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Abstract: Accelerated life tests are used to explore the lifetime of extremely reliable items by subjecting
them to elevated stress levels from stressors to cause early failures, such as temperature, voltage,
pressure, and so on. The alpha power inverse Weibull (APIW) distribution is of great significance and
practical applications due to its appealing characteristics, such as its flexibilities in the probability
density function and the hazard rate function. We analyze the step stress partially accelerated
life testing model with samples from the APIW distribution under adaptive type II progressively
hybrid censoring. We first obtain the maximum likelihood estimates and two types of approximate
confidence intervals of the distributional parameters and then derive Bayes estimates of the unknown
parameters under different loss functions. Furthermore, we analyze three probable optimum test
techniques for identifying the best censoring under different optimality criteria methods. We conduct
simulation studies to assess the finite sample performance of the proposed methodology. Finally, we
provide a real data example to further demonstrate the proposed technique.

Keywords: the alpha power inverse Weibull distribution; step stress partially accelerated life testing;
adaptive progressive hybrid censored data; loss functions

MSC: 65C20; 60E05; 62P30; 62115

1. Introduction

The reliability of products has recently grown greatly in the present era of technical
achievements due to an ongoing effort for improving manufacturing processes in various
companies. Under the presence of high competition to launch their products within a
short time period, direct use of traditional life testing methodologies will be an expensive
and time-consuming operation for evaluating the lifetime of a product to predict product
failures. As a result, accelerated life tests (ALTs) are usually employed to explore the
lifetime of extremely reliable products, as they can be used with elevated stress levels of
stressors to trigger early failures, such as temperature, voltage (electric field), pressure, and
so on. Thereafter, the constant-stress and step-stress models in the ALTs have been studied
in life testing and reliability analyses; see, for example, [1-4].

It is known that each product sample in the ALTs is typically analyzed under a
constant-stress scenario, subjected to some continuous amounts of constant stress until
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all units fail or the test is cancelled for any reason, such as censoring plan. However, the
test conditions associated with step-stress models do not remain constant throughout the
tests, since the stress on a sample of test units could increase step by step at a prescribed
period or concurrently when a fixed number of failures occurs. In addition, the ALTs often
use a suitable physical model to extrapolate the collected breakdown information under
accelerated settings, whereas it is difficult to select a proper physical model to describe the
life stress relationships in practical situations [5]. To overcome these drawbacks of ALTs,
researchers may employ partially accelerated life testing (PALT), which is classified into
two types: constant-stress loading and step-stress loading. In the constant-stress PALT
(CSPALT), each sample of tested items is subjected to normal and accelerated levels of
constant stress until all units fail or the test is terminated; see, for example, [6,7]. In the
step-stress PALT (SSPALT), certain objects or materials are initially tested under normal or
usage settings for a predetermined amount of time before being subjected to accelerated
test conditions until the termination time; see, for example, [8-10].

In life-testing and reliability trials, data are commonly censored due to time and
cost constraints. The hybrid censoring scheme [11], which includes Type-I and Type-II
censorings as special cases, is commonly utilized in reliability analysis. We, here, refer the
interested reader to [12] for a nice overview of the hybrid censoring. However, the hybrid
censoring scheme lacks an option to delete units during the testing period due to time and
cost constraints. To address this issue, a progressive censoring scheme was developed by
allowing for the deletion of experimental units at various periods of time throughout the
test; see, for example, [13,14] in detail. It is worth pointing out that in the progressively
Type-II hybrid censoring, the number of required failures and the number of items that
must be deleted are determined in advance, whereas there is no time constraint on the
experiment, leading to a very long period.

To address this issue, [15] proposed the Type-I Progressive Hybrid Censoring Scheme
(TIPHCS), with an additional time and failure constraint that the experiment will run
until a predetermined time point or a predetermined number of failures, whichever comes
first. However, since the sample size in TIPHCS is random, only a few or even no failure
would occur before a pre-specified time limit, resulting in poor efficiency of the parameter
estimation. The authors of [16] proposed an adaptive type-II PHCS (AT-II PHCS), in which
n units are placed on a life test with a predetermined number of failures m and a pre-fixed
progressive censoring scheme €1, €3, ..., &, but the experimenter is allowed to change
some of the ¢;;,s during the experiment depending on situations. At the initial failure time,
Z1:mm, €1 Units are randomly selected from the remaining n — 1 alive items and are then
removed from the experiment. At the second failure time, zp..;, €2 units of the remaining

n — 1 — &1 units are eliminated at random, and so on. If the m-th failure time z,.;;;.;,, Occurs
m

before the predetermined time ¢, all the remaining ¢, = n —m — }_ ¢; units are removed
i=1

and the experiment terminates at time z;;.;u.,. The AT-II PHCS allows the experiment to run

over the test termination time restriction. As a result, if zy;.u.n > J, the experiment will soon

be stopped by setting €.41, €c+2,..., €én—1 = 0. This means that if zeun < 6 < Zer 1m0,

with ¢ +1 < m and Ye.u: is the c — th failure time that occurred before J, no surviving item

will be removed from the experiment until the effective sample of m failures is attained,
C
resulting in the remaining units e, =n —c— }_ ;.
i=1
Due to the importance of the AT-II PHCS, numerous authors have investigated the

problem of parameter estimation in different statistical models based on this censoring
scheme; see, for example, Refs. [17-19] for the Weibull distribution, Ref. [20] for the log-
normal distribution, Ref. [21] for the exponentiated Weibull distribution, Refs. [22,23] for the
extended Weibull distribution, Ref. [24] for the Burr Type-XII distribution, Ref. [25] for the
exponentiated Pareto distribution, Ref. [26] for the inverted NH distribution, Ref. [27] for
the Weibull generalized exponential distribution, Ref. [28] for the exponentiated exponential
distribution, Ref. [29] for the exponentiated power Lindley distribution, and references
cited therein. To the best of our knowledge, little research attention has been devoted to the
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alpha power inverse Weibull (APIW) distribution [30]. This observation motivates us to
investigate statistical inference of the APIW distribution under AT-II PHCS.

Due to flexibilities in its probability density function (PDF) and hazard rate function
(HRF), the APIW distribution has become a useful model in the study of life testing and
reliability analyses. The cumulative distribution function (CDF), PDF, survival function
(SF), and HREF for an APIW random variable T are given by

B’

F(ta,B,0) = = —

’ a/,B/G/t > O/ (1)

_ _pg—0
log(a) Ope Bt " ¢=6-1ge "

f(t;a,B,0) = — , #,B,6,t >0, )
_p—0
S(t;a,ﬁ,@):a“1<1—ae o 1),04,,8,0,t>0, 3)
and .
Bt 001 e P 1
Wt ,0) — 08(8) 0P 7 a 0, B0, >0, @)

(1w 1)

respectively, where @ > 0 and 0 > 0 are the shape parameters and § > 0 is a scale parameter.
This distribution includes many well-known distributions as special cases, such as the
alpha power Fréchet, alpha power inverse Rayleigh, alpha power inverse exponential,
inverse Weibull, Fréchet, inverse Rayleigh, and the inverse exponential distributions. In
addition, it has closed-form expressions of the SF and HRF, which make the distribution a
good alternative to commonly used distributions in life-testing analysis.

In this paper, we analyze the step stress partially accelerated life testing model with
samples from the APIW distribution under the AT-II PHCS. We first consider the MLEs
and derive asymptotic confidence interval and bootstrap confidence intervals of the model
parameters. We then propose Bayes estimates of the unknown parameters with non-
informative and informative priors under the symmetric and asymmetric loss functions. In
addition, we identify the best progressive censoring scheme to the most information about
the unknown parameters among all conceivable progressive censoring schemes. Numerical
results from simulation studies and a real-data application show that the performance of
the proposed technique is quite satisfactory for analyzing censored data under different
sampling schemes.

The rest of this paper is organized as follows. Section 2 describes the lifetime model and
the test assumptions. Section 3 derives the MLEs of the APIW parameters under the AT-II
PHCS. Section 4 constructs the confidence intervals of the unknown parameters. Bayesian
analysis of the unknown parameters is provided in Section 5. We carry out simulations in
Section 6 to investigate the finite sample performance of the proposed model. In Section 7,
a real-data example is provided for illustrative purposes. Finally, concluding remarks are
provided in Section 8 with Fisher information of the model deferred to the Appendix A.

2. Assumptions and Procedure for Testing

Suppose that in a simple SSPALT, the test employs only two stress levels, S,, (normal
operating circumstances) and S, (accelerated condition), such that S;, < S,;, where S, and
S, are twins. Under each stress level, at least one failure should occur. We assume that at
both stress levels, the failures of the test items follow the APIW distribution in (2). Then,
the lifetime Z of a test item follows a TRV model given by

_ T, ifT<T
o T+$, T>T
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where T indicates the lifetime of an item under the stress ST and represents the time point
at which stress ST is switched from u to a, and A > 1 is an accelerated factor (AF). Then,
under the TRV model, we obtain the PDF, CDEF, and SF of Z given by

- b
log(a) 0Be—F> P7=0-1pe7F

fulzia, B,6) = ] : ©)
e p’

Rz f,6) =, ©

Su(Z,' o, ‘B, 9) = [X i 1 (1 — lxel"zel) (7)

Now, at stress ST = g4, the PDF, CDF, and SF of Z are produced as follows:

-0

log(«) Gﬁe Blr+A(z—7)) [T+ Az — T)]—G—lag*ﬂ[ﬂft(zfr)]

fa(zr.“r,grer/\): lX—l ’ (8)
e Blr+Az—1)] 70 B
Fi(za,B,0,A) = | ,u,B,0,z>0A>1, 9)
—uaT zZ—T -0
Su(za,B,0,)) = il <1 el 1>/ (10)

where a, 5,60,z > 0,A > 1. We assume that a sample of n items is assigned to the stress level
Sy to test according to the SSPALT and a known progressive censoring scheme e1, €3,..., €.
The test will proceed and the items from 7 that do not fail up to time S;, are placed through
S, to test, and the test will continue until the censorship time is reached. If the m — th
failure does not occur within the censoring point 4, no item will be removed from the test.
The testing will continue until the m — th failure is registered, at which point it will be
terminated when all remaining items are eliminated. As a result, the implemented scheme
iseq1, €2,..., €,0, 0, ..., 0, ;. Thus, we obtain the observed samples given by

Zimn < Z2mn < oo 0 < Zmymn < T < Zpy4+lmn < -0 < Zemn < 0 < Zettmn < -+ < Znemny

illustrated in Figure 1.

/ Em—l
I >
I 71mn 22 TR Tm—1:mun mmn

gl 82 EC

/ Em
L Z . .
I Zimmen Zo.imen Zeiman fl:)- Ze+y1:mmn Zmuann

Figure 1. Illustration of the AT-II PHCS scheme.

We observe from this figure that the AT-II PHCS is a special instance of the AT-II PHCS
as 6 — 0 and that the AT-II PHCS reduces to the classical Type-Il PHCS as § — oo.
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3. The Parameter Estimation
The resulting likelihood function of the data under the AT-II PHCS is given by

L(za,B,0,1) af[{fu Ra(z)Y 1T il ) [Ra(zm)]"}, (11

i=my+1

c
where z; = z;.0, €m =1 —m — Y €;. Then it follows
i=1

—0
m | ] 0 7[32;9 —6-1 e P P €
L(zm,ﬁ,e,mn{ UL ARl AR

i=1

ﬁ[r+/\(zi—r)]*9

n log(a) 6pe PlTHA (= —7)] [T+/\(Z —7)] 0 1ae «
x II { : [z (1
i= g1 ) et 9“ ! (12)
—Blr+A(z;—T)] 77 _ . —Blr+Azm—1)] 7" _
—a gy (1 a7

The MLE is commonly used to estimate the unknown parameters, as it effectively and
efficiently yields estimates with good statistical properties. By taking the natural logarithm on
both sides of Equation (12), we obtain the log-likelihood equation L(z; «, 8,6, A) = ¢ as follows

my my
¢ = mylog(log(a)) — mylog(a — 1) + mylog(6) + mylog(B) — B L z;e —(0+1) ) log(z)
my 9 my my =1 my l:—lﬁz,’g
+log(w) ¥ e P57 + Y gilog(a) — ¥ gilog(a — 1) + Z €i (1 —a _1>
i=1 i=1 i=1

+mlog(log(a)) —mlog(a — 1) + mlog(0) +mlog(B) — B Z [T+ Az — T)]_e

m m e m (13)
)
—(0+1) L log[t+ Az — 1) +logla) Y e FTHAETOIT 4y (¢)log(a)
i=my+1 i=my+1 i=my+1
m T Z —T 9
— Y (&)log(a—1)+ Z g log( pe PGl 1) + emlog(a) — eplog(a —1)
i=my,+1 i=my+1
+emlog <1 e P A En=oI70 _g

The MLEs of the parameters «, 3,6 and A can be obtained by solving the following
nonlinear system equations

ol my+m (m,ﬁ-m —ﬁZ my 1 My my 2;971
o = alogx T (a-1) T a Ze —gigﬁi—migsi—log( )Zstx
m 0 m m
i=my+1 i=my,+1 i=my,+1 (14)

0 N R
p PG 4fm_ _tm +smlog(a)a" Plr+Alzm=m)I""

o (a—1) e

7

tlog(a) ¥ e

iy +1 (Late—f‘lfﬂui—ﬂ]_g-l) Ao
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=2

14

”* my+m I i

= "t + BY z; log(zi) — 1 log(zi)
i=1 i=1 _52_*9

e i =2

+log(o¢)n£ ﬁzi_glog(zi)efﬁzife + % e*ﬁzfeﬁzi_glog(zi) (6*5279 - 1)81'0(
i=1 i=1

+B % [T+ A(zi — T)]_Glog[r + A(z; — 7))

i:mmuﬂ y ) _— y
— ¥ log[t+A(zi— 1) +log(a) Y e PIFMETTIITBIT 4 A(z; — 1)) "log[T + Az — 1)]
i=my+1 i=my,+1
R
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(15)

(16)

(17)

We observe that it is difficult to get closed-form solutions of the parameters from
the above nonlinear equations. As a result, we employ an iterative approach, such as

Newton-Raphson, to find numerical solutions to the nonlinear systems.

4. Confidence Intervals

A confidence interval (CI) is a collection of numbers that serves as reasonable approxi-
mations to an unknown population characteristic (e.g., [31]). We consider two types of Cls

for the unknown parameters as follows.

4.1. Approximate Confidence Intervals

According to large sample theory, the MLEs are consistent and regularly distributed un-
der certain regularity conditions. To be more specific, [(& —«), (8 —6), (B—B), (A—=N)] ~
N(0,0) is known to yield the asymptotic distribution of MLEs of &, 6, B and A, where
o= 0y, i,j = 1,2,3,4 is the unknown parameters’ in the variance—covariance matrix. The
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inverse of the Fisher information matrix is an estimate of the variance—covariance matrix. The
estimated 100(1 — 77)% two-sided CIs for the unknown parameter are provided by

(Ftir, ftiu) = 7 Fz1-z \/&T-]-,i =1,2,3,4,

where z1_,/; is the r—th percentile of the standard normal distribution. However, the
above asymptotic CIs may not perform well due to an asymmetric property of the APIW
distribution. To deal with this issue, we consider the parametric bootstrap percentile
intervals as an alternative [32].

4.2. Bootstrap Confidence Intervals

We consider the parametric bootstrap sampling with percentile intervals, which can
be implemented using Algorithm 1.

Algorithm 1. Bootstrap

Step 0, basic setup:

Setb=1 .
Determine the MLE values of w = (a, 6, B,\), as showing by @ = (&, §,3,A).
Step 1: Sample

Get the bth bootstrap resample ¢, from F(.|@), where is the MLE from Step 0.
Step 2: Estimates from the bootstrap:

Calculate the bth bootstrap estimations.

a\)*b — &*b’ é*b, B*b, }\*b ,

®© N Tk L=

9.  Utilize the t, resample obtained in Step 1.
10.  Step three, repeat:

11. Setb<b+1,

12.  Steps 1-3 are then repeated until b = G.

13.  Step 4: In ascending sequence, begin:

14.  Sort the estimates in increasing order so that

15. {&»«m, a2 W{c}},{g*m, g+2 . ¢+lcl },{g»«m, B2, B*[G]},{;\*U], ;»«m,,_,,;*[c]}

The 100(1 — w)% percentile bootstrap CIs for the unknown parameter are computed
as follows
(i1, @) = (@i*[f]G, d}i*[(l_f)c]),i —1,2,3,4,

where @1* = a*, @* = 0%, 03" = B*,and Wy* = A*.

5. Bayesian Estimation

In this section, we focus on Bayes estimation for the unknown parameters. Bayesian
analysis begins with prior specifications for the unknown parameters. In this paper,
we assume that the parameters «, 6, B, and A are statistically independent and follow
independent gamma distributions, denoted by gamma (aj, b;);j = 1,...,4, respectively. The
joint priors for the APIW parameters can be written as

qD(lX, 0, IB/ )\) . “alflefbloc eazflesze Bay,flefbg,f) 7\[2467[;4)\, (18)

where a; > 0and b; > 0;j = 1,...,4 are pre-determined hyperparameters that reflect prior
knowledge of the unknown parameters. The resulting joint posterior distribution of the
unknown parameters is given by

L(x, 6, B,AI) « o(w, 6, B, M) ] 11‘[ L F(E) (1= F()", (19)

which is usually unidentifiable. Thus, we employ Markov chain Monte Carlo (MCMC)
methods to generate posterior samples of the unknown parameters for making posterior
inference. In particular, the acquired samples will also be used to approximate Bayes
estimates and obtain the corresponding highest posterior density (HPD) credible ranges for
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the unknown parameters [33]. In this paper, we obtain the Bayes estimates of the unknown
parameters under the symmetric (SLF) and asymmetric (ELF) loss functions, which are
denoted as

U, ®) = (& —w)’,£(0,8) = (’é—e)z,z(/s,ﬁ) - (B- fs)z,e(m) - (’X—A)Z, (20)

where @, 0, B and A denote the estimated posterior means of «, 6, 3 and A, respectively.
The generalized entropy (GE), an asymmetric loss function, is a simple generalization
of the entropy loss with the shape parameter g being 1 and is given by

- w\1 w
U(w, @) (w) - qln(w> -1,9+#1, (21)
where (@ is an approximated estimation of w given by

Gcr = [Eo(w )] 7, (22)

assuming that w™1 exists and is finite and E,, represents the anticipated value [34]. It
should be emphasized that other loss functions may easily be substituted in the same way.

6. Optimization Criterion

There has been a lot of interest in identifying the best censoring scheme in recent
years; see [35-39]. For values of n and m determined by the samples under a test, possible
censoring schemes are all combinations of Ry, . . ., R;;. We are interested in selecting the best
sample technique, as it entails identifying the progressive censoring scheme that provides
the most information about the unknown parameters among all conceivable progressive
censoring schemes. The first challenge is to determine a way to generate the unknown
parameter information based on specific progressive censoring data, and the second is to
compare two distinct information measures based on two different progressive censoring
techniques. We, here, provide some of the optimality criteria as follows. We choose the
censoring method that provides the most information about the unknown parameters.
Table 1 provides a variety of commonly used measures in selecting the proper progressive
censoring strategy, C;.

Table 1. Some practical censoring plan optimum criteria.

Criterion Method
G Maximize trace [Igx4(.)]
Cy Minimize trace [Isxa(.)]”
Cs Minimize det [Ig,4(.)] "

We are interested in maximizing the observed Fisher information I4x4(.) for Cy. Fur-
thermore, for criteria C, and C3, we reduce the determinant and trace of [I4X4(.)]71. Com-
paring multiple criteria is simple when dealing with a distribution with a single parameter;
however, comparing the two Fisher information matrices becomes difficult for multiparam-
eter distributions, because C; and C3 are not scale invariant. As a result, the logarithm of
the APIW distribution for f, is provided by

log(t,) = log{_ﬁllog [1 _ L1 —i;oz(:é — 1))] }9, 0<p<l, (23)

We apply the delta approach to (23) to obtain the approximated variance for log(f,)
of the APIW distribution as

var(log (iy)) = [Viog(,)]" 114 (&, 6,8,4) [Viog(By)],
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where

. 0 ~y O . %) sy O .
Vieg(E)T = | Zlog(i ,=—log(t,), ==log(t,), =log(t
[Viog(tp)] o g(fp) 20 g(Ep) 9B 8(fp) oA 8(fp) (et 0=, g A1)

The optimal progressive censoring corresponds to a maximum value of C; and a
minimum value of C;, i,=1, 2, 3.

7. Simulation

In this section, simulation experiments are carried out to evaluate the MLEs and
Bayesian estimators’ performances under the SLF and ELF in terms of their bias, mean
square error (MSE), length of asymptotic CIs (LACI), and length of credible CIs (LCCI).
The 95% Cls are generated using the asymptotic distribution of the MLEs. Two MLE
bootstrap confidence intervals are additionally attained. The HPD is used to calculate the
95% credible intervals. Two schemes of progressive censoring are taken into consideration:

Schemel: Ry =...=R,;, 1 =0,and R, = n —m.

SchemelIl: Ry =... =R, =0and Ry = n — m.

For more information, see [40]. To choose the best strategy for the determinant and
trace of the variance-covariance matrices, maximization of the principal diagonal elements
of the Fisher information matrices, minimization of the determinant and trace of the
variance—covariance matrix, and minimization of the variance in the logarithmic MLE of
the p-th quantile, we used various optimization criteria. The following algorithm is used to
carry out the estimation procedure:

1.  Give the numbers 1, m, and . The total sample size in complete case is n = 100 and
200; the censored sample size is m = 75 and 90 m when n = 100 and m = 150 and 185

when n = 200.
2. Give the parameters,a =2, f =2, A =1.6,0 =0.7,anda = 0.6, § = 0.7, A =0.§,
0 =1.4.

3. Make a sample of size 1 of the randomness from the random variable t in Equation (1),
then sort it. It is easy to create a random variable with the APIW distribution. If the
uniform random variable U is drawn from the interval [0, 1], then

[ (el
T— 1"+ {%1 ln[iln(lﬂg;l)”)} }T t>T1

4.  To generate the adaptive progressive hybrid censored data for given n, m, and 6, we
use the model in (7). The data can be thought of as:

Zlmen < Z2men < - ee < Zymn < T < Zyqlmen < - Zemn < o< Zetlmen < Zmimn

5. To obtain the MLEs of the parameters, the nonlinear system is solved by using the
Newton—-Raphson method.

6.  To obtain the Bayes estimation of the parameters, we obtain posterior samples from
the MCMC algorithm.

7. Repeat Steps 3 through 6 for 1000 iterations.

8.  Calculate the MLEs and Bayes parameter-related average values of bias, MSE, and LCL
9.  Calculate various parameter estimations and their confidence intervals.

10. Calculate the various optimization criteria.

Numerical simulation studies are provided in Tables 2-7 and Figures 2 and 3. Several
conclusions can be drawn as follows.

e By increasing the censored sample sizes 1, the bias, MSE, and LCI of the estimates for
the two alternative censored methods decrease for fixed values of n and 4.
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e By increasing the censored sample sizes J, the bias, MSE, and LCI of the estimates for
the two alternative censored methods decrease for fixed values of n and m.

e By increasing the censored sample sizes 7, the bias, MSE, and LCI of the estimates for the
two alternative censored methods decrease for fixed values of the sample sizes § and m.

e  Bayes estimations of the parameters under the two loss functions outperform the MLE
in terms of bias and MSE for the scenarios under consideration.

e  Thebias and MSE of Bayes estimations of the parameters increase under the considered
scenarios when we used negative weight for ELF.

e  The HPDs of the unknown parameters outperform the Cls based on the MLEs with
respect to ACIs and LCIs. In addition, we observe that the lengths of the bootstrap Cls
are the shortest.

Table 2. Bias, MSE, LACI, LBCI, and LCCI with scheme 1 in case 1.

x=28=21=160=07 MLE SELF ELFc=—1.25 ELF c =125
n .5 m Bias MSE LACI LBPCI LBTCI Bias MSE  LCCI Bias MSE LCCI  Bias MSE  LCCI
x 03263 03997 21248 00965 0.0947 —02602 03062 1.8368 —0.2458 02894 17968 —0.4100 05367 22491
B —13825 19408 06726 00302 00301 —05628 03439 0.6222 —05578 03379 06157 —0.6050 03980 0.6726
B 03094 01665 09447 00406 00406 02863 01435 07539 06361 04416 07597 05878 03778 06959
6 08792 08010 0.6577 00301 00300 00546 00395 03513 00563 00097 03143 00389  0.0079 0.3100
%10 x 01289 03267 21851 0.1033 01031 —0.0321 00331 07063 —00309 00329 07056 —0.0423 0.0351 0.7149
B —13616 1.8885 07287 00325 00327 —02817 01017 05869 —02789 0.0997 05807 —03071 0.1212 0.6382
0 T 02883 01568 10653 00484 00434 01990 00575 05284 02005 00583 05303 01850 00506 04982
100 6 08403 07273 05710 0.0257 00253 00464 00241 03401 0.1281 00246 03411 01123 00198 03214
12072 26719 43243 01911 01921 —0.1065 02610 1.8586 —0.0961 02537 1.8425 —02112 03636 2.1097
B —11084 12923 09910 00427 0.0432 —0.6102 04100 07449 —0.6050 04028 07387 —0.6526 04709 0.7836
B T 04902 0493 19853 00901 00900 02893 02940 06019 09399 09551 10307 08542 07929 09038
0 06934 05379 09372 0.0414 00410 01369 00546 04633 01387  0.0560 0.4645 01201  0.0390 0.4486
35,18 x 13165 25775 36059 01659 0.1640 —0.0176 0.0289 0.6324 —00166 00288 0.6321 —0.0262 0.0298 0.6365
B —07230 09408 06724 00317 00317 —02981 01098 05521 —02953 0.1077 05458 —03236 0.1297 0.6095
0 T 03408 02248 12936 00615 00615 02828 0099 05239 02850 01009 05256 02630  0.0863 04918
6 05154 05080 04873 0.0216 00217 01171 00185 02572 0.1185  0.0188 02583 0.1050  0.0154 0.2438
« 04348 03536 15917 00687 00686 —03758 03113 15792 —03615 02930 15336 —05182 05351 1.9342
B —14213 20289 03648 00164 00164 —05234 02866 04452 —05207 02836 04421 —05462 03127 04733
B 0399 01788 05367 00252 00251 03067 01470 04559 0.6752 04750 05652 06380 04234 0.5026
6 08859 07991 04679 0.0216 0.0216 01493 00536 02133 00502  0.0055 02140 0.0411  0.0046 0.2089
10 « 03155 02366 14526 0.0660 00657 —0.0758 0.0305 06101 —0.0749 0.0303 06091 —0.0847 0.0331 0.6135
B —14129 20049 03619 00153 00150 —03626 0.1448 04347 —0.3595 01423 04300 —0.3899 0.1677 0.4811
BT 03522 01643 05300 00236 00241 02720 00855 04317 02737 00866 04337 02565 00760 04061
200 6 08609 07536 04379 00193 00194 01081 00367 02046 01822 00372 02442 01678  0.0318 0.2363
x 04026 02824 14873 00552 00567 —0.1721 02094 15946 —0.1630 02006 1.5636 —02593 0.3096 1.8659
B —09198 14616 03652 00129 00128 —05550 03255 05263 —0.5521 03219 05242 —05792 0.3553 0.5561
B0 02994 01698 05294 00258 00255 01025 01085 04657 10326 11012 06591 09497 09289 05761
6 07250 05558 0.6811 0.0314 00309 01129 00419 02710 01138 00197 02710 01047  0.0168 0.2699
35,18 04004 02704 1.0908 0.0425 0.0416 —0.0208 00234 05713 —0.0200 0.0233 05702 —0.0283 0.0244 0.5746

185

0.2444 0.0915 0.5070 0.0219 0.0214  0.2369 0.0877  0.4251 0.3718 0.1509 0.4277  0.3447 0.1295 0.3881

13
B —0.2134 0.8482 03493 0.0109 0.0119 —0.3858 0.1599 03899 —0.3823 0.1570 03850 —0.4166 0.1867 0.4370
A
0

0.6121 0.4589  0.3919 0.0174 0.0174  0.1670 0.0305 0.1924  0.1681 0.0309 0.1941  0.1565 0.0268  0.1823
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Table 3. Bias, MSE, LACI, LBCI, and LCCI with scheme 2 in case 1.

x=2,8=21=160=07 MLE SELF ELFc=—1.25 ELF ¢ = 1.25
n T, m Bias MSE LACI LBPCI LBTCI Bias MSE LCCI Bias MSE LCCI Bias MSE LCCI
o 0.4624 0.5714 2.3474 0.1201 0.1205 —0.2218 0.2633 1.8289 —0.2105 0.2495 1.7748 —0.3394 0.4512 2.2924
B —1.3916 19624 0.6328 0.0319 0.0321 —0.5221 0.2971 0.6066 —0.5175 0.2918 0.5994 —0.5610 0.3430 0.6561
75 A —0.3496 0.1814 09551 0.0496 0.0499 0.3042 0.1802  0.7407 0.4214 0.2150  0.7430 0.3813 0.1781 0.7106
0 1.0136 1.0650 0.7624 0.0425 0.0421 0.5739 0.3628  0.7099 0.5790 0.3695 0.7194 0.5214 0.2973  0.6187
2,10 o 0.5295 0.5660 24170 0.0765 0.0770 —0.2670 0.2579 1.7531 —0.2544 0.2632 1.6937 —0.4003 0.5122 2.3486
B —1.4030 19596 0.6540 0.0210 0.0206 —0.5261 0.2965 05475 —0.5217 02915 0.5396 —0.5636 0.3405 0.5825
%0 A —0.3740 0.1798 1.3282 0.0431 0.0425 0.4374 0.1800 0.7370 0.4412 0.2313  0.7418 0.4023 0.1940 0.6995
100 0 0.9861 1.0122 0.7831 0.0251 0.0249 0.5751 0.3640  0.6653 0.5798 0.3701  0.6715 0.5259 0.3017 0.6024
o 0.4601 0.5524 22904 0.1124 0.1125 —-0.1171 0.2100 1.6852 —0.1090 0.2033 1.6784 —0.1962  0.2943 1.8787
B —1.1979 14732 0.7660 0.0243 0.0246 —0.5480 0.2832 0.5410 —0.5432 0.3140 0.5365 —0.5884 0.3679 0.5782
7 A 0.2992 0.1722  0.9408 0.0444 0.0438 0.6883 0.1526  0.9032 0.6950 0.5369 0.9078 0.6229 0.4307 0.8363
0 0.8304 0.7148 0.6230 0.0188 0.0188 0.4609 0.2310 0.5173 0.4644 0.2346  0.5208 0.4256 0.1959  0.4685
35,18 o 0.5074 0.5339 22637 0.0712 0.0716 —0.0227 0.0252 0.5770 —0.0219 0.0251 0.5750 —0.0300 0.0263 0.5855
B —1.1968 14705 0.7666 0.0240 0.0241 —0.2323 0.0708 0.5093 —0.2303 0.0697 0.5044 —0.2500 0.0822 0.5517
9% A 0.2893 0.1719 09128 0.0292  0.0298 0.2058 0.0585  0.4962 0.2073 0.0593  0.4986 0.1917 0.0513  0.4786
0 0.8319 0.7175 0.6251 0.0204 0.0205 0.2410 0.0649  0.3098 0.2432 0.0661 0.3141 0.2204 0.0542  0.2832
o 0.4968 04611 1.8157 0.0594 0.0594 —0.4156 0.3868 1.7927 —0.3966 0.3570 1.7173 —0.6259  0.8221 2.3011
B —1.4238 2.0385 0.4153 0.0131 0.0131 —0.5478 0.3116 0.4096 —0.5445 0.3078 0.4078 —0.5748 0.3434 0.4355
150 A —0.4137 0.1950 0.6052 0.0186 0.0184 0.4819 0.1826  0.5607 0.4852 0.2608  0.6138 0.4507 0.2244 0.5572
0 0.9426 0.9101 0.5755 0.0177 0.0173 0.5626 0.3389  0.5679 0.5658 0.3428 0.5713 0.5291 0.2985 0.5178
2,10 o« 0.5008 0.4615 1.8002 0.0559 0.0563 —0.0585 0.0268 0.5996 —0.0576 0.0265 0.5964 —0.0668 0.0293 0.6242
B —1.4305 2.0554 0.3718 0.0120 0.0118 —0.3356 0.1240 04175 —0.3328 0.1220 04126 —0.3604 0.1433 0.4485
185 A —04246  0.1920 0.5577 0.0183 0.0180 0.2406 0.0689  0.4180 0.2421 0.0698 04216 0.2260 0.0609 0.3888
200 0 0.9422 0.9061 0.5310 0.0167 0.0167 0.3808 0.1519 0.3178 0.3844 0.1548  0.3210 0.3454 0.1245 0.2811
o« 0.4717 0.3649 1.7284 0.0574 0.0570 —0.2171 0.2180 1.5888 —0.2071 0.2071 1.5436 —0.3190 0.3637 2.0831
B —1.2425 15586 04772 0.0152 0.0148 —0.5556 0.3018 0.3705 —0.5524 0.3143 0.3680 —0.5818 0.3487 0.3847
150 A 0.1907 0.0833 0.8496 0.0252  0.0254 0.8361 0.0733  0.7085 0.8428 0.7451  0.7166 0.7687 0.6179  0.6418
0 0.7916 0.6403 0.4600 0.0147 0.0148 0.4665 0.2287  0.4089 0.4688 0.2310 04112 0.4432 0.2060  0.3780
35,18 o 1.5699 0.3267 3.5125 0.1158 0.1166 —0.0406 0.0260 0.6052 —0.0398 0.0259 0.6024 —0.0483 0.0275 0.6174
B —1.2296 15242 04327 0.0146 0.0144 —0.3682 0.1148 04297 —0.3648 0.1450 04256 —0.3978 0.1727 0.4703
185 A 0.2119 0.0832 0.7672 0.0246  0.0253 0.3420 0.0513  0.4309 0.3447 0.1319 04339 0.3172 0.1117  0.4069
0 0.7923 0.6399 0.4322 0.0138 0.0138 0.3183 0.1058  0.2583 0.3207 0.1074 0.2611 0.2952 0.0908 0.2329

Table 4. Bias, MSE, LACI, LBCI, and LCCI with scheme 1 in case 2.

«=06=07,1=080=14 MLE SELF ELFc=—-1.25 ELF c=1.25
n T, 0 m Bias MSE LACI LBPCI LBTCI Bias MSE LCCI Bias MSE LCCI Bias MSE LCCI
« —0.5240 02747 0.1405 0.0022 0.0022 —0.1110 0.0206 0.3572 —0.1057 0.0196 0.3578 —0.1615 0.0343 0.3626
B —02999 0.0922 02150 0.0086 0.0083 —0.2663 0.0740 0.2063 —0.2641 0.0728 0.2066 —0.2856  0.0848 0.2194
7 A 0.0052 0.0093 0.4453 0.0177 0.0177 0.0200 0.0083 0.3513 0.0222 0.0084 0.3514 0.0008 0.0081 0.3521
0 0.2704 0.0885 0.4687 0.0205 0.0209 0.0732 0.0181  0.4339 0.0750 0.0184 0.4339 0.0574 0.0156  0.4351
100 06,13 a —04477 02017 0.0482 0.0061 0.0061 —0.0486 0.0051 0.2093 —0.0475 0.0050 0.2086 —0.0591 0.0064 0.2144
B —02570 0.0691 0.1885 0.0098 0.0100 —0.2212 0.0516 0.2015 —0.2192 0.0507 0.1992 —0.2383 0.0599 0.2146
%0 A 0.0945 0.0082 0.3785 0.0203 0.0203 0.0211 0.0056  0.2751 0.0220 0.0056  0.2750 0.0129 0.0055 0.2783
0 0.1132 0.0271 0.4865 0.0212 0.0202 0.0282 0.0104 0.3800 0.0289 0.0105 0.3799 0.0218 0.0099  0.3766
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Table 4. Cont.
«=06,=07,1=080=14 MLE SELF ELF c = —1.25 ELF ¢ =1.25

n 7,8 m Bias MSE LACI LBPCI LBTCI Bias MSE LCCI Bias MSE  LCCI Bias MSE LCCI
a —0.5342 0.2856 0.1804 0.0019 0.0019 —0.0505 0.0780 0.5301 —0.0449 0.0815 0.5360 —0.0990 0.0461 0.5708

B —01805 00375 03960 0.0082 0.0082 —02799 0.0528 02684 —02775 0.0820 02668 —0.3001 0.0953 0.2745

75 A 0.3202 0.1212 0.8482 0.0163 0.0161 0.1205 0.0312  0.4830 0.1232 0.0318  0.4820 0.0957 0.0263  0.4838

0 0.2652 0.0891 0.5336 0.0169 0.0173 0.2184 0.0708  0.5753 0.2206 0.0720  0.5783 0.1984 0.0606  0.5573

08,15 a —05122 02644 0.0611 0.0056 0.0057 —0.0334 0.0081 0.2086 —0.0323 0.0037 0.2086 —0.0431 0.0047 0.2083

B —00762 00160 02736 00124 00127 —02306 0.0506 0.1998 —0.2285 0.0548 0.1982 —0.2477 0.0644 0.2139

%0 T 02548 01135 05362 00258 00258 01086 00193 03247 0109 00195 03253 0099 00171 03165

0 0.0780 0.0246 0.5238 0.0167 0.0165 0.0940 0.0189  0.3921 0.0949 0.0191  0.3931 0.0858 0.0169 0.3768

« —0.5503 0.3029 0.1706 0.0008 0.0008 —0.1207 0.0200 0.2611 —0.1166  0.0189 0.2599 —0.1571  0.0303 0.2621

B —02948 0.0882 0.1971 0.0044 0.0044 —0.2850 0.0833 0.1726 —0.2835 0.0824 0.1715 —0.2982  0.0911 0.1726

10 00074 00524 04162 00089 00090 00116 00057 02784 00131 00057 02773 —00023 00057 0279

6 03037 01005 03554 0.0109 0.0109 0.0952 00189 03662 0.0964  0.0192 03668 0.0848  0.0166 0.3599

06,13 « —04551 0.2090 0.0259 0.0055 0.0055 —0.0324 0.0051 0.0733 —0.0320 0.0014 0.0732 —0.0362  0.0017 0.0757

B —0.1976 0.0416 0.1409 0.0063 0.0062 —0.2553 0.0663 0.1278 —0.2536 0.0654 0.1269 —0.2687 0.0734 0.1345

185 A 0.2050 0.0053 0.2817 0.0136 0.0137 —0.0202 0.0031 0.1965 —0.0193 0.0031 0.1962 —0.0277 0.0036 0.2046

200 6 00212 00074 03277 00110 00110 00694 00068 02919 00701  0.0108 02922 0.0638  0.0097 0.2890
a —0.5588 0.3131 0.1154 0.0054 0.0054 —0.0395 0.2423 0.8773 —0.0266 0.4469 0.8702 —0.1289 0.1863 0.8322

B 0.0655 0.0179 04586 0.0212 0.0213 —0.0833 0.0109 0.3543 —0.2813 0.0898 0.4482 —0.3004 0.1008 0.4510

150 A 0.8364 0.7483 0.8673 0.0399 0.0395 0.1402 0.0585 0.8695 0.1427 0.0593  0.8679 0.1171 0.0513  0.8502

6 —00539 00232 05586 0.0267 0.0267 02571 00194 05065 02587  0.0953 06570 0.2422  0.0843 0.6294

08,15 a  —05559 03091 0.0279 0.0010 0.0010 —0.0218 0.0594 0.0401 —0.0214 0.0006 0.0400 —0.0256 0.0008  0.0424

B —0.0517 0.0133 0.1916 0.0058 0.0059 —0.3182 0.0102 0.1041 —0.3169 0.1011 0.1039 —0.3293  0.1092 0.1060

185 A 0.3258 0.1151 0.3711 0.0120 0.0120 0.0068 0.0027  0.1917 0.0082 0.0027 0.1917 —0.0056  0.0027 0.1963

[ 0.0429 0.0193  0.3909 0.0122 0.0122 0.0290 0.0190 0.3326 0.2915 0.0924  0.3330 0.2772 0.0838 0.3223

Table 5. Bias, MSE, LACI, LBCI, and LCCI with scheme 2 in case 2.
”RZ%% ‘; =97 MLE SELF ELF c= —1.25 ELF c =125

n T, 6 m Bias MSE LACI LBPCI LBTCI Bias MSE  LCCI Bias MSE  LCCI Bias MSE  LCCI
a  —0.6947 04827 06661 0.0015 0.0015 —0.0664 0.0453 0.6946 —0.0642 0.0425 06770 —0.0647 0.0439 0.6710

B —02988 0.0909 0.1620 0.0357 0.0364 —03179 00906 03675 —03146 0.0902 03623 —0.2934 0.0901 0.3400

75 A —0.0135 0.0093 0.3837 0.0865 0.0825 —0.1626  0.0090 0.4409 —0.1595 0.0383 0.4353 —0.1589  0.0085 0.4282

0.6, 0 0.6069 0.3911 0.6072 0.1366 0.1323 0.3054 0.1329 0.8110 0.3081 0.1351  0.8130 0.2801 0.1132  0.7882

1.3 o —0.6950 0.4830 0.6182 0.0030 0.0026 —0.0019 0.0411 0.0079 —0.0018 0.0009 0.0073 —0.0013 0.0250 0.0013

B —02316 0.0718 0.1572 0.0346 0.0345 —02133 00712 02092 —02033 00691 02085 —02104 0.0714 0.2008

%0 T 00455 00074 03045 01013 01010 01628 00068 02907 01591 00063 02908 01595 00062 02801

100 0 0.5775 0.3441 04313 0.1406 0.1400 0.2543 0.1010 0.6715 0.2581 0.1036  0.6755 0.2197 0.0787  0.6262
w —0.5943 03532 0.4910 0.0016 0.0016 0.0584 0.0421  0.5866 0.0626 0.2306  0.5715 0.0198 0.0370  0.5360

B —0.1657 0.0340 0.3209 0.0554 0.0552 —0.3376 0.0291 0.3288 —0.3337 0.1182 0.3236 —0.3267 0.0214 0.3036

7 TN 03389 00090 0633 01018 01016 00575 00079 06268 00537 00270 06184 —00491 00063 06080

058, 0 0.4365 0.2228 0.7154 0.1166 0.1156 0.3705 0.1272  0.6530 0.3735 0.1275  0.6568 0.3411 0.1146  0.6132

1.5 o —0.5941 03529 0.4108 0.0021 0.0020 0.0677 0.0412  0.4675 0.2800 1.1994 3.1964 0.0612 0.0326  0.4268
B —0.1699  0.0315 0.3000 0.0550 0.0556 —0.3659 0.0139 0.2499 —0.3616  0.1357 0.2466 —0.3399 0.0167 0.2317

%7 03172 00012 05363 01035 01007 01149 00012 04647 01103 00273 04588 —01056 00015 04510

6 04460 02231 0.6214 01171 01176 04044 01010 0.6072 04082  0.2037 04728 03688  0.0917 0.5640
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Table 5. Cont.

a=0.6 =07,

A=08 0=14 MLE SELF ELFc=—-1.25 ELF c=1.25
n T, 0 m Bias MSE LACI LBPCI LBTCI Bias MSE LCCI Bias MSE LCCI Bias MSE LCCI
a  —0594 03557 0.0039 0.0007 0.006 —0.0005 0.0011 0.031 —0.0005 0.0001 0.0031 —0.0006 0.0001 0.0031
B —0.2865 0.0831 0.1284 0.0229 0.0226 —0.2953 0.0793 0.1128 —0.2927 0.0914 0.2801 —0.2315 0.0658 0.1030
B0 00095 00029 02102 00385 00364 00012 00023 02034 —01163 00221 03416 00014 00229 02036
056, 0 0.5218 0.2802 0.3539 0.0606 0.0602 0.2415 0.0756  0.3044 0.2434 0.0767  0.4460 0.2244 0.0656  0.3042
1.3 a  —04695 03248 0.0037 0.0006 0.0005 —0.0043 0.0005 0.0025 —0.0034 0.0001 0.0242 —0.0041 0.0001 0.0025
B —0.2321 0.0810 0.1210 0.0242 0.0237 —0.2402 0.0692 0.1028 —0.2840 0.0817 0.2766 —0.2143 0.0519 0.1030
BT 00157 00027 02039 00426 00427 —02624 00022 01931 —02583 00804 04188 —02594 00022 0.845
200 0 0.4604 0.2372  0.3384 0.0614 0.0612 0.4370 0.0622  0.2613 0.4406 0.2277  0.6197 0.4028 0.0619  0.2546
o —0.4693  0.3248 0.0038 0.0015 0.0015 0.1955 0.0013  0.0025 0.2065 1.2956  0.6617 0.0749 0.0123  0.0022
B —0.1932  0.0418 0.2645 0.0396 0.0393 —0.3756 0.0415 02195 —-0.3719 0.1504 0.2897 —0.3403 0.0402 0.2132
B0 00029 00020 02051 00806 00806 —01400 00020 01499 01361 0039 04920 —01373 00016 01542
08, 0 0.4195 0.2318 0.2620 0.0925  0.0930 0.5393 0.0720 0.2279 0.5434 0.3563  0.7944 0.4997 0.0630 0.2175
1.5 o —0.3692  0.3048 0.0010 0.0011 0.0011 —0.0521 0.0004 0.0023 —0.0475 0.0905 0.6529 —0.0471 0.0047 0.1700
B —0.1882  0.0415 0.2329 0.0269 0.0268 —0.3041 0.0315 0.1925 —0.2409 0.1746 0.2626 —0.2944 0.0302 0.1832
1B 00025 00018 01943 00503 00487 01873 00014 01476 01829 00494 04703 —01822 00014 01490
0 0.3560 0.2033 0.2150 0.0605 0.0613 0.4586 0.0519 0.1597 0.5908 0.4063  0.9854 0.4154 0.0434 0.1486
Table 6. Optimization criterion with different schemes and cases.
Scheme 1 2
Case n T, 0 m C1 C2 C3 C1 C2 C3
75 8.9523 3.860x107° 758.8371 7.9682 4.248x107° 679.5787
210 90 7.1809 6.359x107° 766.3755 7.4242 3.969x107°2 769.7234
100 75 4.7788 3.619x107° 765.5838 7.6918 1.605x10~° 690.4161
. 3518 90 3.4849 3.370x1076 778.3303 7.4603 1.503x107° 777.0073
150 3.4486 7.767x107 1616.8601 4.0384 1.900x 106 1306.3727
210 185 3.1947 5.709x10~7 1645.6376 3.3101 8.940x1077 1619.5660
200 150 3.1965 6.971x1077 1731.1179 4.0136 1.163x10~° 1561.8482
3518 185 2.9820 2.556x1077 1735.4056 3.0424 2.965x1077 1607.0823
75 7.9682 4248x107* 679.5787 0.3979 3.289x10~10 6985.3086
10 90 7.4242 6.873x107% 769.7234 0.3933 2.030x10710 72883.3960
100 75 6.9178 1.605x 1074 690.4161 0.3869 9.505x1010 104,014.7057
5 3518 90 6.6033 1.503x 1074 779.0073 0.3773 1.246x10~10 117,561.7575
150 4.0384 1.900x10~° 1306.3727 0.3284 3.465x10~11 410,484.9941
210 185 3.3101 8.940x107¢ 1619.5660 0.3244 1.216x10712 214,081.1995
200 150 3.3625 1.163x107¢ 1761.8482 0.2731 1.068x 1011 140,775.1960
3518 185 3.0424 2.965x1076 1807.0823 0.2412 1.554x10~12 178,754.3036
Table 7. MLE, SE, and different measures of goodness of fit.
Estimates SE AIC CAIC BIC HQIC CVM AD KS PVKS
26.9222 74.2080
B 2354901  222.2091 121.2031  121.6099 127.6326  123.7319 0.0997 0.5233 0.0976 0.5859

A 6.4564 0.6125
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Figure 2. Heatmap for MSE with scheme 1 in case 1.
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8. A Real-Data Application

We use examination data from [41] to illustrate the practical application of the pro-
posed model. The following information represents the strength measured in GPA for
single carbon fibers with gauge lengths of 10 mm and sample size of 63: 1.901, 2.132, 2.203,
2.228,2.257,2.350, 2.361, 2.396, 2.397, 2.445, 2.454, 2.474, 2.518, 2.522, 2.525, 2.532, 2.575,
2.614, 2.616, 2.618, 2.624, 2.659, 2.675, 2.738, 2.740, 2.856, 2.917, 2.928, 2.937, 2.937, 2.977,
2.996, 3.030, 3.125, 3.139, 3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.272, 3.294, 3.332, 3.346,
3.377, 3.408, 3.435, 3.493, 3.501, 3.537, 3.554, 3.562, 3.628, 3.852, 3.871, 3.886, 3.971, 4.024,
4.027,4.225, 4.395, and 5.020. Here, we use the modified Kolmogorov-Smirnov as a method
for the goodness-of-fit test as follows:

The computational formula for the modified Kolmogorov-Smirnov statistic is then
given by

Dypn = maX(DrJnr:nr Dn?:n)/

where
max (

+
Dm:n_ i

Wimen — F(zi:m:n; a, Bz é/ j\))

_ max oA A a
Dy = i (F(Zi:m:n/' a,pB,9, )\) - wi—l:m:n)/

[+ Ry—iv1+...+R
Wi = 1 — Hni o J m—j+1 m_
J=m=i+1 75T+ Ry g + .- + R

Ref. [42] proposed a general-purpose goodness-of-fit test by first estimating the unknown
parameters of the hypothesized distribution, then transforming the data to normality, and
then testing the goodness of fit of the transformed data to normality. Then, along the lines
of [42], the proposed test procedure is as follows:

1.  Find the maximum likelihood estimate of the unknown parameter «, 8,6, A, denoted
by &,B,0, A, under the hypothesized model and calculate V.., = F(Zimn; & B, 0, 1)
fori=1, ..., m.

2. Generate i, as F 1 (0jp) fori =1, ..., m.

3.  Considering Y1.un, - - -, Ym:m:n as a progressively Type-II censored data from an APIW
distribution with «, 8, 6, A and calculate the maximum likelihood estimates &, B, 0, A.

4. Calculate .y = P(Yipyy) fori=1, ..., m.

5. Calculate Dy,

6.  Reject the null hypothesis at significance level ¢ if the test statistic exceeds the upper
tail significance points.

For more information about the p-value for KS test for SSPALT samples, see [42—46].

In Table 7, we provide the MLEs with their standard errors (SEs) for the APIW
parameters and different measures of goodness of fit as Akaike information criterion
(AIC), Bayesian information criterion (BIC), corrected Akaike information criterion (CAIC),
Hannan—Quinn information criterion (HQIC), Kolmogorov-Smirnov (KS) test and its p-
value (PVKS), Anderson-Darling (AD), and Cramer—von Mises (CVM).

The empirical CDF and its CDF fitted (left panel), and the histogram of the data and
its fitted density function to the single carbon fiber data (right panel) are displayed in the
top of Figure 4. Further, a graph of the PP plot (left panel) and QQ plot (right panel) of the
APIW distribution is shown in bottom Figure 4.
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Figure 4. Fitting plot of APIW distribution of single carbon fibers.

Figure 5 shows the profile log-likelihood function plots for the parameters of the APIW
distribution. Figure 6 displays contour plots of the log-likelihood function for the APIW
parameters, indicating that the MLEs can be uniquely estimated.
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Figure 5. Graphs of profile log-likelihood function for the parameters for the APIW model.
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Figure 6. Contour plots of the log-likelihood function for the parameters for the APIW model.

Numerical results for the single carbon fiber study are provided in Table 8. Table 9
contains the estimations based on the censored data. For a given fixed scheme, we observe
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that Bayes estimates of the unknown parameters are close to the MLEs. Table 10 discusses
the estimation of T, which is given by equating F; (7) = F>(7*). Table 11 discusses different
optimality measures for the MLE based on different schemes, illustrating that the proposed
technique is quite satisfactory.

Table 8. The single carbon fiber study data based on SSPALT when T =3 and 6 = 3.8.

Scheme Before T After T

1.901 2.132 2.203 2.228 2.257 2.350 2.361 2.396 3.030 3.125 3.139 3.145 3.220 3.223

2.397 2.445 2.454 2.474 2.518 2.522 2.525 2.532
! 2.5752.614 2.616 2.618 2.624 2.659 2.675 2.738 3:2353.243 3.264 3.272 3294 3.332
’ ’ ) ’ ) ’ ’ ’ 3.346 3.377 3.408 3.435 3.493 3.501

2.740 2.856 2.917 2.928 2.937 2.937 2.977 2.996

1.901 2.132 2.203 2.257 2.350 2.361 2.396 2.397 3.030 3.125 3.139 3.145 3.220 3.235

2.4452.454 2.474 2.518 2.522 2.575 2.614 2.616 3.243 3.264 3.272 3.346 3.377 3.408

2.618 2.624 2.659 2.675 2.738 2.740 2.917 2.928 3.435 3.493 3.501 3.628 3.871 3.886
2.9372.937 2.977 3.971 4.024 4.225 4.395 5.020

1I

Table 9. The MLE and its SE and Bayesian and its SD with confidence intervals.

MLE Bayesian

m Estimates SE Lower Upper Estimates SD Lower Upper
« 71.8806 22.7927 272070  116.5542  75.6191 18.5540 38.7075  111.2613
Complete 63 B 162.0261  66.5356 31.6163 2924359 190.3651  30.1964  135.8759  251.3891
A 229.3353  91.8064 49.3948  409.2759  269.1464  40.5281  189.3768  340.9331

0 7.4069 0.4585 6.5082 8.3056 7.5259 0.2519 7.0329 7.9940
« 156.2681  73.6006 12.0110  300.5253  167.0087  52.8410 71.6085  266.4320
I 50 B 200.3566  99.6606 5.0219 395.6913  214.5642  42.8232  134.4151  288.3952
A 2879273  113.3318  65.7969  510.0577 3029877  57.5639  207.9282  407.4394

6 7.8263 0.6827 6.4882 9.1643 7.8582 0.3078 7.2443 8.4240
« 218.2157  108.2157 6.1130 430.3184  226.5631  77.5768 95.4818  369.4948
I 50 B 270.8559  93.4996 87.5967  454.1151  279.5810  48.5672  176.8138  367.8409
A 377.6384  117.2506  147.8272  607.4497  389.1168  65.6272 2483191  499.9688

6 8.1569 0.6178 6.9461 9.3678 8.1828 0.3113 7.6173 8.8183

Table 10. Estimated 7.

Scheme MLE Bayes
complete 3.14407 3.14130
I 3.14227 3.13465
I 3.12476 3.12368

Table 11. Optimality measures.

Complete I IT
C1 15,642.68 74,500.21 124,729.4
C2 26,415,630 1.24 x 10° 9.09 x 10°
C3 36.46753 35.4808 29.99117

9. Conclusions

It is known that in life-testing and reliability trials, many data may exhibit different
shapes and are censored due to time and cost constraints. Thus, accelerated life tests are
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commonly used to explore the lifetime of reliable items by subjecting them to elevated
stress levels of stressors that could cause early failures. This observation motivated us to
investigate the step stress partially accelerated life testing model with samples from the
APIW distribution under the adaptive type II progressively hybrid censoring. We consid-
ered statistical inferences of the unknown model parameters of the APIW distribution from
both likelihood and Bayesian perspectives. We first considered the maximum likelihood es-
timates for the unknown model parameters and used these estimates to construct two types
of approximate confidence intervals of the distributional parameters. We then conducted
Bayesian inference for the unknown parameters with non-informative and informative
priors under the symmetric and asymmetric loss functions. Moreover, we analyzed three
different probable optimum test techniques for the proposed model under different optimal
criteria. Numerical results from both simulations and a real-data application illustrated
that the performance of the proposed method is quite satisfactory for estimating the APIW
parameters under different sampling schemes. We may, thus, conclude that the proposed
model has great potential for analyzing censored data under the AT-II PHCS in the study
of life testing and reliability analyses.
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Appendix A. Fisher Information Matrix

The Fisher information matrix is a fundamental statistical construct that describes
how much information data offer on a variable that is unknown. It can be used to calculate
the variance in an estimator as well as the asymptotic behavior of maximum-likelihood
estimations. The inverse of the Fisher information matrix is an estimator of the asymptotic
covariance matrix. The Fisher information matrix is computed by taking the expected
values of the negative second-partial and mixed-partial derivatives of the log-likelihood
function with respect to a, 6, p and A. It is further explained below.

a1 a12 a3  ai4
a a a a
Iig = —E 21 22 23 24 ) (A1)
asz1 as2 ass aszg
ag1  ag agz  a44

e, Fo o P,
where a1; = E(ﬁ» ap = axn = E(ﬁ)z a3 = az = E(ﬁ), ay = ag = E(a,xafx)

2 2 2 2 2
ay = E(%),ﬂss = E(%), az = a3 = E(—agaﬁs), Ay = E(%), agp = ay = E(agaé)\>r

920
and a3y = azq = E(aﬁ% .

The relevant matrices” elements are computed. As a result, the variance-covariance
matrix for MLEs can be constructed as follows:
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