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Abstract: Numerical investigation of a chemically reactive second grade fluid flow towards an
exponentially stretching sheet into a porous medium induced by thermal and concentration slips
boundary conditions is carried out. Further, nonlinear thermal radiations, Joule heating, MHD and
thermophoretic impacts are also taken into account. The modified Fourier and Fick’s law is used
to analyse the thermal and solutal energy features. The nonlinear systems of partial differential
equations, as well as boundary conditions, are transformed into systems of nonlinear ordinary
differential equations by imposing appropriate similarity variables. Then these transformed equations
are solved using the BVP4C Matlab approach numerically. The graphs and tables of a number of
emerging parameters are plotted and discussed. It is noticed that by the improvement of the second
grade fluid parameter, the velocity profile is reduced. Moreover, the upsurge of Eckert numbers
(Ec1 and Ec2 ) and thermal slip parameter (S1) enhance the temperature of the fluid in the flow domain.

Keywords: second grade fluid; porous medium; nonlinear thermal radiation; joule heating;
thermophoretic effect; exponentially stretching sheet

MSC: 76-10; 70-10; 76D05; 76D10

1. Introduction

Magnetohydrodynamics (MHD) is a modern area of recent science involving the
mechanics of fluids and electromagnetism. It is pertinent to mention that electrically
conducting fluids are significant due to the electromagnetic forces produced in the fluid
due to the applied magnetic field. This mechanism has numerous industrial applications,
such as, steel-making processes, semiconductor crystal growth, electromagnetic pumps,
dynamo simulation of planets, electromagnetic pumps and levitation of drop and so on.
Boussinesq type approximation for second grade fluid was carried out by Passerini and
Thater [1]. Ishak [2] deliberated the effect of the thermal radiation effect for the MHD
flow of a viscous fluid towards an exponentially expanding sheet. Mukhopadhyay [3]
scrutinized the mass and heat transportation for the MHD boundary layer flow into a
thermally stratified medium towards an exponentially stretching sheet. Mukhopadhyay [4]
deliberated the flow of mass and heat transfer of a viscous fluid flow under the impacts
of thermal and velocity slips, suction or injection and thermal radiation impacts towards
an exponentially expanding surface. Hayat et al. [5] analysed the MHD flow of viscous
nanofluids through a porous medium on a permeable stretched surface. Hayat et al. [6]
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scrutinized the three-dimensional hydromagnetic flow of viscous fluid along a permeable
medium. Thermal and velocity slips boundary conditions were induced by an exponentially
expanding sheet. For more studies on MHD flow, the readers are referred to [7–11].

Joule heating is produced due to the interconnection between the motion of the charged
particles, which produce the atomic ions and current and make up the body of the conductor.
It is a consequence of the collision amongst the motion of the particles of the fluid. In
that process, a proportion of the kinetic energy is converted into heat and, consequently,
there is a body temperature boost. For example, electric heaters, electric stoves, electric
fuses, soldering irons, electric cigarettes, food, cartridge heaters and thermistors processing
accoutrements are real-word usages of Joule heating. The Joule heating phenomenon
demonstrates a vigorous charm in enormous engineering and built-up desire. The central
benefit of Joule heating is the transportation of electrical strength to diminish the reparations
by abating the current. Shamshuddin et al. [12] constructed a mathematical model of an
incompressible, steady, two-dimensional flow of a non-Newtonian fluid with the magnetic
effect, Joule heating, Hall currents, thermal radiation, viscous dissipation and Power-law
slip velocity conditions towards an exponentially stretched sheet. Hayat and Qasim [13]
addressed the heat and mass communication in Maxwell fluid under the existence of
magnetic, thermophoretic, Joule heating and thermal radiation effects past a stretching
surface. Srinivasachraya and Jagadeeshuwar [14] discussed the influence of Joule heating,
thermal slip, suction or injection and magnetic effects for the viscous fluid flow on a porous
exponentially expanding surface with convective boundary conditions by a permeable
medium. Murugesan and Kumar [15] explained the transmission of heat and mass in
the MHD flow of thermo-solutal stratified nanofluids with heat source or sink, viscous
dissipation, Joule heating and thermal radiation impacts towards an exponentially stretched
sheet. Sharada and Skankar [16] inspected the effect of convective boundary conditions
and particle slip in the mixed convective MHD flow of Williamson fluid under the effect
of Joule heating towards an exponentially stretching surface. For more studies on Joule
heating for the different fluid flows, the readers are referred to [17–20].

Several researchers have inspected the heat and mass transfer solutions of Newto-
nian or non-Newtonian fluids under the supposition of nonadherence force that is the
fundamental percept of the Navier–Stokes principle. However, it has been experimentally
noted that the supposition of boundary condition has no slip does not follow in various
everyday examples and, therefore, it is perhaps fundamental to change the no-slip bound-
ary condition to the partial slip boundary conditions. The nonadherence force of fluid
towards a solid boundary is recognized by means of a velocity slip boundary condition. The
temperature jump and solutal jump boundary conditions are characterized as incoherent
with the transportation variable through the boundary and more precisely designates the
nonequilibrium area near the surface. The applications of slip effect are polymer solutions,
suspensions and emulsions every where there is perhaps a slip amongst the fluid and
the boundary. Oyelakin et al. [21] elaborated the heat and mass transfer into an unsteady
Casson nanofluid flow with the effect of the Dufour and Soret effect, heat generation, Brow-
nian, thermal radian and thermophoresis effects over an expandable sheet. Baker et al. [22]
described the flow and the heat transmission for the steady, laminar flow by means of
partial slip, and convective boundary condition past a stretched surface. Sajid et al. [23]
studied the impact of general slip boundary conditions for the viscous incompressible
flows through a stretching surface. Andersson [24] elaborated the influence of flow of fluid,
which has variable viscosity above a linearly stretched sheet. Hayat et al. [25] explored the
mass and heat transportation of the second order fluid flow into a permeable medium by
means of slip boundary conditions and magnetic field past a stretched sheet. For more
study on slip boundary conditions for the different fluid flows, the readers are referred
to [26–29]. Recently, Ashraf [30–32] and his co-authors discussed the combined effects of
thermophoretic motion and magnetohydrodynamics on mixed convection flow numerically.
The authors in [33,34] investigated the impact of Newtonian heating with the inclusion of
variable heat source and sink over stretched surface, and unsteady second grade nanofluids
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flow subject to the mixed convection and thermal radiation. An optimal control problem
for nonisothermal steady flows of low concentrated aqueous polymer solution was studied
by Baranovskii [35].

The leading purpose of the present research is to constitute a mathematical formulation
for MHD three-dimensional flow of a chemically reactive second grade fluid under the
existence of thermal radiation and multiple slips impacts on an exponentially stretched
surface. When studying the literature, it was found that no one has yet investigated second
order fluid with modified Fourier and Fick’s law across a permeable medium through an
exponentially expandable surface. The consequences of thermophoretic and Joule heating
are also deliberated. Appropriate similarity transformations are used to change the system
of nonlinear PDEs into the system of ODEs. The developed strong nonlinear system is
evaluated and scrutinized by BVP4C built in Matlab technique. The deliberation of plots
and analysis of numerical tables of physical quantities of interest are presented to highlight
the physical phenomena that occurred in this study. The main motivation in the current
work is the claim that as magnetic force parameter is increased, a decreasing effect in the
speed of the fluid flow occurs due to the increasing effect of magnetic energy.

2. Mathematical Modelling

Here, we consider a steady laminar, the 3-D flow of incompressible second grade
fluid. The flow of the fluid is produced by an exponentially stretching surface in a bidi-

rectional manner. The sheet is in the xy-plane. Suppose Uw = U0e
x+y

l and Vw = V0e
x+y

l

are the velocities of the stretching sheet in x and y direction individually. Heat transfer
investigation is carried out under the influence thermophoretic and Joule heating effects.

The Tw = T∞ + T0e
A(x+y)

2l is the sheet temperature, where T∞ is the ambient fluid temper-
ature. The magnetic field effect is adjusted in the z-direction of strength B0. Further,

Cw = C∞ + C0e
B(x+y)

2l is the fluid particles concentration, where C∞ is the ambient concen-
tration of the fluid particles and B is the concentration exponent coefficient (See Figure 1).
With the help of theory of boundary layer assumption, mass, energy and concentration
equations for the second grade fluid are as followed:
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Similarity transformations are as follows,

u = U0e(
x+y

2l ) f ′(η), v = V0e(
x+y

2l )g′(η), η =
√

U0
2νl exp

(
x+y

2l

)
z,

w = −
√

νU0
2l exp

(
x+y

2l

)
[ f (η) + η f ′(η) + g(η) + ηg′(η)]

T = T∞ + T0e
(x+y)A

2l θ(η) , C = C∞ + C0e
(x+y)B

2l φ(η)

(7)

Here υ, (x, y), (u, v), σ, ρ, B0, ϕ1, κ, k0, T, λT , α, cp, Q, Tw, qr, λh, DB, k∗, C, C∞, λc, VT ,
uw, vw, l, λ1, λ2 and U0 are kinematic viscosity, coordinates, velocity components, electric
conductivity, density, magnetic field strength, medium porosity, medium permeability,
second grade fluid coefficient, temperature of the fluid, thermal relaxation time, thermal
conductivity, specific heat capacity, heat generation source coefficient, wall temperature,
thermal radiation coefficient, time of relaxation of heat flux, diffusion coefficient, a constant,
concentration of fluid, ambient concentration of fluid, mass time relaxation coefficient,
thermophoretic effect coefficient, across x-axis wall velocity, across y-axis wall velocity, ref-
erence length, coefficient of temperature slip, coefficient of concentration slip and reference
velocity, respectively.

Non-dimensional equations are as follows,
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The interrelated boundary conditions are as follows,

g′ = f ′ = 1, g = f = 0, θ = 1 + S1θ′, φ = 1 + S2φ′, at η → 0

f ′ = g′ = 0, φ = θ = 0, at η → ∞.
(12)
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Here K = k0Uw
2νl (Second grade fluid parameter), ε = ϕ1ν

κ (Porous medium parameter),

M =
2σB2

0 l
ρUw

(Magnetic field parameter), Rd = 4σ∗T3
∞

3kk∗ (Radiation parameter), Qw = Tw
T∞

(Tem-
perature ratio parameter), Pr =

ν
α (Prandtl number), βt = λtU0 (Temperature relaxation

parameter), Ec1 = u2
w

cp(Tw+T∞)
(Eckert number along x-axis), Ec2 = v2

w
cp(Tw+T∞)

(Eckert number

along y-axis). δ = Q
ρcpU0

(Parameter of heat generation/absorption), K1 = K∗
U0

(Parameter

of chemical reaction), Le =
α1
DB

(Lewis number), βc = λcU0 (Concentration relaxation time

parameter), τ = − k∗(Tw−T∞)
T∞

(Parameter of thermophoretic velocity).

Physical Quantities

The physical quantities of interest are Skin friction, Sherwood and Nusselt numbers
are very pivotal from the engineering perspective as follows,
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Sherwood and Nusselt numbers are as follows,

Nux = x
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l
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) 1
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where the Reynolds number demonstrates as Re =
Uw l

ν .

3. Graphical Results and Discussion

The numerical study of three-dimensional flow of a second grade fluid with the
chemical reaction and Cattaneo–Christov theory over an exponentially stretched sheet is
investigated. The graphical analysis of the emerging parameters is presented. Figure 2a
reveals the impression of second grade fluid parameter (K) on velocity profile ( f ′). The
second grade fluid parameter (K) gives an increase in the speed of the fluid along the
x-axis. Additionally, the velocity sketch and the corresponding thickness of the momentum
boundary layer increase. Therefore, from a boundary layer perspective, the thickness of the
fluid rises with the stronger variations of (K). Figure 2b indicates the significance of the
magnetic effect parameter (M) on the fluid flow. There is a decreasing effect in the speed
of the fluid when the values of magnetic fluid parameter are improved. The magnetic field
parameter is influenced on the Lorentz force. Obviously, the Lorentz force is a mediator
that generates a resistive in the fluid flow. A rise in magnetic field parameter (M) reveals a
boost in the Lorentz force that displays a decrease in the density and the corresponding
momentum boundary layer thickness. Indeed, the existence of the transverse in Lorentz
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force results in a fallout in the retarding force to the velocity profile. Figure 2c shows the
variation of the parameter of porous medium (ε) on the velocity sketch. A rise in the
estimations of porosity parameter exhibits a reduction in the velocity profile. Consequently,
for stronger variations of porosity parameter, a small drag occurs in the fluid and flow
retardation and thereby is improved. An increase in the variations of (ε), results in the
density of the momentum boundary layer becoming thinner. Figure 3a depicts the alteration
in the velocity profile due to an upshot of the second grade fluid parameter (K) along
the y-axis. Clearly velocity field g′(η) and the density of thickness of the boundary layer
diminish for the higher values of the second grade fluid parameter (K). Figure 3b clarifies
the impacts of the magnetic field parameter (M) on the velocity field g′(η). For stronger
estimations of (M), the velocity boundary layer thickness improves. In effect, the existence
of the transverse magnetic field generates a Lorentz force that reduces the velocity field
f ′(η).
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Figure 3c displays the change in the velocity profile (g′(η)) along the y-axis for varying
the porosity parameter (ε). It has been recorded that the stronger estimations of porosity
parameter (ε) demonstrate a decrease in the velocity profile, as the permeability of the
medium is inversely proportional to the Darcian body force. Figure 4a is sketched to detect
the effect of the thermal radiation parameter (Rd) on the fluid temperature profile. So,
it is perceived that the fluid temperature flow enhances for a stronger variation of the
parameter (Rd). Physically, stronger values of the thermal radiation parameter (Rd) are
responsible for extra heat in working fluid that exhibits an increase in the temperature and
the related boundary layer density. Therefore, the temperature of the fluid is increased for
stronger values of thermal radiation parameter (Rd). The consequences of temperature ratio
parameter (θw) on the θ(η) plot of the fluid are exhibited in Figure 4b. It is distinguished
that the temperature of the fluid flow increases for the higher values of temperature
difference parameter (θw). Physically, the thermal boundary layer thickness versus the
θ(η) profile are boosted by enhancing the temperature difference parameter (θw). Effect of
(Pr) on the (θ(η)) sketch is presented in Figure 4c. So, it is perceived that the temperature
of the fluid diminishes for the stronger variations of the (Pr). An enhancement in the
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values of (Pr), causes a boost in the rate of heat transmission. Therefore, it diminishes the
density of the associated thickness boundary layer. This is because of the (Pr), which is the
proportion of the momentum of the thermal diffusivities. Liquids with a smaller Prandtl
number will retain the thicker thermal boundary layer designated as greater thermal
conductivities. Consequently, the heat can diffuse from the sheet quicker than for higher
(Pr) fluids. Figure 4d indicates that there is an upshot of thermal relaxation time parameter
(βt) on the (θ(η)) sketch. It is noticed that the (θ(η)) profile diminishes for stronger effects
of thermal relaxation time parameter (βt). In fact, the upset in the estimations of thermal
relaxation time parameter offers the associated condition for temperature exchanges and
deterioration of the boundary layer thickness. It is detected that the temperature profile
diminishes due to relaxation time parameter (βt); consequently, the viscosity of the fluid
will have a small increase. Figure 4e portrays the impact of Eckert number (Ec1) through
exponentially stretching sheet along the x-axis on the temperature profile. It is detected that
the (θ(η)) plot improves for the greater variations of Eckert number (Ec1). Physically, when
there is a growth in the variations of Eckert number (Ec1), the corresponding boundary
layer thickness boosts because of the rate of heat transfer reduced at the exponentially
expanding surface. Figure 4f indicates the salient feature of the Eckert number (Ec2) by
virtue of the exponentially stretching sheet along the y-axis on the (θ(η)) field. It is shown
that the Eckert number (Ec2) increases the temperature profile (θ(η)). In effect, the stronger
Eckert number leads to fractional heating, which eventually raises the temperature sketch.
Figure 4g displays the significance of parameter of heat source/sink (δ) in the (θ(η)) plot.
It is noticed that for the stronger variations in heat generation or absorption, parameter
increases the profile (θ(η)). Figure 4h indicates the consequences of the temperature slip
parameter (S1) on the quantity (θ(η)). It is indicated that the (θ(η)) plot boosts for the
greater values of the temperature slip parameter (S1). The (θ(η)) plot discloses that the wall
temperature and the related density increases as the estimations of thermal slip parameter is
increased. Figure 5a explains the consequence of Schmidt number (Sc) on the (φ(η)) profile.
It is found that by enhancing the values of (Sc), there is mitigation in the concentration
profile (φ(η)). Essentially, (Sc) is delineated as the ratio of the momentum to the mass
diffusivities, consequently, by an increase in Schmidt number (Sc), mass diffusivity is
mitigated, therefore, a boost in Schmidt number causes a decline in the concentration of
the fluid. Figure 5b indicates the consequences of concentration relaxation time parameter
on the (φ(η)) profile. The concentration profile reduces cumulative (βc). Therefore, the
concentration boundary layer and the momentum become thinner. Figure 5c determines
the consequence of the chemical reaction parameter on the (φ(η)) field. For the stronger
estimations of (K1), the (φ(η)) plot increases. The chemical reaction parameter inside the
boundary layer has the tendency to enhance the concentration profile. This is by virtue of
a decrease in the concentration boundary layer thickness. The salient feature of (τ) on
the (φ(η)) profile is presented in the Figure 5c. An enhancement in the thermophoretic
parameter (τ) leads to a slight decrease through the boosting of the estimations of the
thermophoretic parameter. Figure 5e illustrates the impacts of concentration slip parameter
(S2) on the (φ(η)) sketch. It is shown that for improving the concentration slip parameter,
the concentration profile is reduced. Table 1 shows the numerical variations of C fx and
C fy of K, M, Rd and βc. It is perceived that the coefficient of the skin friction upsurges by
increasing the estimations of K, M, Rd and βt. Table 2 is about the Nusselt number for the
stronger variations of K, Pr, S1 and τ. The Nusselt number is enhanced for enhancing the
values of K, Pr and τ and is decreased for the stronger values of S1. Table 3 determines
the numerical values of Sherwood number for Sc, βc, τ and S2. The Sherwood number
enhances for the stronger variations of Sc and τ and is decreased for the stronger estimations
of βc, S2.
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Table 1. Numerical variations of skin friction coefficient against some parameters at S1 = 0.1,
S2 = 0.4, ε = 0.3, βc = 0.7 and δ = 0.5.

K M Rd βt Cfx
Cfy

0.1 1.7620 1.4323

0.2 1.8703 1.5659

0.3 1.9532 1.5374

0.5 1.7572 1.5237

1.5 1.9332 1.7513

2.0 2.2716 2.0819

0.2 15.9371 15.7272

0.3 16.6546 16.3624

0.4 17.0134 17.0754

0.1 1.3450 1.7264

0.4 1.3571 1.8672

0.7 1.3634 1.9374

Table 2. Numerical variations of Nusselt number against some dominating parameters at Rd = 0.3,
θw = 0.2 and K = 0.1.

K Pr S1 τ Nux

0.1 1.6532
0.2 2.8302
0.3 3.9293

2.1 1.7095
2.2 1.7683
2.3 1.8276

0.2 1.7695
0.4 1.6529
0.6 0.5724

0.1 0.8695
0.2 0.8802
0.3 0.8952
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Table 3. Numerical variations of Sherwood number against some parameters at S1 = 0.1, Ec1 = 0.1,
Ec2 = 0.3, θw = 0.2 and τ = 0.2.

Sc βc τ S2 Shx

0.1 0.2961
0.2 0.3973
0.3 0.4896

0.1 0.3584
0.2 0.3642
0.3 0.3695

0.1 0.9700
0.2 1.0034
0.3 1.6007

0.1 6.5732
0.2 4.9534
0.3 3.0321

4. Concluding Remarks

In this article, the consequences of Cattaneo–Christov theory, thermophoretic effect,
Joule heating, nonlinear thermal radiation, slip boundary conditions and magnetic effect
on the flow of second order fluid flow by an exponentially stretched sheet are scrutinized.
The flow model equations are transformed into a system of ODEs by using the similarity
transformations. The acquired ordinary differential equations are solved numerically by
BVP4C Matlab technique. The numerical results are attained for different dominating
parameters. The leading results of the current article are as follows:

• The enhancement in the second order fluid parameter (K) decreases the velocity
profile.

• The variation in the magnetic effect parameter (M) declines the velocity profile due to
the resistive force.

• The growing values of porosity parameter (ε) boost the velocity sketch.
• The stronger variations of the radiation parameters (Rd) and temperature difference

parameter (θw) are prominent in the temperature profile.
• The growing in the estimations of Pr and βt decline the θ(η) profile.
• The result of Eckert numbers (Ec1 and Ec2) and thermal slip parameter (S1) enhance

the temperature profile of the prescribed domain.
• Improving the value of the Schmidt number (Sc) and thermophoretic parameter raise

the concentration field.
• The higher values of (βC) and (K1) are prominent in the quantity φ(η).
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List of Parameters

Nux Nusselt number
Shx Sharwood number
K Second grade fluid parameter
M Magnetic force parameter
ε Porous medium parameter
Rd Thermal radiation parameter
θw Temperature ratio parameter
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Pr Prandtl number
βt Thermal relaxation parameter
Ect Eckert number
Sc Schmidt number
K1 Chemical reaction parameter
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