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1. Introduction

Fractional integro-differential calculus provides effective tools for the study of applied
mathematical problems in various fields of science, such as physics, mathematical biology,
theory of financial markets and many others. A large number of mathematical models
of various real processes have appeared in the scientific literature, described in terms of
equations with fractional derivatives and integrals [1-9]. At the same time, such equations
are also of theoretical interest for the theory of differential equations and, therefore, have
been the objects of research in a multitude of papers over the past few decades (see
monographs [10-15] and the bibliographies therein).

In the theory of differential equations, a separate class consists of degenerate evolution
equations, the special properties of which are entailed by the presence of a degenerate
operator at the highest-order derivative. Various classes of degenerate evolution equations
of an integer order have been studied by many authors [16-22]. Degenerate evolution equa-
tions with Gerasimov—Caputo, Riemann-Liouville and Dzhrbashyan-Nersesyan fractional
derivatives were studied in [23-29].

In the present work, we study the unique solvability of a special initial value problem
in the degenerate multi-term linear equation

DYLx(t) = Y. DU Mx(t) + g(t), W
=1

with the Gerasimov—Caputo derivatives D#, B > 0, the Riemann-Liouville integrals D#,
B < 0 and the linear operators L, My, My, ..., My, which act from a Banach space X" into
a Banach space Y, kerL # {0}. Here, a1 < ap < -+ < a, < &, where some of g,
may be negative, m —1 <« < m, my, —1 < ay, < my, T >0and g : [0,T]| — Z. The
unique solvability of the Cauchy problem in such an equation with bounded operators
Mi, My, ..., M, in the nondegenerate case (¥ = ), L = I) was proven in [30]. In [31],
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the Cauchy problem was researched for nondegenerate Equation (1) under the more
general condition (M, My, ..., M,) € AZ,G on linear, closed, densely defined operators
M, My, ..., My.

In the study of degenerate equations of the form D*Lx(t) = Mx(t) and ker L # {0},
the conditions for the pair of operators (L, M) are often used, entailing the existence
of the so-called pairs of invariant subspaces. We are talking about the representation
of two Banach spaces in the form of the direct sums of the subspaces X = X @ A'!
and Y = V9@ V!, for which L, M : X" — Y’ and there exist operators M(;l and L;l,
where L, = L|p,nx, My = M|p,,nxr and r = 0,1. The direct sums correspond to the
projectors P along X on X! and Q along )° on Y!. Such an approach was used in [21]
with the condition of an (L, p)-bounded operator and p € Ny := NU {0} and in [25]
with the condition (L, M) € H,(6y,a9) for some 6y € (7/2,7), agp > 0. This makes
it possible to reduce the degenerate equation to a system of two simpler equations on
two subspaces. A generalization of this approach to the case of three or more operators
L, M, My, ..., M, for degenerate equations is not evident, since in this case, we need to
work with a pencil of operators y*L — y*1N; — u*2N, — ..., and the standard technique
does not look applicable due to the presence of several fractional powers of the parameter
u. However, the same conditions can be used for a pair of operators (L, M,,) if the action of
the remaining operators My, My, ..., M,,_1 is coordinated with the subspaces X 0 xt )0
and Y'. The simplest variant of such a coordination is the equality M;P = QM;, implying
that M; : X" — V', r=0,1and [ = 1,2,...,n — 1. This is how multi-term degenerate
Equation (1) with bounded operators L, My, My, ..., M,, was investigated in [30], namely
by reducing to the system of two simpler equations on two subspaces under the condition
of (L,0)-boundedness of the operator M,,. In this paper, when studying Equation (1) with
unbounded operators L, M, a condition (L, M) € H(6p,a0) [25] is used that allows us
to obtain pairs of invariant subspaces. At the same time, the coordination of the other
operators Mj, My, ..., M, _1 has a general form M;P = QM; + (I — Q)N;P with some
bounded operators N;, wherel =1,2,...,n —1.

In the second section, the preliminaries are given, including theorems on unique
solvability of the Cauchy problem for two classes of nondegenerate (XY = Y, L = )
multi-term equations (Equation (1)) with the Gerasimov—Caputo derivatives, where one
of them has bounded operators M, My, ..., M, [30], and for the other one, the condition
(M, My,...,M,) € AZ,G(QO/ ap) is satisfied, which implies the existence of analytic resolv-
ing families of the operators [31]. In the third section, the theorem on the existence of a
unique solution to the problem

Dfx(0) =x, k=0,1,...,my—1, D*Px(0) =1, k=mpmy+1,...,m—1,

for the degenerate multi-term Equation (1) is proven under conditions (L, M) € Ha (6o, a9)
and M;P = QM; + (I — Q)N;P with some bounded operators N;, where /| =1,2,...,n —1.
To this aim, Equation (1) is reduced to a system of two nondegenerate multi-term equations
on the subspaces of two classes, which are described in the second section. Abstract results
are applied to the study of unique solvability issues for the initial boundary value problems
of some systems of the dynamics of viscoelastic fluids in the framework of the abstract,
non-degenerate multi-term equation and for the system of the thermoconvection for the
Kelvin—Voigt fluid as a degenerate, multi-term equation in a Banach space.

2. Preliminaries

We define the Riemann-Liouville fractional integral of the order g > 0 [12,14] as
follows:
1

P = 1)

/(t — )b 1p(s)ds, t > 0.
0
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Letm —1 < a <m €N, D™ be the derivative of the order m € N and D* be the fractional
Gerasimov-Caputo derivative of the order « [14,32]:

m—1 k
— - koo
D*n(t) .= D™MJm"=* (h(t) — k;) D h(O)H .
For B < 0, by defintion, we will mean DPh(t) := J~Ph(t). Hereafter, with DP1(0) for B € R,
we denote the limit tli%lJr DPh(t).
—)

Let X and Y be Banach spaces, denoting with £(X’; J) the Banach space of all linear
bounded operators acting from X" into ) and with CI(X;)) the set of all linear closed
operators acting on ) with a dense domain in X. We also denote L(X;X) := L(X)
and CI(X; X) := CI(X), for A € CI(X) R,(A) := (ul — A)~ and for L, M € CI(X;))
Rj;(M) := (uL — M) 'L, while L;(M) := L(uL — M)~!, p"(M) is the set of u € C such
that uL — M : Dy N Dy — ) is injective mapping and Rﬁ(M) € L(X), Lﬁ(M) e L(Y).
We will assume that ker L # {0}.

2.1. Theorem on Pairs of Invariant Subspaces
Definition 1. [32]. An operator A € C1(X) belongs to the class Ay (6o, ag) if

(1) there exist 6y € (7w/2,7) and ag > O such that for all A € Sg 4, = {p € C :
|arg(p —ag)| < 6o, p # ap}, we have A* € p(A) :={p € C: (ul —A)~! € L(X)} and

(2) for every 6 € (71/2,6p), a > ag, there exists a constant K = K(6,a) > 0 such that, for all

A € Sg 4, we have
K(6,a)
« < — .

Definition 2. [25]. Let L, M € CI(X;Y). A pair (L, M) belongs to the class H, (6o, ao) if

(1) there exist 0y € (71/2, 1) and ag > 0 such that, for all A € Sq 4., we have A* € pL(M),
and

(2) for every 0 € (71/2,600), a > ay, there exists a constant K = K(60,a) > 0 such that, for all
A € Sg 4, we have

K(6,a
max{ | Rk (M) | (), L5 (M)l| £} < Mfu_)”

Remark 1. In the case of the inverse operator L=1 € L(X) existing, we have (L, M) € H,(60, a9)
ifand only if L~'M € A, (60, a0) and ML~ € A, (69, a0).

From the pseudo-resolvent identity, which is valid for Rﬁ(M ) and for Lﬁ(M) sepa-
rately, it follows that the subspaces ker Rll; (M) =kerlL, imRﬁ (M) and ker Lﬁ (M), imLﬁ (M)
do not depend on u € pL(M). We introduce the denotations ker RIIJ(M) = X0 and

ker L;L,(M) := VY With &1 (Y1), we denote the closure of the image imRﬁ(M) (imLﬁ(M))
in the norm of the space X (V). With L, (M,), the restriction of the operator L (M) on
Dy, := DN &7 (Dy, := Dy N X7) will be denoted, where r = 0, 1.

Theorem 1. [25]. Let the Banach spaces X and Y be reflexive, where (L, M) € H (6o, a). Then,
the following are true:
1 x=xxlandy =)@ Y.
(2)  The projection P (Q) on the subspace X (V') along X0 (V°) has the form P := s- ILI’H nRL(M)
n—,oo
(Qi=s- Jim nLh(M).
(3) Lo=0, My e Cl(X%I°) and Ly, M; € CL(XL; V).
(4)  There exist inverse operators L7 € CI(Y; X1) and My € £(I; X0).
(5) Vx € Dy Px € Dy and LPx = QLx.
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(6) Vx € Dy Px € Dyjand MPx = QMx.

(7) LetS:= Lf1M1 : Dg — X1. Then, Dg := {x € Dy, : Mix € imLy } is dense in X

(8) Let T:=ML;": Dy — Y. Then, Dy := {y € imLy : L] 'y € Dy, } is dense in Y.

9) IfLy € L(XL; YY) or My € L(X; V1), then S € CI(X1Y), and moreover, S € Ay (60, ao).

(10) Ile_1 c LY, X or Ml_1 € L(YL;XY), then T € CI(YV), and aside from that, T €
.A,X(Qo,llo).

2.2. Nondegenerate Multi-Term Equation

letm—1<a<meNxym<a < <o, <am-1<a <m €N,
I=1,2,...,n. Some of x; may be negative. Consider the Cauchy problem

DFz(0) =z, k=0,1,...,m—1, )

for a linear multi-term fractional differential equation

D%*z(t) = iD"”Alz(t) +f(t), te(0,T], 3)
I=1

where the operators A; € CI(X') have domains D, = 1,2,...,nand f € C([0, T]; X).
A solution to problem (2), (3) is a function z € C"™~1([0, T]; X), for which D*z, D% A;z; €
C((0,T];X),1=1,2,...,n,and conditions (2) and equality (3) for all t € (0, T| hold.

1
n
We denote D := (\_; Dy, R := ()\"‘I - Y /\”‘IA1> : X — D and endow the set
I=1

n
D withthenorm || - ||p = || - [|x + ¥ ||A; - || x, with respect to which D is a Banach space,

since it is the intersection of the Banach spaces D4, Dy,, ..., D4, with the corresponding
graph norms.

We also denote ny := min{l € {1,2,...,n} :k <m;—1} fork=0,1,...,m — 1. If the
set {Il €{1,2,...,n} : k <m;—1}is empty for some k € {0,1,...,m — 1} (it is valid if and
only if a; < k), then we apply ny :=n+1:

Definition 3. A tuple of operators (A1, Ay, ..., Ay) belongs to the class AZ’G(GO, ag) at some
o € (11/2,7), a9 > 0 if the following are true:
(1) D is dense in X .

n
(2) Forall A € Sg4,, k =0,1,...,m — 1, there exist operators R - (I - Y )\"‘1_"‘A1> €
l:nk
L(X).
(3) For any 0 € (7t/2,6p), a > ay, there exists such a K(0,a) > 0 that for all A € Sg,,
k=0,1,...,m—1,

K(6,a)

K(6,a)
IRAll 22y < A= al[A[*T"

< ———.
~ A —alAlt
()

n
R) (I — Z /\al_aAl>

l:i’lk

L

n
Remark 2. If n, = n + 1, then by the definition, ), A"~*A; := 0.

l:nk

Remark 3. In [31], the same class Al! - (60, ag) of tuples of operators is denoted by Al (6o, o),
since in that case, r operators at a negative a; value were grouped separately.

Remark 4. It is easy to show that in the case oy = 0 for some 1 € {0,1,...,n} the condition
(0,...,0,A,0,...,0) € AZ,G(GO,aO) is satisfied if and only if A; € Ay (6o, ap).
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We denote at t > 0 that

n

Zi(t) = Zim /R/\ (/\”‘kll -y )\""klAl)e“dA, k=1,2,...,m—1,
T

l:nk

Z(t) = zim /RAeMd/\,
T

where [ := T+t UT- U, T0:={A € C:|A—a| =r) > 0,argA € (—0,0)}, T+ := {)A €
C:arg(A—a)==£6,|A —a| € [rg,)},0 € (71/2,60),a > agand ry > 0.
In [31], it is shown that there exist resolving families of operators {Z; € L(X) : t > 0},
k=0,1,...,m—1of the homogeneous Equation (3) (f = 0) ifand only if (Aq, Ay, ..., An) €
2.6 (60, a0). Therein, the following unique solvability theorem was proved for the Cauchy
problem in the inhomogeneous equation:

Theorem 2. [31]. Letm—1 <a <me N, a <ay < -~ <y <am-—1<aq <
meN, 1 =12,...,n (A,A,...,Ay) € Al -(60,a0), zc € D,k =0,1,...,m —1and
f € C([0, T); D). Then, there exists a unique solution to problem (2), (3), and it has the form

m—1 L
2(t) = Y Zk(t)zk+/Z(t—s)f(s)ds. @)
k=0 0

In the case of bounded operators A1, Ay, ..., Ay, an analogous result was obtained
in [30]:

Theorem 3. [30]. Letm—1<a<meN g <a<---<a,<am—1<a; <m €N,
1 =1,2,...,n, A1, Ay,...,Ap € L(X),z € X, k=0,1,....m—1and f € C([0,T]; X).
Then, there exists a unique solution to problem (2), (3), and it has form (4).

3. An Initial Value Problem for a Degenerate Equation

Suppose that n € N, My, My, ..., M,,_1 € L(X;Y) and M,,L € CI(X;)) and that
Dy, and Dy, are domains of the operators My, L, respectively, with the respective graph
norms ker L # {0}.

Let Banach spaces X and Y be reflexive, (L, M) € Ha(60,a0), 01 < g < ... < ay < @,
m—1<a<mm-—1<a;<m,l=12,...,nand g € C([0,T];Y). Some of a; may be
negative. Consider the initial value problem

Dfx(0) = x, k=0,1,...,my, —1, DPx(0) = xy, k = my,my+1,...,m—1, (5)

for a multi-term fractional linear inhomogeneous equation
n
D*Lx(t) = Y D" Mx(t) + g(t), (6)
I=1

which is called degenerate in the case where ker L # {0}. The projector P is defined in
Theorem 1.

A solution to problem (5), (6) is a function x : [0,T] — Dy N Dy, such that
x € C™~1([0,T); X), Px € C"1([0,T]; X), D*Lx, D M;x € C((0,T|; V), 1 = 1,2,...,n,
equality (6) for all t € (0, T| and conditions (5) are valid.
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Lemma 1. Let (L, My,) € Ha(69,a9) for some 6y € (7t/2, 1), where ag > 0 and a > w, > 0.
Then, for every 0 € (11/2,6p), a > max{1, ag/(“_“")}, there exists K1(6,a) > 0 such that

o 14 — o o — K 9,61
a6~ 1t My) Ul LG = M) e} < T2

Proof. Take 6 € (71/2,6y), a > max{l,ag/(%a”)}, # € Sgp and A = pl~%/% in the sense of
the principal branch of the power function. Then, A € Sy,ap, SiNCE 1 — a1y /& € (0,1). Hence,
we have

(L = " M) Ll gy = [ IR G (M) 220y = |1~ | REe (M) | () <

K(6,a) K(6,a) < K1(6,a)

= A —al AT et/ — g A /) @D e = — e

Analogously, we can obtain a similar inequality for || L(u*L — u**My) || (3. O

For a negative a;, we can obtain a similar result:

Lemma 2. Let (L, My) € Hq (600, a9) for some 6y € (7t/2, 1), where ag > 0 and « > 0 > ay, >
«(1 — 26/ 7). Then, for every 0 € (71/2,a60/(x — ay)), where a > max{1,ag}, there exists
K1(6,a) > 0 such that

K1 (9, {1)

max{||(u*L — Va”Mn)flLHaX)/ |L(u"L — #“'1Mn)71\|£(y)} < T

Proof. Since 1 —a,/a > 1,for 6 € (71/2,a60/(x —ay)), a > max{1,a0} and y € Sy ,, we
have A = pl=/% ¢ S,,a,- The remaining part of the proof is the same as for the previous
lemma. O

We denote for brevity that Py := I — P, Qo := I — Q, L, (M;,) is the restriction of L
(Mj) on Dy, := DN X" (on Dwm,, := Dm; N X" forl =1,2,...,n), wherer = 0,1. Due
to Theorem 1 LP = QL for x € Dy, M,Px = QM;x for x € Dy, and hence M,, €
CI(X";Y") and L, € L(X"; V"), where r = 0,1. That aside, there exist Mn_cl) € ,c(yo,- x0)
and L; ! € CI(V%; A1),

Theorem 4. Let X and Y be reflexive Banach spaces, (L, M) € Ha(60,a0), M} € L(X;)),
I=1,...,.n—1, L;l c LAY, 0y <ap<--- <ay <waanda, > a(1—200/7). Then,
(M1,1L1_1,M2/1L_1,. ) .,MnrlLl_l) € AZ,G(Ql,al)for some 01 € (11/2,6p), a1 > ag.

Proof. Since L;! € L£(Y%; A1), by Theorem 1 (10), we have erlLl_l € L(Y'), where
I =1,2,...,n—1. Due to Lemma 1 for &, > 0 or Lemma 2 in the case where &, €
(a(1—26p/m),0) for some 6, € (71/2,6p], a1 > ap and p € Sy ,, we have

-1
n
(u“l -) u“sz,lLf) =

=1

-1

n—1

— (]/llxl o ]’llngn,lLl_l)_l (I o Z ]’lllel,lLl_l (]/llxl o I’lanMn,lLl_l)_1> ,
I=1

n—1
Y pMy L (et =t M L) T <
I=1 L)
n—1
< X ML | L1 =) <
=1
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n—1
El ||~ My L 2 ) K1 (6, )

< <g<l1
i —al 1

for some g € (0,1), and hence

Kz(@,ﬂ)

- (1- —al|p|e1
o (1= q)lp —allp|

I=1

-1
n
(PM - H“’MuLll)

Finally, we have

n -1 n
(;M— ZV“IMML;l) (1— ) y“l—“M,,1L1—1> =

I=1 l:}’lk

n -1 nkfl
=u (I—i— (;4"‘1— Zy“le,1L11> Yo ouM L,

1=1 1=1

n -1 n
(oo as) (o s -
l:1 l:nk L:(yl)
~ K»(6,a) ! . K3(6,a)
<1+ F ML g ) < R
g ( Tl & MMl o | < e

O

Theorem 5. Let X and Y be reflexive Banach spaces, (L, M) € Ha(60,a0), M; € L(X;Y),
M;P = QM; + QNP for some N; € L(XL;Y), 1 =1,2,...,.n—1,L;' € L(Y5XY),
<y < - <y <o u, >a(l—200/m), g € C(0,T);)), Qg € C([O'T];DMML;l)'
X € DMnﬁ—XOfork =0,1,...,m, —land x; € DM,,VlfO”k =my,my+1,...,m—1. Then,
there exists a unique solution to problem (5), (6).

Proof. Note that M;Py = M;(I — P) = M; — QM; — QoN;P = Qo(M; — N;P) for I =
1,2,...,n — 1. Establish that Pyx(t) := w(t), y(t) :== Lx(t) = L1 Px(t) + Low(t) = L1 Px(t),
and then x(t) = Px(t) + w(t) = Ll_ly(t) + w(t). Thus, for! = 1,2,...,n—1, we
have Mix = My(Ly'y(t) + w(t)) = (QM; + QoNiP)L; 'y(t) + Qo(M; — NiPw(t) =
(QM; + QoNp)Ly 'y (t) + QoMyw(t).

Using the operator M, (1) Qo € L()°; &), problem (5), (6) can be written as the system

n

D*y(t) = ) DYQMi Ly y(t) + Qg(t), )
=1
n—1 n—1
D*w(t) = — ) DM, ;QoMgw(t) — Y DM, 5QoNiLy 'y(t) — M, 6Qog(t),  (8)
=1 I=1

with the initial conditions
DFy(0) = LiPx, k=0,1,...,m —1, 9)
DFw(0) = Poxy, k=0,1,...,m, — 1. (10)

n
In the considered case D := 191 D MLt = D ML, with the graph norm of the opera-

tor DMn,1Lf1’ since x € DMM-FXO, then L1 Px; € DMn,lLfl fork=0,1,...,m, — 1. Hence,
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through Theorem 2, there exists a unique solution to problem (7), (9). Problem (8), (10) have
a unique solution due to Theorem 3, since the operators M; [1) QoM;p, 1 =1,2,...,n—1are

n—1
bounded and Y, D*M, JQoN,L; 'y + M, jQog € C([0, T]; X°) is a known function. [
=1 ’ ’

Remark 5. The proof of Theorem 5 implies that the Cauchy problem x)(0) = x;,1 =0,...,m —1
for Equation (6) has a unique solution under the additional conditions Pyx; = D'w(0), | =
my, my +1,...,m —1only. Here, w is a unique solution to problem (8), (10).

4. Some Initial Value Problems for Viscoelastic Media Systems

Consider the initial boundary value problem

Dfo(s,0) = vi(s), s€Q, k=0,1,...,m—1, (11)

v(s,t) =0, (s,t) €9Qx(0,T], (12)

fo(s,t) = )(DtﬁAv(s,t) + VD?Av(s,t) + KDfAv(s, £) —r(s, )+ h(s,t), (s,t) € A x(0,T], (13)
V-u(s,t) =0, (s,t) e Qx(0,T], (14)

in a bounded region (2 C R? with a smooth boundary 0Q), xy,v,k e R,m—1<a <meN,
« > B > v > 6, where some of numbers «, 8, v, § may be negative. Here, Dj is a fractional
Gerasimov—Caputo derivative of the order ¢ > 0 (or fractional Riemann-Liouville integral
of the order —e > 0 in the case where e < 0) with respect to ¢, the velocity v = (v1,vy,...,v4)
and the pressure gradient r = (rq,7,...,74) = Vp are unknown, and 1 : Q x [0, T] — R4
is a given function.

Ifa =B =17 =0andé < 0O, then the system of Equations (13) and (14) is the
linearization for the generalized Oskolkov system of the viscoelastic fluid dynamics with
the kernel h(s, t) = x(t — s)~°~1/T'(—0) in the integral operator (see system (2.1.1), (2.1.2)
in [33]). Witha =1, B > 0, v = 0 and « = 0, it will be the linearized Kelvin—Voigt fluid
system [34,35]. If, moreover, v = 0, then (13), (14) is the linearized system of the Scott-Blair
fluid dynamics.

With L, := (Lp(Q))", H! := (H'(Q))", H? := (H%(Q))", the closure of the subspace
L:={z e (C(Q)))" : V-z = 0} in the norm of the space L, will be denoted by H,,
and in the norm of H!, it will be denoted by H.. We denote H2 := HL N H?, where
H is the orthogonal complement for H, in Ly and £ : L, — H,, IT = [ — X are the
corresponding orthoprojectors.

The operator B := LA, extended to a closed operator in H, with the domain H(ZT, has a
real negative discrete spectrum with finite multiplicities, which is condensed only at —oo [36].

The system of Equations (13) and (14) is equivalent to the equation

Dfv(s,t) = XDva(s,t) +vD] Bo(s, t) +xD{Bu(s, t) + Zh(s,t), (s,t) € Qx (0,T], (15)
since
r(s,t) = xDPTIA(s, t) + vDJTIAD(s, t) + kxD{TIA(s, t) + TTh(s, £), (s,t) € Q x (0, T].

Therefore, we need to study problem (11), (12), (15). Ifa > >y >, m—-1<a <
m € {1,2}, B > —a, x > 0and v,x € R. Due to incompressibility Equation (14) take
X = H,, Ay = «B, A = vB and A3 = xB are closed, densely defined operators. Then,
by Lemma 3 from [31], (A1, A2, A3) € Ai,G' and by Theorem 2, for any vy, v; € D = H2,
Yh € C([0, T];H2), there exist a unique solution to problem (11), (12), (15). Therefore,
problem (11)—(14) also have a unique solution.
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fp>a>y>6m—1<a<méeNandy,v,« € R, we rewrite Equation (15) into
the form

va(s, t) = x DB o(s, t) — x D] v(s,t) — x 'kDv(s,t) — B~1Zh(s,t)

for (s,t) € Q x (0, T]. By setting X = H,, A = X’lDf‘B’l, Ay = —x Wl and Az =
—x "I, and by Theorem 3, since A1, Ay, A3 are bounded operators, for any vy, v; € Hy,
B~1'%h € C([0, T]; Hy), there exist a unique solution to problem (11)—(14).

Now, consider the initial boundary value problem

v(s,0) = vo(s), (m—1)D}v(s,0) = (m—1)v1(s), s€Q, (16)
7(5,0) = 19(s), (m—1)Dit(s,0) = (m—1)11(s), s€Q, (17)
v(s,t) =0, 7T(s,t)=0, (s,t)€aQx(0,T], (18)

for the linearized system of the thermoconvection in the same medium
Dio(s,t) = xDEAv(s, t) +vAv(s, t) + kDIAv(s, t) —r(s,t) + h(s,t), (s,t) € Qx (0,T], (19)

V-ou(s,t) =0, (s,t)€Qx(0,T], (20)
Dit(s, t) = oAT(s,t) +cva(s, t) + f(s,t), (s, t) € Qx(0,T]. (21)

wherem —1 <a <me€ {1,2},6 <0, x,v,x0,¢ € Rand A is the Laplace operator with
the domain HZ(Q) := {w € H*(Q) : w(x) = 0, x € 90}, which is dense in L,(Q2).

Remark 6. If x = 0, then system of Equations (19)—(21) is the linear approximation of the
thermoconvection in viscous media and not in viscoelastic media. In part, for x = 0, « = 1 and
x = 0, we have the linearization of the Boussinesq system, which models the thermoconvection in
viscous media. Operator methods close to the methods of this work are used for studying an initial
boundary value problem and some control problems of the linearized Boussinesq system in [37].

Set
X =H2 xHy; x L(Q), Y =1LyxLy(Q) =H, x Hy x L(QQ), (22)
I-xB O O kB O O vB O O
L= —xIIA © O |, My=| «[1A O O |, My=| vIIA -1 © |, (23)
0 0 I 0O 0O O cP, O oA
Zh('/t)
g(t)y=| Th(-,t) |, te]o,T).
f(t)

Here, P, is the projector (v1,vy,...,04) — v,. Then, L, My € L(X;Y), My € CI(X;))
and Dy, = H2 x Hy x H3(Q). We have x(t) € X, where x(t) = (v(-, t),7(-, 1), T(-,t)).

Lemma 3. Let « € (0,2), x,v,¢ € R, x # 0, x" ! ¢ o(B), 0 > 0, spaces X and Y have
form (22), and operators L and My be defined by (23). Then, (L, M) € Ha (6o, ag) for some ag > 0,
6o € (71/2, 1), and in this case, we have

I 0 O I 0 O
P=| vIIAU-xB)™ © O |, Q= —xllAI—xB)"! O O |,
0 0 I 0 0 I

where X0 = {0} x Hy x {0}, X! = {(z,vIIA(I — xB)"'z,w) : z € H2, w € L,(Q)},
V0= {0} x Hy x {0} and Y' = {(z, —xTIA(I — xB) "'z,w) : z € Hy, w € Lo(Q)}.
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Proof. The Banach spaces A’ and ) are reflexive since they are Hilbert spaces. The operators
(I—xB)™':H, — H2, (I-xB)™'B=B(I-xB)™':H, - Hyand (I — xB)"'B =
B(I — xB)~!: H2 — H2 are bounded. Therefore, we can choose 6; € (71/2, ), ag > 0 such
that the disc {y € C : |u| < 27V*|v|V*max{||(I — xB)~ 1BH1/“ |(I —xB)~ 1B||1/“}} is

situated outside the sector Sy, 4,. Then, for u € Sy, ,, using the Neumann series, we obtain

1 2
I —v(I— xB)"'B) |, < S TR @)
Wt = vl =oB) 2 B) e = e (= xB) BT, = T
[ 1 2
(4T = v(I = xB)""B) | < =

<
= |l = (I = xB) ' Bllgz ~ [pl*

Now, we take « € [1,2), 6 € (0,7(1/a —1/2)) and 6y = min{6;,71/2 + 5}. Then,
(I — o)™t € L(Hy) forall u € Sy, 4, since |arg u*| € (71/2, 1) and the spectrum of the
operator oA is real and negative. Moreover, for w € L,(Q2), we have

o 2
11— o2 Tl gy = 55 Al [l es)
L2(0) ™ A [y — oAy 2 sin? g [u]2e

where (-,-) is the inner product in Ly(Q), {Ax} is the eigenvalues of A and { ¢y} is the
orthonormal system of the corresponding eigenfunctions.
Thus, for p € Sg, 4,, we have

u“(I—xB)—vB O (@)
WL—My = | —pu*xIIA —vIIA 1 O ,

—cPy O u*l—oA
(WL—M)"" =
(u*I—v(I—xB)~"'B)~'(I—xB)™! 0 0
( (n" XHA+VHA)( “I—v(I—xB)"'B)"'(I-xB)™" I ¢ )
¢ — o) ' Py(u*l —v(I—xB)'B)M(I—xB)™' O (u*I—oA)7!
(u*I—v(I—xB)~'B)~! © 0
R (M) = ( (WXTIA + vITA) (u*T — v(I — xB)~'B)~ 1—XHA ©) @) ) =
Gl —oA) 'Py(utl —v(I-xB)"'B)"" O (uI—ol)7!
(u*I —v(I—xB)~'B)~! O O
_( vITA(I — xB) "' (u*I —v(I — xB)~'B)"! O @) )
G(u I — @A) "Pu(ptl —v(I - xB)7'B)"" O (u*I—ol)7!
(u*I—vB(I—xB)™") O 0)
LQN(M)—( —XTIA(I — xB) Y (u*I —vB(I — xB)~1)~1 0 0 )
(u*I— )" Pu(I - xB) '(u*I —vB(I—xB)"")™" O (u"I—oL)~"

Thus, R’Ea (M) € L(X) and Lﬁa (M) € L(Y). Using inequalities (24)—(26), we obtain
that (L, M) € Hy (Ll(), 90).

For « € (0,1), the proof is similar..

The projectors P and Q and subspaces X* = ker P, X! = imP, J* = kerQ and
V! =imQ can be calculated using Theorem 1 (2): O

Remark 7. It is evident that in this case, L1_1 c LY, ah).

Theorem 6. Let « € (0,2),0 < 0, x,v,5,¢ €ER, x #0,x ' ¢ ¢(B), 0 > 0, vy € H, and
10 € H?>(Q) for & € (0,1], and vp, v, € Hy, 19,71 € H*>(Q) for a € (1,2); h € C([0,T]; L),
Th € C([0, T|;H2) and f € C([0, T]; H?>(Q)). Then, there exist a unique solution to problem
(16)=(21).
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Proof. We reduce problem (16)—(21) to problem (5), (6) with n = 2, using operators (23)
in spaces (22). Note that in this case, a1 = 0 < 0, a; = 0 and my = 0. Hence, conditions
(5) have the form Px(0) = xq for & € (0,1], Px(0) = xo and D!Px(0) = x; for & € (1,2),
which are equivalent to conditions (16) and (17) due to the form of the projector P (see
Lemma 3). Here, m = 1 for a € (0,1] and m = 2 for a € (1,2). Therefore, for m = 1, the
second condition in (16) and in (17) is absent.

According to Remark 7, Lfl € L(Y'; x1), and moreover, DMn = L[Dpy,] = Hy X

H, x H3(Q). Hence, (vo, vIIA(I — xB) v, 1), (v1, vIIA(I — xB) 1oy, 1y) € DM“qu un-

der the conditions of the present theorem. We also have Qg(t) = (Zh(-,t), —xIIA(I —
xB)'Zh(-,t), f(-,t)) € C([0,T); D ). Finally, we have

My Lt
@) 0O 0
M{P—-—QM; = KHA(I *XB)_l 0O O =N € E(X,y)
@) 0O O

It is obvious that Ny = QgNj P. Under Theorem 5, we obtain the required statement. [J

5. Conclusions

An initial value problem for a class of degenerate multi-term linear equations in
Banach spaces with Gerasimov-Caputo derivatives was studied by the methods of pairs of
invariant subspaces. Under the conditions of the operators at the two oldest derivatives,
by implying the existence of pairs of invariant subspaces and analytic resolving families
of operators for the linear homogeneous equation with these two operators, we reduced
the degenerate equation to a system of two nondegenerate equations in the subspaces.
This allowed us to prove the existence of a unique solution. The obtained abstract unique
solvability theorem was used for the research of the initial boundary value problems for
the systems of the dynamics and of the thermoconvection of the Kelvin-Voigt-type media.

As for the development of the results obtained and their significance, we note that the
results for the solvability of initial problem (5), (6) will further allow us to consider other
problems for Equation (6) (boundary value problems on a segment, nonlocal problems, etc.).
Aside from that, the proof of the solvability theorem (Theorem 5), coupled with solution
formula (4) for the nondegenerate equation, gives the form of a solution to the degenerate
equation, which can become a starting point for finding new methods for the numerical
solutions of initial boundary value problem (16)—(21).
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