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Abstract: Studies have reported several cases with respiratory viruses coinfection in hospitalized
patients. Influenza A virus (IAV) mimics the Severe Acute Respiratory Syndrome Coronavirus 2
(SARS-CoV-2) with respect to seasonal occurrence, transmission routes, clinical manifestations and
related immune responses. The present paper aimed to develop and investigate a mathematical
model to study the dynamics of IAV/SARS-CoV-2 coinfection within the host. The influence of
SARS-CoV-2-specific and IAV-specific antibody immunities is incorporated. The model simulates
the interaction between seven compartments, uninfected epithelial cells, SARS-CoV-2-infected cells,
IAV-infected cells, free SARS-CoV-2 particles, free IAV particles, SARS-CoV-2-specific antibodies and
IAV-specific antibodies. The regrowth and death of the uninfected epithelial cells are considered.
We study the basic qualitative properties of the model, calculate all equilibria and investigate the
global stability of all equilibria. The global stability of equilibria is established using the Lyapunov
method. We perform numerical simulations and demonstrate that they are in good agreement with
the theoretical results. The importance of including the antibody immunity into the coinfection
dynamics model is discussed. We have found that without modeling the antibody immunity, the
case of IAV and SARS-CoV-2 coexistence is not observed. Finally, we discuss the influence of IAV
infection on the dynamics of SARS-CoV-2 single-infection and vice versa.
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1. Introduction

Coronavirus disease 2019 (COVID-19) was detected in December 2019, in Wuhan,
China during the season when influenza was still circulating [1]. COVID-19 is caused by
a dangerous type of virus called severe acute respiratory syndrome coronavirus 2 (SARS-
CoV-2). According to the update provided by the World Health Organization (WHO) on 21
August 2022 [2], over 593 million confirmed cases and over 6.4 million deaths have been
reported globally. SARS-CoV-2 is transmitted to people when they are exposed to respira-
tory fluids carrying infectious viral particles. The implementation of preventive measures
such as physical and social distancing, using face masks, hand washing, disinfection of
surfaces and getting vaccinated can reduce SARS-CoV-2 transmission. Eleven vaccines
for COVID-19 have been approved by WHO for emergency use. These include Novavax,
CanSino, Bharat Biotech, Pfizer/BioNTech, Moderna, Serum Institute of India (Novavax
formulation), Janssen (Johnson & Johnson), Oxford / AstraZeneca, Serum Institute of India
(Oxford/ AstraZeneca formulation), Sinopharm and Sinovac [3]. SARS-CoV-2 is a single-
stranded positive-sense RNA virus that infects the epithelial cells. SARS-CoV-2 can cause
an acute respiratory distress syndrome (ARDS), which has high mortality rates, particu-
larly in patients with immunosenescence [4]. Inmunosenescence renders vaccination less
effective and increases the susceptibility to viral infections [5].
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Influenza viruses are members of the family of Orthomyxoviridae, which are nega-
tivesense RNA viruses. There are four distinct influenza viruses, A, B, C and D. Influenza
A virus (IAV) can infect a wide range of species. IAV is a significant public health threat,
resulting in 15-65 million infections and over 200,000 hospitalizations every year during
seasonal epidemics in the United States [6]. IAV infects the uninfected epithelial cells of
the host respiratory tract [7]. Both SARS-CoV-2 and IAV have analogous transmission
ways, moreover, they have common clinical manifestations including dyspnea, cough,
fever, headache, rhinitis, myalgia and sore throat [1]. Viral shedding usually takes place 5
to 10 days in influenza, whereas it does 2 to 5 weeks in COVID-19 [1]. Acute respiratory
distress is less common in influenza than COVID-19 [1]. Deaths in influenza cases are less
than 1%, while in cases of COVID-19 it ranges from 3% to 4% [1].

It was reported in [8] that 94.2% of individuals with COVID-19 were also coinfected
with several other microorganisms, such as fungi, bacteria and viruses. Important viral
copathogens include the respiratory syncytial virus (RSV), human enterovirus (HEV),
human rhinovirus (HRV), influenza A virus (IAV), influenza B virus (IBV), human metap-
neumovirus (HMPV), parainfluenza virus (PIV), human immunodeficiency virus (HIV),
cytomegalovirus (CMV), dengue virus (DENV), Epstein Barr virus (EBV), hepatitis B virus
(HBV) and other coronaviruses (COVs), among which the HRV, HEV and IAV are the
most common copathogens [9]. Several coinfection cases of COVID-19 and influenza have
been reported in [1,8,10-12] (see also the review papers [13-16]). Based on two separate
studies presented in [10,11], COVID-19-influenza coinfection did not result in worse clinical
outcomes [10]. In addition, this condition reduced the mortality rate among COVID-19-
influenza coinfected patients. Coinfection with influenza virus in COVID-19 patients
might render them less vulnerable to morbidities associated with COVID-19, and therefore,
a better prognosis overall [11]. In [16], it was found that, although patients with IAV and
SARS-CoV-2 coinfection did not experience longer hospital stays compared with those with
a SARS COV-2 single-infection, they usually presented with more severe clinical conditions.

Viral interference phenomenon can appear in case of infections with multiple com-
petitive respiratory viruses. One virus may be able to suppress the growth of another
virus [17-19]. Disease progression and outcome in SARS-CoV-2 infection are highly depen-
dent on the host immune response, particularly in the elderly in whom immunosenescence
may predispose to increased risk of coinfection [17].

Over the years, mathematical models have demonstrated their ability to provide useful
insight to gain a further understanding of the dynamics and mechanisms of the viruses
within a host level. These models may assist in the development of viral therapies and
vaccines as well as the selection of appropriate therapeutic and vaccine strategies. Moreover,
these models are helpful in determining the sufficient number of factors to analyze the
experimental results and explain the biological phenomena [7]. Stability analysis of the
model’s equilibria can help researchers (i) to expect the qualitative features of the model for
a given set of values of the model’s parameters, (ii) to establish the conditions that ensure
the persistence or deletion of this infection, and (iii) to determine under what conditions
the immune system is stimulated against the infection. Mathematical models of within-host
IAV single-infection have been developed in several works. Baccam et al. [20] presented
the following IAV-single-infection with limited target cells:

TAV infectious transmission

. =
X=— BXP ,
TAV infectious transmission  natural death
; ~x 1
= BXP - T4,
IAV production  natural death
. ~ N N
pP= xl — P
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where X = X(t), I = I(t) and P = P(t) are the concentrations of uninfected epithelial cells,
IAV-infected epithelial cells and free IAV particles, at time ¢, respectively. The model was
fitted using real data from six patients infected with influenza [20].

Several works have been devoted to study IAV single-infection dynamics models (see
the review papers [21-24]) by including the effect of innate immune response [20,25], adap-
tive immune response [26,27] and both innate and adaptive immune responses [5,7,28-30].
Handel et al. [31] presented a mathematical model for within-host influenza infection under
the effect of neuraminidase inhibitors drugs. The effect of a combination of neuraminidase
inhibitors and anti-IAV therapies was addressed in [26]. In [26], the first equation of model
(1) was modified by considering the target cell production and death as:

epithelial cells production  patural death  IAV infectious transmission
—~

. =~ =~
X = aX(0) - axX - BXP ) @)

where X(0) is the initial concentration of the uninfected epithelial cells.

Model (1) was utilized to characterize the dynamics of SARS-CoV-2 within a host
in [32]. Li et al. [33] used Equation (2) for the SARS-CoV-2 infection dynamics. A model
with target-cell limited and a model with regrowth and death of the uninfected epithelial
cells presented, respectively, in [32,33] were extended and modified by including (i) latently
infected epithelial cells [32,34-36], (ii) effect of immune response [37-42], (iii) effect of
different drug therapies [35,43,44], and (iv) effect of time delay [45].

Recently, several mathematical models have been developed to characterize the coin-
fection of COVID-19 with other diseases in epidemiology (between-host), such as COVID-
19/HIV [46], COVID-19/Dengue [47], COVID-19/Dengue/HIV [48], COVID-19/ZIKV [49],
COVID-19/Bacterial [50], COVID-19/Influenza [51] and COVID-19/Tuberculosis [52].
However, modeling of within-host dynamics of COVID-19 with other pathogen coinfection
has been investigated in few papers: SARS-CoV-2/HIV [53], SARS-CoV-2/malaria [54]
and SARS-CoV-2/Bacteria [55]. Based on the target cell-limited model (1), Pinky and
Dobrovolny [18,19] developed a model for the within-host dynamics of two respiratory
viruses coinfection. They suggested that several types of respiratory viruses can suppress
the SARS-CoV-2 infection.

The model presented in [18,19] describes the competition between two respiratory
viruses. However, the impact of the immune response against the two viruses was not
modeled. Further, the regeneration and death of the uninfected epithelial cells were
neglected. Furthermore, mathematical analysis of the model was not studied. Therefore,
the aim of the present paper is to develop a within-host IAV/SARS-CoV-2 coinfection
model with immune response. The model is a generalization of the model presented
in [18,19] by incorporating (i) the regrowth and death of the uninfected epithelial cells, and
(ii) the impact of SARS-CoV-2-specific antibody and IAV-specific antibody. We study the
basic qualitative properties of the proposed model, calculate all equilibria and investigate
the global stability of the equilibria. We support our theoretical results via numerical
simulations. Finally, we discuss the obtained results.

Our proposed model can be useful to describe the within-host dynamics of coinfection
with two or more viral strains, or coinfection of SARS-CoV-2 (or IAV) and other respi-
ratory viruses. Moreover, the model may help to predict new treatment regimens for
viral coinfections.

2. Model Formulation

In this section, we present an IAV /SARS-CoV-2 coinfection dynamics model. The dy-
namics of IAV/SARS-CoV-2 coinfection is presented in the diagram Figure 1. Let us
consider following assumptions:

Al The model considers the interactions between seven compartments: uninfected epithe-
lial cells (X), SARS-CoV-2-infected cells (Y), IAV-infected cells (I), free SARS-CoV-2
particles (V), free IAV particles (P), SARS-CoV-2-specific antibodies (Z) and IAV-
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specific antibodies (M). Here, X, Y, I, V, P, Z and M represent the concentrations of
the seven compartments.
A2 The uninfected epithelial cells are the target for both SARS-CoV-2 and IAV [18,20,32].
A3 The uninfected epithelial cells are regenerated and die at rates A and aX, respec-
tively [33,40,42,56].
The SARS-CoV-2-specific antibodies proliferate at rate 07V Z, decay at rate yzZ and
neutralize the SARS-CoV-2 particles at rate scy VZ [45,57].
A5 The IAV-specific antibodies proliferate at rate o)y PM, decay at rate y1p;M and neutral-
ize the IAV particles at rate sp PM [56].

Based on Assumptions A1-A5, we formulate the IAV/SARS-CoV-2 coinfection dy-
namics model as:

A4

Free at SARS-CoV-2- g pRs-Cov-2-
infected cell Ay X
SARS-CoV-2 o) specific antibody
Q] \%:}_fé, \;’}E’ @
Bl Il AL
T TR - 5 I3 ) — e =
Uninfected S O Wt 3 aVZ
epithelial :;,,m\;:
cell (X)

\ wY l UzZ

7
+

O

&, Free IAVl

{ﬂvvl nyVZ

Kpl

IAV-infected

| cell
n

IAV-specific
antibody
)

\ L ®
aX e,
| P
oyPM
‘in‘ npPM PII l ot

Figure 1. The schematic diagram of the IAV/SARS-CoV-2 coinfection dynamics within-host.

epithelial cells production  natural death ~ SARS-CoV-2 infectious transmission AV infectious transmission
. N ~ =~ —~ N —N
X = A N By XV - BpXP ,
SARS-CoV-2 infectious transmission  natural death
. —
Y = .B VX Vv - 'YYY ’
TAV infectious transmission ~ natural death
, — =
I= ppXP - qyl
SARS-CoV-2 production  natural death ~ SARS-CoV-2 neutralization
. P N —~N (3)
V= Ky Y — Tty \% — ny Vz ’
IAV production  natural death  IAV neutralization
. N = —
P = Kp I — Tp P — xp PM ,
SARS-CoV-2-specific antibody proliferation  natural death
. —~
Z = (%4 4 - Wz Z ,
IAV-specific antibody proliferation  natural death
. — —~
M = oM PM - UM M

3. Basic Qualitative Properties

In this section, we study the basic qualitative properties of system (3). We establish
the nonnegativity and boundedness of the system’s solutions to ensure that our model
is biologically acceptable. Particularly, the concentrations of the model’s compartments
should not become negative or unbounded.

Lemma 1. The solutions of system (3) are nonnegative and bounded.
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Proof. We have that

X |x=0=A>0, Y|y_g=ByXV >0forall X,V >0,

I |j=o=BpXP >0forall X,P >0, V |y—p=xyY >0forallY >0,
P |p—g=xpl > 0forall I >0,

Z|z20=0, M |pm=0=0

This guarantees that (X(t),Y(t),I(t), V(t),P(t), Z(t), M(t)) € Réo forall t > 0 when

(X(0),Y(0),1(0),V(0),P(0),Z(0), M(0)) € ]R7>0 Let us define
¥ — X+Y+I+WV+’”P+W%VZ Y1>p
2 2Kp ZKv(TZ ZKPO'M

Then,

Y — A —aX— ’YYY Iy WV, VTP, WYXVHZ L, YIZPEM
2 2KV 2Kp ZKVUZ ZKP(TM

<A—¢|X+Y+I+ WV+ N pyp WV 7 TP ppl = ) — g,
Ky 2Kp ZKVcTZ 2Kp0'M

where ¢ = mm{oc, o, 8, wy, 7w, pz, pim}. Thus, 0 < ¥ () < Aqif ¥(0) < Aq fort >0,
where A = @. Since X, Y, I,V,P,Z and M are all nonnegative, then 0 < X(t),Y(t), I(t) <
AL O < V() <Ay 0<P(t) < As,0< Z(t) < Ay, 0 < M(t) < As if X(0) + Y(0) + 1(0) +
FEV(0) + L P(0) + FZLZ(0) + ;22 M(0) < Ay, where Ay = 2V Ay, Ay = 224,

2Kv(TZ ZKPU’M

Ay = ZWKV:Z A and As = 21;;’ ;‘ZM Aq. This proves the boundedness of the solutions. [

4. Equilibria

In this section, we are interested in the conditions of existence of the system’s equilibria.
Moreover, we derive a set of threshold parameters which govern the existence of equilibria.
At any equilibrium E = (X, Y, [, V, P, Z, M), the following equations hold:

0=A—aX—-ByXV —BpXP, 4)
0=BvXV —1vY, ®)
0= BpXP -1/, (6)
0=xyY —myV —yVZ, (7)
0= KpI — 7'L'pP - %pPM, (8)
O:(TZVZ—yZZ, (9)
0 =omPM — upy M. (10)

Solving Equations (4)—-(10), we obtain eight equilibria.

(i) Infection-free equilibrium, Ey = (X, 0,0,0,0,0,0), where Xy = A/ a.

(ii) SARS-CoV-2 single-infection equilibrium without antibody immunity &, = (X3, Y3,
0,71,0,0,0), where

X; =

YYTty o K7ty X()KV’BV 14 X()KV‘BV
, Y, = L 208VPV gy, = -1
Ky Bv kyBv [ Ty Bv | vy

Therefore, Y1 > 0 and V; > 0 when

Xoxy By
v Yy

> 1.
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We define the basic SARS-CoV-2 single-infection reproductive ratio as:

X
R, = XovBy.
v Yy

The parameter R determines whether or not a SARS-CoV-2 single-infection can be estab-
lished. Thus, we can write
XO K7ty
Xi=——, 1=—F—M-1), V=
1= R, "7 By (B -1), \

It follows that, £ exists if i1 > 1.

(iii) IAV single-infection equilibrium without antibody immunity, &, = (X2,0,1,0, P,
0,0), where

2Ry —1).
14

o= TP AT {Xokpﬁp _1} Pzzg {XOKPﬁP _1}
P

2 >
kpBp’ kpBp | TTpYI TP Y1

Therefore, I, > 0 and P, > 0 when

X
okpPp <
TpY1

1.

We define the basic [AV-infection reproductive ratio as:
X
Ry — oxkpPp
TTpY1

The parameter ¥, determines whether or not the IAV single-infection can be established.
In terms of R», we can write

Xo ®TTp
=5, bh=—%
%) kpBp

Therefore, &, exists if i, > 1.
(iv) SARS-CoV-2 single-infection equilibrium with stimulated SARS-CoV-2-specific
antibody immunity, &3 = (X3, Y3,0, V3,0, Z3,0), where

(Ry—1), Py = —(Ry—1).

X
2 Br

_ Aoy _ ABviiz
Xz3=——"——, V3= ,
Bviz +aoy Yy(Bviz +aoz)
Uz Ty AByozxy
Vs="=, Zz=— -
oz sy [yymv(Bviz + aoz)
We note that Z3 exists when
AByozky

Yymv(Bvipz +aoz)

The SARS-CoV-2-specific antibody activation ratio in case of SARS-CoV-2 single-infection

is stated as:
AByozKy

3T Yy (Bvpz +aoz)

Thus, Z3 = %(%3 —1). The parameter 3 determines whether or not the SARS-CoV-2-
specific antibody immunity is activated in the absence of IAV infection.
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(v) IAV single-infection equilibrium with stimulated IAV-specific antibody immunity,
34 = (X4, 0, 14, 0, P4, 0, M4), where

X — Aom I — ABppm
4=, L= ,
Bpum + aoy Y1(Bppm + ao)
A
p— MM, =T Promrp
oM sp | y17tp(Bppm + ao)
We note that &4 exists when
ABponKp
Yi7tp(Bpm + aom)

The IAV-specific antibody immunity activation ratio for IAV single-infection is stated as:

L= ABpoKp
Yitp(Bppm + aom)

Thus, My = Z—If (R4 —1). The parameter R4 determines whether or not the IAV-specific
antibody immunity is activated in the absence of SARS-CoV-2 infection.

(vi) IAV/SARS-CoV-2 coinfection equilibrium with only stimulated SARS-CoV-2-
specific antibody immunity, &5 = (X5, Ys, I5, V5, P5, Zs5,0), where

X5 = YiTe X, Ys = Pviz Xs,
Kpﬁp YY0z
s = e(Bviz +a0z) [ ABrrpoz 1}, Vs =12 _ vy,
BpozKxp Yi7tp(By iz +aoz) vz
p. _ Briz +aoz [ ABpkpoy ]
5 = - ’
Broz Yitp(Bviz + aoz)

7= W {ﬂpﬁvw _ 1] = 2V (/B —1).
»y | Ty BpKpYY v

We note that E5 exists when,

& > 1 and ABprpoy

R Yi7tp(By iz + aoz)

The SARS-CoV-2 infection reproductive ratio in the presence of IAV infection is stated as:

ABpKpoz
Yi7tp(Byv iz + aoz)

The parameter 5 determines whether or not SARS-CoV-2 infected patients could be
coinfected with IAV. Hence,

nip(Bviz + aoz) Bviz +aoy
Is = Rs—1), Pg= LVEZTROZ n 9y,
> Bpozxp (Rs—=1), Bs Broz (%5 —1)

and then &5 exists if % > 1land R5 > 1.
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(vii) IAV/SARS-CoV-2 coinfection equilibrium with only stimulated IAV-specific
antibody immunity, E¢ = (Xe, Ys, Is, Vi, Ps, 0, M), where

oo WV v (Bppim + aowm) { AByKyom : —1],

T kvBy 0 Bvomxy Yy7v (Bppm + aoym
_ tvBpyviMm Ve = Bpim + aoy [ AByKy oM B 1}
Bvryyrom’ Bvom Yymv (Bppm + aoyr) ’
7T 7T K 7T
po= MM _p .= P{VﬁPPW_l} = TPy /Ry — 1),
oM »p | TpBvKVYI »p

We note that Z¢ exists when

& > 1 and AByreyam

1] Yyrv(Bppm + aon)

The SARS-CoV-2 infection reproductive ratio in the presence of IAV infection is stated as:

.= ABy Ky oM
Yyrrv (Bppm + aop)

Thus,
T + a0, + a0,
Yo = TV Brrm £ aom) oy oy Brrm aom g gy
Bvomky Bvom

The parameter #y determines whether or not SARS-CoV-2 infected patients could be
coinfected with IAV.

(viii) IAV/SARS-CoV-2 coinfection equilibrium with stimulated both SARS-CoV-2-
specific and IAV-specific antibody immunities E;y = (X7, Y7, Iy, V7, P7, Z7, My), where

/\UzUM ,BV/\VZU'M

X7 = , Yy = ,
77 Brumoz + Bvpzom + aozom’ T vy (BrimOz + Bvizom + aozon)
A
L = PrApmoz L=ty p MM _p
Y1(BpumOz + Byizom + aoz0Mm) 07 o2
Z, = 771/{ ABykyopmoz B ]
sy L yymv (Bpumoz + By iizom + &ozowm) ’

_ 7@{ ABpkpomoz B 1}
#p L117tp(BPiMOz + Byizom + a0z0Mm)

It is obvious that &~ exists when

ABpKpopmOZ

Y17t (BPHMOZ + ByvHzoMm + a0z0Mm)
AByKy oMz

Yy7tv (Brumoz + Bvizom + aozoym)

>1,

> 1.

Now, we define

= ABpKpopmOz
Y17tp(Brpmoz + Byizom + aozom)’
.= AByKyopmOz
YY1ty (Bpmoz + Byizom + &ozom)

Here, R7 is the SARS-CoV-2-specific antibody activation ratio in case of IAV/SARS-CoV-2
coinfection, and Ry is the IAV-specific antibody activation ratio in case of IAV/SARS-CoV-

2 coinfection.
Hence, M7y = ZE(R7 — 1) and Zy = 2L (Rg — 1). If R7 > 1 and Rg > 1, then Ey exists.

»p »ny
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In summary, we have eight threshold parameters which determine the existence of the
model’s equilibria

R Xoky Bv o — XokpPp o — AByozKy
1=——, =—7-"—, My= ,
T Yy TP Y1 YY1y (Bvpz +aoz)
_ ABpomKp - ABpKpoy
Yirtp(Bppm + aoyr)’ Yi7tp(Byiz +woz)’
_ ABvKyom R, = ABpKpoMOZ
Yy7ov (Bppm + aom)’ Yt (Bpmoz + By iizom + aozon)’
Rg = AByKkyomoz ' a

YY1ty (BpimOz + Byizom + aozon)

5. Global Stability

Stability analysis is at the heart of dynamical analysis. Only stable solutions can
be noticed experimentally. Therefore, in this section we examine the global asymptotic
stability of all equilibria by establishing suitable Lyapunov functions [58] and applying
the Lyapunov—LaSalle asymptotic stability theorem (L-LAST) [59-61]. The following
arithmetic-mean-geometric-mean inequality will be utilized:

U+ Uy + -+ Uy
n

> v (ul)(uz)...(u,,). (12)
Let a function A (X,Y,I,V,P,Z, M) and @) i be the largest invariant subset of
dA; )
Q= {(X,Y,I,V,P,Z,M) : e 0}, j=012...,7
Define a function

F(v)=v—1—1Ino.

The following result suggests that when #; < 1 and #, < 1, both IAV and SARS-CoV-2
infections are predicted to die out regardless of the initial conditions (any disease stages).

Theorem 1. If R < 1and Ry < 1, then &y is globally asymptotically stable (G.A.S).

Proof. Define

X
Ao = X — M.
0 0F<X

)+Y+I+W + Mpy W#Vy JrP
0

Ky Kp KyOz KpOm
We note that Ag > 0forall X,Y,I,V,P,Z,M > 0, and Ay(X,0,0,0,0,0,0) =0. O

We calculate dto along the solutions of model (3) as:

dA X
Tto <1 - XO) A —aX — By XV — BpXP] + By XV — vy Y + BpXP — 1
T ﬂ[KVY — vV —seyVZ] + Lipl — 1tpP — 5epPM] + L2V 0,V Z — 1y 27)]
Ky Kp KyOz
Y1>p
PM — uyM
+ Py, lom HMM]
(1 _ X())(A_“X) + BuXoV + BpXoP — LYWy _ TR p  NVHZ ,  VIZPEM
X Ky Kp KyOz KpoMm

Using the equilibrium condition A = a X, we obtain:

_ 2
dho _ _ (X=Xo)* WV 1)+ Vlﬂp(%z _q)p - YVEZ,  YEeim

= —q
dt X Ky Kp KyOz KpOm
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Since 1 < 1and R < 1, then dto <Oforall X,V,P,Z,M > 0. In addition, db% =0
when X = Xpand V = P = Z = M = 0. The solutions of system (3) tend to () [62]
which includes elements with V = P = 0. Thus, V = P = 0 and from the fourth and fifth
equations of system (3) we have:

0=V =xyY=Y(t) =0, forall t
0=P=xpl = I(t) =0, forall t.
Therefore, Qg = {E0} and applying L-LAST [59-61], we obtain that Ej is G.A.S.
The following result suggests that, when R; > 1, %, /R; < 1and 3 < 1, the SARS-

CoV-2 single-infection with inactive immune response is always established regardless of
the initial conditions.

Theorem 2. Suppose that R1 > 1, Ko /N1 < Land Rz <1, then Bq is G.A.S .

Proof. Let us formulate a Lyapunov function A; as:

X Y v
Ay = X1F< >+Y1F(Y)+1+WV1F<V)+71P+W%VZ+W”PM
1 1

Kp KyOz Kpom
O
We calculate dAl as:
dA X Y-
dtl - <1 - xl) [A —aX — ByXV — BpXP] + (1 - y1> [ByXV — yyY] + BpXP — I
V;
+ Ty (1 — 1) [Kvy —nyV — %VVZ] + ﬂ[KpI — tpP — %pPM]
Ky 1% Kp
+ VOV 10 V7 — 1wy Z) + TP (60 PM — M. (13)
Ky0Oz KpOm

Simplifying Equation (13), we obtain:

dA X Y T
T2 (11— 2L (A —aX) + ByXqV + BpXiP — ByXV<t 49y Y, — X Vy
dt X Y Ky
%
YL g 1Yy Vi + Ty VV 7 _ 'YI7TPP Yy%v#zz _ 'YI%PVMM
14 Ky Ky Kp Kyoz Kpom

Using the equilibrium conditions for Z;:

T
A=aXi+BvXiVy, BvXiVi=9yY, Y1 = KT‘:VL

we obtain
dA, X X Y, XV
T2 _ (1 - 20 ) (axy —aX X,V — By Xy ik — By X
T (1 e )(IX 1—aX)+3ByXaVh — By X1y e Bv 1V1YX1V1
iy X
By XV +WTP(5P 1KP—1>P+'WV”Z<‘TZV1—1>Z
VY, Kp YI7Tp kyoz \ Yz
_ ’YI%PVMM (14)

KpOm
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Then, collecting terms of (14), we obtain:

dAq a(X — Xp)? X; VWXV o wny
.- 7 X+ Vs et D i
at x PRV X o vk vy

Y17tp (§R2 1)P n Yysv(aoz + Bypz) (R — 1)7 — TZPHM
kp \ T KyBvoz KpOM

Using inequality (12), we obtain:

Since N, /R < 1and N3 < 1 then, dd% <O0forall X,Y,V,P,Z, M > 0. Moreover, dd% =0
when X = X1, Y =Y3, V Vi,and P = Z = M = 0. The solutions of system (3) tend to
)1 where P = 0. Hence, P = 0, and the fifth equation of system (3) gives

0=DP=xpl = I(t) =0, forallt.
Hence, )1 = {1} and E; is G.A.S. by using L-LAST [59-61].
The result of the following theorem suggests that, when #, > 1, it;/#; < 1 and

R4 < 1, the TAV single-infection with inactive immune response is always established
regardless of the initial conditions.

Theorem 3. Let oo > 1, R1 /Ry < 1land Ry < 1, then &, is G.A.S.

Proof. Consider

X
Ay = XZF( >+Y+12F( ) WV+W F< )+W%"Z+WM
2

KyOz KpOm
O

We calculate dl% as:

dA2 1

—aX = ByXV — BpXP| + By XV —yyY + (1 — = | [BpXP — 7/]]

+ L[Kvy nVV %VVZ} + ﬂ (1 — 11)32> [Kp[ - 7'L'pP - %pPM]

Kp
+ e [02VZ = pzZ) + 220y PM — iy M]. (15)
KyOz oM

Then, simplifying Equation (15), we obtain:

dA X I s T
2 = (1= 22) (A —aX) + ByXoV + BpXoP — BpXP2 4 4L, — L Vy _ TP p
dt X I Ky Kp
P,
P -2 4 Yi7tp P, + ’YI%PP M IY*VHEZ o, ’YI%PHMM
P Kp Kp Kyoz KpOom

Using the equilibrium conditions for Z,:

T
A=aXo+ BpXoPs, BpXoPr =i, b= KTI:PZI
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we obtain,
dAz . Xz X I2XP
T (1 - X) (X —aX) +3pXoPs — BpXoPr—7 — ppXoPr (5 %5
PI X
— BpXoPr2- 2 +'Yy7Tv<ﬁszV_1)V+'WPVM<(TMp2_1>M_WZ
Pl Ky Yy KpOpm UM Ky0oy
‘X(X_ XZ) X5 LXP Bl YYTTy
= tErXeP2 (3 -~ o — o ~1V
X +ﬁP 2 2(3 X XD, Pl + (%1/%2 )

+ Y17ep(aop + Briim) (Ry—1)M — nHvhz
KpBPoMm Ky oz

If R1/Rp < 1and Ry < 1, then employing inequality (12), we obtain di ¢ < 0 forall

X,1,V,P,Z, M > 0. Further,dﬁ =0whenX=X5,I=L,P=PRandV=Z=M=0.
The solutions of system (3) tend to () which has V = 0 and gives V = 0. The fourth
equation of system (3) gives

0=V=xyY=Y(t)=0, forallt.
Therefore, Q) = {&,}. Applying L-LAST, we obtain E; is G.A.S.

The next result shows that when i3 > 1 and 35 < 1, the SARS-CoV-2 single-infection
with active immune response is always established regardless of the initial conditions.

Theorem 4. Let ®3 > 1and Rs < 1, then Bz is G.A.S.

X Y 1%
A3 = X3F< >+Y3F(Y)+I+ V3F< )
3 3

+Mp WV 71 (z) + 2P
3

Proof. Define

Kp KyOz KpOm
O
We calculate % as:
dA X Y3
dt3 (1 - X3> A —aX — By XV — BpXP] + (1 - ) By XV —yY] + BpXP — I
+ ﬁ (1 — V?)) [Kvy — nVV — %VVZ] + ﬂ[KpI — 7Tpp — %pPM}
Ky 14 Kp
Yy v Z3 Y
1-— VZ —uz7Z|+ PM — M. 1
t oz < Z)[UZ HzZ) + KWM[UM M — upMj (16)
Then, simplifying Equation (16), we obtain:
dA X Y3 V-
TtB (1 - X3) (A —aX) + By X3V + BpXzP — ,BVXV +7vYs — (W VV —7ryY V3
Wﬂvv T W%VV 7 _ 'YI7TPP W%V#zz W%VZ vV W%Vliz Zs — YI¥XPUM M.
Ky Ky Kp KyOz Ky KyOz Kpom

Using the equilibrium conditions for Hs:
A=uaXs+ BvXsVa, PvXsVz=ryYs,
s
Ys = KV Vs + *V323,

_ Kz
V370—Z,



Mathematics 2022, 10, 4382 13 of 36

we obtain,
dAs X3 X3 Y3XV
28— (128 ) (aXs —aX X3Vs — ByXaVa=2 — By X3V
7 ( X)(IX 3 —aX) +3BvXsVs — By 3V3X Bv X3 Y XaVs
V3Y  yimtp (BpXskp YIXpiM
- —1|p— TZPEM oy
Py Xsls VYs * Kp YI7Tp Kpom
(X — X3)? Xs VXV VY qimp Yixpim
= S B Xa V(3 22— - Rs — 1) — TLELEM oy
X +'BV 373 3 X YX3V3 VY3 + Kp ( > ) KpOopm
Using inequality (12) and #5 < 1, we obtain dA3 <O0forall X,Y,V,P,M > 0. Further,
dA3 =0when X =X3,Y=Y3, V=V;and P = M = 0. Further, the tra]ectorles of system
(3) tend to Q)3 which has elements with V = Vz and P = 0. Then, V = 0 and P = 0. The
fourth and fifth equations of system (3) provide
0=V= kyYs — nmy Vs — sy V3Z — Z(t) = Z3, forall ¢,
0=P=xpl = I(t) =0, forall t.
Consequently, Q3 = {Z3}. Applying L-LAST, we find that 3 is G.A.S.

In the following theorem, we show that when R; > 1 and R¢ < 1, the IAV single-
infection with active immune response is always established regardless of the initial condi-
tions.

Theorem 5. If Ry > 1and Rg < 1, then Ey is G.A.S.
Proof. Define a function A4 as:
X M
Ay _X4F< ) +Y+I4F< ) +ﬂv+ P F( ) LWy 7I’”’J\/mf( )
Xy Iy Ky Py Ky 0oz Kpom M,
O
Calculatmg 4 as:
dA X Iy
7154 - (1 - X‘*) A —aX — ByXV — BpXP] + By XV — yyY + (1 - ) [BpXP — /1]
P,
+ Z—Y[KVY — V= sy VzZ)+ 1 (1 - P4> [kpl — 7TpP — scpPM]
v
Ty #v Yixp M,y
Z—uz”Z 1-— PM — M 17
t oy [0zVZ —uz ]+KP(TM( M)[UM pmM]. (17)

Equation (17) can be written as:

dA X I T
4= (1- 22 ) (A —aX) + ByXsV + BpXsP — BpXP2 + y1ly — LV y
At X I Ky
P
_nrep, 71174 T Yi7tp P, + ’)’I%PP M — YP*VHZ ,  YIZPEM
Kp p Kp Kp Ky0oz Kpom
_ ’n%PM P+ 1 PVMM4
Kp KpoMm

Using the equilibrium conditions for Zy:

A=aXy+ BpXyPy, PBpXaPy= 1y,

s p
I =2Pp, 4+ Z2pM,, Py =EM
Kp Kp oM
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we obtain,
ANy Xy Xy ILXP
dt <1 — X> (IXX4 — DCX) + 3/3PX4P4 — ﬁpX4P4 ﬁpX4P4 IX P
Pyl X
_ BpXypy L v TY PvXakv 1 \y _ 1Y2VizZ,
PI Ky YYTTy KyOyz
a(X — X4) Xy LXP Pyl
= —— XgPy|3— — — —7+ — —
X +PrXaPy X IX4P, Pl
+ TYTty (Re —1)V — Iy»viz .,
Ky KyOyz

Since 8?6 < 1, then employing inequality (12), we obtain dA4 <Oforall X,I,V,P,Z >0,
Further, dt =0when X=Xy, =1, P=PiandV =272 = 0 The solutions of system (3)
tend to O)4 which contains elements with P = P, and V = 0, then V = P = 0. The fourth
and fifth equations of system (3) imply

0=V=xyY=Y(t) =0, forallt,

0= P = KpI4 — 7Tpp4 — %pP4M — M = M4, for all ¢.
Therefore, Oy = {E4}, and by applying L-LAST, we obtain E4 is G.A.S.

The following result suggests that when s > 1, ®7 < 1and #; /R, > 1, the IAV/SARS-

CoV-2 coinfection with only stimulated SARS-CoV-2-specific antibodies is always estab-
lished regardless of the initial conditions.

Theorem 6. If Rs > 1, Ry < 1and RN1/Ry > 1, then Bs5 is G.A.S.

ho- X5F(X)+Y5F(Y)+15F() (1)

P F(P ) + W%VZ5F(Z) Y}
5

Proof. Define

Kyoz Zs KpOMm
O

Calculatmg i t5 as:

dAs <1_)§;)[A_ax_5VXV—ﬁPXP]+(1—Y>[ﬁvXV TyY]

n (1 - 1) [BpXP — ;1] + ﬂ <1 - VS) [kyY — myV — sy VZ]

14
L Ps B B Ywxv (. Zs 7
Kp (1 P ) [Kpl tpP %pPM] + m— (1 7 ) [O'sz ]/lzz]
4 TP 1 PM — pupg M. (18)

KPUM
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Equation (18) can be simplifying as:

AA X Y,
dt5 = (1 - X5) (A —aX) + ByXsV + BpXsP — ﬁVXV75 + 7y Ys

LI 5+’YY%VVSZ

Is
— BpXP=2
P 14 Ky Ky

T Vs T
: +7115—71 Vy_ Y Vv

Ps 717TPP +’YI%PPM
Kp Kp

Yi7tp
— P—y/l—=
Kp n P

_wyxvkz .,  vxv 75V + Yy?vipz Zs — Y1¥PPM M.
KyOz Ky KyOz KpOm

Using the equilibrium conditions for Z5:

A=aXs5+ByXsVs+ BpXsPs, PyXsVs=yyYs,
7T
BpXsPs = vil5, Y5 = Vs + -l VsZs,
Ky Ky

="Pp, v5=FZ
Kp 0z
we obtain,
dA X X X
dt5 (1 - X5> (aX5 —aX) +3ByXs5Vs +3BpXsP5 — ,3vX5V5*5 - ,BPX5P5Y5
YsXV IsXP V5Y o Bl
Bv SVSYXV — BpX 551XP - Bv 5V5 - BpX 55PI

L Y1pim (UM ps - 1) M.
KpOm UM

o a(X—Xs5)? X5 YsXV  VsY
- X +hrXsVs(3 - % YX5Vs VYs
X5 IsXP DBl Y1p(BrpmOz + Bvizom + aozom)
B B —1)M. 1
(3 X IX5P5 PI5> + Kp,BpU’MO’Z (§R7 )M ( 9)

Since Ry < 1, then employing inequality (12), we obtain dA5 <O0forall X,Y,I,V,P,M > 0.
Moreover, we have d‘% =0when X =X5,Y=Y;51= 15, V=V;,P=Psand M = 0.
The trajectories of system (3) converge to Q05 which comprises elements with V = Vs; then,
V = 0. The fourth equation of system (3) implies that

0=V= kyYs — 1wy Vs — sy VsZ = Z(t) = Zs, forall t.

Consequently, Qs = {E5}, and by applying L-LAST, we obtain E5 is G.A.S.

The result given in the following theorem suggests that when $¢ > 1, g < 1 and
R/ > 1, the TAV/SARS-CoV-2 coinfection with only stimulated IAV-specific antibodies
is always established regardless of the initial conditions.

Theorem 7. Let Rg > 1, Rg < 1and Ry /N1 > 1, then E¢ is G.A.S.

Proof. Consider a function Ag as:

X Y v
Ag = XGF( >+Y6F< )+16F( )+WVF<)
Is Ky Ve

M
L F( )+W%VZ+%%PM6F().
KP Ps Kyoz Kpom Mg
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Calculatmg 7 tﬁ as:

dA X Y
dté <1 - Xé) A —aX — ByXV — BpXP] + (1 - > [ByXV —1yY]
Ig TY Ve
+ 1— — LBPXP ’YIH -|—7 1-— 7 [Kvy—ﬂvv—%VvZ]
1 Ps Yy xv
1—— I — tpP — »pP Z —uy”Z
+ Kp( P ) [kpI — 7tpP — pPM] + - 0zVZ — uzZ]
YI¥p Mg
1-— PM — M 20
+KP‘7M( M)[UM pmM]. (20)
We collect the terms of Equation (20) as:
dA X Y, I
dtG = (1 - XG> (A —aX)+ ByXeV + BpXeP — ﬁVXV76 +7yYe — ﬁPxpjé
T Ve s T P,
+'YII6_IYY Vy_ Ty Y22 +'YY Vv+'YY VVZ_’YI PP_%Ij
K \% Ky Kp P
+ Y17tp Ps + ’YI%PP6M - ’YY%VHZZ _ PM6P+ VIZPUM pr _ VIZPEM 5 0
Kp Kp Ky0Oz Kp KpOm KpOm
Using the equilibrium conditions for Z:
A =aXe+ PBvXeVs+ BrXePs, PvXeVe =1vYs, BrXePs = vils,
Ty TTp »p UM
Yo = —Vi, Ig = —P —PsMg, P,
6KV66KP6+KP6660,M
we obtain,
dA X Xe X¢
dt6 <1 - Xé) (aXe — aX) + 3By XeVe +3BpXePs — ,BVX6V6 — BpXePs— X
Yo XV IgXP V6Y
Bv 6V6YX Ve — BrXe 6IX P —Bv 6V6
Psl  yysvpz
— BpXgPg— + ———= —V —\Z
'BP 6 PI + KyOz Hz 6
N IX(X — X6) X6 Y6XV V6Y
- X +BrXeVe (3 X  YX¢Ve VYe
Xe IgXP Pl
+BrXePs <3 X  IXgPs P16>

KvﬁvaM(fz

Since Rg < 1, then employing inequality (12), we obtain % <Oforall X,Y,I,V,P,Z > 0.
Moreover, d‘% =0when X =X¢,Y =Yg, =15,V = Vi, P = P; and Z = 0. The solutions
of system (3) tend to Qg which contains elements with P = Pg; then, P = 0. The fifth

equation of system (3) implies that
0=P= kple — TpPg — pPeM —> M(t) = Mg, for all £.

Consequently, Qs = {Z¢}. Using L-LAST, we deduce that Z¢ is G.A.S.

The following result suggests that when 7 > 1 and Rg > 1, the IAV/SARS-CoV-2
coinfection with both stimulated SARS-CoV-2-specific and IAV-specific antibodies is always

established regardless of the initial conditions.

Theorem 8. If %7 > 1and Rg > 1, then &7 is G.A.S.
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Proof. Define a function Ay as:
X Y I \%
Ay = XoF Yo (o) (=) + Dover (£
Y 17 Ky V7
’YI Ty #v z Y1%p M
P Z — M — .
F( 7) * Kyoz 7F(Z7) * Kpom 7F(M7)
O]
Calculatmg 7 as:
dA X Y7
dt7 (1 - X7> [A —aX — ByXV — BpXP] + (1 - ) [BuXV — vyY]
Iy \%
+ (1 - ) [BpXP — 1] + X (1 - V7) kyY — Ty V — 30y VZ]
')/I by Yy vy Zy
- = I — tpP — »pPM 1-— VZ—uy7zZ
KP (1 P>[KP nP r I+ Ky0z < Z>[Uz pzZl
Y1¥p My
—(1- PM — M 22
+KPU'M( M>[UM Hm } ( )
We collect the terms of Equation (22) as:
dA X Y.
T (1-22)(A—aX) + ByXsV + BpXyP — By XV L + 1y Yy
dt X Y
I 7T
— BpXPZ oyl - TV Y L+ Vv + V7
I Ky Ky
_mrep e " ’YI7TPP n ')/I%PP M_ 'YY%VVZZ
Kp p Kp Kyoz
_ Yy»nv 7V + Y VP‘Z _ IMPZJMM 1 PM7P+ ’Yl%PMMM
Ky KyOz KpoMm Kp KpoMm
Using the equilibrium conditions for Hy:
A=aXy+ ﬁvX7V7 + ,BpX7P7,
BvX7V7 = vyYs7, BpX7P7 = 71l7,
T T
Yo=Yy, + X,z I ="F Pt —P7M7,
Ky Ky
V7 = @, P; = M,
(%4 (Vi
we obtain,
dA X
T; = (1 — X7) (DCX7 — lXX) + 3ﬁvx7V7 + 3,BPX7P7 ﬁvX7V7 — ﬁpX7P7 X
Y- XV I;XP VY P7I
— \% X7 P;
ﬁvX7V7YXV — BpXy 7IXP — Bv X7 VY, — BpXy "L

. DL(X — X7) X7 Y7XV V7Y
= X +5VX7V7<3 X Y5V, VY,

X, LXP P
Xyp, (327 - T2 ),
+hrXs 7<3 X IX;P, P17>

Using inequality (12), we obtain dt7 < 0forall X,Y,I,V,P > 0, where * dt = 0 when
X=X7,,Y=Y;,1=1;V = V;and P = P;. The solutions of system (3) tend to Q7 which
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includes element with V = V7 and P = P; which gives V = P = 0, and from the fourth
and fifth equations of system (3), we obtain:

0=V =xyYy —myVy — sy Vo Z = Z(t) = Z, forall t,

0=P= kpl; — mpP7 — »pPyM —> M(t) = My, forall t.
Therefore, OOy = {&7} and by employing L-LAST, we obtain &y is G.A.S.

Based on the above findings, we summarize the existence and global stability condi-
tions for all equilibrium points in Table 1.

Table 1. Conditions of existence and global stability of the system’s equilibria.

Equilibrium Point Existence Conditions Global Stability Conditions
9 = (X,0,0,0,0,0,0) None R <land R, <1

21 = (X1,1,0,4,0,0,0) Ry >1 R1>L R/ Ry <land N3 <1
Zy = (X2,0,1,0,P,,0,0) Ry >1 Ro>1, R/ <Tand Py <1
B3 = (X3,Y3,0,V3,0,23,0) Rz > 1 Rz >1land N5 <1

By = (X4,0,14,0, Py, 0, My) Ry >1 Ry>Tand R <1

5 = (Xs5,Ys5,15, V5, P5, Z5,0) Rs >land Ry /Rp > 1 Rs > 1, N7 <Tand N7/ > 1
6 = (X6, Yo, I6, Vo, Ps, 0, Mg) Re >land R /Ry > 1 Re >1,RNg <Tand RNo/R; > 1
7 = (X7,Y7,1;, V7, Py, Zy, My) Ry >1and Rg > 1 Ry >1and Rg > 1

6. Numerical Simulations

The global stability of the system’s equilibria will be illustrated numerically. In addi-
tion, we make a comparison between single-infection and coinfection. We use the values
of the parameters presented in Table 2. Some values of parameters are taken from studies
for SARS-CoV-2 single-infection and IAV single-infection, while other values are assumed
just to perform the numerical simulations. To the best of our knowledge, until now there
is no available data (e.g., the concentrations of SARS-CoV-2, IAV, antibodies, etc.) from
SARS-CoV-2 and IAV coinfection patients. Therefore, estimating the parameters of the
coinfection model is still open for future work.

Table 2. Model parameters.

Parameter Description Value Source
A Production rate of uninfected epithelial cells 0.5 Assumed
o Rate constant death of uninfected epithelial cells 0.05 [44,63]
%% Rate constant death of SARS-CoV-2-infected epithelial cells 0.11 [33,40,64]
Y1 Rate constant death of IAV-infected epithelial cells 0.2 Assumed
“ Fae ot o ARS GOV picls erion PR
Ty Rate constant of SARS-CoV-2 death 0.2 [38,63]
- s s
Kp Iz;tii }fé)lri\:ltigclsf IAV particles secretion per IAV-infected 0.4 Assumed
Tip Rate constant of IAV death 0.1 Assumed
p Rate constant of neutralization of IAV by IAV-specific antibodies 0.04 Assumed
Uz Rate constant of natural death of SARS-CoV-2-specific antibodies 0.05 Assumed
UM Rate constant of natural death of IAV-specific antibodies 0.04 [26]
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6.1. Stability of the Equilibria

In this subsection, we support our global stability results provided in Theorems 1-8 by
showing that the solutions of system (3) with any chosen initial conditions (any IAV /SARS-
CoV-2 coinfection stage) will tend to one of the eight equilibria. Let us solve system (3)
with three different initial conditions (states) as:

C1: (X(0),Y(0),1(0),V(0),P(0), Z(0), M(0)) = (8,1,0.5,1,0.5,1,4),
C2: (X(0),Y(0),1(0),V(0), P(0),Z(0), M(0)) = (7,1.5,0.7,1.5,0.8,2,6),
C3: (X(0),Y(0),1(0),V(0), P(0),Z(0), M(0)) = (6,2,1,2,1.4,3,8).

Selecting the values of By, Bp, 0z and o leads to the following situations:

Situation 1 (Stability of Z¢): By = 0.001, Bp = 0.001, 0z = 0.01 and oy = 0.02.
For these values of parameters, we have R = 0.0909 < 1 and R, = 0.2 < 1. Figure 2
shows that the trajectories tend to the equilibrium &y = (10,0,0,0,0,0,0) for all initials
C1-C3. This demonstrates that & is G.A.S. based on Theorem 1. In this situation, both
SARS-CoV-2 and IAV will be removed.

Situation 2 (Stability of Z1): By = 0.02, Bp = 0.001, 0z = 0.002 and op; = 0.02.
With such selection, we obtain i, = 0.2 < 1 < 1.8182 = R, 3 = 0.1653 < 1 and hence
o /M1 = 0.11 < 1. The equilibrium point Z; exists with &; = (5.5,2.05,0,2.05,0,0,0). Itis
clear from Figure 3 that the trajectories tend to Z; for all initials. Thus, the numerical results
agree with Theorem 2. This case simulates a SARS-CoV-2 single-infection without antibody
immunity. In this case, viral interference phenomenon appears, where the SARS-CoV-2
may be able to block the IAV infection.

Situation 3 (Stability of Zp): By = 0.005, Bp = 0.01, 0z = 0.01 and o)y = 0.005. This
gives o1 = 04545 < 1 < 2 = Jp, Py = 07692 < 1 and then R;/N, = 02273 < 1.
The numerical results show that &, = (5,0,1.25,0,5,0,0) exists. We can observe from
Figure 4 that the trajectories converge to =, regardless of the initial states C1-C3. This
result supports the result of Theorem 3. This situation represents an IAV single-infection
without antibody immunity. As a result of competition between the two viruses, IAV may
be able to block the SARS-CoV-2 infection.

Situation 4 (Stability of E3): By = 0.02, Bp = 0.002, 0z = 0.05 and op; = 0.05. This
yields Jt3 = 1.2987 > 1 and #5 = 0.2857 < 1. Figure 5 shows that the trajectories tend
to B3 = (7.14,1.3,0,1,0,1.19,0) regardless of the initial stats C1-C3. Therefore, Ej is
G.AS, and this supports Theorem 4. Hence, a SARS-CoV-2 single-infection with stimulated
SARS-CoV-2-specific antibody is attained. Despite the activity of antibodies against the
SARS-CoV-2 particles, the SARS-CoV-2 may be able to suppress the growth of IAV and
block it.

Situation 5 (Stability of E4): By = 0.01, Bp = 0.05, 0z = 0.01 and opg = 0.05. The values
of R4 and R are computed as Ry = 5.5556 > 1 and Ry = 0.5051 < 1. Thus, E4 exists
with By = (5.56,0,1.11,0,0.8,0,11.39). In Figure 6, we see that the trajectories tend to Ey
regardless of the initial states C1-C3. It follows that 54 is G.A.S. according to Theorem 5.
Hence, an IAV single-infection with activated IAV-specific antibody is achieved. Despite the
activity of antibodies against the IAV particles, the IAV may be able to block the SARS-CoV-2
infection.

Situation 6 (Stability of Z5): By = 0.15, Bp = 0.04, 0z = 0.03 and op; = 0.001. Then,
we calculate s = 1.3333 > 1, Ry = 0.2105 < 1 and R /R, = 1.7045 > 1. The numerical
results drawn in Figure 7 show that Es = (1.25,2.84,0.63,1.67,2.5,2.82,0) exists andis
G.A.S., and this is consistent with Theorem 6. As a result, a coinfection with SARS-CoV-2
and IAV is attained where only SARS-CoV-2-specific antibody is stimulated. In this case,
the concentration of the IAV particles tend to a value less than or equal to 5—/\"/’[’ = 40, and
then the IAV-specific antibody will be deactivated. On the other hand, the activity of
SARS-CoV-2-specific antibodies reduces the replication of SARS-CoV-2, and this leads to
the coexistence of the two viruses.
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Situation 7 (Stability of Z¢): By = 0.04, Bp = 0.05, 0z = 0.01 and op; = 0.05. We
compute g = 2.0202 > 1, Rg = 0.627 < 1 and RNp/RN; = 2.75 > 1. We find that
the equilibrium E¢ = (2.75,2.3,0.55,2.3,0.8,0,4.38) exists. Further, the numerical solutions
outlined in Figure 8 show that Z¢ is G.A.S., and this boosts the result of Theorem 7. In this
situation, a coinfection with SARS-CoV-2 and AV is attained where only the IAV-specific
antibody is activated. In this case, the concentration of the SARS-CoV-2 particles tends to
a value less than or equal to ” 2 =5, and then the SARS-CoV-2-specific antibody will be
deactivated. On the other hand the activity of IAV-specific antibodies reduces the growth
of TAV, and this leads to the coexistence of the two viruses.

Situation 8 (Stability of Z7): By = 0.05, Bp = 0.05, 0z = 0.1 and opy = 0.1. This
selection yields i; = 52632 > 1 and Rg = 2.3923 > 1. Figure 9 shows that &; =
(5.26,1.2,0.53,0.5,0.4,5.57,10.66) exists, and it is G.A.S. based on Theorem 8. In this
situation, a coinfection with SARS-CoV-2 and IAV is established regardless of the initial
states C1-C3. In this case, both SARS-CoV-2-specific antibody and IAV-specific antibody
are working against the coinfection. The activation of both SARS-CoV-2-specific and
IAV-specific antibodies leads to coexistence of the two viruses.

For more confirmation, we investigate the local stability of the system’s equilibria.
Calculating the Jacobian matrix | = J(X,Y, I, V,P,Z, M) of system (3) as:

—(a+,BVV+ﬁpP) 0 0 —ﬁvX —ﬁpX 0 0
‘va — Yy 0 ‘Bvx 0 0 0
ppP 0 - 0 BpX 0 0
J= 0 Ky 0 —(7TV + %vZ) 0 —nyV 0 (23)
0 0 Kp 0 —(7Tp+%pM) 0 —xpP
0 0 0 (%74 Z 0 (%4 V— Hz 0
0 0 0 0 (TMM 0 (TMP — UM
At each equilibrium, we compute the eigenvalues A, j=12,...,7 of J. If Re(/\]-) <0,
j=1,2,...,7, then the equilibrium point is locally stable. We select the parameters By, Bp,
oz and o as given in situations 1-8; then, we compute all nonnegative equilibria and the
accompanying eigenvalues. Table 3 outlined the nonnegative equilibria, the real parts of
the eigenvalues and whether or not the equilibrium point is stable. We found that the local
stability agrees with the global one.
Table 3. Local stability of nonnegative equilibria 5;,i = 0,1,...,7.
Situation The Equilibria Re(A;) j=1,2,...,7 Stability
1 5y = (10,0,0,0,0,0,0) (—0.23,—-0.22, —0.09, —0.07, —0.05, —0.05, —0.04) stable
) o = (10,0,0,0,0,0,0) (—0.36,—0.23, —0.07, —0.05, —0.05, 0.05, —0.04) unstable
1 =(5.5,2.05,0,2.05,0,0,0) (—0.32, -0.22, —0.08, —0.04, —0.04, —0.05, —0.04) stable
3 5y = (10,0,0,0,0,0,0) (—0.36, —0.26,0.06, —0.05, —0.05, —0.05, —0.04) unstable
8, =(5,0,1.25,0,5,0,0) (—0.31,—-0.24, —0.07, —0.04, —0.04, —0.05, —0.02) stable
Zy = (10,0,0,0,0,0,0) (—0.36, —0.25, —0.05, —0.05, 0.05, —0.05, —0.04) unstable
4 &1 = (5.5,2.05,0,2.05,0,0,0) (—0.32, —0.23, —0.07, —0.04, —0.04, 0.05, —0.04) unstable
B3 =(7.14,1.3,0,1,0,1.19,0) (—0.37,—-0.24, —0.06, —0.04, —0.02, —0.02, —0.04) stable
5y = (10,0,0,0,0,0,0) (—0.6,—0.3,0.3, —0.05, —0.05, —0.04, —0.007) unstable
5 8, =(1,0,225,0,9,0,0) (—0.56,0.41,-0.22, —0.12, —0.12, —0.09, —0.05) unstable
&4 = (5.56,0,1.11,0,0.8,0,11.39) (—0.75,—-0.27, —0.03, —0.03, —0.05, —0.04, —0.04) stable
o = (10,0,0,0,0,0,0) (—0.7,-0.56,0.39,0.25, —0.05, —0.05, —0.04) unstable
51 =(0.73,4.21,0,4.21,0,0,0) (—0.73,—-0.27, —0.14, —0.14,0.08, —0.04, —0.03) unstable
6 Ep = (1.25,0,2.19,0,8.75,0,0) (—0.48,—-0.35,—-0.11, —0.11, —0.05,0.04, —0.03) unstable
Eg, = (1.67,3.79,0,1.67,0,5.09,0) (—0.61,-0.32, —0.11, —0.11, —0.04, —0.03,0.02) unstable
E (

a1

1.25,2.84,0.63,1.67,2.5,2.82,0)

—0.56, —0.33, —0.12, —0.12, —0.03, —0.01, —0.01) stable
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Table 3. Cont.

Situation The Equilibria Re(A;) j=1,2,...,7 Stability
9 = (10,0,0,0,0,0,0) (—0.6,—0.4,0.3,0.13, —0.05, —0.05, —0.04) unstable
E1=1(275,33,0,3.3,0,0,0) (—0.39, —0.36, —0.07, —0.07,0.09, —0.04, —0.02) unstable

7 &, =(1,0,2.25,0,9,0,0) (—0.56,0.41, —0.26, —0.12, —0.12, —0.05, —0.05) unstable
24 = (5.56,0,1.11,0,0.8,0,11.39) (—0.75,—0.37, —0.03, —0.03, 0.06, —0.05, —0.04) unstable
B¢ = (2.75,2.3,0.55,2.3,0.8,0,4.38) (—0.49, —0.34, —0.06, —0.06, —0.01, —0.01, —0.03) stable
Ey = (10,0,0,0,0,0,0) (—0.6,—0.47,0.3,0.16, —0.05, —0.05, —0.04) unstable
&1 =(2.2,355,0,3.55,0,0,0) (—0.38, —0.37,0.31, —0.08, —0.08, —0.07, —0.04) unstable
5, =(1,0,2.25,0,9,0,0) (0.86, —0.56, —0.26, —0.12, —0.12, —0.05, —0.05) unstable

8 B3 = (6.67,1.52,0,0.5,0,8.12,0) (—0.7,-0.52,0.22, —0.02, —0.02, —0.05, —0.04) unstable
B84 = (7.14,0,0.71,0,0.4,0,15.36) (—0.9, —0.43,0.12, —0.02, —0.02, —0.05, —0.05) unstable
5¢ = (2.2,3.15,0.22,3.15,04,0,3) (—0.43,-0.36,0.27, —0.08, —0.08, —0.006, —0.006) unstable
E7 = (5.26,1.2,0.53,0.5,0.4,5.57,10.66) (—0.71,—-0.57,—0.03, —0.03, —0.02, —0.02, —0.04) stable
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Figure 2. Solutions of system (3) with initials C1-C3 tend to £y = (10,0,0,0,0,0,0) when #; < 1 and

R, < 1 (Situation 1).
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Figure 3. Solutions of system (3) with initials C1-C3 tend to &1 = (5.5,2.05,0,2.05,0,0,0) when
R1>1, R /R <1and N3 <1 (Situation 2).
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Figure 4. Solutions of system (3) with initials C1-C3 tend to Z, = (5,0,1.25,0,5,0,0) when R, > 1,
R1/Ry < 1and Ry < 1 (Situation 3).
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Figure 5. Solutions of system (3) with initials C1-C3 tend to &3 = (7.14,1.3,0,1,0,1.19,0) when
Rz > 1 and N5 < 1 (Situation 4).
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Figure 6. Solutions of system (3) with initials C1-C3 tend to Z4 = (5.56,0,1.11,0,0.8,0,11.39) when
Ry > 1and Rg < 1 (Situation 5).
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Figure 7. Solutions of system (3) with initials C1-C3 tend to &5 = (1.25,2.84,0.63,1.67,2.5,2.82,0)
when 5 > 1, %1 /R, > 1 and Ry < 1 (Situation 6).
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Figure 8. Solutions of system (3) with initials C1-C3 tend to ¢ = (2.75,2.3,0.55,2.3,0.8,0,4.38)
when Rg > 1,1, /R > 1 and Rg < 1 (Situation 7).
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Figure 9. Solutions of system (3) with initials C1-C3 tend to E; = (5.26,1.2,0.53,0.5,0.4,5.57,10.66)
when R7 > 1 and Rg > 1 (Situation 8).
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6.2. Comparison Results

In this subsection, we present a comparison between the single-infection and coinfection.
Influence of IAV infection on the dynamics of SARS-CoV-2 single-infection
Here, we compare the solutions of model (3) and the following SARS-CoV-2 single-

infection model: )
X=A—aX—-ByXV,
Y =ByXV — 1Y,
V= KvY — nVV — %VVZ,

/= Uzvz — “l/lzz

(24)

We fix parameters By = 0.09, fp = 0.05, 0z = 0.5 and op; = 0.9 and select the initial
state as:

C4 : (X(0),Y(0),1(0),V(0), P(0), Z(0), M(0)) = (7.5,0.5,0.4,0.03,0.04,7.5,9.5)

From Figure 10, we observe that when the SARS-CoV-2 single-infected individual is coin-
fected with IAV, then the concentrations of uninfected epithelial cells, SARS-CoV-2-infected
cells and SARS-CoV-2-specific antibodies are reduced. However, the concentration of free
SARS-CoV-2 particles tend to be the same value in both SARS-CoV-2 single-infection and
IAV /SARS-CoV-2 coinfection. This result agrees with the observation of Ding et al. [10]
which said that “IAV/SARS-CoV-2 coinfection did not result in worse clinical outcomes in
comparison with SARS-CoV-2 single-infection”.

X (1)

T T T
——IAV/SARS-CoV-2 coinfection
-------- SARS-CoV-2 single infection ||

T T T
—— IAV/SARS-CoV-2 coinfection
-------- SARS-CoV-2 single infection

Y (t)

0.4

0 50 100

(a) Uninfected epithelial cells

150 200 250 300 0 50 100 150 200 250 300
t t

(b) SARS-CoV-2-infected cells

35

0.3

025

0.05

T T T
——IAV/SARS-CoV-2 coinfection
-------- SARS-CoV-2 single infection

T T T
——IAV/SARS-CoV-2 coinfection
-------- SARS-CoV-2 single infection

0 50 100

(c) Free SARS-CoV-2 particles

150 200 250 300 0 50 100 150 200 250 300

t t

(d) SARS-CoV-2-specific antibodies
Figure 10. Comparison between the solutions of SARS-CoV-2-single-infection model and IAV/SARS-
CoV-2 coinfection model.
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Influence of SARS-CoV-2 infection on the dynamics of IAV single-infection
To examine the impact of SARS-CoV-2 infection on IAV single-infection, we compare
the solutions of model (3) and the following IAV single-infection model:

X =A—aX—ppXP,
[ =BpXP —1l,
P = Kpl - 7'[pp - %pPM, (25)

M= O'MPM*]JMM.

We fix parameters By = 0.095, fp = 0.08, 0z = 0.9 and op; = 0.95 and consider the
following initial condition:

C5 : (X(0),Y(0),1(0),V(0), P(0), Z(0), M(0)) = (6,0.6,0.5,0.05,0.05,7.05,8.05).

It can be observed from Figure 11 that when the IAV single-infected individual is coinfected
with SARS-CoV-2, then the concentrations of uninfected epithelial cells, IAV-infected cells
and IAV-specific antibodies are decreased. However, the concentration of free IAV particles
cells tends to the same value in both IAV single-infection and IAV /SARS-CoV-2 coinfection.

10.5 T T 0.7 i i T
——IAV/SARS-CoV-2 coinfection ——IAV/SARS-CoV-2 coinfection
- e TIAV single infection q R R L TAYV single infection
0.6
9.5
9l - J 0.5
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55 ! ! ! ! ! 0 . . . . . .
0 50 100 150 200 250 300 0 50 100 150 200 250 300 350
t t
(a) Uninfected epithelial cells (b) IAV-infected cells
0.35 T T T 60 ; ; ; T T T T
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40 -
= 2l
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(c) Free IAV particles (d) IAV-specific antibodies

Figure 11. Comparison between the solutions of IAV-single infection model and IAV /SARS-CoV-2
coinfection model.
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7. Discussion

IAV and SARS-CoV-2 coinfection cases were reported in some works (see [1,8,10,11]).
Therefore, it is important to understand the within-host dynamics of this coinfection.
In this paper, we develop and examine a within-host IAV /SARS-CoV-2 coinfection model.
We studied the basic and global properties of the model. We find that the system has
eight equilibria, and their existence and global stability are governed by eight threshold
parameters (;,i =1, ...,8). We proved the following:

(I) The infection-free equilibrium Ey always exists. It is G.A.S. when 1 < 1 and
R, < 1. In this case, the patient is recovered from both IAV and SARS-CoV-2 infections.
From a control viewpoint, making #; < 1 and R, < 1 will be a good strategy. This can
be achieved by reducing the parameters By and Bp (or xy and «p). Let ey € [0,1] and
ep € [0,1] be the effectiveness of the antiviral drugs for SARS-CoV-2 and IAV, respectively.
Then, the parameters v and Bp will be changed to (1 — ey )By and (1 — €p)Bp. Moreover,
1 and R, become

Roley) = Lo Xomvby o oy (L= er)Xorppr,

v Yy TTpYI

To make R; < 1and RN, < 1, the effectiveness ey and ep have to satisfy

. 4 1
et <ey <1, e = max{O,l — },
v v $1(0)
. . 1
et <ep <1, e = max{O,l - }
P P 52(0)

(II) The SARS-CoV-2 single-infection equilibrium without antibody immunity &; exists if
1 > 1. Itis G.AS. when 1 > 1, R /R; < 1and R3 < 1. This case leads to the situation
of a patient who is only infected by SARS-CoV-2 with inactive immune response. As we
will see below, if both SARS-CoV-2-specific antibody and IAV-specific antibody immunities
are not activated against the two viruses, then according to the competition between the
two viruses, SARS-CoV-2 may be able to block the IAV infection.

(III) The IAV single-infection equilibrium without antibody immunity &, exists if
o > 1. Itis G.AS. when R, > 1, 1 /Ry < 1and R4 < 1. This case leads to the situation
of a patient who is only infected by IAV with unstimulated immune response. Then, IAV
may be able to block the SARS-CoV-2 infection.

(IV) The SARS-CoV-2 single-infection equilibrium with stimulated SARS-CoV-2-specific
antibody immunity E3 exists if R3 > 1. Itis G.A.S. when R3 > 1 and R5 < 1. This point
represents the situation of a SARS-CoV-2 single-infection patient with active SARS-CoV-
2-specific antibody immunity. Despite the activity of antibodies against the SARS-CoV-2
particles, the SARS-CoV-2 may be able to block the IAV.

(V) The IAV single-infection equilibrium with stimulated IAV-specific antibody im-
munity &y exists if ®; > 1. It is G.A.S. when $; > 1 and #¢ < 1. This point represents
the case of an IAV single-infection patient with active IAV-specific antibody immunity.
Despite the activity of antibodies against the IAV particles, the IAV may be able to block
the SARS-CoV-2.

(VI) The IAV /SARS-CoV-2 coinfection equilibrium with only stimulated SARS-CoV-
2-specific antibody immunity Hs exists if ®5 > 1 and £;/R, > 1. It is G.A.S. when
R5 > 1, Ry <1and RN;/R, > 1. Here, the IAV/SARS-CoV-2 coinfection occurs with only
stimulated SARS-CoV-2-specific antibody immunity. The activity of SARS-CoV-2-specific
antibodies suppresses the growth of SARS-CoV-2 particles, and this makes IAV coexist with
SARS-CoV-2.

(VII) The IAV /SARS-CoV-2 coinfection equilibrium with only stimulated IAV-specific
antibody immunity ¢ exists if R > 1 and Ry/Rq > 1. It is G.AS. when g > 1,
Rg < 1and RN,/R; > 1. It means that the IAV/SARS-CoV-2 coinfection occurs with only
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stimulated IAV-specific antibody immunity. The activity of IAV-specific antibodies reduces
the replication of IAV particles, and this makes SARS-CoV-2 coexist with IAV.

(VIII) The IAV/SARS-CoV-2 coinfection equilibrium with both stimulated SARS-CoV-
2-specific antibody and IAV-specific antibody immunities Zy exists, and it is G.A.S. when
Rz > 1 and RNg > 1. It means that the TAV/SARS-CoV-2 coinfection occurs with both
SARS-CoV-2-specific antibody and IAV-specific antibody immunities activated. Since both
SARS-CoV-2-specific and IAV-specific antibodies are activated, then coexistence of the two
viruses appears.

We discussed the influence of IAV infection on SARS-CoV-2 single-infection dynamics
and vice versa. We found that the concentration of free IAV or SARS-CoV-2 particles cells
tend to be the same value in both single-infection and coinfection. This agrees with the
work Ding et al. [10] which reported that IAV/SARS-CoV-2 coinfection did not result in
worse clinical outcomes [10]. In addition, the spread of seasonal influenza can increase the
likelihood of coinfection in patients with COVID-19 [8].

From the above, we note that the coexistence case of IAV and SARS-CoV-2 can occur
if at least one type of the specific antibody immunity is active. Now, we discuss the im-
portance of considering the antibody immune response in the IAV/SARS-CoV-2 dynamics
model. If the antibody immune response is neglected, then system (3) becomes:

X =A—aX—ByXV — BpXP,
Y = ByXV —vY,

I=pBpXP—l, (26)
V= Kvy — nVV,
P = KpI - 7TpP.

We can see that system (26) describes the competition between IAV and SARS-CoV-2 on
one source of target cells, epithelial cells. The model admits only three equilibria:

(i) Infection-free equilibrium, &g = (Xo,0,0,0,0), where both IAV and SARS-CoV-2
are cleared,

(ii) SARS-CoV-2 single-infection equilibrium &; = (X3, Y1,0, V1,0), where the IAV is
blocked,

(iii) TAV single-infection equilibrium, E; = (X»,0, I, 0, P,), where the SARS-CoV-2 is
blocked, where X; = X;,i=0,1,2, Y1 =Y, Vi =V;, L = I,and P, = P,.

We note that the case of IAV and SARS-CoV-2 coexistence does not appear. In the
recent studies presented in [1,8,10,11], it was recorded that some COVID-19 patients were
coinfected with IAV. Therefore, neglecting the immune response may not describe the
coinfection dynamics accurately. This supports the idea of including the immune response
into the TAV/SARS-CoV-2 coinfection model, where the case of IAV and SARS-CoV-2
coexistence is observed.

8. Conclusions

Mathematical models are frequently used to understand the complex behavior of
biological systems. In this paper, we formulated an IAV and SARS-CoV-2 coinfection model
within a host. The model is a seven-dimensional nonlinear ODEs which describes the
interaction between uninfected epithelial cells, SARS-CoV-2-infected cells, IAV-infected
cells, free SARS-CoV-2 particles, free IAV particles, SARS-CoV-2-specific antibodies and IAV-
specific antibodies. The regrowth and death of the uninfected epithelial cells are considered.
We first examined the nonnegativity and boundedness of the solutions; then we calculated
the model’s equilibria and established their existence in terms of eight threshold parameters.
We proved the global stability of all equilibria by constructing Lyapunov functions and
applying the Lyapunov-LaSalle asymptotic stability theorem. We performed numerical
simulations and demonstrated that they are in good agreement with the theoretical results.
We discussed the effect of including the antibody immunity into the coinfection dynamics
model. We found that including the antibody immunity in the coinfection model plays
an important role in establishing the case of IAV and SARS-CoV-2 coexistence which is
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practically detected in many patients. Finally, we discussed the influence of IAV infection
on the dynamics of SARS-CoV-2 single-infection and vice versa.

The model proposed in this research and its analysis shows three main biological
states, (i) clearance of both IAV and SARS-CoV-2 particles, (ii) appearance of interference
phenomenon, where one virus may be able to suppress the growth of another virus, and
(iii) coexistence of the two viruses.

The model developed in this work can be improved by (i) utilizing real data to find a
good estimation of the parameters’ values, (ii) studying the effect of time delays that occur
during infection or production of IAV and SARS-CoV-2 particles [45], (iii) considering viral
mutations [65,66], (iv) considering the effect of treatments on the progression of both viruses,
and (v) including the influence of Cytotoxic T-Lymphocytes (CTLs) in killing SARS-CoV-2-
infected and IAV-infected cells [40]. These research points need further investigations so
we leave them to future works.
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