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Abstract: For the mission requirement of collision-free asteroid landing with a given time of flight
(TOF), a fast generation method of landing reachable domain based on section and expansion is
proposed. First, to overcome the difficulties of trajectory optimization caused by anti-collision path
constraints, a two-stage collision-free trajectory optimization model is used to improve the efficiency
of trajectory optimization. Second, the velocity increment under a long TOF is analyzed to obtain
the distribution law of the reachable domain affected by the TOF, and the generation problem of the
reachable domain is transformed into the solution problem of the initial boundary and the continuous
boundary. For the initial boundary, the section method is used to acquire a point on the boundary as
the preliminary reachable domain boundary. The solution of continuous boundary is based on the
initial boundary continuously expanding the section into the reachable domain until the boundary is
continuous. Finally, the proposed method is applied to the asteroids 101955 Bennu and 2063 Bacchus.
The simulation results show that this method can quickly and accurately obtain the reachable domain
of collision-free asteroid landing in a given TOF and is applicable to different initial positions.

Keywords: collision-free asteroid landing; given time of flight; reachable domain; section and
expansion method; trajectory optimization

MSC: 70F05

1. Introduction

Asteroid exploration is the main way to understand the formation and evolution of
the solar system, which is of great significance to the development and utilization of space
resources and the defense against asteroid impact threats [1–3]. Asteroid sample return
missions have attracted the attention of space-faring powers, such as the ongoing OSIRIS-
Rex mission [4] of the United States and the Japanese Hayabusa2 mission [5] that landed
on the surface of the near-Earth asteroid Ryugu and has successfully sampled and returned.
The landing of the spacecraft on the asteroid surface to collect the high-resolution data
and soil samples is a crucial step of the asteroid sample return mission. In the OSIRIS-REx
mission, in order to select the most suitable landing site, the ground personnel screened
and compared four sampling areas on the surface of the asteroid Bennu. These landing
sites are controllable within the landing range that the spacecraft can reach, so they can be
regarded as feasible candidate landing sites [6]. Therefore, the generation and analysis of
the reachable domain of the asteroid surface are of great significance in landing site selection
and mission planning [7]. The reachable domain refers to the set of terminal positions that
the spacecraft can reach under given initial conditions and constraints. At present, it is
mainly obtained by solving a series of trajectory optimization problems [8]. Benito and
Mease [9] defined the reachable set and the controllable set and introduced the calculation
method. The reachable set is obtained by the grid detection method. By defining boundary
constraints, control constraints, path constraints, and cost functions, a large number of
trajectory optimization is performed according to the resolution of each mesh. Arslantaş
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and Oehlschlägel [10] used the optimization-based method to calculate the reachable set
of nonlinear system dynamics with constraints, which was used in the terminal landing
phase for the lunar mission. The state space is discretized by equidistant grid points, and a
distance function is defined for each grid point as the objective function to solve the feasible
trajectory. The above two methods [9,10] need a lot of time to solve the reachable domain.
Chen and Qiao [11] used an improved method to solve the envelope of the reachable
domain of spacecraft after a gravity-assist flyby. It is determined whether the reachable
domain intersects with the orbit of a planet to indicate whether the spacecraft can fly over
the planet. Lee and Hwang [12] proposed a new algorithm for calculating the reachable
set of spacecraft relative motion with energy-limited low thrust. By deriving the analytical
solution of the optimal control problem, and applying the ellipsoid approximation method,
the inner and outer two ellipsoids approaching the exact boundary of the reachable set
are obtained, which effectively solves the problem of large computational complexity in
solving the reachable set. It should be noted that the application of the analytical solution
is any relative dynamic model in which the transfer matrix is available and analytically
integrable. The reachable domain can be used not only to solve reachable terminal positions
but also to design the low-thrust trajectory. Kulumani and Lee [13] designed continuous
low-thrust transfers between asteroid periodic orbits by using reachable sets generated on a
lower dimensional Poincare surface. The calculation of the reachable set reduces the need to
generate accurate initial guesses for optimization and only needs to select a trajectory with
the smallest distance to the target from the reachable set as the optimal transfer trajectory.

At present, the existing generation methods of reachable domain mainly take Earth,
Mars, and the moon as landing objects, and the relevant research on the landing reachable
domain of asteroid surface is less [8]. Wen and Zeng [14] obtained the landing reachable
domain of the hopping rover after one maneuver on the asteroid surface and when it
naturally evolves to rest through numerical simulation. This is different from the case of
solving the reachable domain of soft landing on the asteroid surface under thrust control
in this study. Huang and Liang [8] proposed a reachable domain generation method
based on a dynamic neighborhood search. Specifically, the optimization problem of the
reachable domain is transformed into three subproblems: the calculation of the landing
point with minimum fuel consumption, the calculation of the landing point when fuel
is exhausted, and the dynamic neighborhood search for the reachable domain boundary.
This method can obtain the landing reachable domain of the asteroid surface with high
efficiency. However, the landing trajectory optimization process in this method [8] does not
consider the anti-collision path constraint.

The choice of landing trajectory optimization method is important for solving the
reachable domain. When the initial state of the spacecraft is known, it is necessary to
quickly obtain the reachable domain on the asteroid surface in a given time of flight (TOF)
before the powered descending. Therefore, it is necessary not only to optimize the solution
method of the reachable domain but also to select an energy-efficient landing trajectory
optimization method. In the existing research, the energy-optimal problem is mostly
studied by the optimal control theory and has various applications. In the transport mission,
the minimum-energy trajectory can maximize the energy efficiency of the transport [15].
For robots working in special environments, energy consumption must be considered
in the design phase to ensure the completion of tasks. Energy consumption caused by
both motion and communication belongs to the field of energy-optimal problems [16].
Additionally, it is important to minimize energy consumption and extend the network life
cycle in wireless networks [17]. The optimal energy control problem is also widely studied
in astrophysics. In recent years, fast trajectory optimization methods for collision-free
asteroid landing in the gravitational field have been studied [18–23]. The algorithm based
on convex optimization [18–20] has the problem that as the flight distance increases, the
variables of the optimization model also increase significantly, resulting in the low efficiency
of long-distance trajectory optimization [19]. The anti-collision path constraints [19,20] are
expressed as the combined constraints of ellipsoid/sphere and glide slope. Zhang and
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Zhang [21] designed a saturated adaptive six-degree-of-freedom control law suitable for
collision-free asteroid landing by separating the spacecraft from the asteroid using the
designed curved surface to avoid collision. However, the control is not optimal. Zhu and
Yang [22] proposed a new guidance method for avoiding danger by improving the artificial
potential function and designed an anti-collision zone with continuity and rapid numerical
change rate that can effectively prevent the spacecraft from falling into the local minimum
area in complex terrain. The authors [23] proposed a new two-stage collision-free trajectory
optimization method based on the indirect method by using the two-stage anti-collision
path constraint composed of the ellipsoid and the glide slope [20] that can quickly generate
the energy optimal trajectory. According to the anti-collision path constraint, the whole
flight process is divided into the descent stage and the final landing stage, and the trajectory
optimization problem is transformed into a two-stage energy optimal control problem with
the given TOF. The approximate analytical solution of the initial costate [24] provides the
guess of the initial costate for the trajectory optimization in the descent stage and directly
serves as the initial costate of the final landing stage, which simplifies the complexity of the
path constraint and improves the efficiency of trajectory optimization.

Before the powered descending, it is needed to generate and analyze the landing
reachable domain with different flight times to determine whether the landing site can be
reached. This requires trajectory optimization for all points on the asteroid surface, and
every time the TOF is changed, the trajectory optimization of all surface points must be
solved again, resulting in low efficiency. To this end, a method was proposed for quickly
generating the landing reachable domain within a given TOF. To overcome the difficulty
of landing trajectory optimization caused by anti-collision path constraints, a two-stage
collision-free trajectory optimization method [23] was used to improve the efficiency and
convergence of the optimization problem. Here, by analyzing the velocity increment under
a long TOF, the distribution law of the reachable domain affected by TOF is obtained, so the
generation of the reachable domain is simplified to the solution of the initial boundary and
the continuous boundary. The initial boundary is defined as the boundary of the reachable
domain preliminarily obtained by the section method. In view of the irregular shape
of asteroids and the uneven gravitational field, the reachable domain usually presents a
complex shape, and the boundary obtained by a one-time solution is usually difficult to
clearly describe the boundary of the reachable domain. Therefore, it is proposed that the
initial boundary is continuously extended to the interior of the reachable domain until the
boundary is continuous to obtain the final continuous boundary. Finally, the proposed
method is applied to the asteroids Bennu and Bacchus to verify the effectiveness and
efficiency of the method.

2. Trajectory Optimization for Collision-Free Landing
2.1. Dynamic Models and Constraints

An asteroid-fixed coordinate system o-xyz with the mass center o of the asteroid as
the coordinate origin is defined, of which the three axes are aligned with the three principle
axes. Assume that asteroids uniformly rotate around the axis of maximum moment of
inertia, and the motion equations of a spacecraft in the frame o-xyz are [24]

.
r = v
.
v = −2ω× .

r−ω× (ω× r) + g(r) + Tmaxuα
m.

m = − Tmaxu
Ispg0

, (1)

where r = [x, y, z]T is the position vector, v = [vx, vy, vz]T is the velocity vector, and m is the
mass of the spacecraft system, respectively. Vector ω = [0, 0, ω]T is the angular velocity of
the asteroid, g(r) is the gravitational acceleration, Tmax represents the maximum magnitude
of the thrust, u ∈ [0, 1] is the thrust ratio, α is the direction of the thrust, Isp is the specific
impulse, and g0 = 9.80665 m/s2 is the standard gravity.
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Assume that the initial state vector of the spacecraft is known and expressed as

r(0) = r0 v(0) = v0 m(0) = m0. (2)

In this study, the reachable domain is defined as a set of points on the surface of an
asteroid that can be reached. Based on the used polyhedron model, points on the surface of
an asteroid are represented by the center of the surface triangle on the polyhedron, that is

(rc)i =
(r1)i + (r2)i + (r3)i

3
i = 1, 2, . . .N f , (3)

where r1, r2, and r3 are three vertexes of a triangle, i stands for the i-th triangle, and Nf
represents the total number of surface triangles of the selected polyhedral model. Then, for
the soft landing problem with a given flight time tf, the final state vector of the spacecraft is
known and written as

r(t f ) = rc v(t f ) = 0. (4)

Due to the irregular gravity field and the rotation of the asteroid, it is necessary to set
anti-collision path constraints to prevent the spacecraft from colliding with the asteroid’s
surface during landing. The anti-collision path constraints are defined as the combination
of external ellipsoid constraint and glide-slope constraint [20], which are respectively
expressed as

r(t)TRer(t) ≥ 1 , (5)

[r(t)− rc]
Tn

‖r(t)− rc‖‖n‖
≥ cos `, (6)

where Re means diagonal matrix, with Re = diag( 1
a2 , 1

b2 , 1
c2 ), and a, b and c are the semiaxis

of the ellipsoid. Vector n is the outer normal vector of the triangle on the asteroid surface,
and θ is the conical angle of the glide-slope constraint.

2.2. Two-Stage Simplified Method for Collision-Free Trajectory Optimization

In this study, the energy-optimal trajectory optimization problem for collision-free
asteroid landing is considered, and the two-stage simplified solution method [23] proposed
by authors in the previous research is used to solve this problem. In this method, the aster-
oid landing process is divided into the descent stage that satisfies the ellipsoid constraint
and the final landing stage that flies in the ellipsoid and meets the glide-slope constraint.
In the descent stage, the approximate initial costate of the generalized gravity-free energy-
optimal control problem [24] is employed as the initial guess. In the final landing stage,
the approximate analytical solution [24] can directly provide initial costate and the energy
consumption for the optimal trajectories.

To plan the two-stage energy-optimal trajectory, the performance index is [23]

J = J1 + J2 = λ0

∫ tp

0
u2 dt+

1
2

∫ t f

tp
aTa dt, (7)

where J1 and J2 are the performance index of the energy-optimal control problem in the
descent stage and the gravity-free energy-optimal control problem [24] in the final landing
stage, respectively, λ0 = Tmax

2/2m0
2 is a positive numerical factor that does not inherently

change the optimal problem [25], m0 is the initial mass of the spacecraft, tp is the flight time
of the descent stage, and a is the control acceleration of the final landing stage.

For the energy-optimal control problem in the descent stage, the costate λ(t) satisfies
.
λr = ω×(ω×λv)− ∂

∂r (λv · g(r)).
λv = −λr + 2λv ×ω
.
λm = λv · Tmaxuα

m2

, (8)



Mathematics 2022, 10, 3763 5 of 20

where the costate λ(t) = [λr, λv, λm]T correspond to the state X(t) = [r, v, m]T. The optimal
thrust direction α and the optimal thrust magnitude u are

α = − λv

‖λv‖
, (9)

u =

{
æ i f æ < 1
1 i f æ ≥ 1

, (10)

where ρ is the switching function, expressed by

ρ =
1

2λ0
(

Tmaxλm

Ispg0
+

Tmax‖λv‖
m

). (11)

In addition, according to the transversality condition, the final mass costate of the
descent stage can be written as

λm(t f ) = 0. (12)

For the gravity-free energy-optimal control problem [24] in the final landing stage, the
initial costate λ(t0) = [λr0, λv0, λm0] can be solved by

λr0 =
6(tp f vp+2rp−2rc)

t3
p f

λv0 =
2(2tp f vp+3rp−3rc)

t2
p f

λm0 = 1
m0

(
1
3 λr0 · λr0t3

p f − λr0 · λv0t2
p f + λv0 · λv0tp f

) , (13)

and the optimal-control acceleration a* is obtained as

a∗ =
6
(

tp f vp + 2rp − 2r f

)
t3

p f
t−

2
(

2t f vp + 3rp − 3r f

)
t2

p f
, (14)

where tpf is the flight time of the final landing stage, rp and vp are the final position and
velocity of the descent stage, respectively. When rp and vp are determined, by solving
Equations (13) and (14), the energy consumption J2 and initial costate of the final landing
stage can be analytically obtained, while the trajectory is required to satisfy the glide-
slope constraint given by Equation (6). Since the landing state and flight time are fixed,
the trajectory only changes with rp and vp, i.e., the trajectory satisfying the glide-slope
constraint can be obtained by changing rp and vp. In the descent stage, known the initial
state in Equation (2) and flight time tp, if the initial costates of this stage are given, the
trajectory and rp and vp can be obtained by integrating Equations (1) and (8), thereby
generating the trajectory of the final landing stage by rp and vp. Under the conditions that
the trajectory satisfies the path constraint of the descent stage, and rp and vp make the final
landing stage satisfy the anti-collision path constraint, the initial costate that minimizes the
energy consumption J of the two stages is found. Then, the problem can be solved.

The numerical integration method used above is the fourth-order Runge–Kutta al-
gorithm with fixed step size. The optimal trajectories of anti-collision landing fulfill the
following constraints: the dynamic constraints described by Equations (1), (8), and (13),
initial-final state constraints described by Equations (2)–(4), anti-collision path constraints
in Equations (5) and (6), the transversal condition described by Equation (12), and thrust
magnitude constraint. The gradient descent method [26] is used to solve this problem,
which can be performed by a nonlinear programming solver such as fmincon of the Matlab
functions. Using the fmincon algorithm to solve this problem can be expressed as finding the
initial costates that make the objective function, i.e., the two-stage energy consumption J,
obtain the minimum value under the conditions of satisfying the above nonlinear inequality
and equality constraints.
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The feasibility of the trajectory optimization method depends on the error between
the approximate analytical solution and the optimal solution in the final landing stage. The
simulation results [23] show that the mean absolute error between them is less than 0.05,
which means that the trajectories obtained by these two solutions are very close, and the
convergence rate of the optimal trajectories can reach 96.4%. Because the anti-collision
trajectory optimization problem has strong nonlinearity, compared with the traditional
random guess method which is difficult to converge, the trajectory optimization algorithm
has excellent performance.

3. Generation Method of the Reachable Domain

Through the above trajectory optimization method, the set of landing points with
feasible solutions within a given TOF constitutes the landing reachable domain, which
is expressed as Uc(tf). The obtained Uc(tf) is a set of terminal positions r(tf) satisfying
constraints described in the previous section.

Solving times of feasible solution of landing trajectory depends on the number of
surface triangles of the polyhedron model. The higher the model accuracy, the finer the
division of surface triangles, that is, the more triangles, which leads to a large amount of
computation and time-consuming to obtain the feasible solution of all surface points to
obtain the reachable domain. To improve the efficiency of solving the reachable domain,
this paper proposes to obtain the reachable domain boundary based on the distribution
law of the reachable domain. The boundary roughly divides the asteroid surface into two
parts with and without feasible solutions, and the former is the reachable domain of the
required solution.

The reachable boundary is solved based on the section method and the expansion
method. The section method is used to determine the rough boundary preliminarily. Since
the boundary extracted by the section method is located at the edge of the reachable
domain, it is difficult for the landing sites with the feasible solution to accurately describe
the boundary contour. In order to improve the accuracy of the obtained reachable domain,
an expansion method is proposed, that is, by expanding the initial boundary to the region
with the feasible solution in the form of the section, the final continuous boundary is
obtained. The method transforms the trajectory optimization problem of a large number
of points in the region into that of a few points constituting the boundary, which avoids
solving the feasible solutions of all points on the asteroid surface, and greatly reduces
the amount of calculation on the premise of satisfying the high-precision solution of the
reachable domain.

3.1. Initial Boundary of the Reachable Domain

The strategy of solving the boundary to obtain the reachable domain is based on the
analysis of the distribution law of the reachable domain. By solving the distribution of the
velocity increment of points with the feasible solution on the asteroid surface under the
long TOF, the distribution law of the reachable domain affected by the TOF is obtained.
The longer TOF is chosen to ensure that most of the points on the asteroid’s surface have
feasible solutions. Velocity increment refers to the initial and final velocity variation of the
landing trajectory with the feasible solution. It can be seen from Figure 1 that the velocity
increment increases with the increase in the distance between the initial position and the
landing site of the spacecraft. At the same time, the change in the velocity increment
depends on the flight time; that is, when the flight time is short and it is difficult to reach a
large velocity increment, it can be considered that the landing site in the region with large
velocity increment does not have a feasible solution. Therefore, the numerical variation law
of velocity increment can be regarded as the variation law of the asteroid surface region
that the spacecraft can reach limited by the TOF. In Figure 1, taking Bacchus as an example,
the distribution of the velocity increment of the spacecraft landing on the asteroid surface
from different initial positions and the same longer TOF is described. The initial velocity
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of the spacecraft is assumed to be 0, and the black dot in the figure represents the initial
position.

Figure 1. Velocity increment distributions at different initial positions. (a) Over the North Pole.
(b) Over the Equator. (c) Over the mid-latitude region.

According to the above analysis, it is concluded that the landing reachable domain
increases with increasing flight time, and its distribution on the asteroid surface is closely
related to the initial position of the spacecraft. The reachable domain boundary is deter-
mined by the position of any point on the boundary. Specifically, taking the distance from
the point to the initial position as the radius, applying an upper and lower deviation to
the radius to obtain a radius range, taking out the points on the asteroid surface within
the radius range, and obtaining the reachable domain boundary by solving the feasible
solution. At this time, the key to the problem is to determine the position of any point on
the boundary.

Take out a group of asteroid surface points that change with the distance from the
initial position, expressed as P(d), as shown by the yellow dot in Figure 2a. Then obtain a
point on the reachable domain boundary by successively calculating the feasible solutions
of these points. Since the reachable domain boundary refers to the edge of the region
composed of the asteroid surface points with feasible solutions, the last point with feasible
solutions in P(d) is the point on the boundary. In order to obtain uniformly and continuously
distributed P(d), a plane section method is proposed that is defined as a method of obtaining
two parallel planes after a plane is translated by the same distance along the normal vector
of the plane in two opposite directions. The translation distance is determined by the size
of the triangle on the asteroid surface and is generally taken as one half of the height h
of the triangle to ensure the uniform and continuous distribution of points between the
two planes. Thereby, the plane passes through the mass center of the asteroid, and the
normal vector of the plane is perpendicular to the vector from the initial point to the mass
center of the asteroid. As shown in Figure 2a, the two parallel planes are obtained by the
plane section method, and the yellow dot between the planes is P(d). The points with
feasible solutions in this group of points are shown as yellow “o” in Figure 2b. It should be
pointed out that landing points with feasible but scattered solutions will be ignored when
taking a point on the boundary. This is because the gravitational field near the asteroid
is irregular, and the surface points of the asteroid with feasible solutions are not strictly
within a certain region. Inevitably, some points fall outside the reachable domain obtained
by the distribution law, and these points are scattered and small in number. Therefore, the
scattered points are all ignored in this study. After removing the scattered points “o” in
Figure 2b, the point “o” farthest from the initial position is a point on the boundary. The
basis for determining whether a point is a scattered point is whether the distance between
adjacent points exceeds 3h.
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Figure 2. Use of the section method. (a) Solving a point on the initial boundary by the section method.
(b) A group of asteroid surface points used to solve the initial boundary. The yellow “o” stand
for points with feasible solutions between parallel planes. The green “∆“stand for points between
parallel planes when solving initial boundary.

After determining a point on the boundary, the radius r0 is calculated, and the reach-
able domain boundary is obtained by using the circle section method, which is a method
of obtaining the asteroid surface points between large and small radii by increasing and
decreasing the radius by the same size. The size of increase and decrease is generally taken
as one half of h, that is, the value range of radius r obtained is {r|r0 − h/2 ≤ r ≤ r0 + h/2}.
This makes the number of points needed to solve the reachable domain boundary less and
evenly distributed, and it greatly reduces the time consumption for solving the optimiza-
tion problem. The obtained group of asteroid surface points is expressed as P(r), as shown
by the green “∆“ in Figure 2b. The reachable domain boundary can be obtained by taking
out the points with feasible solutions.

However, since this group of points is located at the boundary between the points
with feasible solutions and those without feasible solutions, the probability of occurrence of
the two cases with and without feasible solutions is the same, which leads to the possibility
that the points with feasible solutions may be discontinuous as the reachable domain
boundary and the boundary description may not be clear. Discontinuity means that the
distance between adjacent points is too large. In order to ensure computational efficiency
and improve the accuracy of the boundary, the obtained boundary is defined as the initial
boundary, and on this basis, the continuous boundary is obtained by extending to the
region with the feasible solution.

3.2. Continuous Boundary of the Reachable Domain

The specific process of extending the initial boundary to the continuous boundary is
as follows. First, the distance between adjacent points on the initial boundary is used to
determine whether it is continuous. When the distance is less than 3h, it is continuous;
otherwise, it is discontinuous. If any adjacent points are continuous, the initial boundary is
the required final continuous boundary, and the reachable domain can be obtained. If it is
not continuous, the extension method is used. Since the region composed of points with
feasible solutions is the region close to the initial position in the two-part region divided
by the boundary, the expansion method is to reduce the radius r to obtain a continuous
boundary composed of points with feasible solutions.

The radius r1 is obtained by reducing r by h, and the value range obtained by the
circular section method is {rr1 |r0 − 3h/2 ≤ rr1 ≤ r0 − h/2}, so as to obtain a group of
asteroid surface points after the first expansion, expressed as P(r1). Points between all
discontinuous points on the initial boundary are extracted from P(r1) along the vector
direction from the asteroid centroid to the initial position. Through trajectory optimization,
the obtained points with feasible solutions and the initial boundary form the boundary after
the first expansion. Judge whether the boundary is continuous or not. If it is continuous,
the final continuous boundary is obtained; otherwise, it continues to expand. The radius r2



Mathematics 2022, 10, 3763 9 of 20

is obtained by reducing r1 by h, and the value range obtained by using the circular section
method is {rr2 |r0 − 5h/2 ≤ rr2 ≤ r0 − 3h/2}, so as to obtain a group of asteroid surface
points P(r2) after the second expansion. The points between discontinuous points in the
boundary are taken out along the vector direction. The obtained feasible solution and the
boundary after the first expansion form the boundary after the second expansion. Repeat
the above process until the obtained boundary is continuous. From the above expansion
process, it can be seen that the height h of the triangle on the asteroid surface is taken as an
expansion unit because this expansion unit can appropriately take out a layer of asteroid
surface points, and its number and distribution state are the most suitable for solving the
boundary.

Figure 3 shows the expansion process that the initial boundary is expanded twice to
obtain a continuous boundary. In Figure 3a, “0” represents the initial boundary, and “1”
and “2” represent the boundary obtained after the first and second expansion, respectively.
Judging that “2” is a continuous boundary by the distance between adjacent points, the
expansion stops and the reachable domain is obtained. Figure 3b highlights the specific
expansion process of discontinuous adjacent points. Taking the extension of the “a” part
with the discontinuous initial boundary as an example, after P(r1) is obtained, the points
between green planes perpendicular to the paper surface are taken out according to the
direction indicated by the arrow, and the points with feasible solutions form the boundary
of this part. The direction indicated by the arrow is the vector direction from the mass
center of the asteroid to the initial position. After determining the discontinuity of the
“b” part in the boundary according to the distance, it continues to expand to obtain P(r2),
and then takes out the points between red planes perpendicular to the paper according to
the direction indicated by the arrow. At this time, the points with feasible solutions are
continuous, and we can know that the continuous boundary of the “a” part is obtained
after expanding it twice. The red dot in Figure 3b represents the points with the feasible
solution obtained by trajectory optimization of all points on the asteroid surface.

Figure 3. Use of the extension method. (a) The extension from the initial boundary to the continuous
boundary. (b) The extension of the “a” part. “0” represents the initial boundary, and “1” and “2”
represent the boundary obtained after the first and second expansion, respectively.

4. Simulation Results and Analysis

The section and extension method is applied to obtain the reachable domain of the
top-shaped asteroid Bennu and the elongated asteroid Bacchus to verify the effectiveness
of the proposed method. All the simulations are implemented on a desktop computer
with Intel Core i9-7920X CPU @2.90 GHz. To quickly calculate the gravitational field of the
asteroids, the 2nd order spherical harmonic model and the rotating mass dipole model [27]
be applied, respectively. For the spacecraft, the initial mass is 2000 kg, the maximum thrust
Tmax = 20 N, the engine specific impulse Isp = 400 s, and the scaling is used, where the
length scaling factor LU is set to 246 m and 1 km, respectively, and the time scaling factor

TU =
√

LU3

µ0
s [24].
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4.1. Applications to 101,955 Bennu

The rotation period of Bennu is 4.288 h and the average diameter is 492 m. A polyhe-
dron model with 1348 vertices and 2692 faces is used in this paper. The number of faces
is the number of target landing points. Taking energy optimization as the performance
index, the trajectory optimization problem of collision-free asteroid landing is solved. 2692
trajectories need to be optimized when solving the landing reachable domain, which is
extremely time-consuming. Therefore, the section and expansion method is used to obtain
the boundary to improve the efficiency of the reachable domain under the given TOF. In
order to fully reflect the effectiveness and applicability of the proposed reachable domain
generation method, the initial positions of the spacecraft are selected to be above the North
Pole, the Equator, and the mid-latitude region of the asteroid, which are [0 0 0.8] T km, [0.8
0 0] T km and [0.6 0 0.5] T km respectively. The initial velocity is set to 0 m/s.

4.1.1. Initial Boundary

The initial boundary is determined according to the distribution of velocity increment
with a long TOF. As shown in Figure 4, the velocity increment distribution at different
initial positions when tf = 1200 s and the TOF of the final landing stage is 200 s. It can be
seen from the figure that at different initial positions, the velocity increment increases with
the increase of the distance from the initial position. Therefore, the section method can be
used to obtain a point on the initial boundary of the reachable domain.

Figure 4. Distribution of velocity increment with different initial positions at tf = 1200 s. (a) Over the
North Pole. (b) Over the Equator. (c) Over the mid-latitude region.

The process of taking a point on the boundary using the section method is shown
by the yellow connecting line in Figure 5. Yellow “o” represents the points with feasible
solutions between planes. After ignoring the scattered points, the remaining points are
connected as lines. The far endpoint of the line relative to the initial position is the point
on the initial boundary, and the distance from this point to the initial position is taken as
the radius r0. Taking Figure 5a as an example, the radius r0 = 625 m, and the height h of
the triangle on the asteroid surface is taken as 25 m. Using the circular section method, the
surface points of the asteroid with a radius of more than 612.5 m but less than 637.5 m are
taken out, and the points with feasible solutions form the initial boundary, as shown in
green “o”. Figure 5a–f display the reachable domains of the asteroid surface at different
initial positions when tf = 700 s and tf = 900 s. Among them, the purple dots indicate the
points with feasible solutions obtained after trajectory optimization of all points on the
asteroid surface, which are used as the references of the reachable domain to verify the
effectiveness and accuracy of the reachable domain boundary solution.
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Figure 5. Initial boundary of the reachable domain under different initial states. (a) Initial boundary
for landing from over the North Pole with tf = 700 s. (b) Initial boundary for landing from over the
North Pole with tf = 900 s. (c) Initial boundary for landing from over the Equator with tf = 700 s.
(d) Initial boundary for landing from over the Equator with tf = 900 s. (e) Initial boundary for landing
from over the mid-latitude region with when tf = 700 s. (f) Initial boundary for landing from over
the mid-latitude region with when tf = 900 s. The yellow “o” stand for points with feasible solutions
between parallel planes. The green “o” stand for points that make up the initial boundary. The purple
dots indicate the points with feasible solutions on the asteroid surface.

It can be seen from Figure 5 that the range of the reachable domain is related to the
initial position and the TOF of the spacecraft, and the proposed solution of the reachable
domain can be applied to different situations. When the initial position is the same, the
longer the given flight time, the larger the reachable range. In addition, Figure 5 shows that
the initial boundary can effectively surround most of the purple points, and only a few
scattered points are not within the boundary.

When tf = 900 s, histories of the position, velocity, mass, and descent trajectory of the
energy optimal control problem landing on the asteroid surface from above the North Pole
are shown in Figure 6. These results show that the two-stage simplified solution method
based on the anti-collision path constraint enables the spacecraft to land safely at the target
landing site. In the figure, the red “∆“ and “•“ respectively indicate the transition position
and landing position. In addition, the time consumption for solving an optimal landing
trajectory is about 60 s.
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Figure 6. Trajectory optimization results of landing on the asteroid Bennu from above the North Pole.
(a) Histories of the position. (b) Histories of the velocity. (c) Histories of the thrust. (d) History of
the descent trajectory. The red “∆” and “•” indicate the transition position and landing position,
respectively. “•” indicate the transition position and landing position, respectively.

4.1.2. Continuous Boundary

Based on the initial boundary obtained, judge whether it is continuous by the distance
between adjacent points. When the distance is greater than 3h, i.e., 75 m, it is considered
discontinuous, and the radius r needs to be reduced. Taking Figure 5a as an example, the
radius r0 = 625 m at the initial boundary is obtained, and the radius r1 = r0 − h = 600 m
after the first expansion. The surface point P(r1) of the asteroid after the first expansion is
obtained using the circular section method. Along the vector direction from the asteroid
centroid to the initial position, the points between all discontinuous points on the initial
boundary are taken from P(r1) for trajectory optimization, and the obtained points with
feasible solutions are connected with the initial boundary to become the boundary after the
first expansion. Judge the distance of the boundary, repeat the above expansion process
until the distance between all adjacent points is less than 75 m, and then obtain the final
continuous boundary to determine the reachable domain.

Figure 7 shows the boundary at different initial positions when tf = 700 s, where
the green connecting line represents the initial boundary, and the purple connecting line
represents the continuous boundary. It can be seen that most of the initial boundary and the
continuous boundary are coincident, and only when the distance between adjacent points
is too large to describe the boundary is expansion required. In Figure 5, the initial boundary
can basically surround the actual reachable domain, while the continuous boundary further
improves the accuracy of the reachable domain boundary on the premise of a small increase
in calculation.
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Figure 7. Boundary of the reachable domain under different initial states with tf = 700 s. (a) 3D view
of the boundary when the initial position is over the North Pole. (b) Supplementary view of the
boundary when the initial position is over the North Pole. (c) 3D view of the boundary when the
initial position is over the Equator. (d) Supplementary view of the boundary when the initial position
is over the Equator. (e) 3D view of the boundary when the initial position is over the mid-latitude
region. (f) Supplementary view of the boundary when the initial position is over the mid-latitude
region. The green connecting line stands for the initial boundary. The purple connecting line stands
for the continuous boundary.

In this study, considering the anti-collision path constraint and improving the trajectory
optimization efficiency, the trajectory optimization methods used are two-stage simplified
solutions [23]. Whether it is the traditional method of optimizing the trajectory of all points
on the surface of the asteroid to obtain the reachable domain or the method of solving
the boundary of the reachable domain proposed in this study, the time consumption for
the trajectory optimization of a single point is basically the same. Therefore, the time-
consuming ratio of the proposed method to the traditional method is approximated by
comparing the number of points where the two methods need trajectory optimization,
which illustrates the efficiency of trajectory optimization.

Table 1 lists the total number of points N of trajectory optimization required by the
proposed method for obtaining a continuous boundary under different initial states, the
total number of points Nf on the asteroid surface, and their ratio, i.e., the time-consuming
ratio. In the table, P(d) represents the number of points needed for trajectory optimization
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when solving a point on the boundary; P(r) represents the number of points needed for
trajectory optimization when solving the initial boundary; P(e) represents the number of
points needed for trajectory optimization to obtain a continuous boundary by expanding
the initial boundary and n represents the number of extension times.

Table 1. Time-consuming statistics.

Initial Condition Over the
North Pole

Over the
Equator

Over the Mid-
Latitude Region

700 s 900 s 700 s 900 s 700 s 900 s
P(d) 39 33 34
P(r) 97 77 49 78 61 115
P(e) 22 39 51 40 40 0

n 2 2 2 2 2 0
N 158 155 133 151 135 149
Nf 2692

Time-consuming ratio (%) 5.8692 5.7578 4.9406 5.6092 5.0149 5.5349

It can be seen that the ratio of N to Nf is not more than 6%, that is, the time-consuming
ratio of the proposed method and the traditional method for solving the reachable domain
is less than 6%. Therefore, the reachable domain solution method based on the section and
expansion method proposed in this study can reduce the solution time by more than 94%,
and greatly improve the solution efficiency. It should be pointed out that the use of the
parfor greatly improves the efficiency of trajectory optimization.

We also verify that the more the number of faces on the surface of asteroid is, the
smaller the time-consuming ratio is, and the advantages of the proposed method are more
prominent. This is because the number of points taken by the section method for trajectory
optimization can be determined manually, and the less the better under the condition
of uniform and continuous distribution. Therefore, when the number of faces increases,
the number of points in the section is almost unchanged, so the reduction of the time
consumption ratio is the multiple of the increase of the number of faces.

4.2. Applications to 2063 Bacchus

In order to further prove the effectiveness of the proposed method, Bacchus was
selected to solve the reachable domain. The rotation period of the asteroid is 14.9 h, and the
polyhedron model with 2048 vertices and 4092 faces was adopted; that is, the number of
triangle center points on the asteroid surface was 4092. Therefore, the number of trajectories
that needed to be optimized with the two-stage simplified solution method was 4092. To
further verify the effectiveness and applicability of the proposed method, it was also
considered that the initial positions of the spacecraft are above the North Pole, the Equator,
and the mid-latitude region of the asteroid, which were chosen as [0 0 0.6]T km, [1 0 0]T km
and [0.4 0 0.6]T km, respectively. The initial velocity was set to 0 m/s.

4.2.1. Initial Boundary

The velocity increment of Bacchus at different initial positions when tf = 1600 s and the
TOF of the final landing stage is 300 s is shown in Figure 1. It can be clearly seen that the
velocity increment increases with the increase of the distance from the initial position. The
process of obtaining a point on the initial boundary by using the section method is shown
by the yellow connecting line in Figures 8–10. The yellow “o” represents the point with the
feasible solution in P®. After ignoring the scattered points, the yellow point “o” farthest
from the initial position is the point on the initial boundary. Use this point to determine the
radius to obtain the initial boundary, as shown by the green connecting line.
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Figure 8. Initial boundary when the initial position is above the North Pole. (a) 3D view of the initial
boundary with tf = 900 s. (b) Supplementary view of the initial boundary with tf = 900 s. (c) 3D view
of the initial boundary with tf = 1000 s. (d) Supplementary view of the initial boundary with tf = 1000
s. The yellow “o” stand for points with feasible solutions between parallel planes. The green “o”
stand for points that make up the initial boundary. The purple dots indicate the points with feasible
solutions on the asteroid surface.

Figure 9. Initial boundary when the initial position is above the Equator. (a) 3D view of the initial
boundary with tf = 1000 s. (b) Supplementary view of the initial boundary with tf = 1000 s. (c) 3D
view of the initial boundary with tf = 1100 s. (d) Supplementary view of the initial boundary with tf =
1100 s.
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Figure 10. Initial boundary when the initial position is above the mid-latitude region. (a) 3D view of
the initial boundary with tf = 900 s. (b) Supplementary view of the initial boundary with tf = 900 s. (c)
3D view of the initial boundary with tf = 1000 s. (d) Supplementary view of the initial boundary with
tf = 1000 s.

Taking Figure 8a as an example, the radius r0 and the height h of the triangle on
the asteroid surface are taken as 620 m and 40 m, respectively. Using the circular section
method, the asteroid surface points with radius r greater than 600 m but less than 640
m are extracted, and the initial boundary is obtained by trajectory optimization of these
points. Figures 8–10 show the initial boundaries of the reachable domain with different
TOF when the initial positions of the spacecraft are over the North Pole, the Equator, and
the mid-latitude region.

It can be seen from Figures 8–10 that the reachable range is related to the initial
position and the TOF of the spacecraft, and the proposed boundary method can be applied
to different initial states. When the initial position is the same, the longer the given TOF,
the larger the reachable range. The initial boundary can effectively surround most of the
purple points, which further shows the effectiveness of the proposed method for solving
the reachable domain boundary.

When tf = 1000 s, histories of the position, velocity, mass, and descent trajectory of
the energy optimal control problem landing on the asteroid surface from above the North
Pole are shown in Figure 11. These results show that the two-stage simplified solution
method enables the spacecraft to land on the target point without collision. Similarly, the
time consumption for solving an optimal landing trajectory is about 60 s.
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Figure 11. Trajectory optimization results of landing on the asteroid Bacchus from above the North
Pole. (a) Histories of the position. (b) Histories of the velocity. (c) Histories of the thrust. (d) History
of the descent trajectory. The red “∆“ and “•” indicate the transition position and landing position,
respectively.

4.2.2. Continuous Boundary

Judge whether the distance between adjacent points meets the continuity condition
based on the initial boundary, that is, when the distance between adjacent points is greater
than 3h, i.e., 120 m, it is considered discontinuous. In this case, the radius r needs to be
reduced. Taking Figure 12a as an example, when the initial boundary is obtained, the
radius r0 = 620 m, and the radius r1 = r0 − h = 580 m after the first expansion. Based on
r1, asteroid surface points P(r1) after the first expansion is obtained by using the circular
section method. Along the vector direction from the asteroid centroid to the initial position,
the points between all discontinuous points on the initial boundary are taken from P(r1) for
trajectory optimization, and the obtained points with feasible solutions are connected with
the initial boundary to become the boundary after the first expansion. Judge the distance of
the boundary, repeat the above expansion process until the distance between all adjacent
points is less than 120 m, and then obtain the final continuous boundary to determine the
reachable domain.
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Figure 12. Boundary of the reachable domain under different initial states with tf = 1000 s. (a) 3D
view of the boundary when the initial position is over the North Pole. (b) Supplementary view of the
boundary when the initial position is over the North Pole. (c) 3D view of the boundary when the
initial position is over the Equator. (d) Supplementary view of the boundary when the initial position
is over the Equator. (e) 3D view of the boundary when the initial position is over the mid-latitude
region. (f) Supplementary view of the boundary when the initial position is over the mid-latitude
region. The green connecting line stands for the initial boundary. The purple connecting line stands
for the continuous boundary. The red arrow stands for the direction of expansion.

Figure 12 shows the boundary at different initial positions when tf = 1000 s, where
the green connecting line represents the initial boundary and the purple connecting line
represents the continuous boundary. It can be seen that most of the initial boundary and the
continuous boundary are coincident, and only when the distance between adjacent points
is too large to describe the boundary, expansion is required. From Figures 8–10, it can be
seen that the initial boundary can basically surround the actual reachable domain, while
the continuous boundary further improves the accuracy of the reachable domain boundary
on the premise of increasing a small amount of calculation. The expansion indicated by
the red arrows in Figure 12d, f clearly illustrates the necessity of solving the continuous
boundary.

Table 2 lists the total number of points N of trajectory optimization required for the
proposed method to obtain the continuous boundary, the total number of points Nf on the
asteroid surface, and their ratio, i.e., time-consuming ratio. It can be seen from Table 2
that the ratio of N to Nf is not more than 10%, that is, the time-consuming ratio of the



Mathematics 2022, 10, 3763 19 of 20

proposed method and the traditional method to solve the reachable domain is less than
10%. Therefore, the reachable domain solution method based on the section and expansion
method proposed in this study can reduce the solution time by more than 90%, and greatly
improve the solution efficiency.

Table 2. Time-consuming statistics.

Initial Condition Over the
North Pole

Over the
Equator

Over the Mid-
Latitude Region

900 s 1000 s 1000 s 1100 s 900 s 1000 s
P(d) 49 53 29
P(r) 139 126 84 54 102 157
P(e) 65 94 76 53 56 153

n 3 2 1 3 1 3
N 254 269 213 160 187 339
Nf 4092

Time-consuming ratio (%) 6.210 6.574 5.2053 3.9101 4.5699 8.2845

5. Conclusions

In this paper, a fast generation method based on section and expansion is proposed
to generate the reachable domain of collision-free asteroid landing with the given TOF.
Considering the anti-collision requirements, a two-stage simplified solution method is used,
which improves the efficiency and convergence of the trajectory optimization problem. By
analyzing the velocity increment, the distribution law of the reachable domain is obtained.
The generation problem of the reachable domain is transformed into three subproblems and
solved in turn: the solution of a point on the initial boundary, the calculation of the initial
boundary, and the calculation of the continuous boundary. The section and expansion
method is used to solve these problems. Finally, the generation of the reachable domain on
the asteroid surface is realized, and the efficiency of solving is greatly improved. Compared
with the traversal algorithm, the time-consuming ratio is reduced by more than 90%. The
effectiveness and applicability of the proposed method are verified by simulation analysis
with asteroids of different shapes and spacecraft with different initial positions and different
flight times.
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