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Abstract: In this paper, the dynamics of a micro-nano particle on the micro-thin plate driven by an
acoustic signal was investigated, including the particle kinematics mode, kinematics equation, and
trajectory control. According to Newton’s kinematic theorem, analyzing the forces acting on the
particle, the kinematic modes of the driven particle are distinguished with specific mathematical
conditions, which are classified as slide, bounce, and stable modes strictly planned on a thin plate area.
Based on the theory of kinematic modal analysis, the simulation results reveal the distribution rules of
particle motion modes against the driving signal or plate geometry. The particle kinematics equation
governing the sliding movement on the thin plate was then derived in light of the interaction between
the particle and driving signal, based on which, the particle trajectory was drawn and analyzed in
detail. For the purpose of controlling the particle trajectory, the control problem was designed in
accordance with a linear active disturbance rejection controller (LADRC). Further, a guidance law was
proposed, and the corresponding controller was designed to realize the linear trajectory following.

Keywords: acoustic manipulation; kinematics modeling; particle dynamics; linear active disturbance
rejection control; trajectory control

MSC: 70B05

1. Introduction

Over the years, micro-nano manipulation methods have been continuously explored
and studied, among which, mainstream technologies include optical tweezers [1–4], elec-
tromagnetic manipulation [5,6], acoustic manipulation, such as the acoustic subwavelength
manipulation of particles using a quasiperiodic plate in [7], the control of multiple objects
on a Chladni plate [8], the manipulation of objects in two dimensions using a single trans-
ducer acoustic levitator [9], and the rotational manipulation of single cells and organisms,
which is achieved using acoustic waves [10]. Each manipulation mode has its own charac-
teristics and advantages. For example, mature optical tweezers technology has been widely
used in manufacturing; electromagnetic manipulation focuses on the control of particles
with electromagnetic properties; acoustic manipulation has unique advantages due to its
non-contact control, long wavelength range and good environmental compatibility [11–13].
For the theories and applications of acoustic manipulation methods, there is still a big gap
that needs to be filled, which contains particle surface dynamics, particle kinematic control
and the extension of application scenarios.

Expectedly, the technology of acoustic manipulation is broadly applied in the biomedi-
cal field, high-performance material processing, chip-based manufacture, particle shaping,
particle trajectory tracking and particle separation [14–16]. The acoustic manipulation pro-
cess indispensably needs the acoustic signal driver and media manipulation needs a metal
thin plate, which can be traced back to 1787, when the Chladni effect was discovered [17–20].
It is described as a metal sheet placed on a violin, where sand was sprinkled evenly on
it. Playing the violin with the bow results in the sand being automatically arranged into
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different beautiful patterns. With different tunes and an increasing frequency of the strings,
the patterns also changed and became more complex. Therefore, the movement of particles
on a forced vibrating thin plate can be realized by changing the frequency, amplitude
and other parameters of the acoustic signal. Some related findings have been reported,
such as the Chladni effect, which is used to control the motion of multiple micro-objects
in [8]; the controlled manipulation and active sorting of particles inside microfluidic chips,
which are realized using bulk acoustic waves in [13]; the use of acoustic waves to rotate
single cells and organisms in [21]; the implementation of the acoustic manipulation of cells
and microbeads in droplet microfluidics [22]; the use of three sound waves to produce a
standing wave field that realizes two-dimensional acoustic manipulation [23]. On the other
hand, investigating how many ways there are for particles to generate displacement on the
forced vibration plate and how to determine the motion mode of particles in each area of
the thin plate is the key to achieving the control tasks.

Particle surface dynamics is governed by the vibrating thin plate so that particles on the
surface of the thin plate can visualize the sound signal [24]. The kinematics of particles can
be described by components of the deflection function of the forced vibration thin plate in
each direction of motion [25,26]. When studying the particle kinematics, Newton’s second
law of particles in horizontal and vertical directions should be analyzed. Additionally,
the static friction between the particle and thin plate must be considered [27]; otherwise,
the sliding motion of particles on the thin plate cannot be discussed. The maximum static
friction will be a critical value used to distinguish whether particles slide or jump to generate
displacement on the sheet. According to the conclusion of the Chladni effect, there must
be some areas characterized by the particles that remain in their original positions [28,29].
In this regard, different kinematic modes can be distinguished in the thin plate area.
Furthermore, particles in fixing modes cannot produce displacement; the kinematics of
particle jumping is too complex to control; on the sliding region of the thin plate, the control
equation of particle kinematics can be derived. In this paper, a square silicon thin plate
driven by an acoustic signal is discussed. Different motion modes of particles on the thin
plate were distinguished by theoretical analysis and numerical simulation, the dynamic
motion model of particles in the gliding region was deduced, and its trajectory was also
solved and analyzed.

When the particle is located on the sliding region of the driven plate, the particle will
move under the control of Newton’s equation of kinematics. In this way, the velocity and
direction of particle motion will be uncontrolled [30–32]. In particular, the movement will
be influenced by the initial conditions, excitation time, and driving acoustic signal. In this
case, the particle motion is beyond control. For this reason, the intelligent control algorithm
should be applied to control and improve particle motion. In this work, LADRC was used
to achieve the particle tracking following. LADRC has the advantages of strong robustness,
a large controllable range, a simple algorithm, and easy implementation in engineering,
and it directly establishes the error relation between the input and output and regards the
equivalent total output affecting the output as the total disturbance, which was real-time
estimated using an extended state observer and suppressed [33–35]. According to the
algorithm mechanism of LADRC, the path following the control of the particle on the
sliding region of the thin plate was formulated.

The rest of this paper is arranged as the following: in Section 2, using Newtonian
kinematics and the theory of thin plate vibration, mathematical conditions for different
particle modes on the thin plate surface are accurately depicted, and a simulation is also
carried out. In Section 3, we discuss the dynamics of the particle, the kinematics governing
the equation of particles in gliding mode is derived, and its movement characteristics are
analyzed. Particle tracking control for linear trajectory is performed in Section 4 based on
LADRC, which explains the control mechanism and displays the simulation results. Lastly,
conclusions and future work are stated in Section 5.
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2. Particle Kinematic Modes

Acoustic wave manipulation technology provides an effective means of micro-nano
target control. The actual system studied is shown in Figure 1, from which, the square micro-
thin plate is horizontally fixed on the piezoelectric actuator. The particle to be manipulated
is placed on the surface of the thin plate. A sine signal is sent from the computer and
applied to the actuator. During the excitation, how does the particle move on the plate?
Analyzing and mastering its kinematic modes contribute to the application of the platform.

Figure 1. Acoustic manipulation platform.

2.1. Identification of The Modes

Usually, the particle motions on the forced vibrating plate can be assumed as bounce,
slide, and fixed, respectively. When the square thin plate is excited by an ideal central
sound source, the vibration of the plate is governed by the following equation:

ρh
∂2w
∂t2 + D∇4w = p(x, y, t) (1)

where ρ is the plate density, h is the thickness, D = Eh3

12(1−υ2)
indicates the bending stiffness,

p is the excitation signal, and ∇4 = ∇2(∇2w). Consequently, the deflection function w is
approximated as Equation (2) according to references [36,37].

w(x, y, t) = A sin(ωmnt) sin
mπx

l
sin

nπy
l

(2)

in which, A is the sound source amplitude, l is the side length, m, n determine the vibration

modes, and ωmn = π2(m2+n2

l2 )
√

D
ρh is the resonance frequency related to the plate geometry

and material.
For further analysis, the spatial coordinate system whose origin is built at the center

of the middle plane is shown in Figure 2. Any material point on the surface of the plate can
be depicted by (x, y, h

2 ), and, when the plate is excited, the acceleration along the three axes
(ex, ey, ez) is, respectively, defined as aTx, aTy, aTz using deflection function w(x, y, t).

aTx(x, y, t) = v̇Tx = −zẅ,x(x, y, t)
aTy(x, y, t) = v̇Ty = −zẅ,y(x, y, t)
aTz(x, y, t) = v̇Tz = ẅ(x, y, t)

(3)

in which, ẅ,x(x, y, t) = ∂ẅ
∂x ,ẅ,y(x, y, t) = ∂ẅ

∂y .
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Figure 2. Thin plate space coordinate system.

From Figure 1b, the red particle has two ways of generating displacement: bouncing
to T1 or sliding to T2. Considering that the particle coordinate on the surface of the
plate is (xp, yp), the particle kinematics equation is described as Equation (4) in terms of
Newtonian kinematics.{

z−axis : m(aTz + g)− N = 0
x− y−plane : m(ẍPex + ÿPey) = fxex + fyey

(4)

where m is the particle mass, g is the gravitational acceleration, N represents the interaction
between the particle and plate, and fx, fy are sliding frictions along the unit vectors ex, ey.
Notably, the description of the particles kinematics in Equation (4) can only be held when
particles contact the plate surface, as only in this case can N > 0 be satisfied.

Further, under the actuation of a certain time, there must be a range keeping N > 0 on
the square thin plate; how the particle motions are distributed is another concern. From
Equation (4), the range maintaining N > 0 is marked as

RS1 : aTz + g > 0, ∀t (5)

Here, the motion modes of the particle may be sliding or fixing, and, if the particle
generates a sliding motion, its in-plane inertial force should be greater than its maximum
static friction, which is defined as

RS2 :
√

a2
Tx + a2

Ty − µ(aTz + g) > 0, ∀t (6)

Accordingly, the sliding region on the square thin plate can be obtained as the inter-
section of Equations (5) and (6)

RSS = RS1 ∩ RS2 (7)

In order to identify the particle kinematic modes, combining Equations (3)–(5), the fol-
lowing distribution bases are obtained:

Case 1: When the condition (5) is not established, the corresponding thin plate area
keeps its bouncing motion;

Case 2: When the condition (6) does not hold, the corresponding thin plate area is
fixing;

Case 3: Only the condition (7) is met, and the corresponding plate region maintains
sliding motion.
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2.2. Simulations Analysis

For the square silicon thin plate with l = 5 cm , h = 0.0625 cm, the first three
vibration modes are summarized in Table 1. Necessarily, combining Equations (2) and
(3), the acceleration components of the thin plate material pointing along the unit vectors
ex, ey, ez can be obtained as

aTz(x, y, t) = ẅ(x, y, t) = −Aω2
mn sin(ωmnt) sin mπx

l sin nπy
l

aTx(x, y, t) = ẅ,x(x, y, t) = Aω2
mn

mπh
2l sin(ωmnt) cos mπx

l sin nπy
l

aTy(x, y, t) = ẅ,y(x, y, t) = Aω2
mn

nπh
2l sin(ωmnt) sin mπx

l cos nπy
l

(8)

Referring to the analysis in Section 2.1, the kinematic modes of a particle on the excited
plate can be numerically solved. Here, the first three vibration modes (shown in Table 1)
were applied to perform the modal distribution using the the mathematical conditions in
the last sub-section. All of the parameters were set in accordance with the actual platform,
plate density ρ = 2329 g/m3, Young’s modulus E = 170× 109, Poisson’s ratio υ = 0.28,
and friction coefficient µ = 0.02.

The distribution maps of the motion modes corresponding to the first third-order
vibration modes are represented by the three subgraphs in Figure 3 drawn by using Mat-
lab(R2020b) with t = 0.5 s. The particle sliding motion region in the figure is represented by
the shadow portion of the dotted line, whereas the particle fixing motion area is represented
by the blue area and the particle bouncing motion area by the white area, as shown in the
text description of Figure 3a. From Figure 3a–c, the three kinematic modes are distributed in
the coordinate plane in a centrally symmetric manner. Along the y-axis direction, the sliding
region and the bouncing region alternate. The surface area of the particle stationary zone
rapidly reduces as the vibration mode rises (m = 1, n = 1,m = 1, n = 2 to m = 1, n = 3),
and the frequency of the conversion between the sliding motion and bouncing motion areas
increases as the vibration mode increases.

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

x

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

y

R-fixing

R-bouncing

R-sliding

(a) m = 1, n = 1, A = 0.1 (b) m = 1, n = 2, A = 0.1

(c) m = 1, n = 3, A = 0.1

Figure 3. Particle motion modes distribution results of the first three vibration modes with A = 0.1.
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Table 1. Vibration modes.

m n ωmn

1 1 126.5475
1 2 315.5072
1 3 631.0144

The vibration modes are displayed at (m, n) = (1, 1) and (m, n) = (1, 3), respectively,
to examine how amplitude A affects the motion modes distribution. These motion mode
distribution diagrams are then compared: Figure 3a with Figure 4a, and Figure 3c with
Figure 4b. The distribution and switching rules of the particle motion mode are unaffected
by amplitude changes; however, the area of the particle fixed area is drastically reduced
under the corresponding vibration mode.

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

x

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

y

R-sliding

R-bouncing

R-fixing

(a) m = 1, n = 1, A = 10 (b) m = 1, n = 3, A = 10

Figure 4. Particle motion modes distribution results with A = 10.

3. Dynamics of the Particle

The previous analysis shows that, once the geometric conditions of the thin plate
are determined, there may be three different motion modes of particles with zero initial
velocity on the thin plate under the excitation of a certain characteristic frequency, and the
distribution of particles in the bouncing, sliding, and fixed areas is uniquely determined
under the condition that the excitation signal remains unchanged. The dynamics of particles
in the sliding area are examined in the following analysis.

On the particle sliding area, the velocity vT of any material point in the sheet surface
is described as:

vT(x, y, t) = vTxex + vTyey (9)

The velocity of particles vP on the plane is described as:

vP(x, y, t) = ẋPex + ẏPey (10)

The sliding friction force of particles in two directions of the plate plane can be ex-
pressed as:  fx = −µN (vP−vT)

|(vP−vT)|
ex

fy = −µN (vP−vT)
|(vP−vT)|

ey
(11)

which is defined according to the component of the difference between particle velocity vP
and plate velocity vT on the x, y directions, respectively.
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The particle dynamics in the vertical direction and x-y planes are given in Equation (4).
The particle dynamics model under sliding mode can be obtained simultaneously using
Equations (4) and (11) as follows:

ẍP = −µ(aTz(x, y, t) + g) (ẋP−vTx(x,y,t))√
(ẋP−vTx(x,y,t))2+(ẏP−vTy(x,y,t))2

ÿP = −µ(aTz(x, y, t) + g)
(ẏP−vTy(x,y,t))√

(ẋP−vTx(x,y,t))2+(ẏP−vTy(x,y,t))2

(12)

In this way, the interaction between the particle and plate N can be eliminated.
In Equation (12), the velocities of the thin plate material point in the x and y directions

can be obtained by integrating the corresponding acceleration components, which have
been shown in Equation (8).{

vTx =
∫

aTx(x, y, t)dt =− Aωmn
mπh

2l cos(ωmnt) cos mπx
l sin nπy

l
vTy =

∫
aTy(x, y, t)dt =− Aωmn

nπh
2l cos(ωmnt) sin mπx

l cos nπy
l

(13)

Substituting the velocity expression of the material point in Equation (13) into Equation (12),
we can obtain the specific expression of the particle motion model in the sliding area of the
acoustic driven thin plate as follows:

ẍP = −µ(−Aω2
mn sin(ωmnt) sin mπx

l sin nπy
l + g)∗

(ẋP+Aωmn
mπh

2l cos(ωmnt) cos mπx
l sin nπy

l )√
(ẋP+Aωmn

mπh
2l cos(ωmnt) cos mπx

l sin nπy
l )

2
+(ẏP+Aωmn

nπh
2l cos(ωmnt) sin mπx

l cos nπy
l )

2

ÿP = −µ(−Aω2
mn sin(ωmnt) sin mπx

l sin nπy
l + g)∗

(ẏP+Aωmn
nπh
2l cos(ωmnt) sin mπx

l cos nπy
l )√

(ẋP+Aωmn
mπh

2l cos(ωmnt) cos mπx
l sin nπy

l )
2
+(ẏP+Aωmn

nπh
2l cos(ωmnt) sin mπx

l cos nπy
l )

2

(14)

In addition, when particles are in the fixing area on the plate, the movement of particles
is the same as that of the thin plate material point; that is to say, vT(x, y, t) = vP(x, y, t).
Furthermore, the particle dynamics of sliding motion governed by Equation (14) is analyzed.
Here, the first vibration mode (m = n = 1) was applied, and the corresponding excitation
frequency was f = 126.5475 Hz. The simulation step size and termination time were,
respectively, set as ∆t = 1× 10−5 s, t = 5 s. In particular, the acoustic amplitude A = 0.1,
and the initial velocity of particles in two directions was set as ẋp = 0.0001, ẏp = 0.0001.

Notably, all of the starting points of the simulations were set at the sliding regions so
that the derived dynamics model was valid. Figures 5a and 6a reflect the particle trajectory
of the two simulations, respectively, within 5 s. In Figure 5a, the start point is (0.01, 0.01)
and the terminal point is (0.01, 0.0197). The trajectory is located at the region of the first
quadrant of the thin plate. It can be seen that, although the particle produces a displacement
of one centimeter in the sliding area, the track changes constantly as the trajectory enlarges,
as shown in Figure 5a. Complementarily, Figure 5b,c express that the velocities along x
and y directions change strongly, which shows that the particle motion on the thin plate
has a high speed variation and great uncertainty. Another start point is chosen at the third
quadrant of the thin plate shown in Figure 6a–c, whose trajectory starts at (−0.01, −0.02)
and ends at (−0.0099, −0.0097), and similar rules can be drawn. Moreover, the particle
motion trajectory in the sliding area is always in the positive direction of the y-axis. As a
result, the motion of the particle in the sliding region of the driven plate has a strong
uncontrollability and variability, and, regarding any sliding area on the thin plate, such
motion trajectory and features exist.
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Figure 5. Particle trajectory simulation in sliding region of the first quadrant.
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(c) Velocity in y direction

Figure 6. Particle trajectory simulation in sliding region of the third quadrant.

4. Particle Trajectory Control Based on Ladrc

Micro-nano particle motion on the driven thin plate is a rather complicated process,
and it is also a very challenging problem for particle kinematics modeling. From the mod-
eling and analysis in Section 3, during particle movement, the velocity and displacement
direction of the particle are both constantly changing. Hence, the particle is in irregular mo-
tion. In order to further follow the particle trajectory and realize the basic linear trajectory
control, the LADRC algorithm is applied in this section [38,39].

4.1. Control Algorithm and Mechanism

From the particle dynamic model derived above, the acoustic signal is an important
quantity used to control the particle trajectory. The excitation frequency and amplitude
of the driven signal are the important control variables. Nevertheless, if the signal of
the driving frequency is changed randomly, the distribution of particle motion modes
will change significantly, so the control process should be carried out under a certain
frequency. In this sub-section, we chose the first order vibration mode as it has the larger
continuous sliding region (2.5 cm × 1 cm) in each quadrant of the plate coordinate plane.
Therefore, the amplitude A was considered as the controlling variable of the particle
trajectory control task.

As a description, the mechanism of the control task for the linear trajectory is shown
in Figure 7. According to the mechanism, the line reference track is set as the orange dotted
line shown in Figure 7, and any point on it is marked as (xr, yr). The particle path based
on the sliding mathematical model is indicated by the blue solid line, and any point of it
is represented by (xp, yp). Assume that the blue arrow indicates the direction of particle
movement. The distance between the reference track and particle path is4d, characterizing
the tracking error. Consequently,
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∆d2 = (xP − xr)
2 + (yP − yr)

2. (15)

On the other hand, the included angle between the reference track and x-axis is ϕr. The in-
cluded angle between the particle path and x-axis is ϕP. ϕr and ϕP are, respectively,
defined as {

ϕr = arctan( yr
xr
)

ϕP = arctan( yp
xp
)

. (16)

During trajectory control, if the conditions ∆d ≈ 0 and ϕp − ϕp ≈ 0 are all well-
controlled, the particle path will follow the reference track. For the control problem
discussed in this paper, the amplitude A was used to control the movement of the particle
in x and y directions. Further, the non-linear combination was designed for performing
this under-actuated control problem as

E = ∆d2 + K ∗ (ϕP − ϕr) (17)

in which, K is an adjustable positive factor. According to the geometric mechanism and the
proposed non-linear combination, when a good control effect is achieved, E = 0, so E = 0 is
the control target. As the controller of LADRC does not need precise information, the order
of the controlled system is necessary. Then, we will solve this relationship. Combining
Equations (14)–(17),

Ë = (∆d2)
′′
+ K ∗ (arctan(

yp

xp
)− arctan(

yr

xr
))
′′

(18)

O

Y

X

d


r

( , )r rx y

( , )p px y

Figure 7. Mechanism of linear trajectory control.

Finally, a second-order system can be obtained as

Ë = f (ẋP, ẏP, xP, yP, τ(A)) + b1 A (19)

in which, f (ẋP, ẏP, xP, yP, τ(A)) is regarded as the disturbance of the system, and b1 is a
constant. Based on the LADRC, the control core is used to estimate the disturbance and
ignore disturbance. Set x1 = E, x2 = Ė, x3 = f , and define the following system:

ẋ1 = x2
ẋ2 = x3+b1 A
ẋ3 = ḟ

(20)
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Then, the corresponding linear expanded state observer (LESO) was designed as below:
ż1 = z2 − 3ωo(z1 − x1)
ż2 = z3 − 3ω2

o(z1 − x1)+b1 A
ż3 = −ω3

o(z1 − x1)
(21)

in which, z1, z2, z3 are, respectively, the estimated values of x1, x2, x3. By adjusting the ωo,
the observer bandwidth, then an ideal estimated effect z3 ≈ f (ẋP, ẏP, xP, yP, τ(A)).

Consequently, the following control law is proposed:

A =
Kp(−z1) + Kd(−z2)− z3

b1
(22)

where Kp and Kd are the feedback control gains.

4.2. Control Results Simulation

Section 4.1 explains the control principle and concept. The path following task for
the sliding region is implemented here. The start point must be located on the sliding
region of the thin plate during this process, and a reference trajectory must be established
first. The ultimate position of the particle should also be within the sliding area to ensure
the validity of the particle model. From Figure 3, the particle sliding region is regularly
distributed on the surface of thin plate. Here, two cases of different starting points and
reference paths are displayed, whose routes are located in various sliding areas of the
thin plate.

For the first case, the start point was set as (0.001, 0.011), located in the first quadrant
of the sheet coordinates, xr = 0.001− 0.0001t, yr = 0.011 + 0.007t, the reference trajectory.
The relative parameters were b1 = 30, ω0 = 3.5, Kp = 45, Kd = 25, K = 80. The start
point of the second case was placed as (−0.001, 0.001), the second quadrant of the sheet
coordinates, xr = −0.001− 0.0001t, yr = 0.001 + 0.009t, the reference trajectory, and the
relative parameters were b1 = 11, ω0 = 3.5, Kp = 8, Kd = 25, K = 3.1. The orange track
represents the reference trajectory in the simulation results given in Figures 8a and 9a;
the blue dotted line track represents the tracking outcomes. It is worth mentioning that
the particle trajectory can not only complete the tracking task, but also the displacement
direction will not change frequently. From the comparison between the particle trajectory
and reference trajectory, the particle traces the reference track under the control mechanism
described in Section 4.1, and is guided by the control law to travel within the permissible er-
ror range. Additionally, the control target E = 0 is also checked, as shown in the simulation
results in Figures 8b and 9b, and the control results (actual A) for two cases are, respectively,
reported in Figures 8c and 9c. It can be seen that the designed non-linear combination
E is approximately equal to 0, which further reflects the control effects. On the whole,
the particle trajectory can be controlled by LADRC with necessary mathematical support.
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Figure 8. Control effects with initial conditions (xP = 0.001, yP = 0.011).
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5. Conclusions

Acoustic manipulation is regarded as a novel method for controlling micro-nano
targets, with little theoretical research and analysis available. This paper is concerned with
particle motion on a thin plate and its control based on an acoustic signal driving it. First, a
particle-based plate space coordinate system was created. The modes of particle motions
on driven plates were identified by combining particle Newton kinematics analysis with
the theory of thin plate vibration. The motions of bouncing, sliding, and fixing on the
plate were uniquely determined under a specific vibration mode when the corresponding
mathematical conditions were met. Furthermore, the rules of modes distributions according
to the frequencies and amplitudes were summarized. Next, on the region of the particle
sliding mode, the particle dynamics was deduced, and its trajectory characteristics were
also revealed through numerical simulations. Finally, the particle path following control
was performed using the LADRC method, resulting in a preliminary control effect for linear
trajectory. More accurate and complex path control will be a key issue to discuss in the
future to direct practical applications.
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