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1. Introduction

For the consideration of multiple fixed points, we begin our survey with on the topic of
coupled fixed points. Opoitsev introduced and studied the concept of the coupled fixed point
and published numerous articles in the period 1975-1986 (see [1-4]). Opoitsev was inspired
by some tangible problems arising in the dynamic of collective behavior in mathematical
economics and used coupled fixed points for mixed monotone nonlinear operators that
satisfy certain non-expansive-type conditions. Later, in 1987, Guo and Lakshmikantham [5],
studied the concept of coupled fixed points in connection with coupled quasi-solutions
of an initial value problem for ordinary differential Equations (see also [6]) from [5]. In
the same year, Chang and Ma [7] discussed some fixed point results and an iterative
approximation in order to obtain coupled fixed points with mixed monotone condensing
set-valued operators. Next, Chang, Cho, and Huang [8] obtained coupled fixed point
results of %—zx—contractive with some generalized condensing mixed monotone operators,
where « denotes Kuratowski’s measure of non-compactness.

In [9], Bhasker and Lakshmikantham obtained coupled fixed point theorems for mixed
monotone operators in partially ordered metric spaces in the presence of Banach contraction-
type conditions. Essentially, the results by Bhaskar and Lakshmikantham in [9] incorporate
coupled fixed point theorems into the context of bivariable mixed monotone mappings.

In 2010, Samet and Vetro [10] considered a fixed point of r-order to extend the concept
of coupled fixed points. After one year, Berinde and Borcut [11] introduced the concept of
tripled fixed points and proved the existence and uniqueness of triple fixed-point results
using three-variable mixed monotone mappings. Additionally, in 2012, Karapinar and
Berinde [12] generalized the triple fixed points with quadruple fixed points and studied
them in ordered metric spaces.

After these preliminary papers, a substantial number of articles were dedicated to
the study of triple fixed points, quadruple fixed points, as well as multidimensional fixed
points, also called fixed points of m—order or m—tuple fixed points.
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In 2016, Choban [13] introduced a new concept of distance spaces, and Berinde and
Choban [14,15] further studied ordered distance spaces satisfying certain contraction con-
ditions for the multidimensional fixed points. Ansari et al. introduced the concept of C-
and inverse C-class distance in [16,17]. More recently, Rashid et al. [18,19] proved some
multidimensional fixed point results for more generalized contractions in C-distance spaces
and also presented an application of the main result. The key objective of this article is to
study the multiple fixed points in the presence of ordered distance spaces with general-
ized contractions. Inspired by [18-23], an application of our result that demonstrates the
existence of the solution of the system of integral equations is also provided.

2. Preliminaries

Let us include some basic concepts of [14].
A function d : X x X — R is called a distance on a nonempty set X, if for all {, 5 € X:

(¢, ) =0,
Ifd(Z,n)+d(y,§) =0theng =7,
3. If&=mnthend(gn)=0.

A sequence {¢, : v € X} in a distance space (X, d) is:

N o=

1. convergent and converges to¢ if and only if limy . [d(&, &) + d(Ey, E)] =0,
a Cauchy sequence if limy y 00 [d (v, &r) + d(Gr, &v)] = 0.

A distance space (X, d) is complete if every Cauchy sequence in X converges to some
fixed point ¢ € X.

A distance function d on a nonempty set X is called a C-distance if every Cauchy
sequence that converges has a unique limit point.

A distance function d on a nonempty set X is symmetric if d(¢, ) = d(5, &) for all
¢,n € X. Let (X, d) be a distance space and r € N. Consider

d (8-, Ge), (- 1)) = sup{d (G m) 11 <P <1}

Clearly, d* is a distance on X*.
Proposition 1 ([14]). If (X, d) is a distance space, then (X*,d*) inherits all properties of (X, d).

Let r be any natural number and Y = (Y7, ..., Yr) be a collection of mappings where
each Y; is defined as

{Y;:{1,2,...,r} = {1,2,...,r}: 1 <i<r}

Let (X, d) be a distance space and ) : X* — X be a mapping. The operators () and Y
generate another mapping YQ) : X* — X*, where YQ({1,...,¢x) = (i11,. .., 1) and each
m=Q0Cy,a) - Cv,(x))s
for any (&1,...,¢r) € XTandi € {1,2,...,r}. ApointT = (19,...,Tx) € X" is called a

multiple fixed point of () with respect to Y if it becomes a fixed point of Y(), i.e,,

T = Q(Ty,1),-- -, Ty,(r)) forany 1 € {1,2,...,r} if T = YQ(7).

Forany 7 = (7rq,..., %) € X%, (1) = YQ(7) and (v +1) = YQ(7(v)), for each
v € N. The sequence O(Q,Y,7) = {t(v) : v € N} is Picard sequence at the point T
corresponding to the operator YQ).

An operator () : X* — X is said to be:

(1)  Y-contractive if

a*(YQ(E),YQ(n)) <d*(E,n), forall &, € X*



Mathematics 2022, 10, 4707

30f17

with d* (&, 1) > 0;
(i)  Y-contraction if there exists a number « € [0,1) such that

d(Q(81, .-, 8x), A, .. 12)) < wsup{d(Gy,m) 11 < 1},
forall (&1,....,¢x), (1, 1) € X,

Proposition 2 ([18]). A mapping Q) : X* — X is said to be:

(i)  Y-Kannan-type contraction if there is some x € [0, 1) such that

Ay, ..., ), Q1. -, 7e)) <k sup [

1<i<r

A, (1, ..., )+ ]
A, Q) |

forany (tq,..., %), (v1,--.,7c) € X5,
(ii)  Y-Chatterjea-type contraction if there is some x € [0, %) such that

aQ(t, ..., w), 21, 7r)) <k sup [

1<i<r

d(n, 71, 70))+ }
dn,Qt, ..., w)) |’

forany (tq,..., %), (71,--.,7c) € X".

3. s-Distance Space

Definition 1. A function d : X x X — R is called a b-metric space on a nonempty set X if for all

¢, 1, € X, d satisfies the following axioms:

1. d(gn) =0

2. d(&my)=0ifandonlyif ¢ =1;

3. d(&n)=4d(n,g);

4. forb>1,d(¢,n) <bld(Z, ) +d(g,n)l.
The pair (X, d) is called a b-metric space.

Definition 2 ([13]). A functiond : X x X — R is called s-distance on a nonempty set X if for all

¢,n, ¢ € X,d satisfies the following axioms:

1. d&mn) >0;
2. d(gn)+d(n,¢) =0ifandonlyif § = n;
3. fors>0,d(¢,n) <s[d(Z,¢)+d( )

The pair (X, d) is called s-distance space.

Ifd(¢,n) =d(n,¢) for allg, n € X, then d is said to be symmetric s-distance.

Remark 1. (1) Every b-metric space is ans-distance space but notconversely. (2) In s-distance

space, if &, — & and 1y, — 1y, then d(&y, nv) - d(&, ), indicates that d is not continuous.

Next, we give an example for clarification of the above remark.

Example 1. Let X = {ay,ap, a3} and d : X x X — [0, 00) be defined by

1
d(‘xlrle) = Z/ d(“Z/al) = E/
d(aq,a3) = d(ag,a3) =1, d(ay, ;) =0, foralli € {1,2,3},

1
d(ag,al) = d(&t:;,az) = g



Mathematics 2022, 10, 4707 40f17

Then, d(a;,a;) > 0 forall1,j € {1,2,3} and d(a;, a;) + d(aj, a;) = 0 if and only if ; = «; for
all1,j € {1,2,3}. Furthermore,

d(ay, a2) < [d(a,a3) + d(as, a2)],
d(ay, a3) < [d(a, a2) +d(a, a3)],
d(ag,az) < [d(ag, aq) +d(ag,a3)],
d(ap,a1) < [d(ag, a3) +d(az,a1)],
d(as, wq) < [d(az,ap) +d(ag, a1)],
d(ag, a3) < [d(ag,a1) +d(ag,a3)]

Hence, (X, d) is an s-distance space for any s > 1. Howeuver, it is not a b-metric space.

Theorem 1. Let Q) : X* — X be a mapping on a complete symmetric s-distance space (X, d). If Q)
is an Y-Kannan-type contraction with sp < 1, = £, x € [0, 1) and for T € X*, the sequence
O(Q,Y, 1) = {t(v) : v € N} is Picard, then {t(v) : v € N} is Cauchy and Q) has a unique
multiple fixed point.

Proof. Let T € X* and consider the Picard sequence (1) = YQ(7), (v + 1) = YQ(7(v)).
Firstly, we have to show {7(v)}, .y is a Cauchy sequence. For this, consider

A (t(v—=1),t(v)) =d*(YQ(t(v — 2)),YQ(T(v — 1))).

Then, there exists « € [0, §) such that

d(t(v—=1),t(v)) < «k[d*(t(v—-2),YQ(t(v—2)) +d°(t(v—1),YQ(t(v —1))]
<xk[d(t(v-2),t(v—1)) +d°(r(v—1),7(v))]
< T Kdr("r(v -2),1(v—-1))
< (77=)" 2 (x(1), 7(2))

= B2 (7(1), 7(2)),
where = 1% ,0 < B < 1. By applying limit v — co, we obtain

lim d*(t(v—1),7(v)) = 0.

V—00

Now, forl > v

A (t(v), t(1)) < sld*(t(v), T(v+1)) + d* (t(v 4+ 1), 7(1))]

sd*(t(v), T(v +1)) +s2d*(t(v+1),7(v +2))

+82d" (t(v+2), (v +3))

4o sV (L= 2), (1 = 1)) + dE(t(1 - 1), 7(1))]

< sp' 1t (t(1),7(2) + $2BYd (T(1), T(2)) + BV (1(1), 7(2))
4 s RIS (1(1), T(2)) + 51TV AR ((1), T(2))

< spU N (T(1), T()) 1+ sp+ 7B+ +s VT

< spr1dr (v(1),7(2)) (%)

<
<

Letting [, v — oo, the above expression converges to 0.
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Hence, {7(v)},cy is a Cauchy sequence, and because the space is complete, there
exists y € X* such that 7(v) — u, where u = (1, p2,...,H4r). We need to show that

p=YO(p).
For this, consider
d*(YQ (), p) < s[d"(YQ(p), T(v)) +d" (T(v), p)]
< sld* (YO(u), YQ(t(v — 1)) +d* (t(v), p)]
< sle(d™ (u, YO(u)) +d* (t(v — 1), YQ(7(v = 1)))) +d* (t(v), p)]
< sle(d (u, YQ(u)) +d* (t(v = 1), t(v))) + d*(t(v), )],

which implies that

(1= s)d" (1, YO)) < s (v(v — 1), 7(v)) + s (x(v), ).

Because limy ;00 d* (7(v), T(v + 1)) = 0 and 7(v) — p, then lim, e d*(7(v), #) = 0. Now,
by applying limit v — oo to the above inequality and then using these conditions in the
resulting expression, it follows that

(1 s%)d" (1, YO) < 0.

Given sp < 1, which further implies sx < 1, d*(u, YQ(u)) = 0, and hence, p = YQ ().
Therefore,
= Q(VYi(l)’.uYi(Z)/ . "MuYi(r))/
i.e., () has a multidimensional fixed point.

To prove the uniqueness of the fixed point of Y(), suppose on contrary that v € X* is
another fixed point of Y() with v # u. Consider

d* (p, v) 4" (YO(u), YO(0))
K@ (1, YO()) + d* (v, YO(0))]

w[d* (p, u) +d* (v,v)] = 0.

<
<

So, 4 = v. Thus, the proof is completed. O

Example 2. Let X = {% TV E N} U {0}. Define for all v,m € N

1 1 1
d(O,U> = d(V,O) = g,d(xv,xm) = |xy — Xpm].

Then, (X, d) is a symmetric s-distance space. Now,
XxX={(xy), x,y € X},
and
d(x,y) = sup{d(x;, y;)}.
i<2
Then, (X?,d?) is also a symmetric s-distance space.
Now, define a mapping Q : X> — X such that
O(x1,x2) = %for all (x1,x2) € X2,

and a mapping Y : X — X? such that
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where Y; : {1,2} — {1,2} are defined as
Yi(l) Ya(2) \ _ (1 2
Y,(1) Y(2) )\ 2 1)
Define YQ : X? — X2, which is a composition of Q and Y, as

YO(1,%2) = (Qw 0y Mae) (v me)) = (30 7):

Consider N
d(Q(X], xZ)/Q(ylryZ)) = d(Z/ Z)

We need to show that () is an Y-Kannan-type contraction that is

d(Q(x1,x2), WUy1,y2)) <k

sup{d(x;, Q(x1,%2)) } + Sup{d(yhﬂ(yl,yz))}] ey

i<2 i<2
where k € {0 %
(Vi ) and y = (— 0) then
1 1 1 1
(0(30)0(50)) - Qm%> |

1
— 2
4 41/2 ( )

Now consider

sup{d(x;, Q(x1,x2)) } + sup{d(yi, Qy1,y2)) }

= spfa(e )} e, )}

sl )] ol D)l )} o
= son{a(yag )1 (0 ) roorfa(y s ) 405

- o))

From (2) and (3) we obtain

1,113 3
411 4v, — 3\ 41y 4v, !
that is,

(oo ) <! sple(u0lo )} - seleunl )]

Similarly for the other values of x and y, condition 1 is easily verified, so () is an Y-Kannan-type
contraction. Then, the mapping YQ) is Kannan contraction and it has a fixed point.
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Now, x¥ = YQ(x71) for x € X2. Choose x = (x9,x9)

P 29 %9
(x11/rx12/) Y“(x{ l,xg l) (311/’35 :
Applying limit v — oo, we obtain

lim (x7,x3) = (0,0) = (O1,07),

V—00

which is a unique fixed point for YQO) and a unique multidimensional fixed point for Q, i.e.,
0;i=Q (OYi(l)’ OYi(2)>'

Corollary 1. Let (X,d) be a complete symmetric s-distance space and Q) : X* — X be a given
mapping. If Q) is an Y-contraction with sp < 1, = 1%, x € [0, %) and for T € X¥, the sequence
(T(v))yex is Picard, then (T(v)), ey is Cauchy with a unique multiple fixed point of Q.

Corollary 2. Let (X,d) be a complete b-metric space and Q) : X* — X be a given mapping. If Q)
is an Y-Kannan-type contraction with bp < 1, = =, x € [0, 1), then the Picard sequence of
the mapping YQ) is Cauchy and Q) has a unique multiple fixed point.

Proof. It can be proven easily along similar lines to the above theorem by inputting s > 1. O

Theorem 2. Let a mapping Q) : X* — X on a complete s-distance space an Y-Chatterjea-type
contraction with b < 1,B = %=, x € [0, }). Then, the Picard sequence (T(v))yex is Cauchy and
) has a unique multiple fixed point.

4. (s, q)-Distance Space

Definition 3 ([13]). A functiond : X x X — R on a nonempty set X is called (s, q)-distance if
forall ¢,n,¢ € X, d satisfies the following axioms:

d(g,n) >0;

Ifd(¢,n) +d(y,8) =0then g =1,
If¢ =mnthend(g,n) =0;

d(¢, 1) < qd(y,¢), forq > 0;
Fors>0,d(g,n) <s[d(g,¢)+4d(g,n)).

SAEICEN S

Remark 2. (1) The class of s-distance spaces generalizes the class of (s, q)-distance spaces, that is,
every (s, q)-distance space is an s-distance space but not conversely.
(2) An (s, q)-distance d is not necessarily a continuous function.

Now, we have an example of an (s, q)-distance space.
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Example 3. Let X = {ay,ap,a3}and d : X x X — [0, 00) be defined as:

1 1
d(aq,ap) = Efd(ﬂézrﬂél) =7
d(ay,az) = d(ag,az) =1,d(a,a;) =0, foralli € {1,2,3},
1
d(DC3,0(1) = d(DC3,0(2) = E

Clearly, d(a;, ) > 0, d (i, ;) +d(aj,0;) = 0 ifand only if a; = wjand d (aj, ;) = 3d(a, «;)
foralli,j e {1,2,3}.

Furthermore,
d(ag,ap) < O[d(ag,a3) +d(ag, az)],
d(aq,a3) < Old(ag, ap) +d(ag, a3)],
d(ag,a3) < Old(ap, 1) +d(ag,a3)],
d(rxz,le) < (5[d(1x2, 063) +d(0¢3, 061)},
d(ag,a1) < 6[d(as, ap) +d(ag, a1)],
d(D(g,,D(z) < 5[(1(0&3, oq) + d(al,txz)}.

Hence, d is an (s, q)-distance on X with q = } and s = § > 1.

Example 4. Let X = {(1,1),(1,-1),(—1,1), (=1, —1) }. Afunction p : X x X — Ris defined as:

0, X=y
p(xy) =19 2(lyil +y2l), x=(1,1)
1, otherwise,

is clearly a distance function. Furthermore, the above function satisfies

p(x,y) < qp(y,x), forall x,y € Xand q > 4.
Because

(4 x=(11)
plxy) = { 1 otherwise

therefore

p((1,1), (x1,x2)) <slp((1,1), (y1,¥2)) + o ((y1,y2), (x1,2))], for any s > 2.

Hence, p is an (s, q)-distance on X.

Theorem 3. Consider a mapping Q) : X* — X on a complete (s, q)-distance space. If Q) is an
Y-contraction with sk < 1, then the Picard sequence (T(v)), ¢y is Cauchy, and as a result, ()
possesses a unique multiple fixed point.

Proof. Consider the Picard sequence of the operator YQ. Let T € X* and 7(1) = YQ(7),
T(v+1) = YQ(7(v)). We need to show that d*(t(v), 7(I)) — 0. Consider

d(t(v),T(v+1)) = d*(YQ(t(v—-1)),YQ(t(v)))
kd*(t(v—1),7t(v))

A

xVd* (t,7(1)).

Thus,
lim d*(t(v),t(v+1)) =0.

V—00
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Because
d*(t(v+1),7(v)) < qd*(t(v), (v +1)),

we obtain
lim d*(t(v+1),7(v)) =0.

V—00

Now consider for ! > v

ds(t(v),t(1)) < sd*(t(v),T(v+1)) +sd*(t(v+1),7())

< sdr( ( ) T(v+1)) 42 (t(v+ 1), t(v +2))
+- M (r(1 - 2),T(1 - 1))
+dr( ( 1),7t(1))]

< SK”dr(T T(l))—l— 2ICVHclr('L',’L’(l))
e Lt (1,7(1))

< sk'd™(t,7(1)) [1 + sk + 822 4 oo sl TVl

<

1—sx

— (sx)lv
sx¥ <W>dr(1’,r(1)).

When applying the limit v,/ — oo over the above expression, it converges to 0 and because

d*(t(1), t(v)) < gd* (z(v), (1),

we have
V}ligloo ar(t(l),7(v)) = 0.
Hence,
lim [d*(7(1), T(v)) +d*(t(v), T(1))] = O,

v,l—o00

that is, {T(v)},cy is a Cauchy sequence and because the space is complete, there exists
# € X* such that 7(v) — p, which implies that

lim d*(t(v),u) =0 and Vh_{rolo d*(u,t(v)) = 0.

vV—r0o0

Now, to show that y is a fixed point of Y(), consider

d* (u, YQ()) < sld* (u, T(v)) +d* (t(v), YO())]
< sld*(u, T(v)) +xd* (T(v - ) )]
< sd*(p, T(v)) + sed™ ((v -

Taking the limit v — co, we have
d* (1, YO(4)) = 0.
Asd*(YQ(p), 1) < qd*(u,YQ(n)) = 0, thus d*(YQ(u), u) = 0, which further implies that
d*(YQ(p), 1) +d* (p, YO(p)) = 0,

and hence y = YQ(u).
Suppose that v is another fixed point of YQ) different from u. Consider
(o) +d*(o,p) = d*(YOQ(u), YO(0)) +d*(YOQ(0), YO(n))
wd* (u,v) + xd* (v, p).

IN
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This implies (1 —«)[d*(p,v) +d* (v, u)] < 0. As«k € [0,1), then d*(p,v) + d* (v, u) = 0.
That is, y = v, and the proof is completed. O

Theorem 4. Let (X, d) be a complete (s, q)-distance space and Q) : X* — X. If Q) is an Y-Kannan-
type contraction with sp < 1,avd B = %, then any Picard sequence of YQ) is Cauchy and () has
a unique multiple fixed point.

Proof. Let 7 € X* and 7(1) = YQ (1), 7(v + 1) = YQ(7(v)). Consider

a(t(v),(v+1)) = d*(YQ(t(v—1)),YQ(1(v)))
at(t(v—1),YQ(t(v—-1)))
+d* (t(v), YQ(T(v)))
kld* (t(v =1),7(v)) +d*(z(v), T(v +1))],

IN

IN

which implies

(W), T +1) £

d*(t(v =1),7(v))

< ( X )Vldl”(r(l),r(z»,

1—x
and

lim d*(7(v),T(v+1)) =0.

V—00

Now consider, for [ > v

d*(t(v), (1))

ds(YOQ(t(v—1)),YQ(t(l - 1)))
k[d*(t(v—1),YQ(t(v—1))) +d°(t(I - 1),YQ(t(I - 1)))]
k[d(t(v—=1),7(v)) +d*(z(1-1),7(]))]
()" (v(1), 7))+

1—x

(r5) " 2ar (v v +1), T(1 = v)

IN A

IN

K

Applying limit [, v — oo over the above, we obtain

lim d=(t(v),7(l)) = 0.

lv—o0

Similar steps to those of the above theorems can be used to prove

lim [d%((1),7(0)) + d*(z(v), (1))] = 0.

v,l—o00

Thus, {7(v)},cy is a Cauchy sequence.
Because (X*,d") is complete, there exists 4 € X* such that T(v) — p, ie.,

lim d*(7(v), ) =0 and lim d*(u, 7(v)) = 0.

V—00

Now, to show that y is a fixed point of Y(), consider

d (u,YQ(u)) < sld(p,T(v)) +d"(t(v), YOQ(n))]
< sl (ut(v)) +d7(YQ(T(v — 1)), YQ(u))]
. a*(t(v—1),YQ(t(v—-1)))
< sl e TSR]
< s[d(ut(v) +x(d (v —1),T(v)) +d" (1, YOQ(1)))]
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Applying limit v — oo over the above expression, we have

d* (u, YQ ()
<l 000+ X s )70 ¢ i Y80
<040+ skd* (1, YO(1)).

Thus,
(1= sk)d= (11, YO()) < 0.

Then, (1 — sk) cannot be less or equal to 0, so d*(u, YQ(u)) = 0 and d*(YQ(p), u) <
qd* (u,YQ(n)) = 0, which implies d* (3, YQ(u) )+ d* (YQ(p), u) = 0. Consequently, y =

YQ(u), ie., p = Qpy, 1), By, 2) - - - HYi(x))-
Now, to show that y is a unique fixedpoint of Y(), suppose that y # v, and v is also a
fixed point of YQ. Then, v = YQ)(v). Consider,

(1+g)d" (YQ(p), YO(v))
(14 gq)xld™ (1, YO(p)) + (0, YO(0))]
k(1+q)[d* (u, p) + d* (v, 0)],

which implies d* (1, v) + @* (v, u) = 0 and thuspy = v. So, y is the unique fixed point of Y(),
i.e., u is a unique multiple fixed point of 0. O

as(p,0)+d*(v,u) <
<
<

5. Balanced Distance Space

Definition 4 ([13]). Consider a distance space (X, d). If for every Cauchy sequence (G ), ey which
converges to some ¢ € X and any point y € X it satisfies d(1, ) = limy—c0 d(17, &y ), then (X, d)
is called a balanced distance space.

Now, let us give an example for the elaboration of the above class.

Example 5. Consider X = {27V : v € N} U {0, v} where v > 1 and define

d0,7) = (%0)—7+1,

d(27v,2” )— |27V —27F| forallv,r €N,
d(z Vr')’)_'% d(,-}/l )_7+1/
d(27v,0) =27V = d(0,27).

Clearly, d(¢,n) > 0andd(¢,n) +d(y,¢) = 0 ifand only if { = v, for all §,y € X. Because
(27Y),en is a convergent Cauchy sequenceand vy € X, so

lim d(27, ) = v =d(0,7),

: —v

. v A .

Vl1_r>1(}od(2 ,0)—0—d(00) V11_r>r010d(02 )
: —V b 4 _ -Ir __ bt &
Vlgx(}od(Z ,2 )—2 —d(0,2 ),

. —r —v\ __ —-r __ b 4

Vlggod(Z ,2 )—2 —d(2 ,0)

Thus, all conditions of balanced distance space hold.

Remark 3. (1) A C-distance space may not be a balanced distance space but the converse is true.
(2) A balanced distance d is always a continuous function.
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Theorem 5. Consider a mapping YQ) : X* — X* on a complete balanced distance space (X, d)
with the following property:
there exists x > 0 such that

d*(YQ(E), YQ(y)) < xd*(&,n),forall &, n € XT.

If T € X* and a Picard sequence {T(v) € X* : v € N} is Cauchy, then the set Fix(Q)) of multiple
fixed points of Q) is nonempty. Moreover, if () is Y-contractive, then Q) has a unique multiple
fixed point.

Proof. Because {7(v)},y is a Cauchy sequence and (X, d) is complete balanced distance
space, there exists y € X* such that T(v) — p, i.e.,

lim d*(7(v),4) =0 and lim d*(, 7(v)) = 0.

vV—r0o0

Suppose u # YQ(u), then d* (1, YQ(p)) > 0 and d* (YQ (), i) > 0. From the definition of
balanced distance space,

fim & (c(v+1),YQ(R)) = @ (1, YO(p)) >0,
Bm *(YO(), T(v +1)) = d5(YO(p), 1) > 0.

The continuity of Y() implies

lim d°(YQ(u), YOQ(T(v))) = 0.

Consider,
lim d*(YQ(u), (v +1)) = lim d°(YQ(u), YQ(T(v))) =0,

V—00 V—r0o0

which is a contradiction. Hence,
po= YO(p)
Wi = Q(VYg(l)/,uY;(Z)/ . .-,Myi(r))-

Hence, y is a multidimensional fixed point of Q).
If Q) is Y-contractive, then

a*(YQ(E),YQ(n)) < d*(¢,n), for allg, n € X*.
Suppose on the contrary that v is another fixed point of Y(2. Then,

d* (p,0) +d* (v, p) = d* (YQ(u), YOQ(0)) +d* (YQ(0), YO(1))
<d*(u,v)+d* (v, u),

which is a contradiction. Therefore, the multidimensional fixed point of () is unique. [

6. (¥, ¢, 6)-Contractions in Distance Spaces

Let S denote the class of all nondecreasing continuous functions ¢ : [0,00) — [0, %)
with ¢(5¢) = 0if and only if 5 = 0.

Theorem 6. Let () : X* — X be a mapping on complete (s, q)-distance space (X, d) withr € N.
Foreacht=(7,...,%), Y= (v1,72, ---,7r) € X%,5,9 > 0, if YQU satisfies:

P((1+q)d= (YQ(T), YO(7))) < G(de)(ﬂl)) +4’(<+dl(><ﬁl>)
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where ,0,¢ € S with (&) > 0(8) + ¢(&) for & > 0. Then, ) has a multiple fixed point.

Proof. Lett € X*, 7(1) = YQ(1), t(v+1) = YQ(1(v)). If T(v) = T(v+ 1), then QO has a
fixed point. Suppose T(v) # T(v + 1). Then,

p(d*(z(v
<y((1+q) ), T(v+1)))
(L +g)d*(YQ(r(v = 1)), YOQ(T(v))))

'
&= (1(v — 1), 7(v)) & (x(v — 1), 7(v))
"( G+ +1) )+¢< G+ +1) )

Because 6 and ¢ are non-decreasing functions,

P+ q)d* (z(v), T(v +1))) < 6(d (z(v=1),7(v))) + ¢(d*(z(v = 1), 7(v)))
< gl (t(v=1),7(v))). )

Furthermore, because 1 is non-decreasing, we obtain
1+g)d (t(v),T(v+1)) <d*(r(v —1),7(v)).
The fact (14 g) > 1 implies

a(t(v),T(v+1)) <d*(t(v—-1),t(v)),

T(v+1))+d°(r(v+1),t(v)))
(v

),
+ ) (T
+ ) (

IN

and thus, {d*(t(v), T(v+ 1))} is adecreasing sequence. Hence, there exists s > 0 such that

lim d*(t(v),T(v+1)) =

vV—0oo
If s > 0, applying limit v — co to the condition (4), it follows
0(s) +¢(s)
0(s(1+7q)) +¢(s(1+9)),

which is a contradiction. Then, s = 0 and hence

P(s(1+4q))

<
<

lim d*(t(v),t(v+1)) =0.

V—00

In a similar manner, one can prove

lim d*(t(v+1),7(v)) = 0.

V—r00

To show {7(v)},cy is a Cauchy sequence, suppose on contrary that {7(v)},c» is not
Cauchy. Then, for every € > 0, there exist subsequences {T(vp)} and {7(lo)} of {t(v)}
with vy > lp > @ such that

A (1(vo), T(lo)) + d* (1(lo), T(va)) > €.
Suppose that v, is the smallest positive integer such that
A+ q)d* (t(lo) T(va)) = €

and

F(tlve —1),7(le)) +d(t(le), T(ve — 1)) < €
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Now, we have

ple) < Pl (t(ve), (o)) +d" (T(lo), T(Ve))]

< Pl(1+9)d" (t(le), T(Veo))]

= P[(1+q9)d"(YQ(t(lo — 1)), YOQ(T(vo — 1)))]
d*(t(lg — 1), t(ve — 1)) (t(lp — 1), t(ve — 1))

: 9( @ 1)(+1) )”’( G 1)(+1) )

€
= 9( q+1 s+1>+¢<(q+1)2(s+1))
< B(e)+

which is a contradiction. Hence, {T(v)}
complete, there exists v € X* such that

ven is a Cauchy sequence. Because, the space is

limsupd®(t(v),v) = 0 and limsupd* (v, T(v)) = 0.
vV—o0 vV—o0

Consider,

lim p((1+q)d" (t(v), YO(0)))
= lim 1p((1+q)dr(YQ(T(V 1),YQ(v)))

<JEI;O9< (q+1)( s—|—1)> %9 ( q+(1/)(_51_31)>>

< lim 0(d(t(v —1),0)) + lim ¢(d* (t(v —1),0))
<6(0) +¢(0) =0,

which implies

fim (1 +9)d (x(v), YQ(0))) = 0.
By applying the properties of ¢, we deduce

lim d*(t(v), YQ(v)) =

V—00

Now,

d*(v,YQ(v)) +d* (YQ(v),0) (14 q)d* (v, YQ(0))

(1+¢)sld™ (v, T(v)) +d* (T(v), YO(0))].

Applying limit v — oo to both sides, we obtain

<
<

a* (v, YQ(v)) +d*(YQ(v),v) =0,
and hence, v = YQ(v). O

Corollary 3. Let (X, d) be a complete (s, q)-distance space and Y() : X* — X be a given mapping.
If there exists k € (0,1) such that

d*(YQ(E), YO(n)) < kd* (S, 1), forall§,n € X,

then Q) has a unique multiple fixed point.

Proof. Putting ¢(&) = 1+q 0(¢)=14+q)(1+s)x¢and ¢(¢) =0, forall { € [0,00) in the
above theorem, it can be easily proven. [J
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7. Application

This section deals with the application of our result proven in Section 3 for s-distance
spaces. Here, we are going to investigate the solution of integral equations by utilizing the
concept of multiple fixed points.

Let 7,77 € R with T < 9, and let [ = [t,]. Consider X to be a set of all real valued
and continuous functions defined on [; then, d is a complete s-distance on X where

d(a,p) = m[ax](|¢x(%)| —|B(0))*®,Q forall &, € X and @ > 1.
ne|T,y
Consider the following integral system:

nGd = wt [ L0, ma00, e ()

m(x) = w+/ (), gt (), (), (), -1 () )dp )

fori=12...,r,5=(41,12,...,c) € X",y € l/andamappingL : RT — R is such that

(i) L is continuous;
(11) Q) for all(é‘l,é‘z, A ,gr), (171,772, . ,ﬂr) S er

L@ 828l = [LOm 2 0) | < K(max pa(1E] = ] 2) %

A mapping Q : X* — X forally = (#1,12,...,1r) € X" and w € R defined by

Q(11,12, - 12)( —w+/ () m2 (i), - - e (p))d

Obviously, QO € C(f). Now, for the solution of system (5), we take the points
(m, 12, -, 1e), (61,82, ..., Cr) € X*, and consider

Q1,12 11e), Q81,82+, Cr))
_maX(|Q(’71/772f ) ()| = QU8 Gas - Ex) (32) )PP

{ w+ [ Lmﬂ)nz()---,ﬂr ))du|— }
“‘H'f L(ffl )Cz() ())

= max
el

<ma

w| + | [7(L 772( )-~-ﬂ7r u))du|— }
|w| = | [7(L &a(p), -, Ge(p))dp|

5|
g ﬁfﬁ "ggz%-- )
U

2@
1), e e (1)) — |L<¢1<y>,cz<y>,...,gr<u>|>du}

nel

J/
< max
sel

nel 1<i<r

2@
Smax{/ . ()|~ 8 >r>zw>ﬁvdu}
< sy max(s — T)z‘”d(m, &)

rkx(y — 1)*°d(m, &)
Kx(y — )% sup{d(i;;, &) :1 < r}
Kx(y —7)*d (n,¢)

with ¥ = maxj<j<y x;. Thus, all the assumptions of Corollary 1 are satisfied. Hence, the
integral system (5) has a unique solution.

IN AN A
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8. Conclusions

The main goal of this paper was to generalize most of the results in the literature
dedicated to coupled, tripled, and quadruple fixed point theorems by taking particular
values of r € N. We discussed s-distance spaces, (s, q)-distance spaces, and balanced
distance spaces with different contractive conditions, which are generalized structures as
compared to the well-knownstructure of metric spaces.The results have been immediately
applied toobtain the solution of a systemof integral equations.
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