7)c7

12(c4 − c6)(c5 − c6)c6
,

b5 =
−2− 6b8(−1 + c4) + 3c4 − 6b6(c4 − c6)c6 − 6b7(c4 − c7)c7

6(c4 − c5)c5
,

b4 =
1− 2b8 − 2b5c5 − 2b6c6 − 2b7c7

2c4
,

b̂8 =


(−10 + 12c7 − 3c6(−4 + 5c7)− c5(−5c6(−3 + 4c7) + 3(−4 + 5c7))
−c4(−12 + 15c7 − 5c6(−3 + 4c7) + 5c5(3− 4c7 + 2c6(−2 + 3c7)))
(−3c6 − 10c2

5c6 + c5(1 + 10c6)− 5c2
4(2c6 + 10c2

5c6 − c5(1 + 8c6))
+c4(1 + 10c6 − 5c5(2 + 7c6) + 5c2

5(1 + 8c6)) + 10(3c6 + 8c2
5c6 − c5(1 + 9c6)

+2c2
4(4c6 + 15c2

5c6 − 2c5(1 + 7c6))− c4(1 + 9c6 + 4c2
5(1 + 7c6)− c5(9 + 28c6)))b̂9)


60(−1 + c4)(−1 + c5)(−1 + c6)·

(3c6 + 10c2
5c6 − c5(1 + 10c6) + 5c2

4(2c6 + 10c2
5c6 − c5(1 + 8c6))

−c4(1 + 10c6 − 5c5(2 + 7c6) + 5c2
5(1 + 8c6)))(−1 + c7)


,

b̂7 =

{
−60b̂8(−1 + c4)(−1 + c5)(−1 + c6)− 60b̂9(−1 + c4)(−1 + c5)(−1 + c6)
−5c5(−3 + 4c6) + 3(−4 + 5c6) + 5c4(3− 4c6 + 2c5(−2 + 3c6))

}
60(c4 − c7)(c5 − c7)(c6 − c7)c7

,

b̂6 =

{
3− 12b̂8(−1 + c4)(−1 + c5)− 12b̂9(−1 + c4)(−1 + c5)− 4c5

+2c4(−2 + 3c5)− 12b̂7(c4 − c7)(c5 − c7)c7

}
12(c4 − c6)(c5 − c6)c6

,

b̂5 =
−2− 6b̂8(−1 + c4)− 6b̂9(−1 + c4) + 3c4 − 6b̂6(c4 − c6)c6 − 6b̂7(c4 − c7)c7

6(c4 − c5)c5
,

b̂4 =
1− 2b̂8 − 2b̂9 − 2b̂5c5 − 2b̂6c6 − 2b̂7c7

2c4
,

a87 =
−2 + c5(3− 5c6) + 3c6 + c4(3− 5c6 + 5c5(−1 + 2c6))

60b8(c4 − c7)(c5 − c7)(c6 − c7)c7
,

a76 =
−1 + 2c5 − c4(−2 + 5c5)

120b7(c4 − c6)(c5 − c6)c6(−1 + c7)
,

a86 =
2− c5(3− 5c7)− 60a76b7(c4 − c6)(c5 − c6)c6(c6 − c7)− 3c7 − c4(3− 5c7 + 5c5(−1 + 2c7))

60b8(c4 − c6)(c5 − c6)c6(c6 − c7)
,

a32 =
c2

3
2c2

, a43 =
c2

4
2c3

, a54 = −
(c4 − c5)c2

5
c2

4
, a53 = −

3(2a54c4 − c2
5)

4c4
,

a83 =

{
−a43(b̂4b6b7(c6 − c7) + b4(b̂7b6(c4 − c6) + b7b̂6(−c4 + c7)))

−a53(b̂5b6b7(c6 − c7) + b5(b̂7b6(c5 − c6) + b̂6b7(−c5 + c7)))

}
b6(b7b8(1− c6) + b8b7(c6 − c7)) + b6b7b8(−1 + c7)

a73 =
a83b8(1− c6) + a43b4(c4 − c6) + a53b5(c5 − c6)

b7(c6 − c7)
,

a63 =
−a43b4(−1 + c4)− a53b5(−1 + c5)− a73b7(−1 + c7)

b6(−1 + c6)
,

a65 =
−4a63c2

4 + 3(3c4 − 2c6)c2
6

18(c4 − c5)c5
, a64 =

−4a63c4 − 6a65c5 + 3c2
6

6c4
,

a75 =
−4a73c2

4 − 3(6a76(c4 − c6)c6 − (3c4 − 2c7)c2
7)

18(c4 − c5)c5
,
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a74 =
−4a73c4 − 6a75c5 − 6a76c6 + 3c2

7
6c4

,

a85 =
−4a83c2

4 − 3(2− 3c4 + 6a86(c4 − c6)c6 + 6a87(c4 − c7)c7)

18(c4 − c5)c5
,

a84 =
3− 4a83c4 − 6a85c5 − 6a86c6 − 6a87c7

6c4
,

b1 = 1− b4 − b5 − b6 − b7 − b8,

b̂1 = 1− b4 − b5 − b6 − b7 − b8 − b9,

a21 = c2, a31 = c3 − a32, a41 = c4 − a42 − a43,

a51 = c5 − a52 − a53 − a54, a61 = c6 − a62 − a63 − a64 − a65,

a71 = c7 − a72 − a73 − a74 − a75 − a76, a81 = c8 − a82 − a83 − a84 − a85 − a86 − a87,

and lastly the FSAL device holds

a9j = bj, j = 1, 2, · · ·, 8.

This means that even though s = 9, the family only spends eight stages every step,
since the ninth stage is employed as the initial stage of the following step.

The next question is how to choose the free parameters. We have traditionally at-
tempted to reduce the norm of the primary term of the local truncation error, i.e., the h7

coefficients in the residual of Taylor error expansions corresponding to the underlying
RK pair’s sixth-order method [14]. Another choice is to reduce the phase-lag. This means
that we strive to narrow the angle between the numerical and analytical solutions in a
free oscillator [15]. Methods with small phase-lag are ideal for use in situations with
periodic solutions.

3. Training the Coefficients

We intend to extract a specific RK6(5) pair from the above-mentioned family. The pair
to be constructed must outperform existing methods on harmonic oscillators and other
problems with oscillatory solutions. Thus, we concentrate on the following couple of
harmonic oscillators

y′′ = −y, y(0) = 1, y′(0) = 0, x ∈ [0, 10π],

y′′ = −100y, y(0) = 1, y′(0) = 0, x ∈ [0, 10π],

with analytical solutions being y(x) = cos x and y(x) = cos 10x, respectively. These
problems can be transformed to the following first-order systems,[

y′1
y′2

]
=

[
0 1
−1 0

][
y1
y2

]
, y1(0) = 1, y2(0) = 0, x ∈ [0, 10π], (8)

and [
y′1
y′2

]
=

[
0 1
−10 0

][
y1
y2

]
, y1(0) = 1, y2(0) = 0, x ∈ [0, 10π], (9)

respectively.
Let us approximate their solutions by an arbitrary RK6(5) pair taken from the family

in question. After solving (8) with tolerance t = 10−10, we record the number f ev1 of stages
(i.e., function evaluations) needed and the global error ge1 observed over the grid (mesh) in
the integration interval. As partially noticed in [16], a single-step efficiency may be given as

efficiency = (stages per step)× (norm principal truncation error coefficients)1/order.
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Here, we intend to run the methods over a whole interval and record the function
evaluations spent and the global error observed. Thus, in [17] the efficiency of a method
run for a certain problem is defined

efficiency = stages× (global error)1/order,

i.e., for problem (8) the efficiency is f ev1 · ge1/6
1 . Ideally this number remains constant for all

tolerances. Thus, for more stages, we obtain smaller global error and the efficiency measure
remains the same.

Analogously, we solved (9) using as tolerance t = 10−9 and recorded the correspond-
ing values f ev2 and ge2. Then we define the efficiency metric

u = u1 + u2 = f ev1 · ge1/6
1 + f ev2 · ge1/6

2 , (10)

as fitness function and try to minimize it. Thus, the fitness function is two whole runs of an
Initial Value Problem. The value u varies with respect to the free coefficients c2, c4, c5, c6, c7

and b̂9. We now fix b̂9 = 1
20 , since this coefficient mainly influences tolerance. Indeed, we

may set
b̃9 = λ · b̂9, λ 6= 0,

and obtain a new b̃ = λb̂ + (1− λ)b. Since b̃− b = λ(b̂− b), this is equivalent of tolerance
becoming λt (see [16] for details in the issue).

The idea applied here originates in the work on neural networks done in [17]. For the
minimization process, we used the Differential Evolution technique [18,19]. We have
already tried this approach and obtained some interesting results in producing pairs from
the family of interest here for integrating orbits [20]. In this latter work we trained the
coefficients of a RK6(5) pair on a couple of Kepler orbits. Then we observed very pleasant
results over a set of Kepler orbits as well as other known orbital problems.

The optimization furnished five values for the parameters. The result is rather robust,
i.e., we obtain almost the same optimal value for u even for neighboring parameters. Thus,
we present the selected parameters in 6 significant decimal digits below:

c2 =
13

1410
, c4 =

117
838

, c5 =
807

1937
, c6 =

305
553

, c7 =
1046
1489

.

The resulting pair is presented in Table 1.

Table 1. Coefficients of the proposed here NEW6(5) pair, accurate for double precision computations.

0

13
1410

13
1410

39
419 − 66144

175561
82485

175561

117
838

117
3352 0 351

3352

807
1937

182399006
254216277 0 − 834008851

301365113
726863017
294686356

305
553 − 192573977

188294557 0 843555739
201956463 − 954154360

311813429
62139841
135865633

1046
1489 − 684308041

262041343 0 1205833115
116540586 − 1221262584

155418209
164203890
298486487

137546497
500475746

1 3799235791
453585141 0 − 41832103729

1359941217
7357737644
319864551

1775888279
626994813 − 654624079

142553731
753296961
351796097

1 8706739
153881380 0 0 9103187

54995811
80867320
138768129 − 79387865

165284773
39876782
67239903

9456952
114768929

8706739
153881380 0 0 9103187

54995811
80867320
138768129 − 79387865

165284773
39876782
67239903

9456952
114768929

28808587
168165902 0 0 − 59921183

353264845
489766367
310258909 − 676222302

391676407
395611908
358854617 − 1070837

172441250
1
20
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The norm of the principal truncation error coefficients is (see [21] for details on order
conditions of Runge–Kutta methods and their truncation error coefficients)

‖T(7)‖2 ≈ 3.24 · 10−4

which is much greater than the corresponding value ‖T(7)‖2 ≈ 4.37 · 10−5 for DLMP6(5)
presented in [13]. The interval of absolute stability is (−4.31, 0] which is rather small. No
extra phase-lag order is observed since bA5c 6= 1

5040 [15].
In conclusion, no extra attribute appears to exist. The pair in Table 1 does not have

anything noteworthy. After observing its usual traits, it is difficult to expect a particular per-
formance.

4. Numerical Tests

We tested the following pairs chosen from the family studied above.

1. DLMP6(5) pair appeared in [13].
2. PTP6(5) pair given in [15].
3. NEW6(5) presented here.

All the pairs were run for tolerances 10−5, 10−6, · · ·, 10−11, and the efficiency mea-
sures (10) were recorded.

The problems we tested are the following.

1–5. The model problem

y′′ = −µ2y, y(0) = 1, y′(0) = 0, x ∈ [0, 10π],

with analytical solution y(x) = cos(µx). This problem was run for five different selections
of µ, namely µ = 1, 3, 5, 7, 10. Thus, we obtain five problems 1–5.

6. The inhomogeneous problem

y′′ = −100y + 99 sin x, y(0) = 1, y′(0) = 11, x ∈ [0, 10π],

with theoretical solution y(x) = cos(10x) + sin(10x) + sin x.

7. The Bessel equation
The well-known Bessel equation

y′′ = −y(x) · 1 + 400x2

4x2 ,

is verified by an analytical solution of the form [15],

y(x) = J0(10x) ·
√

x,

with J0 the zeroth-order Bessel function of the first kind. This equation also integrated in
the interval [0, 10π].

8. The Duffing equation
Next, we choose the equation

y′′(x) =
1

500
· cos(1.01x)− y(x)− y(x)3,

y(0) = 0.2004267280699011, y′(0) = 0,

with an approximate analytical solution shown in [22,23],

y(x) ≈


6 · 10−16 cos(11.11x) + 4.609 · 10−13 cos(9.09x)
+3.743495 · 10−10 cos(7.07x) + 3.040149839 · 10−7 cos(5.05x)
+2.469461432611 · 10−4 cos(3.03x) + 0.2001794775368452 cos(1.01x)
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We again solved the above equation in the interval [0, 10π].

9. semi-Linear system
The nonlinear problem proposed by Franco and Gomez [24] is as follows.

y′′(t) =

(
−199 −198

99 98

)
· y(x) +

(
(y1 + y2)

2 + sin2(10x)− 1

(y1 + 2y2)
2 − 10−6 sin 2(x)

)
,

x ∈ [0, 10π],

with analytical solution

y(t) =
(

2 cos(10x)− 10−3 sin(x)
− cos(10x) + 10−3 sin(x)

)
.

We estimated 63 (i.e., 9 problems times 7 tolerances) efficiency measures for each pair.
We set NEW65 as reference pair. Then we divided each efficiency measure of DLMP6(5)
with the corresponding efficiency measure of NEW6(5). The results can be found in Table 2.

For the above selection of free parameters, we obtained u1,NEW65 = 19.30 while for
DLMP6(5) pair found in [13] we observe u1,DLMP65 = 71.09, i.e.,

u1,DLMP65

u1,NEW65
≈ 3.68,

meaning that the latter pair is about 268% more expensive than delivering the same accuracy.
By contrast, we experience about log10(

71.09
19.30 )

6 ≈ 3.4 digits of accuracy less for the same
costs. The figure underlined in the first row of results is the number we found at the original
training with problem-1 and tolerance 10−10. In the same sense

u2,DLMP65

u2,NEW65
≈ 3.35,

and it is represented in Table 2 with an underlined figure also.
It is obvious that positive results are in favor of the second pair. On average, we

observed a ratio of 2.34, meaning that DLMP6(5) is about 134% more expensive. This is
quite remarkable since much effort has been made over the years for achieving 10–20%
efficiency [21,25]. By contrast, this means that about log10 2.346 ≈ 2.22 digits were gained
on average at the same costs.

Table 2. Efficiency measures ratios of DLMP6(5) vs. NEW6(5).

Tolerances

Problem 10−5 10−6 10−7 10−8 10−9 10−10 10−11

1 1.48 1.65 1.92 2.25 2.74 3.68 2.81
2 1.62 1.75 2.11 2.32 2.90 3.33 2.58
3 1.61 1.94 2.10 2.42 3.04 3.24 2.57
4 1.72 1.75 2.20 2.56 3.13 3.17 2.53
5 1.63 1.89 2.15 2.56 3.35 3.11 2.45
6 1.91 1.91 2.21 2.61 3.53 3.02 2.44
7 1.56 1.78 2.01 2.21 2.78 3.72 2.78
8 1.51 1.72 2.18 2.75 1.69 1.60 1.61
9 1.79 2.00 2.23 2.47 2.57 2.42 2.26

In Table 3, we present the ratios in efficiency measures of PTP6(5) with the correspond-
ing efficiency measures of NEW6(5). On average we observed a ratio of 1.36, meaning that
PTP6(5) is about 36% more expensive. By contrast, this means that about log10 1.366 ≈ 0.81
digits were gained on average at the same costs. The result is also remarkable. In [15],
a high phase-lag order pair named PTP6(5) was designed for addressing problems with
periodic solutions. This required the satisfaction of two extra conditions for the coefficients.
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NEW6(5) outperformed other pairs even in the clearly nonlinear problems. Finally, we
mention that we obtained more or less similar results for longer integrations.

Table 3. Efficiency measures ratios of PTP6(5) vs. NEW6(5).

Tolerances

Problem 10−5 10−6 10−7 10−8 10−9 10−10 10−11

1 1.06 1.10 1.19 1.29 1.49 1.94 1.63
2 1.03 1.01 1.21 1.33 1.56 1.77 1.58
3 1.06 1.12 1.21 1.33 1.60 1.74 1.62
4 1.08 1.07 1.21 1.35 1.64 1.71 1.63
5 1.06 1.15 1.25 1.35 1.70 1.68 1.60
6 1.09 1.09 1.26 1.40 1.84 1.67 1.61
7 1.08 1.12 1.19 1.29 1.44 1.93 1.60
8 1.20 1.09 1.05 1.56 1.15 1.15 1.13
9 1.15 1.29 1.33 1.38 1.41 1.43 1.56

The results are very promising. Some future research may use optimization on a wider
range of tolerances and model problems. Perhaps a pair spending two parameters for
fulfilling the phase-lag property and then trained for periodic problems would furnish
even more interesting results. Of course application of this technique on other classes of
problems is also possible, e.g., orbits.

5. Conclusions

Training the coefficients of a Runge–Kutta pair for addressing problems with oscilla-
tory solutions. We concentrated on an extensively studied family of Runge–Kutta pairs of
orders six and five. All the coefficients of this pair are expressed with respect to a set of
free parameters. We optimized the results of this pair in a couple of runs of a harmonic
oscillator changing the free parameters. Thus, we concluded that a certain pair is found to
outperform other representatives from this family in a wide range of relevant problems.

Author Contributions: All authors have contributed equally. All authors have read and agreed to
the published version of the manuscript.

Funding: The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah, Saudi
Arabia has funded this project, under grant no. (FP-057-43).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Butcher, J.C. On Runge-Kutta processes of high order. J. Austral. Math. Soc. 1964, 4, 179–194. [CrossRef]
2. Butcher, J.C. Numerical Methods for Ordinary Differential Equations; John Wiley & Sons: Chichester, UK, 2003.
3. Hairer, E.; Nørsett, S.P.; Wanner, G. Solving Ordinary Differential Equations I; Springer: Berlin, Germany, 1987.
4. Runge, C. Ueber die numerische Auflöung von Differentialgleichungen. Math. Ann. 1895, 46, 167–178. [CrossRef]
5. Kutta, W. Beitrag zur naherungsweisen Integration von Differentialgleichungen. Z. Math. Phys. 1901, 46, 435–453.
6. Fehlberg, E. Klassische Runge-Kutta-Formeln fiinfter und siebenter Ordnung mit Schrittweiten-Kontrolle. Computing 1969, 4,

93–106. [CrossRef]
7. Fehlberg, E. Klassische Runge-Kutta-Formeln vierter und niedriger ordnung mit Schrittweiten-Kontrolle und ihre Anwendung

auf Warmeleitungsprobleme. Computing 1970, 6, 61–71. [CrossRef]
8. Dormand, J.R.; Prince, P.J. A family of embedded Runge-Kutta formulae. J. Comput. Appl. Math. 1980, 6, 19–26. [CrossRef]
9. Prince, P.J.; Dormand, J.R. High order embedded Runge-Kutta formulae. J. Comput. Appl. Math. 1981, 7, 67–75. [CrossRef]
10. Tsitouras, C. Explicit Runge–Kutta methods for starting integration of Lane–Emden problem. Appl. Math. Comput. 2019, 354,

353–364. [CrossRef]

http://doi.org/10.1017/S1446788700023387
http://dx.doi.org/10.1007/BF01446807
http://dx.doi.org/10.1007/BF02234758
http://dx.doi.org/10.1007/BF02241732
http://dx.doi.org/10.1016/0771-050X(80)90013-3
http://dx.doi.org/10.1016/0771-050X(81)90010-3
http://dx.doi.org/10.1016/j.amc.2019.02.047


Mathematics 2022, 10, 827 10 of 10

11. Sharp, E.W.; Smart, E. Explicit Runge-Kutta pairs with one more derivative evaluation than minimum. SIAM J. Sci. Statist.
Comput. 1993, 14, 338–348. [CrossRef]

12. Verner, J.H. Some Runge-Kutta formula pairs. SIAM J. Numer. Anal. 1991, 28, 496–511. [CrossRef]
13. Dormand, J.R.; Lockyer, M.A.; McGorrigan, N.E.; Prince, P.J. Global error estimation with Runge-Kutta triples. Comput. Math.

Appl. 1989, 18, 835–846. [CrossRef]
14. Tsitouras, C. A parameter study of explicit Runge-Kutta pairs of orders 6(5). Appl. Math. Lett. 1998, 11, 65–69. [CrossRef]
15. Papageorgiou, G.; Tsitouras, C.; Papakostas, S.N. Runge-Kutta pairs for periodic initial value problems. Computing 1993, 51,

151–163. [CrossRef]
16. Shampine, L.F. Some practical Runge-Kutta formulas. Math. Comp. 1986, 46, 135–150. [CrossRef]
17. Tsitouras, C. Neural Networks With Multidimensional Transfer Functions. IEEE Trans. Neural Netw. 2002, 13, 222–228. [CrossRef]
18. Storn, R.M.; Price, K.V. Differential evolution—A simple and efficient heuristic for global optimization over continuous spaces. J.

Glob. Optim. 1997, 11, 341–359. [CrossRef]
19. Price, K.V.; Storn, R.M.; Lampinen, J.A. Differential Evolution, a Practical Approach to Global Optimization; Springer: Berlin,

Germany, 2005.
20. Shen, Y.C.; Lin, C.L.; Simos, T.E.; Tsitouras, C. Runge-Kutta Pairs of Orders 6(5) with Coefficients Trained to Perform Best on

Classical Orbits. Mathematics 2021, 9, 1342. [CrossRef]
21. Papageorgiou, G.; Papakostas, S.N.; Tsitouras, C. A general family of explicit Runge-Kutta pairs of orders 6(5). SIAM J. Numer.

Anal. 1996, 33, 917–936.
22. Chawla, M.M.; Rao, P.S. An exDlicit sixth-order method with phase-iag of order eight for y′′ = f (t, y). J. Comput. Appl. Math.

1987, 17, 365–368. [CrossRef]
23. Wu, D.; Wang, Z. A Mathematica program for the approximate analytical solution o a nonlinear undamped Duffing equation by a

new approximate approach. Comput. Phys. Commun. 2006, 174, 447–463. [CrossRef]
24. Franco, J.M.; Gomez, I. Trigonometrically fitted nonlinear two-step methods for solving second order oscillatory IVPs. Appl. Math.

Comput. 2014, 232, 643–657. [CrossRef]
25. Papakostas, S.N.; Papageorgiou, G. A family of fifth order pairs. Math. Comput. 1996, 65, 1165–1181. [CrossRef]

http://dx.doi.org/10.1137/0914021
http://dx.doi.org/10.1137/0728027
http://dx.doi.org/10.1016/0898-1221(89)90181-8
http://dx.doi.org/10.1016/S0893-9659(97)00135-3
http://dx.doi.org/10.1007/BF02243849
http://dx.doi.org/10.1090/S0025-5718-1986-0815836-3
http://dx.doi.org/10.1109/72.977309
http://dx.doi.org/10.1023/A:1008202821328
http://dx.doi.org/10.3390/math9121342
http://dx.doi.org/10.1016/0377-0427(87)90113-0
http://dx.doi.org/10.1016/j.cpc.2005.09.006
http://dx.doi.org/10.1016/j.amc.2014.01.078
http://dx.doi.org/10.1090/S0025-5718-96-00718-1

	Introduction
	Theory of Runge–Kutta Pairs of Orders 6(5)
	Training the Coefficients
	Numerical Tests
	Conclusions
	References

