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Abstract: In this study, an efficient localized method of fundamental solution (LMFS) is applied
to nonlinear heat conduction with mixed boundary conditions. Since the thermal conductivity is
temperature-dependent, the Kirchhoff transformation is used to transform the nonlinear partial
differential equations (PDEs) into Laplace equations with nonlinear boundary conditions. Then the
LMFS is applied to the governing equation, and the nonlinear equations are treated by the fictitious
time integration method (FTIM). Both 2D and 3D numerical examples are proposed to verify the
effectiveness of the LMFS.

Keywords: nonlinear heat conduction; Kirchhoff transformation; localized method of fundamental
solutions; fictitious time integration method

1. Introduction

In many industrial problems, the physical properties of materials are always changing
with temperature. For example, thermal conductivity is affected by temperature in the
semiconductor materials, which will cause an additional rise in temperature. The change
in temperature cannot be neglected during the thermal analysis of GaN-based electronic
devices [1]. The changes of thermal conductivity with the temperature can help people
to better understand production processes, such as the hot stamping process [2], complex
thermal management, and so on [3,4]. The relationship between the material properties
and the temperature can be expressed as a set of nonlinear governing equations. In steady-
state heat conduction, the nonlinearity of the governing equations can be changed to
Laplace equations with nonlinear boundary conditions by Kirchhoff transformation [5].
The first type and second type of boundary conditions remain the same with the Kirchhoff
transformation. Then, the nonlinearity on the boundary is not strong and can be solved by
various numerical methods.

Numerical methods are proposed to solve nonlinear heat conduction problems, such as
the traditional finite difference method (FDM) [6,7], the finite element method (FEM) [8–10],
the boundary element method (BEM) [11], the finite volume method [12], and so on [13,14].
However, these methods are mainly developed based on grids; the division of the grid
is cumbersome, especially when dealing with problems of large deformation. The grids
are always changing, and the computational costs are very large. In order to solve the
shortcomings of traditional mesh-based methods, meshless methods have been proposed
and applied to various problems [15–20]. The boundary-type meshless method is one type
of famous meshless methods. The basis functions of boundary-type meshless methods
are usually related to the governing equations. Famous boundary-type meshless meth-
ods include the homotopy method of fundamental solutions (HMFS) [21], the boundary
knot method (BKM) [22,23], the Trefftz method [24,25], the singular boundary method
(SBM) [26,27], the method of fundamental solutions (MFS) [28,29], and so on [30,31].

The MFS employs fundamental solutions as the basis function and was first proposed
by Kupradze and Aleksidze [32]. The MFS employs fictitious boundary nodes close to the
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source nodes to avoid singularity. It has been applied to many problems of engineering and
science [33,34]. However, due to the full matrix formulated in the MFS, the traditional MFS
method cannot be easily adapted to large-scale problems. Thus, the localized method of
fundamental solution (LMFS) developed from the finite difference form was proposed [35].
The LMFS approximates the numerical solutions by using a small number of nodes in a
local subdomain, and the unknown coefficients are interpolated by considering fictitious
boundaries in each small domain. Thus, a sparse discretized matrix can be formulated in the
LMFS. The LMFS has been applied to some problems, for example, three-dimensional sound
analysis [36], anisotropic heat conduction [37], two-dimensional harmonic elastic wave [38],
and so on [39–41]. However, the LMFS has not yet been applied to nonlinear problems.

In this study, the localized method of fundamental solution (LMFS) is applied to
solve the nonlinear heat conduction problem. Kirchhoff transforms are used to transform
nonlinear governing partial differential equations into Laplace equations with nonlinear
boundary conditions [42,43]. The focus of the research is to propose a new set of local
meshless basic solution methods, combined with an innovative, non-traditional, iterative
quasi-time integration method (FTIM) for solving nonlinear equations, to solve nonlinear
heat conduction problems. The advantage of this scheme is that, compared with the
traditional basic solution (MFS), it does not require the arrangement of source points
outside the region, and it is more suitable for geometrically irregular three-dimensional
problems. At the same time, compared with the nonlinear least squares method [44,45]
and the Newton method [46], FTIM does not require a Jacobian matrix, and it makes the
solution of such problems very simple. The structure of this paper is as follows: Section 2
gives the details of Kirchhoff transform. Section 3 introduces the numerical formulation of
LMFS, Section 4 introduces the FTIM, and then Section 5 provides numerical results and
discussions. Finally, some conclusions are drawn in Section 6.

2. Problem Description

First, a simply-connected, bounded 2D domain consisting of internal domain Ω and
three boundaries Γ1, Γ2, Γ3 is considered, as shown in Figure 1. The governing equation for
the thermal conduction with temperature-dependent thermal conductivity K(T) > 0 has the
following form:

∇ · (K(T)∇T) = 0, (1)

where T is temperature and subjected to boundary conditions

T = f , on Γ1, (2)

− K(T)
∂T
∂n

= g, on Γ2, (3)

K
∂T
∂n

+ Ch

(
T − Tf

)
+ C0R

(
T4 − Ts

4
)
= q, on Γ3, (4)

where n is the unit normal vector on the boundary, f is the temperature on the boundary
Γ1, g is the given heat flux on boundary Γ2, Ch is the convective heat transfer coefficient, Tf

is the temperature located on the fluid boundary, C0 = 5.667 × 10−8 W/m2, K4 is the Stefan
Boltzman constant, R is the radiation exchange factor, and Ts is the temperature on the solid
boundary. Equations (2)–(4) are the Dirichlet, Neumann, and Robin boundary conditions,
respectively. Among them, nonlinear PDEs can be transformed to Laplace equations by
Kirchhoff transformation, which is defined as:

Φ = ϕ(T) =
∫ T

0

K(ξ)
K0

dξ, (5)

where K(T) = K0(1 + m(T)), K0 is a positive constant, m(T) > −1 is a given function. Then
the inverse transformation can be defined as:

T = ϕ−1(Φ), (6)

using Kirchhoff transformation, Equations (1)–(4) can be transformed as:

∇2Φ = 0, in Ω, (7)
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Φ = ϕ( f ), on Γ1, (8)

− K0
∂Φ
∂n

= g, on Γ2, (9)

K0
∂Φ
∂n

+ Ch

[
ϕ−1(Φ)− Tf

]
+ C0R

[
ϕ−1(Φ)4 − T4

s

]
= q, on Γ3, (10)

the boundary condition on Γ3 is nonlinear. As Φ is known, T can be determined by
Equation (6).
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3. Introduction of the LMFS

As shown on the left side of Figure 1, N = ni + nb nodes are distributed in the domain
Ω, and along the boundary ∂ Ω, nb = nb1 + nb2 + nb3 and ni are the number of boundary
and interior nodes, respectively. nb1, nb2 and nb3 are the number of nodes along the Γ1, Γ2,
and Γ3, respectively.

When the ith node is considered, the m nearest nodes can be determined by calculating
the distance between each node and the ith node. A small local domain can be obtained
with the ith node and its nearest m nodes, as shown on the right side of Figure 1. The LMFS
in the local domain of the ith node can be expressed as follows:

Φ(i) =
m

∑
j=1

αj
(i)P

(
ρj
)
, (11)

where α
(i)
j are the unknown coefficients, P (ρj) is the fundamental solutions of the Laplace

equation given by

P
(
ρj
)

=

{
ln
(
ρj
)
, in 2D,

1
ρj

, in 3D, (12)

where ρj = ‖X− s(i)j ‖ is the distance between the field node X = [x, y] and the jth source

nodes s(i)j =
[

xj, yj

]
. The source nodes are uniformly distributed along an artificial circular

boundary ∂Ω(i)s, as shown in Figure 1. The radius of the circular artificial boundary
is RS = R× max

1≤i≤N

(
λ(i)
)

, where R > 1 is an adjustable parameter, and λ(i) is largest distance

between the m nearest nodes and the ith node. For simplicity, R = 10 is used in this work.
Considering Equation (11), the field quantities at the nodes located in the ith local domain
can be written as:

Φ(i) = Hα(i), (13)

where Φ(i) =
[
Φ(i)

1 , Φ(i)
2 , Φ(i)

3 , . . . , Φ(i)
m

]†
is the vector of field quantities and α(i) =[

α
(i)
1 , α

(i)
2 , α

(i)
3 , . . . , α

(i)
m

]†
is the vector of the unknown coefficients, and H is the coefficient

matrix related to the fundamental solution which can be expressed as:
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Hkj =

 ln
(

ρkj

)
, in 2D,

1
ρkj

, in 3D,
(14)

where k denotes the index of the local nodes in the local domain, and j is the index of the
fictitious source nodes on ∂Ω(i)s. Considering the inverse matrix of H to Equation (13), the
unknown coefficients can be interpolated in terms of the field quantities at the local nodes
in each local subdomain:

α(i) = H−1Φ(i), (15)

thus, the numerical solution at ith node can be expressed as the following form:

Φ(xi) =
m

∑
j=1

α
(i)
j ln

(
ρij
)
= h(i)α(i) = h(i)H−1Φ(i) =

m

∑
j=1

ω
(i)
j Φ(i)

j (16)

where ω
(i)
j is the weighting coefficient related to the nodes in the ith local domain, the

fictitious source nodes, and the fundamental solution of the Laplace equation.

h(i) =

 [ln(ρi1), ln(ρi2), ln(ρi3), . . . , ln(ρim)]
† in 2D,[

1
ρi1

, 1
ρi2

, 1
ρi3

, . . . , 1
ρim

]†
in 3D,

(17)

is the vector of the fundamental solution at the ith node. Equation (16) represents the
relationship between the ith node in the local subdomain and the other m nodes. In the
MFS, the derivative of the unknown coefficients can be solved directly, and the derivative
at the ith node in the LMFS can also be derived in a similar way, as follows:

∂Φ
∂x

=


h(i)

x
†α(i) = h(i)†

x H−1Φ(i) =
m
∑

j=1
ω

x(i)
j Φ(i)

j in 2D,

h(i)†

x α(i) = h(i)†

x H−1Φ(i) =
m
∑

j=1
ω

x(i)
j Φ(i)

j in 3D,
(18)

and

∂Φ
∂y

=


h(i)†

y α(i) = h(i)†
y H−1Φ(i) =

m
∑

j=1
ω

y(i)
j Φ(i)

j in 2D,

h(i)†
y α(i) = h(i)†

y H−1Φ(i) =
m
∑

j=1
ω

y(i)
j Φ(i)

j in 3D,
(19)

where

h(i)
x =


[

∂ ln(ρi1)
∂x , ∂ ln(ρi2)

∂x , . . . , ∂ ln(ρim)
∂x

]
in 2D,[

∂
∂x

(
1

ρi1

)
, ∂

∂x

(
1

ρi2

)
, . . . , ∂

∂x

(
1

ρim

)]
in 3D,

(20)

h(i)
y =


[

∂ ln(ρi1)
∂y , ∂ ln(ρi2)

∂y , . . . , ∂ ln(ρim)
∂y

]
in 2D,[

∂
∂y

(
1

ρi1

)
, ∂

∂y

(
1

ρi2

)
, . . . , ∂

∂y

(
1

ρim

)]
in 3D,

(21)

are the vectors of the fundamental solutions at the ith node, respectively. ω
x(i)
j and ω

y(i)
j are

the weighting coefficients. Therefore, the relationship between each node and its neighbors
satisfies Equation (16). In order to force each internal node to satisfy the governing equation,
the following linear system is introduced by,

Φi −
m

∑
j=1

ω
(i)
j Φ(i)

j = 0, i = 1, 2, 3, . . . , ni. (22)

The Dirichlet boundary nodes satisfy the given boundary conditions as follows:

Φi = ϕ( f ), i = ni + 1, ni + 2, ni + 3, . . . , N, (23)

The Neumann boundary condition can be given as:
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∂Φ
∂n = nxi

∂Φ
∂x + nyi

∂Φ
∂y = nxi

(
m
∑

j=1
ω

x(i)
j Φ(i)

j

)
+ nyi

(
m
∑

j=1
ω

x(i)
j Φ(i)

j

)
= gi,

i = ni + nb1 + 1, ni + nb1 + 2, ni + nb1 + 3, . . . , N,
(24)

where n = (nxi, nyi) is the unit outward normal vector at the ith node. The nonlinear
boundary conditions along Γ3 are given as:

K0
∂Φ
∂n

+ Ch

[
ϕ−1(Φ)− Tf

]
+ C0R

[
ϕ−1(Φ)− Ts

]
= qi, (25)

Merging the two systems of nonlinear algebraic equations (NAEs) consisting of bound-
ary nodes and interior nodes will constitute the final system of NAEs, as follows:

Fi (Φ1, Φ2 , Φ3, . . . , Φna) = 0, i = 1, 2, 3, . . . , na, (26)

we finally get the Φ by solving the above NAEs system.

4. Fictitious Time Integration Method

Considering the governing equations Equation (22) and boundary conditions
Equations (23) and (24), the following NAEs system can be obtained:

F(Φ) = 0, (27)

through using the Kirchhoff transformation [47,48], we can obtain the following equation:
•
Φ =

v
(1 + t)m F, (28)

where t is the fictitious time variable.v and m are the parameters that control the convergence
rate. For simplicity, the explicit Euler method is used to integrate Equation (28):

Φk+1 = Φk + ∆t
v

(1 + t)m F
(

Φk
)

, (29)

Superscripts k and k + 1 mean the kth and (k + 1)th timesteps. ∆t is the value of the timestep.
The criterion for stopping iteration is√

‖Fk+1‖2

na
≤ ε, (30)

where ε is a predefined parameter, ‖‖ represents the 2-Norm. When the residual of the
equation is close to zero, the solutions in Equation (27) can be obtained. When Φ is obtained,
the temperature T can be evaluated by Equation (6).

5. Numerical Results and Discussions

In this part, both 2D and 3D nonlinear heat transfer problems are carried out to
demonstrate the proposed method. In this paper, the absolute error is defined as follows:

Aerr = |Tn − Te| (31)

where Tn and Te represent the numerical solutions and exact solutions, respectively.

5.1. Example 1

A nonlinear case in the previous work of Bialecki and Nowak is considered [49], where
the two-dimensional heat conduction in the unit square Ω = [0, 1] × [0, 1] is shown in
Figure 2. There is no radiation on the boundary Γ3. Assuming the thermal conductivity
changes with temperature as follows:

K(T) = K0(1 + m(T)), (32)

where K(T) = 1 + aT constant is positive, a ≥ 0 is the prescribed positive constant, K0 = 1 is
simply considered here:

f = 300 K, Ch = 10 W/mK2, Tf = 500 K, g = q = R = 0. (33)
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Substituting Equation (32) to Equation (5), the following Kirchhoff transformation
formula can be obtained:

Φ = ϕ(T) = T +
T2

2
, (34)

then the temperature can be obtained from Equation (34),

T = ϕ−1(Φ) =
−1 +

√
1 + 2aΦ
a

, (35)

the governing equation and the boundary conditions can be described as,

∇2Φ = 0, in Ω, (36)

Φ(1, y) = 300(1 + 150a), on Γ1, (37)

∂Φ
∂x

(0, y) = 0, on Γ2, (38)

∂Φ
∂y

(x, 0) = 0, on Γ2, (39)

∂Φ
∂y

(x, 1) + 10

[
2Φ(x, 1)

1 +
√

1 + 2aΦ(x, 1)
− 500

]
= 0, on Γ3, (40)

where a = 0, then K(T) = 1. The governing equation can be described as a linear governing
equation as follows:

∇2T = 0, in Ω, (41)

with the boundary conditions,

T(1, y) = 300, on Γ1, (42)

∂T
∂x

(0, y) = 0, on Γ2, (43)

∂T
∂y

(x, 0) = 0, on Γ2, (44)

∂T
∂y

(x, 1) + 10(T(x, 1)− 500) = 0, on Γ3, (45)

9 × 9 = 81 nodes are uniformly distributed over the domain of Figure 2. The number of
nodes in the local domain is fixed at 15.

Since there are no exact solutions, the numerical results in this paper are compared
with previous works [49,50]. In Figure 3, the temperature around the boundary is given,
starting from the origin point A back to A in a clockwise direction in the case of a = 0,
0.1, 0.3, and 0.5. The total number of nodes is 117. As shown in points B, C, and D of
Figure 3, there are monotonic changes of the temperature on the boundary, which is the
same as the physical phenomenon [49]. The numerical results in Figure 3 fit well with the
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corresponding graphs obtained from MFS [49] and BEM [50]. In Figure 3, the problem
is linear when a = 0, and the nonlinearity is increasing when the value of a is becoming
large. Numerical results show that the LMFS can obtain good results in both linear and
non-linear problem.
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5.2. Example 2

In this case, another case in the L domain is considered, as shown in Figure 4, where a
totality of 555 nodes, including the 114 boundary nodes, are distributed:

K(T) = K0(1 + aT), K0 = 1 W/mK, a = 0.25 K−1, (46)

we consider the convective boundary conditions with a constant heat transfer coefficient
Ch = 40 W/m2K, the thermal radiation interchange factor R = 0.7, f = 320 K, Ts = 1000 K,
and g = q = 0. Employing the Kirchhoff transformation, the governing equation can be
changed to:

∇2Φ = 0, in Ω, (47)
with the boundary conditions:

Φ(x, y) = 13, 120, on Γ1, (48)

∂Φ
∂y

(x, 2) =
∂Φ
∂x

(4, y) = 0, on Γ2, (49)

∂Φ
∂y

(x, 1) + N(x, 1) = 0, on Γ3, (50)

∂Φ
∂y

(1, y) + N(1, y) = 0, on Γ3, (51)
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where

N(x, y) = 160
[√

1 + 0.5Φ(x, y)− 126
]
+ 3.967× 10−8

[
256
(
−1 +

√
1 + 0.5Φ(x, y)

)4
− 1012

]
.
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Figure 4. Schematic of the computational domain of case 2.

As there is no exact solution to this problem, the numerical results in this paper are
compared with previous works [49,50]. In Figure 5, the temperature at the boundary is
given, starting from the origin C, and back to C in a clockwise direction, as shown in
Figure 4. In this case, the number of the local domain nodes is 15. The numerical results
are given in Figure 5, where the temperatures on the boundary show sudden changes at
points B, A, F, E, and D. The numerical results obtained from the LMFS have a similar
phenomenon by comparing with the results of the MFS and BEM [49,50], which also
validates the accuracy of the numerical results obtained from LMFS.
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Figure 5. The boundary temperature when a = 0.25.

In Figure 6, we further give the heat flux when a = 0.25. As shown in Figure 6, there
are huge variations of the heat flux at point B, A, E, and D. However, both the LMFS and
the MFS [49] can obtain a similar numerical result at these points. The LMFS can evaluate
the heat flux very well.
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Figure 6. The heat flux on the boundary when a = 0.25.

5.3. Example 3

In order to analyze the influence of the nodes’ distribution, we consider a computa-
tional domain depicted in Figure 7, with an exact solution as:

T(x, y) =

−1 +

√
1− 2a ln

(√
(x− 0.3)2 + (y + 0.3)2

)
a

(52)

then
K(T) = K0(1 + aT), K0 = 1W/mK, a ∈ {0.1, 0.3, 0.5}K−1, (53)

the radiation boundary conditions are given on all the boundaries as:

Ch = 0, R = 108/5.667, Ts = 0, (54)

the boundary condition can be changed to:

K(T)
∂T(x, y)

∂n
+ (T(x, y))4 = qL, on Γ3, (55)

where qL is given as:

qL = (1 + aT) ∂
∂n

−1+

√
1−2a ln

(√
(x−0.3)2+(y+0.3)2

)
a

+

−1+

√
1−2a ln

(√
(x−0.3)2+(y+0.3)2

)
a


4

.

(56)
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By employing the Kirchhoff transformation to the boundary condition, and the gov-
erning equation becomes:

∇2Φ = 0, in Ω, (57)

∂Φ(x, y)
∂n

+

(
−1 +

√
1 + 2aΦ(x, y)

a

)4

= qL1 on Γ3, (58)

where

qL1 =
∂

∂n

(
− ln

(√
(x− 0.3)2 + (y + 0.3)2

))
+

(
− ln

(√
(x− 0.3)2 + (y + 0.3)2

))4
,

the exact solution of problem (57) and (58) can be presented as:

Φ(x, y) = − ln
(√

(x− 0.3)2 + (y + 0.3)2
)

, (x, y) ∈ (Ω ∪ Γ3). (59)

To generate the data qL1 in Equation (58), we use the derivatives:

∂

∂x
(Φ(x, y)) = − x− 0.3

(x− 0.3)2 + (y + 0.3)2 , (60)

∂

∂y
(Φ(x, y)) = − y + 0.3

(x− 0.3)2 + (y + 0.3)2 . (61)

We present the boundary temperature along the boundary of case 3 in Figure 8;
the number of local domain nodes is 10, and the total number of computational domain
nodes is 347. It can be seen that the numerical solutions are in good agreement with the
analytical solutions in Equation (53). It also can be seen that the temperature distribution
along the boundary is symmetrical from point C.
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Figure 8. Plot of analytical and the LMFS numerical boundary temperatures along the perimeter,
case a = 0.1, 0.3, 0.5.

In Figure 9, we give the temperature contour map, when a = 0.1, 0.3, 0.5. We can see
that the temperature contour distribution in the entire domain is symmetrical along the axis
of the line between the points O and C, which is consistent with the physical heat transfer
law. As the value of a increases, the temperature in the calculation domain gradually
decreases, which indicates that the larger value of a will lead to a lower temperature, which
is consistent with Equation (52).
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Figure 9. Contour map of temperature in the calculation domain, when a = 0.1, 0.3, 0.5.

Finally, when the number of local domain nodes is fixed at 15, the convergence rate is
given in Figure 10, where Na is the total number of nodes. From the numerical results in
Figure 10, we can see that the maximum absolute error defined in Equation (31) obtained
from the LMFS convergences after Na = 300. As the number of nodes increases after
Na = 300, the maximum absolute error increases; however, the maximum absolute error
still retains a high accuracy.
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5.4. Example 4

Finally, we analyze the influence of the local nodes by considering a simple, three-
dimensional case with exact solution:

T(x, y, z) = 4
(
−1 +

√
1 + x + y + z

)
, (x, y, z) ∈ (0, 1)3, (62)

the nonlinear materials with thermal conductivity:

K(T) = K0(1 + aT), K0 = 1 W/mK, a = 0.25 K−1. (63)

We distribute nodes uniformly in the computational domain, as shown in the Figure 11;
we take Ch = Ts = 0 and R = 4,411,500. Based on Equation (5), boundary conditions in
Equations (2)–(4) become:

T(0, y, z) = 4
(
−1 +

√
1 + y + z

)
, T(1, y, z) = 4

(
−1 +

√
2 + y + z

)
, (64)

T(x, 0, z) = 4
(
−1 +

√
1 + x + z

)
, T(x, 1, z) = 4

(
−1 +

√
2 + x + z

)
, (65)

T(x, y, 1) = 4
(
−1 +

√
2 + x + z

)
, (66)
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−
(

1 +
T(x, y, 0)

4

)
∂T
∂z

(x, y, 0) + T4(x, y, 0) = −2 + 256
(
−1 +

√
1 + x + y

)4
, (67)

considering the Kirchhoff transformation, we can obtain:

Φ = ϕ(T) = T +
T2

8
, T = ϕ−1(Φ) = 4

(
−1 +

√
1 + Φ/2

)
, (68)

and the governing equation is changed to:

∇2Φ(x, y, z) = 0, (x, y, z) ∈ (0, 1)3, (69)

with boundary conditions:

Φ(0, y, z) = 2(y + z), Φ(1, y, z) = 2(1 + y + z), (70)

Φ(x, 1, z) = 2(1 + x + z), Φ(x, y, 1) = 2(1 + x + y), (71)

− ∂Φ
∂z

(x, y, 0) + 256
(
−1 +

√
1 + Φ(x, y, 0)/2

)4
= −2 + 256

(
−1 +

√
1 + x + y

)4
. (72)
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Figure 11. Schematic of the computational domain.

In Figure 12, we test the influence of the number of local nodes when the total number
of nodes is fixed at 3547. It can be seen that, when the total number of nodes is fixed, the
maximum absolute decreases with the increase of the number of local nodes, the error of
the LMFS solution is small when the number of local nodes is over 290.
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6. Conclusions

In this work, the local method of fundamental solution (LMFS) is used to solve two-
dimensional and three-dimensional steady-state nonlinear heat conduction problems. The
numerical results show that the LMFS can be easily used to solve steady-state nonlinear
heat conduction problems with Robin and radiation boundary conditions. The LMFS
combined with the Kirchhoff transformation can deal with the nonlinearity very well
and obtain high numerical results. In our future work, we will apply the LMFS to more
complicated nonlinear problems based on the techniques proposed in this work.
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