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1. Introduction

A hypergraph G is a pair (V(G), E(G)), where V(G) is the nonempty vertex set, E(G)
is the edge set, and each edge e € E(G) is a nonempty subset of V(G). We calln = |V (G)|
and m = |E(G)| the order and the size of the hypergraph G, respectively. For an integer
k > 2, if each edge in E(G) has exactly k vertices, then G is called k-uniform. Hence, a
simple graph is called a 2-uniform hypergraph. For a vertex v € V(G), we use dg(v) (or
just d(v)) to denote the degree of the vertex v, which is the number of edges of G containing
v. The complete hypergraph and k-uniform complete hypergraph with order # are denoted
by K, and Kk, respectively. A pendant vertex is the vertex with degree 1. A pendant edge
e is the edge which contains exactly |e| — 1 pendant vertices. Let W be a sub-hypergraph of
G and the vertex u € V(W), the degree of the vertex u in the sub-hypergraph W, denoted
by dw(u). f W = {u}, thendy (u) =0.

A path of length g from vy to v, in a hypergraph G is defined as a sequence of
vertices and edges (vg,e1,v1,- - - , Vg—1,€q, Uq), where all v; are distinct and all e; are distinct
such that v; 1, v; € ¢; fori = 1,---,q. If v9 = vy and q > 2, then it is called a cycle.
For any vertices u,v € V(G), if there exists a path between them, then we say that the
hypergraph G is connected. Otherwise, the hypergraph G is disconnected. A hypertree is a
connected hypergraph without cycles. It is evident that the size of a k-uniform hypertree
ism = % For vertices u,v € V(G), the distance between u and v is the length of a
shortest path between them in the hypergraph G, denoted by dg(u, v)(or just d(u,v) for
short). In particular, dg(u, u) = 0. The eccentricity eg(v)(or just ¢(v)) of a vertex v in G is
the maximum distance from v to any other vertex in G, i.e.,

= d ,
() urer%}aé) (u,v)

and the diameter D(G) of a hypergraph G is the maximum eccentricity of any vertex in G,
thatis, D(G) = max,cy (g) €(v). The diametral path of a hypergraph is the shortest path
between two vertices which has a length equal to the diameter of the hypergraph.

In organic chemistry, many topological indices (for example, Balaban’s index [1],
Wiener index [2-6], Zagreb index [7]) have been found to be useful for the isomer discrimi-
nation and pharmaceutical drug design. Some topological indices have been employed
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associated with the eccentricity such as eccentric distance sum [8-13] and the eccentric
connectivity index [14-17]. In 2000, Gupta et al. [18] introduced another topological index
associated with the eccentricity, named as the connective eccentricity index. Through
experiments, the authors found that the connective eccentricity index was more effective
than Balaban’s mean square distance index in predicting biological activity.

In this paper, we study the connective eccentricity index on hypergraphs. The connec-
tive eccentricity index (CEI) of a hypergraph G is defined as

gce(g): Z dg(v).

0eV(G) €g (ZJ)

Many researchers have investigated the connective eccentricity index (CEI) of a simple
graph [19-22]. A hypergraph is the generalization of a simple graph. Hypergraph theory
has many applications in chemistry [23,24]. For example, the study in [23] indicated that
the hypergraph model has a higher accuracy for molecular description. In order to study
the topological and organizational properties of hypergraph models more comprehensively,
some topological indices (for example, Eccentric connectivity index (ECI) [25], Wiener
index [5,6], Degree [26]) have been extended from graphs to hypergraphs. Hence, it
is interesting and meaningful to investigate the connective eccentricity index (CEI) of
a hypergraph.

This paper is organized as follows. In Section 2, we study how the connective ec-
centricity index of hypergraphs changes under two types of graph transformations. In
Section 3, we determine the maximal and minimal values of the connective eccentricity
index among all k-uniform hypertrees on 1 vertices. In Section 4, we determine the maximal
and minimal values of the connective eccentricity index among all k-uniform hypertrees
with given diameter d. In Section 5, we establish some relationships between the connective
eccentricity index and the eccentric connectivity index of hypergraphs.

2. Hypertree Transformations and CEI

In this section, we propose two types of transformations on hypertrees and show the
changes of the connective eccentricity index under these transformations. These two trans-
formations can simplify the structure of the hypertrees and reveal the change trend of CEL
These can help determine the extremal values of CEI and characterize the extremal graphs.

Theorem 1. Let e = {uy,up, -+ ,us_1,us} (t > 3) be an edge of a connected hypertree Ty,
and suppose that e contains at least three non-pendant vertices. Let uy,up,u; be three non-
pendant vertices in e and let H; be the sub-hypertree of Ty such that {u;} = e NV (H;) and
dr,(u;) = 1+dy,(u;) fori = 1,2,--- ,t. Assume that the eccentricity ey, (u;) > ep, (u;) for
i=23,4,---,t—1. Let T, be the hypertree obtained from T by moving the sub-hypertree Hy — up
from uy to uq (as depicted in Figure 1). Then, (Tp) > ¢°(Th).

B, H, H,

Figure 1. Transformation I.
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Proof. Note thater, (x) = e, (x) and dr, (x) = dr,(x) forany vertexx € V(T; \ (H1 U Hy)),
er, (y) > e1,(v) and dr, (y) = dr,(y) for any vertex y € V(Hy U Hyp) \ {uy, us}.

For vertices 11 and 1y, we have

dTl (ul) = dHl (u1> +1, £y (ul) = maX{EHl (ul)/SHz (uZ) + 1/€Hr(ut) + 1};

dr,(u1) = dp, (u1) +dp, (u2) + 1, e, (u1) = max{ep, (u1), em, (u2), em, (ur) +1};

dr, (u2) = dp, (u2) + 1, e, (u2) = max{en, (u2), e, (u1) + 1, ep, (ur) +1};

de (uz) =1, €T2(u2) = max{eHl (Ml) +1,eq, (uz) +1, EH,(ut) + 1}.

In this sequel, we divide into four cases to verify the result.

Case 1. €q, (1/!1) > st(uz) 4+ 1and €q, (ul) > EHt(”t) + 1.

In this case, e, (u1) = ep, (u1), €1, (u1) = e, (u1), €1, (u2) = e, (1) + 1, e, (u2) =
epp, (1) + 1. It follows that

dry(w) _dr,(m)  dn(u2) _ dn(u2)
er,(m1)  en(u1)  er(u2) e, (u2)

IN

¢*(M) - ¢*(Ta)

dHl(ul)—i-l _dHl(u1)+dH2(u2)+1 +dH2(Ll2)—|—1 B 1
e (11) emy (11) e () +1 epy(un) +1
Cdpy(uz) | dpy(u2) <0

ey (1) epy(w1) +1 7

Case 2. epy, (u2) > epy, (11) +1and ey, (up) > ey, (ur) + 1.
In this case, er, (1) = ep, (u2) + 1, e, (1) = ep, (u2), e, (u2) = ep, (u2), e, (u2) =
erp, (u2) + 1. It follows that
dr, (u1) _ dr, (u1) + dr, (u2) _ dr, (2)
er (u1)  en(u1)  er(u2)  ery(u2)
dHl(ul)+1 _dHl(ul)—i-de(uz)—i—l dH2(M2)+1 B 1
e, (u2) +1 en, (42) emy(u2)  emy(u2) +1
dp, (1) dpy (u1)
e, (u2) +1  ep,(up)

¢*(M) —¢*(Ta) <

< 0.

Case 3. gy, (1) = epp, (12) > ep, (up) + 1.
In this case, €Ty (1/[1) = €H, (T/lz) +1 = 528 (T/l1) +1, €T, (ul) = €m, (M]), ETl(Mz) =
em, (u1) + 1, e7, (u2) = ep, (u1) + 1. It follows that

dr,(u1) dr,(w1)  dr(u2)  dr,(u2)

¢“(h) —¢%(T) = er,(u1) e, (u1)  er(ua) e, (ua)

_ dHl(u1)+1 _dHl(u1)+dH2(u2)—|—1 dHZ(Z/lz)-‘rl _ 1
en, (u1) +1 emy (1) e () +1 epy(ur) +1
_ dHl(u1)+dH2(u2)+1 dHl(u1)+dH2(u2)+1
= — + <0.
e (11) emy (u1) +1

Case 4. gy, (ur) > epy, (uq) and gy, (up) > epp, (u2).

In this case, €Ty (Lll) = 8Ht(1/lt) +1, €T, (Lll) = 8Ht(1/lt) +1, en (le) = th(uf) +1,
er, (up) = ep, (ur) + 1. It follows that
dr,(u1) dr,(n) | dr(uz)  dr,(u2)
e (u1)  en(u1)  er(u2)  en,(u)

¢(T) —¢*(T2)

IN

_ dH](ul)Jrl _dH](u1)+dH2(u2)+1 de(uz)-i-l _ 1
EHt(Mt)+1 sHt(ut)—i—l th(ut)—i-l 8Ht(1/£t)+1
= 0.

This completes the proof. [J
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Theorem 2. Let e = {uy,up,--- ,us—1,us} (t > 2) be an edge of a connected hypertree Ty.
Assume that up and uq are the only two non-pendant vertices in e. In addition, Hy and Hy are two
sub-hypertrees of Ty such that {u;} = eV (H;) and dr, (u;) = 1 +dp,(u;) fori =1,2. Let T,
be the hypertree obtained from Ty by moving the sub-hypertree Hy — uy from uy to uj (as depicted
in Figure 2). Then, ¢°(Tp) > ¢%(T1).

Figure 2. Transformation II.

Proof. Note thater, (x) = e7,(x) and dr, (x) = dr,(x) forany vertexx € V(T; \ (H; UH>)),
e, (y) > er,(v) and dr, (y) = dr, (y) for any vertex y € V(H; U Hp) \ {uy,up}.

For vertices u1 and uy, we have

dr,(u1) = dp, (1) +1, e, (u1) = max{ep, (u1), e, (u2) +1};

de (ul) = dH] (M1) + de (uz) +1, €T2(1/l1) = I‘IlaX{EH1 (ul),eHz (uz)},’

dr, () = dp, (u2) + 1, e, (u2) = max{ep, (u2), e, (1) +1};

dr,(up) =1, er, (up) = max{ey, (u1) +1,epn, (u2) +1}.

In this sequel, we divide into three cases to verify the result.

Case 1. epy, (17) > ep, (u2) + 1.

In this case, er, (11) = ep, (u1), e1, (1) = en, (u1), e1, (u2) = ey, (u1) +1, e7,(u2) =
epr, (u1) + 1. It follows that

dr,(m)  dr, () N dr,(u2)  dr,(u2)
er (u1) en(u1)  er(u2)  er,(u2)

¢*(M) —¢*(Ta) <

_ dHl(ul)+1 _dHl(ul)—l—de(uz)—f—l+dH2(u2)+1 B 1
eq, (1) en, (U1) epy (u1) +1  epy(uq) +1
_ 7dH2 (uZ) de(MZ) <0

eHl(ul) SHl(Ml)-i-l ’

Case 2. €H, (1/{1) = &H, (Mz).
In this case, e, (11) = em,(u2) +1 = ep, (u1) + 1, e, (u1) = ep, (u1), e, (u2) =
ep, (1) +1, e7, (u2) = ep, (u1) + 1. It follows that

dr(u1)  dry(m) | dr(u2)  dr(u2)

=D))< S0y ) T enm)  en(n)

_odm () +1 dpy(un) +dpy(u2) +1  dpy(u2) +1 1
e (m) +1 emy (11) e () +1 epy () +1
Ay (1) +dpy (u2) +1 dpy (1) +dmy(u2) +1
emy (ur) +1 emy (11) '

Case 3. ep, (11) < e, (u3).

In this case, €, (ul) = ¢&H, (UQ) +1, eTz(ul) = €H, (uz), T (uz) = EHz(uz), eT, (1/[2) =
ep, (1) + 1. It follows that
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dry (1) _dry(n1) | dr(u2)  dr,(ua)

() —¢“(T) <
er,(u1)  er(u1)  er(u2) er,(u2)
Ay, (1) +1  dy (n) +dp,(2) +1  1+dp,(u) 1
 epy(up) +1 en, (12) en, (12) ep, () +1

dp, (u1)  dp, (1)
emy(u2) +1  ep,(u2)

< 0.

This completes the proof. [

In order to better demonstrate the influence of hypertree transformations I and 1I
on CEI, we apply them on 3-uniform hypertree T3 (Figure 3) and 3-uniform hypertree T
(Figure 4), respectively, and calculate the corresponding CEI before and after the structural
change of the corresponding hypertree.

Figure 3. Transformation I on T3.

Applying Transformation I, we calculate and compare the CEI of hypertrees T3, Ty,
and Tj as follows.

§(Ty) = 8(Ts) = 2 < (1) = 2.

¢

Figure 4. Transformation II on Tg.
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Applying Transformation II, we calculate and compare the CEI of hypertrees T and
T as follows.

23

5(Te) = 5 < &(Ty) = 6.

3. The Maximal and Minimal Values of CEI of k-Uniform Hypertrees with Size m

In this section, we shall determine the maximal and minimal values of CEI among all
k-uniform hypertrees on n vertices with size m.

Firstly, we recall the concept of a loose path introduced in [27,28]. For a connected
k-uniform hypertree T with vertex set V(T) = {v1,v2,---,v,} and edge set E(T) =
{erea,  yem}, if e = {U(1)(k—1)41, V—1)(k=1)42/ - -+ V(1) (k—1)4k} for i = 1,--- m,
then T is called a k-uniform loose path, denoted by P, .

For a connected hypertree T on n vertices with m edges, if all edges of T are pendant
edges at a common vertex u, then T is called a hyperstar (with center u), denoted by S, ;.. If
the hypertree Sy, ,, is k-uniform, then it is called a k-uniform hypertree, denoted by S, i.

Theorem 3. Let T be a connected hypertree on n vertices with m(m > 3) edges. Then,
¢T) < G (Sum)-
The equality holds if and only if T = Sy, .

Proof. Suppose on the contrary that T 2 S, ;,;, then at least one edge of T is a non-pendant
edge. Without loss of generality, we denote a non-pendant edge of T by e;.

By applying the transformations of Theorems 1 and 2 on T, we move all the sub-
hypertrees H; — {x} on one common edge ¢; of T from different vertices x to a common
vertex v, x € ¢;, v € ¢;. The resulting hypertree is denoted by T;. By Theorems 1 and
2, we conclude that {(T) < ¢%(Ty). After finitely performing the transformations of
Theorems 1 and 2, we can get a hypertree T* such that T* = S, ,,, and *(T) < ¢“(T*) =
& (Sum). O

Theorem 4. Let T be a connected k-uniform hypertree on n vertices with size m = % > 3. Then,

nk+n—k—1
ce <
N ()
The equality holds if and only if T = S, .

Proof. From Theorem 3, we conclude that the equality holds if and only if T = S, ;. Note
thatds,  (u) = Z%% =m,es, (u) =1,ds, (x) =1andes,, (x) = 2forx € V(S,) \ {u}.
Therefore, it follows that

ds, , (x) N ds,, (u)

ce _
5 rev(S\(u) E5uc(®) 85, (1)

_ 1 n n—1
eV 2 k1

. on-— 1 n-1

o 2 k—1

- nk+n—-—k—1

T T 2k-1)

O

The following lemma is immediate, and so we omit its proof.
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(n—1)k

Lemma 1. Let T be a k-uniform hypertree on n vertices. Then, Y ey () dr(v) = “F—--

Theorem 5. Let T be a connected k-uniform hypertree on n vertices with size m = % > 3. Then,

m—1 m-1_1q _ o ) )
A D 2k2) 4 24 2(k-2) if m is odd,

m—i m+1 7

§CE(T)Z
11 mz+Z ')+%+%r

if m is even.
The equality holds if and only if T = P,, ;.

Proof. It is evident that the diameter of P, ; is m = %, i.e., the number of the edges of
P, k. Let Ty be a connected k-uniform hypertree on n vertices. Suppose on the contrary
that Ty 2 P, . Let d be the diameter of Ty and P = (v1,1,€1, 014, -+ , Vg—14 €4,94 k) be the
diametral path of Ty, where ¢; = {v;1,vi2,- - ,vix} (i = 1,2,--+ ,d) and vj; = vj11 for
j=1,2,---,d—1.Then,d < mand |E(Ty) \ E(P)| > 1.

Next, we move a pendant edge in E(T) \ E(P) to v, x and produce a new hypertree.
It means that we delete this pendant edge and organize v, and k — 1-pendant vertices in
the pendant edge to build a new edge. We denote the new hypertree by T;. In fact, we can
repeat the above operation by finite steps to get a new hypertree T, such that T, = P, .

Note that e, (x) > d+1 > ep (x) for x € V(E(T1) \ E(P)), er,(y) > er,(y) for
y € V(P). Itis evident that dr,(v11) = 1,dr,(vax) = 2,d7,(vig) =2fori=1,2---,d -1,
de(vj,S) =1forj=1,2,--- ,dands =2,3,--- ,k—1.

Let D1, (P') = Loev(m)\v(p) 41, (v) + |E'|, where E" = {e;le; is incident to one ver-
tex in V(P) and k — 1 vertices in V(T1) \ V(P)}. Let Dr,(P') = Loev(n)\v(p) 41,(0) +
341, (V4 ) = Loev(ry)\v(p) 41, (0) + 1. By Lemma 1, we have Dr, (P') = Locy(ry \v(p) 41, (0)
+|E'| = Locv(m)\v(p) 41, (v) + 1 = D, (P'). From the definition of CEI, it follows that

©By) = =y, Oy @) e ()

vev(ny) S0 vt ER)  odtp) £ (0)

Z de( )+ Z dTZ(U)

<
vev(v(p) ? o7ty €1:(0)
< Z d ) + Z de ('U)
veV(TH\V(P) a vevip) €1 (0)
= ZUEV(Tz)\V(P) dr, (v) + Z dr, (v)
d vevp) €72(0)
= M + Z dr, (v)
d veV(P) er,(0)
< M de (v)
N d vevip) €71 (V)
_ Dr, (P,) -1 de (vd,k) de(v)
= + +
i e (0ak) ey ugy € ()
_ Dp(P)-1 2 dr (v)
a 4 ev(bnog 0 ()

d vev (P oy} €T (0)
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_ Dr, (P') +dT1(Ud,k) i
d er, (V)

de (v)
veV(Poge T (0)

_ Loevm)v(p) dr, (0) + [E] +dT1(vd,k) N dr, (v)

4 €1 (0ak)  oev(pR oy, €11 (0)

_ Loev(m)v(p 41 (v) +H+dn(vd,k) N dr, (0)
d d  er,(vq)
Yoev(m)\v(p) 41, (0) N |E/| +dT1(vdk
d d—1 sTl(Ud,k>

Z dT] (7)) _ ng(Tl).

vev(ry) €T (0)

veV (P fogy) €1 (0)
y ) + de (U)
vev(P (g €T ()

IN

Therefore, {“°(P, k) < ¢%(Ty) if Ty 2 Pk, and for any k-uniform hypertrees T with
size m > 3, we conclude that {«(P, ) = ¢*(T) if and only if T = P, ;. By direct calculation,
we get the CEL of P, . [

For a k-uniform hypertree T, if k = 2, then T is a tree. From Theorems 4 and 5, we can
deduce the following known theorem.

Theorem 6 ([22]). Let T be a tree on n vertices. Then,

n—-2

io1 =1 t a1, ifnis even,

I\J\UJ

n-3

4 6 . .
21 o1 o ifnisodd.

The right equality holds if and only if T = P, and the left equality holds if and only if T = S,,.

4. The Maximal and Minimal Values of CEI of k-Uniform Hypertrees with
Given Diameter

In this section, we shall determine the maximal and minimal values of CEI of k-uniform
hypertrees with a given diameter. Firstly, we introduce two kinds of k-uniform hypertrees
of order n with diameter d.

Let P = (v1,1,€1, V14 -+ »Vi—1k €404 k) be a path where ¢; = {v;1,v;2,- -+ , v} (i =
1,2,3,--- ,d)such that v, = v;111 and ¢; Nej 1 = {v;} fori =1,2,3,--- ,d — 1. For even
d, let T, ; be a k-uniform hypertree obtained from a path P by attaching t pendant edges
n—d(k—1)-1

k-1

at vertex vq ., where t = is a nonnegative integer. It means that all edges of
27

E(T,4) \ E(P) are pendant edges at U4 e For odd d, let Té ; be the hypertree obtained from

n—d(k— 1)

the path P by attaching t = —— pendant edges at some vertices in €1 Note that

T}, ; is not unique. We denote by ’]Ft 1.4 the set of hypertrees of the form Tj ; for odd d.

Theorem 7. Let T be a connected k-uniform hypertree on n vertices with diameter d > 2, and let

F= % be a nonnegative integer. Then,
d_q
22:1 - Z 26(k—1) if d is even,
gCE(T) S
1
Sy Z -1 2(; 12) + 2(k;2r)1+2t n ng;—sl), if d is odd.

The equality holds if and only if T = T, ; for evend, or T € T! nqforodd d.
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Proof. Let T; be the extremal k-uniform hypertree which has the maximal CEI among all k-
uniform hypertrees on n vertices with diameter d. Let P = (vy,1,€1, 01k, -+ , Va—1,k €404 k)
be the diametral path of T;, where ¢; = {v;1,v;2,--- ,vix} (i = 1,2,3,---,d) such that
Vix = Vit11 and e; Nejq1 = {v;x} fori = 1,2,3,---,d — 1. By Theorems 1 and 2, we
conclude that all edges of E(T7) \ E(P) must be pendant edges at some vertices in V(P) \ V;
where Vi = (e1 Uey) \ {01, 9414} For convenience, we denote V(P) \ V; by V.

We now consider the case when d is even. Assume that e’l,e’z, .-+ el be pendant

edges attached a vertex in Vj \ {Ug,k} and e;+1,e;+2,- -, e} attached at g e If r > 1, then

Ty 2 T, 5. We build a new hypertree T, which is obtained from T; by moving these pendant
edges e}, e}, --- e to g g Assume that u’ = e, N V(P), w, € e\{u'} fori =1,2,--- ,r. It
is evident that all vertices in e\ {1’} have the same eccentricity in T (i = 1,2,--- ,r). The
same result holds in T5. From the definition of CEI, one has

() - = L (=Dt o)~ L (k= D+ )

i=1 Ty (wi) ‘C'T1(u/) i=1 £T2(w;) T, (U%,k
r(k—1) r r(k=1) r
er (w)) ~en(u) en(w)) e (v%,k)‘

Since er, (w!) > er,(w!) = ¢+ 1, eq, (') > eTz(v%,k) = 2, &¢(Ty) — &(T2) < 0, which
contradicts to the fact that Ty has the maximal CEI Then, r = 0. We conclude that all edges
of E(Ty) \ E(P) are pendant edges attaching at v 4k ie, Ty = T, 4. By direct calculation, we
get the CEI of T}, ;.

For odd d, these vertices in ed%l have the same eccentricity %, and the eccentricities
of the vertices in V(P) \ e 441 are more than d%l Similarly to the above proof, we get that
all edges of E(Ty) \ E(P) are pendant edges at some vertices in eas1, ie, T € T, ;. By
direct calculation, we get the CEI of the hypertrees in ']I‘;, P

Lemma 2. Let T be a connected k-uniform hypertree with diameter d and the diameter path
P = (v1,1,€1, 91k "+ Vi—1k €aV4k)- Let w & V(P) be a vertex with some pendant edges
attached. Let Ty be the hypertree obtained by moving these pendant edges from w to some vertices in
(e2\ {v2,e}) U (€41 \ {0a—24}). Then, £(T) = &(Th).

Proof. Let eg (i=1,2,---,t) be all pendant edges attached at w. Let w;j G=12--,k
be the vertices in eg and w;j; = wfori =1,2,---,t. For convenience, we set V) = (ep \
{v2x}) U (eq—1 \ {v4—2x}). It is evident that these vertices in Vj have the same eccentricity
d — 1. Therefore, it follows that

em-em = (0 -0 (Bh et - Bhawe)

er(w)

vevy T vev, €T
t t t t
= +((k—1 —
er(w) (( )8T(wi,j) )€T1 (wi,j)> d—1

Note that e7(w) = ey (w) < d —1=er, (v) = er(v) forv € Vy, er(wij) < et (wij) =
dfori=1,2,---,tj=2,3--- k. Therefore, {(T) — ¢“(Ty) > 0. O

In the rest of this section, we shall deal with the minimal CEI of k-uniform hypertrees
with a given diameter. For nonegative integers p, g, let T%(p, q) be the k-uniform hypertree
obtained from the diametral path P = (v11,e1, 01k, - - ,V4—1k €4,04) by attaching p and g
pendant edges at some vertices in e, \ {v;x} and some vertices ine;_1 \ {v -2k}, respec-
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tively. It is evident that |V(P)| =d(k—1)+1land p+q = %. Let T4 (p, q) be the
set of hypertrees of the form T¢(p, q).

Theorem 8. Let T be a connected k-uniform hypertree on n vertices with diameter d > 3 and

t= % be a nonnegative integer. Then,

d d

41 -1 2(k=2) | tk—1)+6 .y

2 4 2 t

Yii1 a3 T Xm0 Ta d 71, [ifdiseven,

d—1 d-1_
YAt t(k_dl)Jr2 +1: 5 ' 2(5:1'2) + gy, ifdisodd.
The equality holds if and only if T € T%(p,q).

Proof. Let T; be the hypertree that has the minimal CEI among all hypertrees on n vertices
with diameter d. Let P = (v1,1,€1, 01k, - - , V414 €4,V4 ) be the diametral path of Ty, where
e = {vi,lr Vi, /vi,k} (i=1,2,3,---,d) such that Uik = Vit1,1 ande;Nejyq = {vi,k} for
i=1,23---,d—1. We only need to verify that all edges of E(T;) \ E(P) are pendant
edges attaching at some vertices in (ej_1 \ {vg_24}) U (e2 \ {va2x})-

By Lemma 2, T has the following form: some pendant edges are attached at some
vertices in (ep \ {vpx}) U (e4-1 \ {vg—2x}) while others are attached at some vertices in
esUegsU---Uey . Assume that there exists a vertex u € e3Ueg U---Ue;_, with a
pendant edge e, attached in T;. For a vertex w € (ep \ {vpx}) U (€4-1 \ {v4_24}) and
v' € (ey \ {u}). Itis evident that these vertices in ¢, \ {u} have the same eccentricity and
lew \ {u}| = k — 1. Let T, be the hypertree obtained from T; by moving e, from u to w.
Next, we compare the CEI of Tj and T,. By the definition of CEI, it follows that

(T - () = R+ SR e T
(it o VG
- (Sl )+ (fef - )
(k- 1)de((Z:§ (k- 1)5;1183)
1 1 k=1 k—1

Ten(n) | en) en(@)  en(v)

Note that e, (1) = er, (1) < e, (w) = e, (w) =d — 1, er,(v') =d > e, (v). Then,
¢(Tp) — ¢*(Ty) < 0. This contradicts to the fact that Tj has the minimal CEI. Therefore,
we conclude that all edges of E(T) \ E(P) are pendant edges attaching at some vertices in
(ed,gl \ {vg_24}) U (e2\ {v2x}), then Ty € T%(p,q). By direct calculation, we get the CEI
of Ti(p,q). ©

From Theorems 7 and 8, we can deduce the following known theorems, respectively.

Theorem 9 ([22]). Let T be a tree on n vertices with diameter d(d > 2). Then,

d
2n—-2d4-2 | 2n— 2d+4 771 4 ey
T+ +Y if d is even,

¢(T) <

m-2d-2 2n—2d+6 T_l 4 e
73 4+ T TS g4 ifdisodd

This equality holds if and only if T = T, 4 for even d, or T € T;,d for odd d.
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Theorem 10 ([22]). Let T be a tree of order n with diameter d(d > 3). Then,

n=d+5 4 nd 1+2 ‘ii, if d is even,
¢(T) =
d—1
ndeH + nﬁ;l +r.2 % ifd is odd.

i’

This equality holds if and only if T € T%(p, q).

5. Some Relations between CEI and ECI of Hypergraphs

The first Zagreb index [7,29,30] on simple graphs was widely studied. In this paper,
we generalize the first Zagreb index to hypergraphs. In addition, we establish some
relationships between the connective eccentricity index (CEI) and the eccentric connectivity
index (ECI).

The eccentric connectivity index (ECI) of a hypergraph G is defined as

G) = ). egluydg(u).

The first Zagreb index of a hypergraph G is defined as

= ) dg(w)

uev(g)
Theorem 11. Let G be a k-uniform hypergraph on n vertices with m edges. Then,
£°(G) < mk.
This equality holds if and only if G = K.

Proof. Since eg(u) > 1forallu € V(G), then
dg(

@)= )

uev(g)

e(u)< 2 dg

ueV(g

This equality holds if and only if eg (1) = 1 for allu € V(G), i.e., G is a k-uniform complete
hypergraph. O

Theorem 12. Let G be a hypergraph of order n. Then,

¢(9) < ¢°(9)-
This equality holds if and only if G =2 ICy,.

Proof. Evidently, - ( 5 < eg(u) for any vertex u € V(G). Then, we have

) = ¥ B9 o S dweg(n) = E(9).

uev(g) 9(”) uev(g)

This equality holds if and only if eg(u) = 1 for any vertex u € V(G), i.e., G is a complete
hypergraph. 0O

Theorem 13. Let G be a k-uniform hypergraph on n vertices with m edges. Then,

¢(9) =
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This equality holds if and only if eg(u) is a constant for any vertex u € V(G).

Proof. By the Cauchy inequality, we have

”ng (ng)-

uev(g) g(u uev(g) uev(g)

Therefore,
m2k2

~ Q)
This equality holds if and only if eg(u) is equal to a constant for any vertex u € V(G). O

¢(9) =

We introduce the self-centered hypergraph as follows. For a hypergraph G with
the vertex set V(G) = {uj,up,--- ,uu}, G is called a self-centered hypergraph (or SC
hypergraph for short) if eg(u1) = eg(uz) = -+ - = eg(uy,). Evidently, a hypergraph G is
a SC hypergraph if and only if 7(G) = d(G), where r(G) is the radius and d(G) is the
diameter of G.

Lemma 3 ([20]). Let c1,¢cp,- -+ ,cnand zq,2p, - - -, zy be two sets of real numbers. Then,

Y6y (Z%) =) (cjzi — cizy)”. 1

j=1 " i=1 j<i

Theorem 14. Let G be a connected k-uniform hypergraph on n vertices with size m(m > 2),
diameter d and radius r. Then,

ce c 212 (d—r)? 212
E(G)E(G) — MK < S (K — My (G)). @)

This equality holds if and only if G is a k-uniform SC hypergraph.

Proof. Setc; = \/dg(u;)eg(u;) and z; = dg(lli) (i =1,2,---,n). By Lemma 3, we have

()~ T 5 i
j= j<i

& (G)E“(g) - =) dg(uj)dg(u;) Z] \/
j<i 1

Note that

eg(uj /
o(u;) g (u \/> \/> foranyi=1,2,--- ,n;j=1,2,--- ,n).
8g ul Sg Ll]

So, it follows that

That is,

N2
(05 (9) e < TN dg g ).

j<i
Since

:(i{dg(u]) ng wj) +2 Y dg (up)dg (u7),
=

j<i
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we have

e(9)G) - mk < U i i (g)).

The first part of the proof is done.

If d = r, then eg(uj) = d = r for all u; € V(G). Therefore, *(G)¢°(G) = m*k* and
the equality holds in (2). If d # r, then there exist at least two vertices u; and u; that have
the same eccentricity d in G, then for (u;,u;), we have

ER

Therefore, the inequality in (2) is strict. This completes the proof. O

‘\.

We introduce the R — D hypergraph as follows. A hypergraph G is called an R — D
hypergraph if eg (1) = r or d for any u € V(G), where r is the radius and d is the diameter
of G.

Lemma 4 ([31]). Let a and b be two real constants. If the real numbers c; # 0 and z;(j =
1,2, ,n)satisfy a < % < b, then

n n n
abZ%c?%—X%z]Z < (a+b)Z%zjcj. (3)
j= j= =

This equality holds if and only if z; = acj or be; forany j =1,2,-- - ,n

Theorem 15. Let G be a connected k-uniform hypergraph of order n with size m(m > 2), diameter
d and radius r. Then,
drge(G) +¢°(9) < mk(d +r). )

This equality holds if and only if G is a k-uniform R — D hypergraph.

dg(u;) . .
Sg(u ) andz; = dg(uj)SQ(uj) forj=1,2,3,---,n.Sincer < Sg(u]') <d

Proof. Set ¢j =

and £g(uj) = % forj=1,2,3,--- ,n,we get

nodeo(u; 3 = )
drz g ]; +) dg(uj)eg(u;) < (d+r) Eldg(u)
j=

For one vertex uj, if eg(u;) = r, then

dg(u;)

dr +dg(uj)r = (d+r)dg(u;).

Ifeg(u;) = d, then
dg(uj)
d

Therefore, from Lemma 4, we conclude that the equality holds if and only if e (uj) = r
or d for any u; € V(G), ie., G is a k-uniform R — D hypergraph. [

dr

+ dg(M])d = (d + I”)dg(u]').

6. Conclusions

We have determined the maximal and minimal values of the connective eccentricity
index among all k-uniform hypertrees on n vertices. We have also determined the maximal
and minimal values of the connective eccentricity index among all k-uniform hypertrees
with given diameter further and established some relationships between the connective
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eccentricity index and the eccentric connectivity index of hypergraphs. Different topo-
logical indices can reflect the topological properties of hypergraph models from different
perspectives, and more different topological indices are worth further study. Determining
the extreme values of these topological indices and the relationships between different
topological indices will help us to design the structure of some chemical molecules and
networks more rationally.

Author Contributions: Conceptualization, G.Y. and R.W.; methodology, G.Y. and R.W.; software, G.Y.
and R.W,; validation, G.Y., R.W. and X.L.; formal analysis, G.Y. and R.W,; investigation, G.Y. and R.W.;
resources, G.Y., X.L. and R.W.; writing—original draft preparation, G.Y. and R.W.; writing—review
and editing, G.Y.; supervision, G.Y.; project administration, G.Y.; funding acquisition, G.Y. and X.L.
All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by National Natural Science Foundation of China (11861019),
Guizhou Talent Development Project in Science and Technology (KY[2018]046), Natural Science
Foundation of Guizhou ([2019]1047, [2020]1Z001, ZK[2022]020), Guizhou outstanding young scientific
and Technological Talents Program ([2021]5609), Science Foundation of Guizhou University of
Finance and Economics (2019Y]058), Science Foundation of Guizhou University of Finance and
Economics (2020XYB16).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors thank the academic editor and anonymous reviewers for their
insightful comments and suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Balaban, A. Applications of graph theory in chemistry. J. Chem. Inf. Comput. Sci. 1985, 25, 334-343. [CrossRef]

2. Dobrynin, A.A.; Entringer, R.; Gutman, I. Wiener index of trees: Theory and applications. Acta Appl. Math. 2001, 66, 211-249.
[CrossRef]

3. Guo, H.; Zhou, B; Lin, H. The Winner index of uniform hypergraphs. MATCH Commun. Math. Comput. Chem. 2017, 78, 133-152.

4. Liu, H,; Pan, X.E. On the Wiener index of trees with fixed diameter. MATCH Commun. Math. Comput. Chem. 2008, 60, 85-94.
[CrossRef]

5. Guo, H.; Zhou, B.; Lin, H. The Wiener index of hypergraphs. J. Comb. Optim. 2020, 39, 351-364. [CrossRef]

6. Sun, L.; Wu, J; Cai, H.; Luo, Z. The Wiener Index of r-Uniform Hypergraphs. Bull. Malays. Math. Sci. Soc. 2017, 40, 1093-1113.
[CrossRef]

7. Khalifeh, M.H.; Yousefi-Azari, H.; Ashrafi, A.R. The first and second Zagreb indices of some graph operations. Discret. Appl.
Math. 2009, 157, 804-811. [CrossRef]

8. Geng, X.; Li, S.; Zhang, M. Extremal values on the eccentric distance sum of trees. Discret. Appl. Math. 2013, 161, 2427-2439.
[CrossRef]

9. Gupta, S,; Singh, M.; Madan, A K. Eccentric distance sum: A novel graph invariant for predicting biological and physical
properties. J. Math. Anal. Appl. 2002, 275, 386—401. [CrossRef]

10. Hua, H.; Xu, K.; Wen, S. A short and unified proof of Yu et al.’s two results on the eccentric distance sum. . Math. Anal. Appl.
2011, 382, 364-366. [CrossRef]

11. Hua, H.; Zhang, S.; Xu, K. Further results on the eccentric distance sum. Discret. Appl. Math. 2012, 160, 170-180. [CrossRef]

12. Li, S.C.; Wu, Y.Y,; Sun, L.L. On the minimum eccentric distance sum of bipartite graphs with some given parameters. J. Math.
Anal. Appl. 2015, 430, 1149-1162. [CrossRef]

13.  Geng, X,; Li, S.; Zhang, M. On the extremal values of the eccentric distance sum of trees. |. Math. Anal. Appl. 2012, 390, 99-112.
[CrossRef]

14. Hauweele, P; Hertz, A.; Mélot, H.; Ries, B.; Devillez, G. Maximum Eccentric Connectivity Index for Graphs with Given Diameter.
Discret. Appl. Math. 2019, 268, 102-111. [CrossRef]

15.  Sharma, V.; Goswami, R.; Madan, A.K. Eccentric Connectivity Index: A Novel Highly Discriminating Topological Descriptor for
Structure-Property and Structure-Activity Studies. J. Chem. Inf. Comput. Sci. 1997, 37, 273-282. [CrossRef]

16. Morgan, M.].; Mukwembi, S.; Swart, H.C. On the eccentric connectivity index of a graph. Discret. Math. 2011, 311, 1229-1234.
[CrossRef]

17.  Zhang, J.; Zhou, B.; Liu, Z. On the minimal eccentric connectivity indices of graphs. Discret. Math. 2012, 312, 819-829. [CrossRef]


http://doi.org/10.1021/ci00047a033
http://dx.doi.org/10.1023/A:1010767517079
http://dx.doi.org/10.1016/j.marchem.2007.11.002
http://dx.doi.org/10.1007/s10878-019-00473-3
http://dx.doi.org/10.1007/s40840-016-0359-6
http://dx.doi.org/10.1016/j.dam.2008.06.015
http://dx.doi.org/10.1016/j.dam.2013.05.023
http://dx.doi.org/10.1016/S0022-247X(02)00373-6
http://dx.doi.org/10.1016/j.jmaa.2011.04.054
http://dx.doi.org/10.1016/j.dam.2011.10.002
http://dx.doi.org/10.1016/j.jmaa.2015.05.032
http://dx.doi.org/10.1016/j.dam.2013.05.023
http://dx.doi.org/10.1016/j.dam.2019.04.031
http://dx.doi.org/10.1021/ci960049h
http://dx.doi.org/10.1016/j.disc.2009.12.013
http://dx.doi.org/10.1016/j.disc.2011.10.006

Mathematics 2022, 10, 4574 15 of 15

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

Gupta, S.; Singh, M.; Madan, A K. Connective eccentricity index: A novel topological descriptor for predicting biological activity.
J. Mol. Graph. Model. 2000, 18, 18-25. [CrossRef]

Tang, L.; Wang, X.; Liu, W.; Feng, L. The extremal values of connective eccentricity index for trees and unicyclic graphs. Int. J.
Comput. Math. 2017, 94, 437-453. [CrossRef]

Xu, K.; Das, K.C.; Liu, H. Some extremal results on the connective eccentricity index of graphs. J. Math. Anal. Appl. 2016,
433, 803-817. [CrossRef]

Yua, G.; Fengb, L. On connective eccentricity index of graphs. MATCH Commun. Math. Comput. Chem. 2013, 69, 611-628.
[CrossRef]

Yu, G.; Qu, H,; Tang, L.; Feng, L. On the connective eccentricity index of trees and unicyclic graphs with given diameter. J. Math.
Anal. Appl. 2014, 420, 1776-1786. [CrossRef]

Konstantinova, E.V.; Skoroboratov, V.A. Graph and hypergraph models of molecular structure: A comparative analysis of indices.
J. Struct. Chem. 1998, 39, 958-966. [CrossRef]

Konstantinova, E.V.; Skoroboratov, V.A. Application of hypergraph theory in chemistry. Discret. Math. 2001, 235, 365-383.
[CrossRef]

Weng, W.; Zhou, B. On the eccentric connectivity index of uniform hypergraphs. Discret. Appl. Math. 2022, 309, 180-193.
[CrossRef]

Estrada, E.; Rodriguez-Veldzquez, J.A. Subgraph centrality and clustering in complex hyper-networks. Phys. A Stat. Mech. Appl.
2006, 364, 581-594. [CrossRef]

Hu, S.; Qi, L.; Shao, ].Y. Cored hypergraphs, power hypergraphs and their Laplacian H-eigenvalues. Linear Algebra Its Appl. 2013,
439, 2980-2998. [CrossRef]

Mabherani, L.; Omidi, G.; Raeisi, G.; Shahsiah, M. The Ramsey Number of Loose Paths in 3-Uniform Hypergraphs. Electron. ].
Comb. 2013, 20, P12. [CrossRef]

Xu, K. The Zagreb indices of graphs with a given clique number. Appl. Math. Lett. 2011, 24, 1026-1030. [CrossRef]

Zhao, Q.; Li, S. Sharp bounds for the Zagreb indices of bicyclic graphs with k-pendant vertices. Discret. Appl. Math. 2010,
158, 1953-1962. [CrossRef]

Diaz, ].B.; Metcalf, ET. Stronger forms of a class of inequalities of G. Pélya-G. Szeg6, and L. V. Kantorovich. Bull. Am. Math. Soc.
1963, 69, 415-418. [CrossRef]


http://dx.doi.org/10.1016/S1093-3263(00)00027-9
http://dx.doi.org/10.1080/00207160.2015.1112003
http://dx.doi.org/10.1016/j.jmaa.2015.08.027
http://dx.doi.org/10.3233/ICA-130440
http://dx.doi.org/10.1016/j.jmaa.2014.06.050
http://dx.doi.org/10.1007/BF02903615
http://dx.doi.org/10.1016/S0012-365X(00)00290-9
http://dx.doi.org/10.1016/j.dam.2021.11.018
http://dx.doi.org/10.1016/j.physa.2005.12.002
http://dx.doi.org/10.1016/j.laa.2013.08.028
http://dx.doi.org/10.37236/2725
http://dx.doi.org/10.1016/j.aml.2011.01.034
http://dx.doi.org/10.1016/j.dam.2010.08.005
http://dx.doi.org/10.1090/S0002-9904-1963-10953-2

	Introduction
	Hypertree Transformations and CEI
	The Maximal and Minimal Values of CEI of k-Uniform Hypertrees with Size m
	The Maximal and Minimal Values of CEI of k-Uniform Hypertrees with Given Diameter
	Some Relations between CEI and ECI of Hypergraphs 
	Conclusions
	References

