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Abstract: We introduce three classes of analytic functions with fixed second coefficients that are
defined using the class P of analytic functions with positive real parts. The objective of this paper
is to determine the radii such that the three classes are contained in various subclasses of starlike
functions. The radii estimated in the present investigation are better than the radii obtained earlier.
Furthermore, connections with previously known results are shown.
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1. Introduction

Let A = {z € C: |z] < 1} denote the open unit disc in C and the class .A be defined as
the collection of all analytic functions in A satisfying f(0) = 1 and f'(0) = 1. The class S is
defined to be a collection of univalent functions in class .A. The well-known Bieberbach
theorem states that, for a univalent function f(z) = z +a,z%> + ..., the bound on the second
coefficient, that is, |a;| < 2 plays an important role in the study of univalent function
theory. This bound has attracted the interest of many mathematicians, which led to the
investigation of the class A; consisting of the functions of the form f(z) = z + 42> + ...,
|az| = b for a fixed b with0 < b < 1. Forn € Nand 0 < b < 1, let A,;, be the class of
analytic functions of the form f(z) = z + nbz? + ... for z € A such that Ay, := Ay,

The study of class A, was initiated as early as 1920 by Gronwall [1]. He determined
the growth and distortion estimates for the class of univalent functions with fixed second
coefficients. In 2011, Ali et al. [2] obtained various results for the class of functions with
fixed second coefficients by applying the theory of second-order differential subordination.
Later, Lee et al. [3] investigated certain applications of differential subordination for such
functions. Kumar et al. [4] determined the best possible estimates on the initial coefficients
of Ma-Minda type univalent functions; see also [5,6]. Ali et al. [7] obtained sharp radii
of starlikeness for certain classes of functions with fixed second coefficients. A survey on
functions with a fixed initial coefficient can be found in [8].

Let P(«) denote the class of analytic functions p(z) = 1+ byz + byz? + - - - satisfying
the condition Re{p(z)} > a for some « (0 < « < 1) and for all z € A. Recall that P = P(0)
is a well-known class of Carathéodory functions having a positive real part. It is well known
that |b1| < 2(1 — ); see, for example, [9]. For any two subclasses M and N of family A of
all analytic functions of the form f(z) = z +axz? + - - - (z € A), the N-radius for the class M,
denoted by Ry (M), is the largest number p € (0,1) such that r ! f(rz) € N, forall f € M
and for 0 < r < p. In [10-12], MacGregor found the radius of starlikeness for the class
of functions f satisfying one of the conditions Re(f(z)/z) > 1/2,Re(f(z)/g(z)) > 0 and
|f'(z)/¢'(z) — 1] > 0 for some univalent function g. Recently, Anand et al. [13] determined
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various radii results for the class of functions f with fixed second coefficients and satisfying
the conditions Re(f(z)/g(z)) > 0, where either ¢(z) = 1+ z or (1 + z)?. In recent years,
several authors have studied radius problems involving ratios between functions belonging
to two classes where one of them belong to some particular subclass of A; for example,
see [12,14-18]. Motivated by these studies and by making use of the classes A, A4 and
P, we define the following classes:

H;,C—{fEAéh:{g(GPandziEPwhereg€A4C,p€P}

Hic ={feAs: £ EPand% € P(1/2) where g € A3, p € P}

and

Hg’:{feA%:Zj;EPwherepEP}
where b € [0,1] and ¢ € [0, 1]. By choosing suitable functions p(z) in the class P and letting
b =1and c = 1, we may obtain several well-known classes as special cases of our three
classes; for example:

1. For p(z) = 1/(1 +z)?, Anand et al. [13] determined some sharp radius constants for
H3.

2. Forp(z) = (1—z2)/(1+z), the classes H} |, H?, and H; yield the classes studied by
Lecko et al. [14]. ' '

3. Letting p(z) = 1/(1 —2?),1+2/2,1/(1 —2?) and 1/(1 +z) in Hil and H?, we
obtain the classes of functions studied in [19-22], respectively, for which various
radius problems have been studied.

4. Al et al. [23] obtained certain a radius of starlikeness for the classes H%,l and Hfl
with p(z) = 1.

In Section 2, we obtain discs centred at 1 that contain the images of the unit disc A
under the mapping zf'(z)/ f(z) where f belongs to each of the classes H;, o Hl% .and H}.
Using the results of Section 2, we then determine extensions of the radii estimates in [14]
along with improved radii constants for functions in the classes Hl}, o Hg . and Hg to belong
to several subclasses of A, such as starlike functions of order «, starlike functions associated
with the lemniscate of Bernoulli, thereverse lemniscate, the sine function, the exponential
function, the cardioid, the lune, the nephroid, a particular rational function, the modified
sigmoid function and parabolic starlike functions.

2. Analysis and Mapping of zf (z) /f(z) for H}, , H; . and H;

In this section, we investigate extremal functions for all three classes Hl} o H% . and

Hg’, which demonstrate the fact that the classes are non empty. Furthermore, we obtain
discs centred at 1, containing the images of the disc A under the mapping zf’/ f, where f
belongs to each of these classes. We begin by stating the following lemmas by McCarty:

Lemma 1 ([24]). Letb € [0,1] and 0 < a < 1. If p € Py(w), then, for |z| =1 < 1,

2(1—a)r br> +2r +b
1—7r2 (1-20)r24+2b(1—a)r+1"

zp'(z)
p(z)

Lemma 2 ([25]). Letb € [0,1] and 0 < a < 1. If p € Py(a), then, for |z| =r < 1,

—2(1—a)r br242r+b :
Re<ZP/(Z)> > ) 1+2abr+(20—1)r2 r2r+2b:+1 if Re < Ry
p(z) 2/aC1—Crw if Re > Ry
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where Ry, = C, — Dy, Ry = /aCrandr = |z| < 1;
2 _ _ 2,2 _
Cy = (14br)>—Q2a—1)(b+r)r and Dy — 20 —a)(b+r)(1+br)r 1)

(14 2br+12)(1—1r2) (14 2br+12)(1—12)

Lemma3. Letd = [6b —4c| < 2,5 = |4c—q| <2,b € [0,1]and c € [0,1]. If f € H} , then,
for|z|=r<1,

r[(dr? +4r +d)(r2 +sr+1)(r? +qr+1) (sr? 4 4r +35s)
zf'(z) _1‘ < (> +dr+1)(r? +gr+1) + (qgr* + 4r + q) (r> + dr + 1) (r? +sr+1)]
f(z) - (1—=r2)(r24+dr+1)(r2+sr+1)(r2+qgr+1)

Furthermore, the class Hg, . Is non-empty.

Proof. Let the functions f and g whose Taylor series expansions are given by f(z) =z +
fiz2+--- and g(z) = z+g1z> +- - - besuch that Re{f/g} > 0and Re{g/(zp)} > 0, where
p € P is represented by p(z) =1+4gz+ ---. Now, consider, g/ (zp) =1+ (g1 —q)z+ - -,
where |¢g1 —g| < 2 and |g| < 2, which gives |g1| < 4. Furthermore, f/¢ = 1+ (f; —
g1)z+ -+, where |fi — 1] <2, and hence |f1| < 6. Thus, for b, ¢ € [0,1], we consider the
class involving the functions f and g with fixed second coefficients whose Taylor series
expansions are given by f(z) = z +6bz? + - - - and g(z) = z +4cz? + - - - such that f € Ay,
and g € Ay,. If the function f € Hb , then there exists an element g € .A4C and p € P such
that f/g € P and g/ (zp) € P. Define

h(z) = (J;(g =1+ (6b—4c)z+--- and k(z)= 8(2) =1+ (4c—q)z+---,
where [6b —4c| < 2 and [4c —g| < 2. Therefore, we observe that i € Pg_4c)/2,
k € Pyc—q)/2, P € Pys2, and f can be expressed as f(z) = zp(z)h(z)k(z). Then, a cal-
culation shows that

zf'(z) 1‘ zh (z) zk' (z) zp’(z) )
& e | e |G @
Ford = |6b —4c| < 2,5 = |4c —g| < 2 and a = 0, using Lemma 1, we obtain
zh'(z) ro (dr?+4r+d) 2K (2) r (sr?+4r+s) 3
h(z) | = (1—72) (PP+dr+1)’ k(z) | = (1—72) (rP2+sr+1)’ ©)
and
zp'(z) r (qgr¥+4r+q) )
p(z) | = (1=12) (PP+qr+1)°

By (2), (3) and (4), it follows that

r[(dr? +4r +d)(r? +sr+ 1) (r> + qr + 1) + (sr? + 4r +5)
zf'(z) _1‘ - (2 +dr+1)(r* +gr+1) + (qgr> + 4r + q) (r> + dr + 1) (r? +sr+1)]

f(z) (1—=r2)(r24+dr+1)(r> +sr+1)(r? +qr+1) 5
Define the functions f1, g1 and p; : A — Cby
_ 2 _ _ 2 _ _ 2
filz) = z(1—qz+2z%)(1 — (4c (1qzzz—i—)§ )(1—(6b—4c)z+z ), ©)
— 2 _ _ 2 _ 2
g1(z) = gt (>1(1_ Zz(;c Atz ), and pi(z) = “(1‘7_7‘;)2) @)

where |6b—4c| <2, |4c—q| <2 and |gq] <2.
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By (6) and (7), we have
fiz) _ (1— (6b — 4c)z + z2) _ 1+ wi(z)
21(z) (1—122) 1—wq(z)’
G) _ (Q-(e=ge+s) lrws) oo (gt | Lrw)
) (-2 d-w@ YT TSR T Imw@)
where
() = z(z — (6b —4c)/2) wy(2) = z(z— (4c—q)/2) and ws(2) = z(z—q/2)
! (1—z(6b—4c)/2)" 2 (1—z(4c—q)/2) 3 (1—zq/2)’

which are analytic functions satisfying the conditions of the Schwarz lemma in A; hence,
Re(f1/g1) > 0,Re(g1/(zp1)) > 0, and Re(py1) > 0. Thus, f1/81 € Pep—sc)/2, §1/(2p1) €
73(4C_q) spand py € P(q /2)- Thus, the function f; € H 1’ - and the class H;/ . is non-empty.
The functions

z(1—22)3
(1—gz+22)(1— (4c —q)z+22)(1 — (6b — 4c)z + 2?)

F(z) = (8)

and f are extreme functions for the class H; . providedqg <2, c>q /dand b > 2c/3. O

Lemmad4. Let m = |5b—3c| <2,n=|3c—q| <1,be [0,1]andc € [0,1]. If f € H} , then,
for|z| =r <1,

zf’(z)_1< r mr2 +4r+m nr*4+2r+n  qr¥+4r+q
f(z) A=)\ r2+mr+1 nr+1 r2+qgr+1)°

Furthermore, the class Hg, . Is non-empty.

Proof. Let f and g be functions givenby f(z) =z+ fiz> +--- and g(z) =z + g12° + - - -
such that Re{f/g} > 0 and Re{g/(zp)} > 1/2, where p € P is represented by p(z) =
144gz+---. Now, consider ¢/zp =1+ (g1 —q)z + - - -, where |g1 — q| < 1 (Lemma 2, pg
33 etal. [26]) and |g| < 2, which gives |g1| < 3. Furthermore, f/g =1+ (fi —g1)z+ - -,
where |f1 — 1| < 2, and hence |f| < 5. Therefore, we consider the class involving the
functions f and g with fixed second coefficients whose Taylor series expansions are given
by f(z) = z+5bz> + - - - and g(z) = z +3cz* + - - - where b € [0,1] and ¢ € [0, 1] such that
f € Asp and g € Aj,. If the function f € H? » then there exists an element ¢ € Az and
p € Psuchthat f/g € Pand g/(zp) € 73(1/2) Define

h(Z)I%:1+(5b—3c)z+~--

and

k(z) = 83 _
zp(2)
Itis easy to see that h € P(sp_3c) /2, k € Pac—y), P € Py/2,and f(z) = zp(z)h(z)k(z). Then,
a calculation shows that

zf'(2)

+Bc—q)z+---.

2H(z) | () | 2 )

@ T TR TG )
sothat f(2) WE)| L K@) )
y4 zZ y4 zZ 4 zZ Zp zZ

@) ‘1‘§ iz | ke | T | {10
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Letm = |[5b—3c| <2,n=|3c —¢| <1and a = 0. Using Lemma 1 for the functions &, p
and k, we have

zh (z) ro (mr*4-4r4+m) |zK(2) r (mr?+2r+n) 1)
h(z) | = (1=72) (r2+mr+1) " | k(z) |~ (1—=72) (mr+1) ~
and
zp'(z) r (gr*+4r+q) (12)
p(z) | — (1—72) (rZ+gr+1)°
Inequality (10) together with (11) and (12) gives
zf'(z) < T mr>+4r+m  nr?+2r+n  qrf4+4r+q (13)
f(z) A=)\ rP+mr+1 nr+1 r2+qgr+1 )"
Define the functions f;, g» : A — Cby
z(1—gqz+2%)(1— (8c — q)z)(1 — (5b — 3c)z + 22
(o) = = G g1 (b =3z 2) ”
(1-2%)
and
_ 2 _ —
0(z) = z(1 - gz +é z(;)z(?’c q)z),where |56 —3¢c| <2 and [3c —¢q| < 1. (15)

It follows from (7), (14) and (15) that

f(z)  (1—(5b—3c)z+22)  1+ws(z)

$2(2) (1-2?%) T 1 wy(z)
and
82(2) _ (1-(Bc—9q)z) _1+ws(z)
zp1(z) (1—22) 1—ws(z)’
where

wy(2) = z(z— (5b —3c)/2) z(z—(3c—q))
4 (1—2z(5b—3¢c)/2) (2— (3c—q)z —22)
are Schwarz functions in the unit disc A, and hence Re(f,/g2) > 0, Re(g2/(zp1)) > 1/2
and Re(p1) > 0 (as shown for class H;,C). Thus, f2/82 € P(sp—3c)/2- 82/ (2P1) € P(ze—g)s
and p1 € P(;/2). Hence, fr € Hg .- and the class Hg . is non-empty. Furthermore, the

and ws(z) =

function f, is an extreme function for the class Hl% . provided g < 2,¢c > q/3and b >
3¢/5. O

Lemma5. Let] = |[4b—q| < 2,|q| <2and b € [0,1]. If f € H3, then, for |z| =r < 1,

zf'(z) 1‘ < r[(I? +4r +1)(qr* +4r +q) + (qr2 +4r +q) (> + Ir + 1)]
f(z) - Q=)+ 1r+1)(r2+qr+1)

Furthermore, the class Hi’ is non-empty.

Proof. Let the functions f and ¢ whose Taylor series expansions are given by f(z) =z +
f1z% + .. be such that Re{f/(zp)} > 0, where p € P is represented by p(z) =1+ gz + - - -.
Now, consider f/(zp) =1+ (fi —q)z+ ---, where | f; —q| < 2 and |q| < 2, which gives
|f1] < 4. Therefore, we consider the function f with a fixed second coefficient whose Taylor
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series expansion is given by f(z) = z +4bz? + - - - where b € [0,1] such that f € Ay,. If
the function f € H;, then there exists p € P such that f/(zp) € P. Define the function

h) = L@ =1+ -z

so that i € Pyy_g)/2, p € Pys2 and f can be expressed as f(z) = zp(z)h(z). Then, a
calculation shows that

zf'(z) ‘ z'(z)| | |zp'(2)
-1 < . 16
@ = T e 1o
From Lemma 1, for I = [4b —q| < 2,|q| < 2 and « = 0, we obtain
zH (z) ro (I +4r+1) zp'(z) r (gr*+4r+q)
< .
e | Sa-m sy ™ e | ST es) erer) W
Using (16) and (17), it is easy to show that
zf'(z) 1‘ - r[(I? +4r + 1) (qr* +4r +q) + (g2 +4r +q) (> + Ir + 1)] as)
f(z2) - 1=r2)(P+1r+1)(r>+qr+1) '
Define the functions f3 : A — C by
z(1 —qgz+2%) (1 — (4b — q)z + 2*
fle) = BRI g <2 (19)

Then, (17) together with (7) gives

folz) _(A=(b—gqz+2%) 1+ ws(z) _
Zpsl(z) B (1 —zz) 1 _wz(z)/ where wé(z) =

z(z — (4b—q)/2)
(1—2z(4b—q)/2)’

which is an analytic function satisfying the conditions of the Schwarz lemma in A, and hence
Re(f3/(zp1)) > 0and Re(p1) > 0 (shown above in class Hl},c)' Thus, f3/(zp1) € P(ev—g)/2
and p; € P(q /2)- Thus, the function f3 € H3, and the class Hg is non-empty. Furthermore,
the functions given by

z(1 — 2%)?
(1—gz+22)(1— (4b—q)z+z2)’

F(z) = [4b—q| <2 (20)

and f3 are extreme functions for the class Hj provided g <2and b > g/4. O

3. Radius of Starlikeness

Using the information in the previous sections, we now investigate several radius
problems associated with the functions in the classes H} ., H? - and H;. In particular, we

determine sharp estimates of the radii constants Ry (H} .), Ry(H2 ) and RN(HZ’), where
N is one of the classes of starlike functions mentioned in Section 1 that can be obtained
from the Ma and Minda [10] class S*(¢) given by

S' () ={feA:zf(2)/f(z) < p(2)}.

Here, < is the usual notation for subordination, and ¢ is an analytic and univalent function
with a positive real part in A with ¥(0) = 1. 3’(0) > 0 and ¥ maps A onto a region
that is starlike with respect to 1 and symmetric with respect to the real axis. Recently,
Anand et al. [27] obtained results for a class of analytic functions defined using the
function ¢. Throughout this section, we assume thatd = |6b —4c| < 2,5 = |[4c —¢g| < 2,
m=|5b—3c| <2,n=13c—q| <1l,and! = [4b—¢q| < 2.



Mathematics 2022, 10, 4428

7 of 26

For 0 < w < 1, the class $*(«) = S*[1 —2a,—1] = {f € A : Re(zf'(2)/f(z)) > a}is
the class of starlike functions of order «. In our first main theorem, we determine sharp
estimates of the radii constants Rg- y) (H,;C), R+ (a) (Hﬁc) and Rg- () (H).

Theorem 1. The sharp S*(«) radii for the classes H 1/ o H}i . and HZ’ are as follows:

1.

For the class H;’ o the sharp S*(a) radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where

x1(r) = a —1+a(d+s+q)r+ (10 + 2a +ds + ads + (1 + a)(d + s)q)r> + ((10 +
w)(s+q)+d(10+a+ (2+a)sq))r> + 83 +sq+d(s+q))r* + (—(—12+a)(s+4q) —
d(—12+a+ (—4+a)sq))r° + (14+3sq +3d(s +q) —a(2+sq+d(s+q)))r® — (-2 +
w)(d+s+q)r + (1 —a)rd.

For the class H,%’ o the sharp S*(a) radius po € (0,1) is the smallest root of the equation
x2(r) = 0, where

4 1 2+ 2nr 24 mr 2+qr
- 2 + 2+ —+ _
1—r2 14nr 142nr+r> 1+r(m+r) 14+r(g+r)

xp(r) =

For the class Hy, the sharp S*(«) radius p3 € (0,1) is the smallest root of the equation
x3(r) = 0, where

x3(r) = a—1+a(l+q)r+ 7 +a+ 1 +a)lg)r* +6(I+q)r>+(9+3lg—a(l+
Ig)r* — (=2 +a)(I+g)r° + (1 — a)r®,

Proof. The radii estimates for their respective classes are found as follows:

1.

Note that x1(0) = (¢ —1) < 0and x1(1) = 6(2+d)(2+¢)(2+q) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in the
interval (0,1). Let 7 = p; € (0,1) be the smallest root of the equation x;(r) = 0. For
fe H;,C, using (5), we have

’ 2 2 2
zf(z)_l‘S 7 (dr +4r+d sr*+4r+s gr +4r+q>, 1)

f(2) (1—r)\ r?+dr+1 r2+sr+1 r24gr+1

which yields

! 2 2 5
Re zf'(z) >1- r dr +4r+d+sr +4r+s  qro4+4r+q 22)
f(2) (1—=r)\ 2 +dr+1 r2+sr+1 r24gr+1

>

whenever x1(r) < 0. This shows that Re(zf'(z)/ f(z)) > a for |z| =7 < p1.
For u = 6b —4c > 0, v = 4c — g > 0, using (22), the function F; (z), defined for the
class H} . in (8) atz = —pj, satisfies the equality

Re<zF{(Z)> o (weitdpitu opitdoito gettdotyg
(1-pD \ pi+uor+1  pi+op1+1  pf+qp;+1

This proves that the radius is sharp.

A calculation shows that x(0) = 1 —a > 0 and x(1/3) = —(—60(—5+ (—12 +
n)n) + 6(135 + n(148 4 21n))q + 3m(9(30 + 17q) + n(296 + 42n + 156q + 27nq)) +
2(10 4+ 3m)(3+4n)(5+3n)(10 4+ 39)a)/(2(10 + 3m)(3 + n)(5 + 3n)(10+3q)) < 0.
By the Intermediate Value Theorem, there exists a root ¥ € (0,1/3) of the equation
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x2(r) = 0. Let pp € (0,1/3) be the smallest root of the equation x,(r) = 0and f € H7 .

An easy calculation shows that, for 0 < r < 1/3,

—1 + 4r% + 2b%1% + 8br3 + 1* + 2b%*
2(=1+7)(1+7)(142br +12)?

Cp—Dy—/Cr/2 = >0, (23)

where Cy, and Dy, are given by (1). From (9) and (11) and using Lemma 2 together with
(23), we have

“(45)

o1 (7 mr*+4r+m gt +4r+q\  r(n+2r+n?)
- 1—12 rZ+mr+1 r2+gr+1 (1+nr)(1+42nr+72) —

whenever x;(r) < 0. Thus, Re(zf'(z)/f(z)) > a for |z| = r < p,. To prove the
sharpness, consider the function F, G; : A — C defined by

z(1+3cz — qz)(1 — 2%)?
(14 5bz — 3cz +22)(1 + 6cz — 29z + z2) (1 + gz + 22)

Fz(Z) =
and

1— 22
(1+gz+22)(1+3cz—qz)’
where |50 — 3c| < 2 and |3c — g| < 1. Note that, forc = (1+4)/3,

Gy(z) =2

F(z) (1—22) 14 wi(z2)

Ga(z) 1-(1-56b+q)z+22 1—wi(z)

and

Gz(z) . 1 . 1+ZU2(Z)
zp1(z)  1+4+3cz—gz 1—wy(z)’
where (1-5b 22) (4 30)
1 =90+q—-2z)z (g —3c)z
©E) = o Ty ™ @) =3 G

are Schwarz functions; hence, Re(F,/Gy) > 0, Re(G2/(zp1)) > 0, and Re(py) > 0.
For5b —3c > 0,3c — g = 1 and z = py, it follows from (24) that

zF’(z))

R 2

e<F2<z>

2 \(mei+doatm  qo3+4pr+yg p2(n + 202 + 1p3)

Tl p2 2 12 1) (@ 142 2
03 p5 +mpy + p5 +4gp2 + ( +”P2)( + ”P2+P2)

.

It is easy to see that x3(0) = « —1 < 0 and x3(1) = 4(2+1)(2+4g) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. From (18), it follows that,
forany f € H3,

zf'(z) r Ir2 +4r+1 l]1’2+47’+q
R >1— N
e<f(z)>_l 1—7’2(r2+lr+1+r2+qr+1 Za (25)
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whenever x3(r) < 0. This proves that Re(zf'(z)/f(z)) > a for |z| = r < p3. The
result is sharp for the function F; defined for the class H; in (20). Atz = —p3 and for
u = 4b —q > 0, it follows from (25) that

2By(z)\ ps [upit+dpstu  gp3+destq) _

Re =1~ 2\ "2 T2 o
F3(z) 1—p3\ p3+tups+1  p3+qps+1

O

Remark 1. Figure 1 represents that the S *(%) radii estimated for all three classes are sharp.

- &2 l e l a0
. AR M\/

(a) p1 = 0.0827625 for (b) p» = 0.101021 for (c) p3 = 0.123106 for
1

Mo Hg,c Hg

)(H11), R (y)(HEy) and R

Figure 1. Sharp radii constants for Rg.( >(Hf’) forg =2.

1 1 1
2 2 2

Remark 2. Forb =1, c = 1 and q = 2, Theorem 1 yields the corresponding result determined in
(Theorem 1, p. 6, [14]).

Placing « = 0 in Theorem 1, we obtain the radius of starlikeness for the classes Hl} o Hg c
and H;.

Corollary 1. The sharp S* := 8*(0) radii for the classes H} ., Hi . and Hj are as follows:

1. For the class H;,C, the sharp S* radius py € (0,1) is the smallest root of the equation
x1(r) = 0, where
x1(r) = —1+ (10 +gs +d(q +5))r* +2(5(q +5) +d(5+gs))r° +8(3+gs +d(q +
s))r* +4(3(q+s) +d(3+gs))r° + (14 +3gs +3d(q +5))r® + 2(d +q +s)r” +15.
2. For the class Hg o the sharp S8* radius p; € (0,1) is the smallest root of the equation
x5 (r) = 0, where

4 1 2+ 2nr 2+ mr 2+gqr
- + + .
1—7r2 14nr 1+42nr+r2 1+r(m+r) 1+r(g+r)

x(r) = —

3. Forthe class H3, the sharp S* radius p3 € (0,1) is the smallest root of the equation x3(r) = 0,
where

x3(r) = =14 (74 1g)r2 + 6(1 4+ q)r> + (9 + 3l1g)r* +2(1 + q)r° + 1°.

The class S;=8"(1/1 + z) is another class that can be obtained from the Ma-Minda
class. It represents the collection of functions in the class A whose zf’(z)/ f(z) lies in the
region bounded by the lemniscate of Bernoulli |[w? — 1| = 1. Various studies on S can
be seen in [28,29]. In the following result, we obtain the sharp radii constants Rg; (H; s

RSE (Hg,c) and RSZ (HZ’)

Theorem 2. The sharp S; radii for the classes H} , H? _and HS are as follows:

1. For the class H;,C, the sharp S} radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where
(1) = (1= V2) = (<24 V2)(d +3+ )+ (~2(=7+ VE) - (<3 +V3)(sq +d(s +
DN+ (—(=12+V2) (s +q) —d(=12+ V2 + (—4 +v2)sq))r* +8(3 +59 +d(s +
N+ (104 v2) (s +9) +d(10+ V2 + (2+/2)s5q))7° + (2(5+V2) + (1+v2) (sq +
d(s+q)))r° +V2(d +s+q)r7 + (=14 V2)r®
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For the class Hg o the sharp S} radius p; € (0,1) is the smallest root of the equation
x2(r) = 0, where

xr) = 1-v2)—(=2+V2)(m+n+q)r+ (11 — V2 — (=3 + V2)(ng + m(n +
D)+ (8(m + ) — 1(—12+ V2 + (—4 + VD)mg))r* + (11 + V2 + (3 + v2)mg +
8n(m +))r* + (10 + vV2)n + (2 + vV2)q + (2 + V2)m(1 + ng))r® + (1 +v2)(1 +
n(m+q))r® ++/2nr’.

For the class H, the sharp S radius p3 € (0,1) is the smallest root of the equation x3(r) = 0,
where

x3(r) = (1= v2) = (=2+V2) (I + q)r + (9 = V2 — (=3 + V2)Ig)r* + 6(1 + q)r° +
(74+V2+ 1+ V2)lg)rt + V2(1 +q)r° + (=14 V2)r°.

Proof.

1.

Note that x1(0) = (1 —v/2) < 0and x1(1) = 6(2+d)(2+q)(2+5s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in the
interval (0,1). Letr = p; € (0,1) be the smallest root of the equation x1(r) = 0. Ali et
al. [30] (Lemma 2.2) proved that, for 2V2/3 < C < V2,

{we(C:|w—C|<\f2—C}C{weC:|w2—1\<1}. (26)

In view of (26) and the fact that the centre of the discin (21)is 1, f € &7 if

2 2 2
r (dr +4r+d sre+4r+s  gr +4r+q)<\/§_1, 27)

1=r)\ r2+dr+1  r>4+sr+1  r24+qr+1

which is equivalent to f € S} if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
f eS8 for|z| =r < py. Foru = 6b —4c > 0, v = 4c — q > 0, using (27), the function
f1(z) defined for the class Hg, . in (6) at z = —p; satisfies the following equality

(Zf{(2)>2_1
fi(z)
2
LM up%+4p1+u+vp%+4p1+v+qp%+4p1+q .
(1—pH)\ P2 +upr+1  p2+ovp1+1  p2+gp;+1

=1.

Thus, the radius is sharp.

A calculation shows that x(0) = 1 — /2 < 0and x3(1) = 6(2+m)(1+n)(2+4) > 0.
By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let pp € (0,1) be the smallest root of the equation x,(r) =0, and f € Hic.
As the centre of the disc in (13) is 1, by (26), f € S if

r mr>+4r+m  nr?+2r+n  qrf4+4r+q
<v2-1, 28
(1—r2)(r2+mr+1 nr+1 +r2+qr+1>_\[ (28)

which is equivalent to f € S} if x,(r) < 0. Since x(0) < 0 and p; is the smallest root
of the equation x;(r) = 0, x2(r) is an increasing function on (0, p2). Thus, f € S; for
|z| = r < pp. To prove the sharpness, consider the function f, defined in (14). For
u=>5b—-3c>0,v=3c—q>0andz = —py, it follows from (28) that

()

2
:‘<1_ 02 up%+4p2+u+vp§+2p2+v 03 +4p2+¢ 1l
( .

1-p3)\ o3 +ups+1 vp2 +1 03 +qp2+1
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3. Ttis easy to see that x3(0) = 1 — /2 < 0 and x3(1) = 4(2+1)(2+4) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. From (16) and (17) it
follows that, for any f € H3

/ 2 2
zf(z)_1 < T Ir*+4r+1  qgre+4r+gq ' (29)
f(z) 1-r2\r2+Ir+1  r24+gr+1
As the centre of the discin (29) is 1, by (26), f € S if
7 I +4r+1  gqr¥+4r+gq
<v2-1
1—r2<r2+lr+1+r2+qr+1>_\[ ’ (30)

which is equivalent to f € S} if x3(r) < 0. Since x3(0) < 0 and p3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
feSffor|z| =r < ps.

The result is sharp for the function f3 defined for the class H; in (19). Atz = —p3 and
for u = 4b — q > 0, it follows from (30) that

2
(Zfé(2)>2_1 (s (mAtdpstu apd+dosta\\T
f3(z) 1—p3\ p2+ups+1 03 +q03+1

Remark 3. Figure 2 represents extreme S| radii estimated for all three classes.

O

04]
02

s N \ o //ki\\
&
0z o1 g6 10 oz or  og)||| DAL e

Z \ /// f?\\
i it c . R Q//
(a) p1 = 0.0687097 for (b) p2 = 0.0809876 for (c) p3 = 0.102466 for

1 2 3
Hb,c Hh,c Hb
Figure 2. Sharp radii constants for Rs; (Hi,), Rs: (H?,) and Rs: (H?) (q=2).

04

02
02
—04]

Remark 4. Forb =1, c = 1 and q = 2, Theorem 2 yields the corresponding result determined in
(Theorem 2, p. 8, [14]).

1+v2\\2
For ¢par = 1+ 732<10g(1 — ﬁ)) , the class S; := S*(¢par) is the class of
parabolic starlike functions. A function f € S} provided zf'(z)/ f(z) lies in the parabolic
region given by {w € C : Re(w) > |w — 1|}. For further reading, refer to [11,31-33]. The

following theorem gives the sharp radii constants Rs; (H},), Rs; (H?.) and Rs; (H3).

Theorem 3. The sharp S;, radii for the classes Hy ., Hy . and Hj are as follows:

1. For the class H;,C, the sharp Sy radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where
x1(r) = =1+ (d+s+q)r+ (22 +3sq +3d(s +q))r*> + (21(s + q) + d(21 + 5s9))r> +
16(3+sq+d(s+q))r* + (23(s+q) +d(23+7sq))r° + (26 +5sq +5d (s + q) )r® +3(d +
s+q)r7 +18.

2. For the class Hf o Sp radius py € (0,1) is the smallest root of the equation x5 (r) = 0, where
x2(r) = =1+ (m+q)r + (18 + 4mn + 3mq + 4nq)r*> + (17m + 36n + 17q + 8mnq)r> +
(40 + 28mn + 12mq + 28nq)r* + (19m + 40n + 19q + 12mnq)r® + (22 + 8mn + 5mq +
8nq)r® + (3m + 4n + 3q)r” + 8.
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3.

For the class H3, the sharp S, radius p3 € (0,1) is the smallest root of the equation x3(r) = 0,
where
x3(r) = =1+ (I+q)r +3(5+1q)r* + 12(1 + q)r> + (17 + 5lq)r* + 3(1 + q)r> + r°.

Proof.

1.

Note that x1(0) = —1 < 0and x1(1) = 12(2+4d)(2+4)(2+s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in
the interval (0,1). Let r = p; € (0,1) be the smallest root of the equation x;(r) = 0.
Shanmughan and Ravichandran (p. 321, [34]) proved, for 1/2 < C < 3/2, that

{weC:lw—-C|<C—-1/2} C {w € C:Re(w) > |w—1|}. (31)

As the centre of the discin (21) is 1, by (31), f € S, if

r (dr2+4r+d st +4r +s qrz+4r+q>§; (32)

1=r)\ r2+dr+1  r24+sr+1  r24qr+1

which is equivalent to f € S if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this,
fe S; for |z| =r < p1. Foru = 6b — 4c > 0, v = 4c — q > 0, using (32), the function
Fi(z) defined for the class H;’ . in (8) at z = —py, satisfies the following equality

(Zpll(z))_|1_ P1 (”P%+4pl+u vp? +4p1 + 0 qp%+4p1+q>’
Fi(z) Q- \ pi+upi+1  pi+opi+1  pi+ger+1
zF(2)
Fi(z)

This proves that the radius is sharp.
A calculation shows that xp(0) = —1 < 0 and

-1

Ny (1) 4(9m (190 + 89q + (146 + 63q)) + 2(1250 + 8554 + 31(410 + 2197)))
2 =

3 6561

, which is greater than 0. By the Intermediate Value Theorem, there exists a root
r € (0,1/3) of the equation x,(r). Let p € (0,1/3) be the smallest root of the
equation x,(r) = 0and f € Hg .- From (9) and (11) and using Lemma 2 together with
(23), we have

(2)

Re

( f(2)

1 mr*+4r+m gt +4r+q\  r(n+2r+n?)
1—1r2 r2+mr+1 r2+qgr+1 (1+nr)(1+42nr +r2)

- r mr?+4r+m > +2r+n  qr’+4r+gqg ZfZ/(Z)_l
==\ P rmra nr+1 r24+qr+1 f2(2)

whenever x;(r) < 0. Since x2(0) < 0 and p; is the smallest root of the equation
x2(r) = 0, x2(r) is an increasing function on (0, p2). Thus, f € S for |z| = r < pa.

It is easy to see that x3(0) = 1 < 0 and x3(1) = 8(2+1)(2+4g) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. In view of (31) and the
fact that the centre of the discin (29)is 1, f € S; if

>

>

r (lr2+4r—|—l qr2+4r+q><l
_2/

1-r2\r?+Ir+1 P +gr+1 (33)
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which is equivalent to f € S if x3(r) < 0. Since x3(0) < 0 and p3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
feS; for|z| =r < ps.

The result is sharp for the function Fz defined for the class Hg’ in (20). Atz = —p3 and
for u = 4b — g > 0, it follows from (33) that

zF3(z)
F3(z)

(ZFa’.(Z)>:1 ps_(up3+dps+u o3 +40s+q
F5(2) 1-p3\ o3 +ups+1 ~ p3+qps+1

1’. a

Remark 5. Placingb =1, ¢ = 1and q = 2 in Theorem 3, we obtain the result (Theorem 3, p. 9,
[14]) with the part(ii) having an improved radius (= 0.0990195 > 0.0972).

In 2015, the class of starlike functions associated with the exponential function as §; =

S§*(e*) was introduced by Mendiratta et al. [35]. It satisfies the condition |log(zf'(z)/ f(z))]
< 1. Our next theorem gives the sharp radii constants Rs: (H} ), Rs: (H7 ) and Rg: (Hj).

Theorem 4. The S; radii for the classes H} o Hg . and Hg’ are as follows:

1.

For the class H; o the sharp S} radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where

x1(r) = (1—e)+ (d+q+s)r+ (2+10e +dq + deq + (1 +e)(d + q)s)r* + (9 +s +
10e(q+s) +d(1+gs+2e(5+gs)))r® +8e(3+gs+d(q+s))r* + ((—1+12¢) (g +s) +
d(—1—gs+4e(3+gs)))r° + (=2 + 14e — dq + 3deq + (—1 +3e)(d + q)s)r® + (=1 +
2¢)(d+q+s)r” + (=1+e)r.

For the class H}i oS¢ radius po € (0,1) is the smallest root of the equation x5(r) = 0, where
x(r)=0—-e)+(m+n+q)r+ (1+9+ (1+e)(ng+m(n+q)))r*>+ (8e(m+q) +
n(1+mq+2e(5+mq)))r> + (=1 — mq + e(13 + 8mn + 5mq + 8nq))r* + (—n — g +
de(3n+q) +m(—1+4e)(1+nq))r’ + (=14 3e)(1 +n(m+q))r® + n(—1+ 2¢)r’.
For the class H, the sharp S} radius p3 € (0,1) is the smallest root of the equation x3(r) = 0,
where

x3(r)=1—e)+(I+q)r+(1+7e+ (1+e)lg)r* +6e(l+q)r* + (—1+9% + (-1 +
3e)lq)r* + (=1 +2e)(I +q)r° + (=1 +e)r®.

Proof.

1.

Note that x1(0) =1 —e < 0and x1(1) = 6e(2+d)(2+4q)(2+s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in
the interval (0,1). Let r = p; € (0,1) be the smallest root of the equation x;(r) = 0.
Mendiratta et al. [35] proved, for el<Cc< (e+ e_l)/Z), that

{fweC:|lw-Cl|<C—e1'}C{weC:|log(w)| <1}. (34)

As the centre of the disc in (21) is 1, by (34), f € S; if

r (dr2+4r+d sr2 +4r +s qr2+4r+q> 1

<1_2
(1—7r2) r2—|—dr+1+r2+sr+1 r2+gr+1 ! e’ (35)

which is equivalent to f € S; if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1 () is an increasing function on (0, p1). In view of this,
fe S for|z| =r < p1. Foru = 6b—4c > 0, v = 4c — g > 0, using (35), the function
Fi(z) defined for the class H;, .in (8) at z = —py, satisfies the following equality,
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ool 1 1 [ueitdeitu ool tdpito  gpf+do1+q
BT\ 2 172 172 1
(IT—p1) \ p7+up1+ p7 + o1+ p1+qp1+

log(}z) ’ =1.

Thus, the radius is sharp.

A calculation shows that x,(0) =1 —e < 0and x(1) = 6e(2+m)(1+n)(2+4g) > 0.
By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let pp € (0,1) be the smallest root of the equation x,(r) = 0and f € H%/C.
In view of (34) and the fact that the centre of the discin (13) is 1, f € S, if

7

r (mr2+4r+m nr:+2r+n qr2—|—4r+q)<1 1
- e

(1—r)\ r2+mr+1 nr+1 r2+qr+1 e

which is equivalent to f € S; if x5(r) < 0. Since x2(0) < 0 and p; is the smallest root
of the equation x,(7) = 0, xp(r) is an increasing function on (0, p2). Thus, f € S for
lz| =7 < pa.

It is easy to see that x3(0) = 1 —e¢ < 0 and x3(1) = 4e(2+1)(2+q) > 0. By the
Intermediate Value Theorem, there exists a root ¥ € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. Since the centre of the
discin (29)is 1, by (34), f € S; if

2 2
r (lr +4r+1  gr +4r+q) Sl—l
e

1—-r2\r2+lr+1  r2+gr+1 e’ (36)

which is equivalent to f € S; if x3(r) < 0. Since x3(0) < 0 and pj3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
fe S for|z| =r < ps.

The result is sharp for the function F3 defined for the class Hs in (20). Atz = —p3 and
for u = 4b — q > 0, it follows from (36) that

/ 2 2
10g(zF3(Z))‘ — llog [ 1- 03 ; up23 +4p3+u n qp23+4p3 +q
F5(z) 1-ps\ p3+ups+1 ~ p3+qe3+1

ol

Remark 6. For b =1, c = 1 and q = 2, Theorem 4 reduces to the result (Theorem 4, p. 10, [14]).

The class S} = S*(1 + (4/3)z + (2/3)z?) is the class of starlike functions f € A such

that zf'(z)/ f(z) lies in the region bounded by the cardioid Q. = {u +iv : (9u? + 90> —
18u + 5)% — 16(9u? + 9v?> — 6u + 1) = 0}. Sharma et al. [36] studied various properties
of the class S}. The following theorem determines the sharp radii constants Rg: (H; .),

RSC* (Hg,c) and RSC* (Hg')

Theorem 5. The S} radii for the classes H} ., H _and Hg’ are as follows:

1.

For the class H;,C, the sharp S radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where

x1(r) = =2+ (d+q+s)r+48+gs+d(qg+s))r*>+ (31(qg+s) +d(31 +7gs))r> +
24(3+qs+d(g+s))rt+ (35(q9 +s) +d(35+11gs))r°> +8(5+gs +d(q+s))r® +5(d +
q+s)r’ +2r8.
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For the class ngc, the 8 radius pp € (0,1) is the smallest root of the equation x5 (r) = 0,
;Uzh(ir)e =2+ (m+n+q)r+4(7+nqg+m(n+q))r*+ (31n+24q +m(24 + 7nq))r’ +
(387—1- 24mn + 24nq + 14mq)r* + (351 + 11 + 11m(1 + nq))r° +8(1 + n(m + ) )r® +
15-"1;: tiie class H}, the sharp S} radius p3 € (0, 1) is the smallest root of the equation x3(r) = 0,
;U:(err)e = =2+ (I+q)r+ (22 + 4lg)r> + 18(1 + q)r> + (26 + 8lq)r* +5(1 + q)r° + 2r°.

Proof.

1.

Note that x1(0) = —2 < 0and x1(1) = 18(2+d)(2+4)(2+5s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x;(r) = 0in
the interval (0,1). Let r = p; € (0,1) be the smallest root of the equation x;(r) = 0.
Sharma et al. [36] proved that, for 1/3 < C <5/3,

{weC:|w—C| < (3C—-1)/3} C Q.. (37)

As the centre of the disc in (21) is 1, by (37), f € S} if

2 2 2
r (dr +4r+d  srt44r+s  gr +4r+q> S; (38)

1=r)\ r2+dr+1 2 4sr+1  r24qr+1

which is equivalent to f € S if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
feSkfor|z| =r < py. Foru =6b—4c > 0,v = 4c — q > 0, using (38), the function
Fi(z) defined for the class H;’ . in (8) at z = —py, satisfies the following equality

2E)()
Fi(z)

L (upitAmtu ot tdpi o gt dp )| 1
(11— p2 2 12 12 1) 3
(1—p7) \ pi+uor+ p1 +op1 + p1+aqp1 +

which belongs to boundary of the region (). Thus, the radius is sharp.

A calculation shows that x3(0) = —2 < 0and x»(1) = 18(2+m)(1+n)(2+4q) > 0.
By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let p € (0,1) be the smallest root of the equation x,(r) = 0and f € Hlf,c.
In view of (37) and the fact that the centre of the discin (13) is 1, f € S7 if

r mrr+4r+m nr’+2r+n g +4r+gq <g
1—r)\ r24+mr+1 nr+1 r24qr+1) =3

which is equivalent to f € S if x5(r) < 0. Since x2(0) < 0 and p; is the smallest root
of the equation x,(r) = 0, x(r) is an increasing function on (0, p2). Thus, f € S} for
lz| =71 < pa.

It is easy to see that x3(0) = —2 < 0 and x3(1) = 12(2+1)(2+¢q) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. In view of the fact that
the centre of the discin (29) is 1, by (37), f € S; if

2 2
r (Zr +4r+1  gr +4r+q>§§, (39)

1-r2\r24+Ir+1  r24gr+1

which is equivalent to f € S; if x3(r) < 0. Since x3(0) < 0 and pj3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
feSkfor|z| =r < ps.
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The result is sharp for the function F; defined for the class Hg’ in (20). Atz = —p3 and
for u = 4b — q > 0, it follows from (39) that

zF3(z)
F3(z)

Lo P (ui+dpstu ged+dpstql| 1
1-p3\ p3+ups+1  p3+qpes+1 3

Remark 7. Placingb =1, c = 1 and q = 2 in Theorem 5, we obtain the result (Theorem 5, p. 11,
[14]).

In 2019, Cho et al. [37] considered the class of starlike functions S5, = {f € A :

zf'(z)/ f(z) < 1+sin(z) := go(z)} associated with the sine function. Note that S%_ =

Sln
8*(1+sin(z)). Innext theorem, we determine sharp estimates of radii constants Rg: (H.),

Rs: (Hp,) and Rg: (Hj).

Theorem 6. The sharp Sg, radii for the classes H, - H,f . and H3 are as follows:

Sl

1. For the class H;’C, the sharp S, radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where
x1(r) = —sin(1) — (d+g+s)(—1+sin(1))r —2(—6+sin(1) — (gs +d(g+s))(sin(1) —
2))r2+ (11(g +3) +d(11+3gs) — (d+ g +s+dgs) sin(1))r> +8(3+gs +d(q+s))r* +
((g+s)(11+sin(1)) +d(11 +sin(1) +qs(3+ sin(1))))r® + ((gs +d (g +5))(2+sin(1)) +
2(6+sin(1)))r® + (d +q + s)(l +sin(1))r” 4 sin(1)7r8.

2. For the class Hic, the sharp S, radius po € (0,1) is the smallest root of the equation
x2(r) = 0, where
xp(r) = —sin(1) — (m+n+q)(sin(1) — 1)r+ (10 — (ng + m(n+4q))(—2+sin(1)) —
sin(1))r2 + (8m +11n +8q + 3mng — n(1 +mq) sin(1))r3 + (124 8nq +sin(1) + m(8n +
q(4+sin(1))))r* + (g(3 +sin(1)) + m(1 + ng) (3 +sin(1)) +n(11 +sin(1)))r° + (1 +
n(m+q))(2+sin(1))r° + n(l +sin(1))77.

3. For the class H;j’, the sharp SZ, radius p3 € (0,1) is the smallest root of the equation
x3(r) = 0, where
x3(r) = —sin(1) — (I +q)(sin(1) — 1)r + (8 — Ig(—2 + sin(1)) — sin(1))r? + 6( +
7)r3 + (8 +sin(1) + 1g(2 + sin(1)))r* + (I + q) (1 + sin(1))r® + sin(1)7®.

Sl

S

Proof.

1. Note that x1(0) = —sin(1) < 0and x1(1) =6(2+4d)(2+g)(2+s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in the
interval (0,1). Letr = p1 € (0,1) be the smallest root of the equation x;(r) = 0. For
|C — 1| <sin(1), Cho et al. [37] established the following inclusion property,

{weC:|lw-C|<sin(l) — |C—1]} C Qs (40)

where Qs := go(A) is the image of the unit disc A under the mappings qo(z) =
1+ sin(z ) As the centre of the disc in (21) is 1, by (40), f € 8%, if

sm

r (dr2+4r+d sr?+4r+s qrr+4r+gq

< 1 41
(1-12) 7’2+dr+1+r2+sr+1 r2—|—qr+1> sin(1), (41)

which is equivalent to f € S if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
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fe Sk, for|z| =r < pj. Foru = 6b—4c > 0,v = 4c — g > 0, using (41), the function

sin

f1(z) defined for class Hg’ . in (6) at z = —py, satisfies the following equality

zfi(z)
fi(z)

pr (upi+dpitu  vpi+4pi+v et +4p g
1=\ pP2+upr+1  p2+op+1  pi+gor+1
=1+sinl =go(1),

which belongs to the boundary of region ()s. This proves the radius is sharp.

A calculation shows that x,(0) = —sin(1) < 0and x2(1) =6(2+m)(1+n)(2+¢q) >
0. By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let p2 € (0,1) be the smallest root of equation x,(r) = 0 and f € Hl%,c' In
view of (40) and the fact that centre of the discin (13)is 1, f € S . if

sin

r (mr2+4r—|—m nr? +2r+n  qr* +4r+q

<sin(1), 42
1=r)\ »+mr+1 nr+1 r2+qr+1)_sm() (42)

which is equivalent to f € S if x2(r) < 0. Since x,(0) < 0 and p; is the smallest root
of the equation x,(r) = 0, x(r) is an increasing function on (0, 02). Thus, f € S,
for |z| = r < py. To prove sharpness, consider the function f, defined in (14). For

u=>5b—-3c>0,v=3c—gq>0andz:= —py, it follows from (42) that

zf5(2)
fa(2)

— |1+

(1—p3) \ 3+ up2+1 vy +1 0% +qp2+1
=1+sin(1),

02 (up§+4pz+¢t+zw§+2pz+%) 4P%+4pz+q>‘

which illustrates the sharpness.

It is easy to see that x3(0) = —sin(1) < 0 and x3(1) = 4(2+1)(2+¢4) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. Since the centre of the
discin (29) is 1, by (40), f € 8%, if

sin

r (lr2+4r+l qr* +4r+q

<sin(1 4
1-r2\r2+lr+1 r2+qr—|—1)_sm( ) 43

*

which is equivalent to f € S, if x3(r) < 0. Since x3(0) < 0 and pj3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
f e 8, for |z| =1 < p3.

The result is sharp for function f; defined for the class Hg in (19). Atz = —p3 and for
u = 4b —q > 0, it follows from (43) that

zf3(2)
f3(z)

|y es (it tu a3t dpstg
1-03\ 3 +ups+1  pi+qo3+1

) | =1+sin(1).

Remark 8. Figure 3 represents sharp Sg,, radii estimated for all three classes.
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(a) p1 = 0.13759 for (b) po = 0.158985 for (c) p3 = 0.201801 for
1 2

Hb,C Hb,c Hl:j

Figure 3. Sharp & radii for Hl} o H%C and Hg’ (b=1c=1,q=2).

°
-

Remark 9. Substitutingb =1, c = 1 and q = 2 in Theorem 6, we obtain the result (Theorem 6, p.
13, [14]).

In 2015, Raina and Sokol [38] introduced the class Sg = S*(z + V1 + 2z2). Geometri-
cally, a function f € S¢ if and only if zf'(z) / f(z) lies in the region bounded by the lune
shaped region {w € C : |w? — 1] < 2|w|}.

Theorem 7. The S radii for the classes Hg o Hi . and H3 are as follows:

1. For the class H; o the sharp Sg radius p; € (0,1) is the smallest root of the equation
x1(r) = 0, where
x1(r) = V2 =24+ (V2—=1)(d+q+s)r+ (2(4+v2) + vV2(gs +d(g +35)))r> + ((9 +
V2)(q+3s)+d(9+vV2+ (1++2)gs))rP +8(B3+gs+d(g+35))r* + (— (=13 +v2) (g +
s) —d(—13+V2+ (=5+v2)gs))r” + (=2(—8+V2) — (—4+v2)(gs +d(q +5)))r° —
(=3+V2)(d+q+s)r7 + (2 —V2)rb

2. Fc;lr the class Hl%,c' the Sg radius py € (0,1) is the smallest root of the equation x5(r) = 0,
where

0r)=vV2-2+(V2-1)(m+n+q)r+ 8+ V2+V2(ng+m(n+q)))r>+ (8(m+
q) +n(9+V2+ (1+v2)mg))r® + (14 — V2 +6mq — v/2mq +8n(m +q))r* + (—(=5+
V2)(m+q) = (=134 V24 (=54 v2)mg))r® — (—4+V2) (1+n(m+4))r° = (V2 -
3)nr’.

3. Fo:lthe class H, the sharp S radius p3 € (0,1) is the smallest root of the equation x3(r) = 0,
where
x3(r) = V2 =2+ (V2= 1) (I +q)r + (6 + V2 + V2Ig)r* +6(1 + q)r* + (10 — V2 —

(=44 V2)Ig)r* — (=3 +V2)(I+q)r° + (2 — V2)r°

Proof.

1.  Note that x1(0) = v2 -2 < 0and x1(1) = 6(2+d)(2+q)(2 +s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in
the interval (0,1). Let r = p; € (0,1) be the smallest root of the equation x;(r) = 0.
Gandhi and Ravichandran [39] (Lemma 2.1) proved that, for V2-1<C<V2+1,

{fweC:|lw-Cl<1-]V2-C|} C{weC:|w*—1| <2|w|}. (44)

As the centre of the discin (21) is 1, by (44), f € S if

(45)

r dr’ +4r+d s’ +4r+s  qrf+4r+q <2_ 2
1—=r2)\ r24+dr+1  r24sr+1  r24qgr+1 ’
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which is equivalent to f € Sg if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
feSg for|z| =r < py. Foru = 6b —4c > 0,0 = 4c — q > 0, using (45), the function
F1(z) defined for the class H;, . in (8) at z = —py, satisfies the following equality

’@1’((;)))2 - 1|

2
(1_ 01 <up%+4p1+u+vp%+4p1+v+qp%+4p1+q>) _1‘
(

1—p%) p%—i—upl—kl p%+vp1—|—l p%+fiP1+1

zf1(z)
fi(z)

=1-(2-v2)?2-1=21-V2)=2

This proves the sharpness.

2. A calculation shows that x3(0) = v/2 —2 < 0and x3(1) = 6(2+m)(1+n)(2+4) > 0.
By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let pp € (0,1) be the smallest root of the equation x,(r) =0and f € Hl%,c'
In view of (44) and the fact centre of the discin (13)is 1, f € Sé if

r mr>+4r+m  nr’ +2r+n  qr’+4r+gq <2_ 2
1—=r2)\ r24+mr+1 nr+1 r4+qr+1 )~ ’

which is equivalent to f € Sg if xp(r) < 0. Since x2(0) < 0 and p; is the smallest root
of the equation x,(r) = 0, x2(r) is an increasing function on (0, p2). Thus, f € Sg for
lz| =7 < po.

3. Ttis easy to see that x3(0) = v/2—2 < 0and x3(1) = 4(2+1)(2+4) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. Since the centre of the
discin (29)is 1, by (44), f € Sg if

r I +4r+1  qr¥+4r+gq
<2-vV2 4
1—r2<72+lr+1+72+qr+1>_ V2 (46)

which is equivalent to f € Sg if x3(r) < 0. Since x3(0) < 0 and p3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
fesg for |z| =1 < ps.

The result is sharp for the function Fz defined for the class Hg’ in (20). Atz = —p3 and
for u = 4b — g > 0, it follows from (46) that

zF)(z)\? up3 +4p3+u g +4p3+4q ?
( 3 )—1 =[{1--& 3T TR AT ~1
F5(2) 1=\ p3+ups+1 = p3+qps+1

Remark 10. For b =1, c = 1 and q = 2, Theorem 7 yields the result (Theorem 7, p. 14, [14]).

Kumar et al. [40] introduced the class of starlike functions, defined by S; = S*(y(z)),
consisting of functions associated with a rational function ¢(z) =1+ z(k+z)/ (k(k — z)),
where k = v/2 + 1. The following theorem yields the radii constants RSE (H; o RS;; (H% :)

and RS;(HS)-

Theorem 8. The S} radii for the classes H} , HZ _and Hg’ are as follows:
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For the class H;,C, the sharp Sy radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where

x1(r) = (2v2-3)+2(V2—1)(d+g+s)r+ (6+4V2+ (2vV2 - 1)(qs+d(q+s)))r2+
2((4+v2)(q+s) +d(4+ V2 + qu)y +8(3+gs+d(q+5))r* —2((=7+2)(q +
$) +d(=7 + V2+ (=34 V2)43))r° + (18 — 42 + (5~ 2v/2) (45 +d(q +5))r° -
2((=24V2)(d+q+s))r" + (3—2v2)r.

For the class Hic, the S§ radius py € (0,1) is the smallest root of the equation x,(r) = 0,
where

x2(r) = (2v2=3) +2(V2 = 1)(m+n+q)r + (7 +2v2 + (2v2 = 1)(ng + m(n +
))) + (8(m 4 q) +2n(4 + V2 + V2mq))r* + (15 — 2v/2 + 7mq — 2v/2mq + 8n(m +
gt —2((— 7+\f)n+( 34V2)g+ (=34 V2)m(1+ng))r° + (5—2v2) (1 +n(m+
q0)r® —2((=2+ V2)n)r’.

For the class Hj, the sharp Sk radius p3 € (0, 1) is the smallest root of the equation x3(r) = 0,
where

x3(r) = (2v2=3) +2(V2 = 1) (I +q)r + (5+2V2 + (=1 +2v2)lq)r* +- 6(I + )1
(11— 2V2 + (5 - 2v2)lg)rt —2((~2+ V2)(1 + ) + (3 - 2V/2)r°

Proof.

1.

Note that x1(0) =2v2 —3 < 0and x1(1) = 6(2+d)(2+g)(2+5s) > 0; thus, in view
of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in the
interval (0,1). Letr = p; € (0,1) be the smallest root of the equation x;(r) = 0. For
2(v/2 —1) < C < V2, Kumar et al. [40] proved that

{weC:|lw—-C|<C-2(vV2—-1)} C p(A). (47)

As the centre of the discin (21) is 1, by (47) f € Sy if

2 2 2
r (dr +4r+d  srt4+4r+s  gr —|—4r+q> <322,

4
A=)\ r2+dr+1  r2+sr+1 rZ+gr+1 (48)

which is equivalent to f € Sy if x1(r) < 0. Since x1(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
f € Sgfor |z| =7 < p1. Foru = 6b — 4c > 0, v = 4c — g > 0, using (48), the function
Fi(z) defined for the class H;’ . in (8) at z = —py, satisfies the following equality

2F)(2)
F(z)

L P (ueitdpitu vpitdoto g +dertg
Q=pD) \ pi+upr+1  pi+ovoi+1  pf+gp+1

=2(vV2-1) = y(-1).

This proves the sharpness.

A calculation shows that x5 (0) = 2v/2—3 < 0and xo(1) = 6(2+m) (I +n)(2+4q) > 0.
By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let po € (0,1) be the smallest root of the equation x,(r) = 0and f € Hz%,c'
In view of (47) and the fact that the centre of the discin (13)is 1, f € Sy if

2 2 2
r mre+4r+m nr°+2r+n  qr-+4r+q <3_2v3,
1—=r)\ r2+mr+1 nr+1 r24+qr+1

which is equivalent to f € Sy if x2(r) < 0. Since x,(0) < 0 and p; is the smallest root
of the equation x,(r) = 0, x2(r) is an increasing function on (0, p2). Thus, f € S}, for
lz| =7 < pa.

It is easy to see that x3(0) = 2¢/2 —3 < 0 and x3(1) = 4(241)(2+¢q) > 0. By the
Intermediate Value Theorem, there exists a root ¥ € (0,1) of the equation x3(r) = 0.
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Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. Since the centre of the
discin (29) is 1, by (47), f € Sy if

7 I +4r+1 qri+4r+q
<3-2v2 4
1—r2(1’2—|—lr—|—1+r2+qr+1)_3 V2 49

which is equivalent to f € Sj if x3(r) < 0. Since x3(0) < 0 and pj3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
f e Sifor |zl =1 < ps.

The result is sharp for the function F3 defined for the class Hg in (20). Atz = —p3 and
for u = 4b — q > 0, it follows from (49) that

up? + 403 +u 2+ 403+
— 1 P32 F;3 £ +‘1Pz3 P34 —p(—-1). O
T-p3\ p3+upz+1  p3+q03+1

Remark 11. Substitutingb =1, c = 1 and q = 2 in Theorem 8, we obtain the result (Theorem 8,
p. 15, [14]).

In 2020, Wani and Swaminathan [41] (Lemma 2.2) introduced the class Sy, = S*(1 +

z — (z3/3)) consisting of functions associated with a nephroid. Thus, as per definition, a
function f € Sy, if and only if zf'/ f maps the open unit disc A onto the interior of a two
cusped kidney shaped curve Qp, := {u +iv : ((u—1)% +v*> —4/9)% —4v?/3 < 0}. In
next theorem, we find the sharp radii constants Rs;_ (H; ) Rsz, (Hl% o) and Rsy (Hp).

Theorem 9. The sharp Sy, radii for the classes H}} , HZ . and H; are as follows:

1.

For the class H;/ o the sharp Sy, radius py € (0,1) is the smallest root of the equation
x1(r) = 0, where

x1(r) = 2+ (d+q+s)r+4(8+gs+d(g+s))r>+ (31(qg+s) +d(31 + 7gs))r® +
24(3+qs+d(qg+s))r* + (35(q +s) +d(35+11gs))r° +8(5+gs +d(q +5))r° +5(d +
q+s)r” + 218,

For the class Hl%,c’ the sharp Sy, radius p, € (0,1) is the smallest root of the equation
xp(r) = 0, where

Xo(r) = =2+ (m+n+q)r+4(7+nq+m(n+q))r*>+ (31n+24q + m(24 +7nq))r> +
(38 + 24mn + 14mq + 24nq)r* + (351 + 11g + 11m(1 4+ nq))r> +8(1 + n(m +q))r® +
5nr”.

For the class Hg’, the sharp Sy, radius p3 € (0,1) is the smallest root of the equation
x3(r) = 0, where

x3(r) = =2+ (2+Dr+ (22 +81)r> +18(2 4+ 1) + (26 + 161)r* +5(2 + 1) + 2r°.

Proof.

1.

Note that x1(0) = —2 < 0and x1(1) = 18(2+d)(2 4+ g)(2 +s) > 0; thus, in view of
the Intermediate Value Theorem, there exists a root of the equation x;(r) = 0 in the
interval (0,1). Letr = p; € (0,1) be the smallest root of the equation x;(r) = 0. For
1 < C < 5/3, Wani and Swaminathan [41] (Lemma 2.2) had proved that

{weC:|lw—-C|<5/3—-C} C Qe (50)

As the centre of the disc in (21) is 1, by (50), f € Sy, if

2 2 2
7 (dr +4r+d srt+4r+s gr +4r+q> S%/ 51)

1=r)\ r2+dr+1  ?4sr+1  r24qr+1

which is equivalent to f € S5, if x1(r) < 0. Since x1(0) < 0 and py is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
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O

f e S, for|z| =r < pq. Foru = 6b —4c > 0, v = 4c — q > 0, using (51), the function
f1(z) defined for the class H} _in (6) at z = —py, satisfies the following equality

zfi(z)
fi(z)

—_

+

pr (upi+dpitu  vpi+4pi+v et +4p g
1=\ pP2+upr+1  p2+op+1  pi+gor+1

7

W] Q1

which belongs to the boundary of the region ()x,. This proves sharpness.

A calculation shows that x,(0) = —2 < 0 and x»(1) = 18(2+m)(I +n)(2+¢q) > 0.
By the Intermediate Value Theorem, there exists a root r € (0,1) of the equation
x2(r) = 0. Let po € (0,1) be the smallest root of the equation x,(r) = 0and f € Hz%,c'
In view of (50) and the fact that centre of the discin (13)is 1, f € Sy, if

r (mr2+4r+m nr? +2r+n qr2+4r—|—q>§§, (52)

A=)\ r24+mr+1 nr+1 r2+gr+1

which is equivalent to f € Sy, if x2(r) < 0. Since x,(0) < 0 and p; is the smallest root
of the equation x,(r) = 0, x(r) is an increasing function on (0, p2). Thus, f € S5,
for |z| = r < p,. To prove the sharpness, consider the function f, defined in (14). For
u=5b—3c>0,v=3c—¢q>0andz = —py, it follows from (52) that

zf5(2) N PO (up§+4p2+u vp3 + 202 + 0 ’7P5+4P2+17>‘
f(z) (1=p3) \ p3+up2+1 vp2 +1 p5+ap2+1
5
=3

which illustrates the sharpness.

It is easy to see that x3(0) = —2 < 0 and x3(1) = 12(2+1)(2+¢q) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. Since the centre of the
discin (29) is 1, by (50), f € Sy, if

2 2
r <lr +4r+1  gr +4r+q>S§, (53)

1-r2\rP+lr+1 P +gr+1

which is equivalent to f € S5, if x3(r) < 0. Since x3(0) < 0 and p3 is the smallest root
of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves that
f e Sy, for |z| =1 < ps.

The result is sharp for the function f3 defined for the class HS in (19). Atz = —p3 and
for u = 4b — g > 0, it follows from (53) that

zf3(2)
f3(z)

_‘ _ p3 <up§+4p3+u qp§+4p3+q>‘_5
1-p3

p3+ups+1  p3+qp3+1 3

Remark 12. Figure 4 represents sharp Sy, radii estimated for all three classes.
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(@) p1
Hj)

/\

\
-3
J

/
\

= 0.109772 for (b) po = 0.127882 for (c) p3 = 0.162278 for

2 3
Hb,c Hh

Figure 4. Sharp Sy, radii for H}} o ch and Hg‘ (b=1,c=1,q=2).

Remark 13. For b = 1, c = 1 and q = 2, Theorem 9 reduces to the corresponding results in
(Theorem 10, p. 18, [14]).

In 2020, the class S¢; = S*(2/(1 + e~ 7)) that maps the open unit disc A onto a domain

Asg

={w e C:|log(w/(2—w))| < 1} was introduced by Goel and Kumar [42]. Some

results for the class S can be seen in [43]. The following theorem gives the sharp radii
constants Rg: (H;,c)’ Rs:, (Hg,c) and Rg;_ (H}).

Theorem 10. The sharp 8¢ radii for the classes Hg H2 and H3 are as follows:

1. For the class Hg o the sharp S radius p1 € (0,1) is the smallest root of the equation
x1(r) = 0, where
x1(r) = (1—e)+2(d+q+s)r+ (2(7+5¢) + (3+e)(gs+d(g+s)))r* + (2(6 +5¢) (9 +
s)+2d(6+5e+ (2+e)gs))r® +8(1+e)(3+gs+d(g+s))r* +2((5+6e)(qg+s) +
d(5+gs 4;326(3 +gs)))rP+ (2(5+7e) + (1+3e)(gs +d(qg+5)))r® +2e(d +q+s)r” +
(=1+e)r

2. For the class Hl%,c/ the sharp S§. radius py € (0,1) is the smallest root of the equation
x2(r) = 0, where
x(r) = (1—e) +2(m+n+q)r+ (11 +9 + (3+e)(ng+m(n+q)))r*> +2(4(1 +
e)m+ (6+5e)n+4(1+e)q+ (2+e)mng)r® + (11 + 8mn + 3mq + 8ng + e(13 + 8mn +
5mq + 8nq))r* +2((5 + 6e)n + g + 2eq + (1 + 2e)m(1 +nq))r® + (1 + 3e) (1 + n(m +
q))r® + 2enr”.

3. For the class H}, the sharp S&. radius p3 € (0,1) is the smallest root of the equation
x3(r) = 0, where
x3(r) = (1—e)+2(l+q)r+(9+7e+ (3+e)lg)r* +6(1+e)(I +q)r>+ (7+1q+
3e(3+1q))r* +2e(l +q)r° + (=1 +e)r®

Proof.

1. Notethatx1(0) =1—e<0and x1(1) =6(1+e)(2+d)(2+4g)(2+s) > 0. In view

of the Intermediate Value Theorem, there exists a root of the equation x1(r) = 0 in
the interval (0,1). Let r = p; € (0,1) be the smallest root of the equation x;(r) = 0.
For2/(1+4e) < C < 2e/(1+e), Goel and Kumar [42] proved the following inclusion

property,

-1
{w eC: ‘W*C| < rSG} C Agg, where rgg = (Z+1> — ‘C71|. (54)
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As the centre of the discin (21) is 1, by (54), f € S if
r dr’ +4r+d s’ +4r+s qrf+4r+q e—1
< , (55)
1=r)\ r2+dr+1  r24+sr+1  r2+gr+1 e+1

O

which is equivalent to f € SZ; if x1(r) < 0. Since x;(0) < 0 and p; is the smallest root
of the equation x1(r) = 0, x1(r) is an increasing function on (0, p1). In view of this
f e Sé;for |z| =r < p1. Foru = 6b —4c > 0,v = 4c — g > 0, using (55), the function
f1(z) defined for the class H;’ . in (6) at z = —p, satisfies the following equality

Zfl( ) —1
1+ 67
log [ —% || = [log[ ———L || = [log(e)| = 1. (56)
5 A0 2- (1+53)
A@ et

It follows that the radius is sharp.

A calculation shows that x(0) =1 —e < Oand x(1) = 6(1+e)(2+m)(I+n)(2+
g) > 0. By the Intermediate Value Theorem, there exists a root r € (0,1) of the
equation xp(r) = 0. Let pp € (0,1) be the smallest root of the equation x,(r) = 0 and
fe Ht%, - Inview of (54) and the fact that the centre of the discin (13)is 1, f € S if

r <mr2+4r+m nr? +2r+n qr2+4r+q><e—l (57)

1—=r2)\ r24+mr+1 nr+1 r2+gr+1) ~ e+1’

which is equivalent to f € SZ; if x2(r) < 0. Since x2(0) < 0 and p; is the smallest root
of the equation x,(r) = 0, x2(r) is an increasing function on (0, 02). Thus, f € S&-
for |z| = r < pp. To prove the sharpness, consider the function f, defined in (14).
Foru =5b—3c > 0,v = 3c —q > 0and z = —pj, the similar calculations as in (56)
together with (57) proves that the result is sharp.

It is easy to see that x3(0) =1 —e < Oand x3(1) =4(1+¢)(2+1)(2+4q) > 0. By the
Intermediate Value Theorem, there exists a root r € (0,1) of the equation x3(r) = 0.
Let p3 € (0,1) be the smallest root of the equation x3(r) = 0. Since the centre of the
discin (29)is 1, by (54), f € S& if

r I +4r+1 qr*+4r+q <e—1
1—r2\r2+Ilr+1  r2+gr+1 )~ 14¢

which is equivalent to f € S if x3(r) < 0. Since x3(0) < 0 and p3 is the smallest
root of the equation x3(r) = 0, x3(r) is an increasing function on (0, p3). This proves
that f € 8¢ for |z| =7 < pa.

Atz = —p3 and for u = 4b — g > 0, a calculation as in part(i) shows that the result is
sharp for the function F; defined for the class Hg’ in (20)

Remark 14. Figure 5 represents sharp 8¢, radii estimated for all three classes.

(@) p1
Hy,

\

A4

— -

/ /

= 0.076568 for  (b) po = 0.0900521 for ~ (c) p3 = 0.114027 for
H? H}
,C

Figure 5. Sharp S¢ radii for Hl,c' Hﬁ/c and H;:’ (b=1c=1,qg=2).
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Remark 15. Placingb =1, ¢ = 1 and q = 2 in Theorem 10, we obtain the result (Theorem 11, p.
19, [14]).

4. Conclusions
The well-known classes as particular cases can be obtained from the newly defined
classes H} o Hl% . and Hg In Section 3, we found the sharp radii constants RN(H; C),

Rn(H2,) and Ry(H3), where N is any one of the subclasses, as mentioned in Section 1, of
Ma-Minda class S* (). However, it is challenging to investigate the following open prob-
lem: Find sharp estimates of radii constants Rg-(y) (H}.), R« (y) (Hz.) and R« (y) (H3 ).

Remark 16. If this open problem is solved, then Theorem 1 to Theorem 10 may become special cases
of this new theorem.
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