. mathematics

Article

Diverse Multiple Lump Analytical Solutions for Ion Sound and
Langmuir Waves

Abdulmohsen D. Alruwaili !, Aly R. Seadawy >*, Syed T. R. Rizvi ® and Sid Ahmed O. Beinane !

check for

updates
Citation: Alruwaili, A.D.; Seadawy,
A.R; Rizvi, S.T.R.; Beinane, S.A.O.
Diverse Multiple Lump Analytical
Solutions for Ion Sound and
Langmuir Waves. Mathematics 2022,
10, 200. https://doi.org/
10.3390/math10020200

Academic Editors: Nikolai A.
Kudryashov, Andrea Scapellato and
Alberto Cabada

Received: 28 October 2021
Accepted: 23 December 2021
Published: 10 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 Mathematics Department, College of Science, Jouf University, Sakaka 72341, Saudi Arabia;
adalruwail@ju.edu.sa (A.D.A.); sabeinane@ju.edu.sa (5.A.O.B.)

Mathematics Department, Faculty of Science, Taibah University,

Al-Madinah Al-Munawarah 41411, Saudi Arabia

3 Department of Mathematics, COMSATS University Islamabad, Lahore Campus, Sakaka 72341, Pakistan;
strrizvi@gmail.com

Correspondence: aabdelalim@taibahu.edu.sa

Abstract: In this work, we study a time-fractional ion sound and Langmuir waves system (FISLWS)
with Atangana-Baleanu derivative (ABD). We use a fractional ABD operator to transform our system
into an ODE. We investigate multiwaves, periodic cross-kink, rational, and interaction solutions by
the combination of rational, trigonometric, and various bilinear functions. Furthermore, 3D, 2D,
and relevant contour plots are presented for the natural evolution of the gained solutions under the
selection of proper parameters.

Keywords: multiwave; periodic cross-kink solutions; rational and interaction solutions; time-
fractional ion sound and Langmuir waves system

1. Introduction

At the present time, various real phenomena have been formulated by integer-order
nonlinear partial differential equations (NPDEs). These supermodels are studied in dif-
ferent domains of sciences, such as engineering, chemistry, biology, physics, optics, etc.
However, it is not enough to use integer order where the nonlocal property does not
appear in these forms, so different models have been systematized in fractional NPDEs
to determine that kind of similarity [1]. By using numerical and computational schemes,
these models give more familiar properties [2-10]. To use most of these schemes, one needs
fractional operator to transform the fractional forms into nonlinear ODEs with integer
orders such as conformable fractional derivative, Caputo, Caputo—Fabrizio definition,
Riemann-Liouville derivatives, and so on [11-24]. These operators have been applied
to estimate the numeric and exact solutions of fractional order NPDEs through different

integration schemes, such as (¢°)-model expansion [25], (%)—expansion [26], tan(%)—
expansion [27], Kudryashove scheme [28], exp((— ‘% )17)-expansion [29], extended auxiliary
equation technique [30], and so many others.

Here, we consider the FISLWS as follows [17],

1
iABD‘t"m+ 5 fMxx — 1 =0, (1)

ABD2%y — iy —2(Im)|?) 2y =0, t>0, 0<a<1.
where me~'“#! and n illustrate the normalized electric-field of the Langmuir oscillation and

perturbation of density, respectively. Both x and t are normalized variables and 4BD¥ is
the AB fractional operator in ¢ direction.
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ABD operator is well defined as

ABD at —a)®
D+ F(t 1—¢xdt ( 1—a 4z, @

where G, is Mittag-Leffler function, defined as

(M=) - P o

1—w = T(as+1)

and B(a) is the normalization function that satisfies B(1) = B(0) = 1. Thus,

ABDD2+F(t) — B(a) i <_a>5 RLI};‘SF(t). (4)

1—a =\1—-a
for more properties of this operator. This leads towards the following form,

m(x,t) = u(g)eiﬂf n(xrt) = T)(C:,(), @)
B(l—a)t—s
( Zs 0( vc) 1 _as
y(1 —oc)t
B(a) 2 o(—1%)°T(1 —as)

where  and vy are arbitrary constants. This wave alteration converts Equation (1) into the
following ODE.

% =ax+

¢=bx—+

%bzu”—i—i('y—kab)u’— %(a2+2,8)u—uv:0, (6)
(72 _ bZ)v// . 4b2(u’2 + uu//) —0.

Here, u and v are the functions of {. By separating the Img part from the first part of
Equation (6),
Y+ab=0= vy = —ab. (7)

and then by integrating the second part of Equation (6) by two times the w.r.t ¢, we obtain

20, 2,
v—iiszr,yzu = o _1% ®)

Equations (7) and (8) transform Equation (6) into the following form:

4 a* +2p
" 3 —
u _bz(az—l)u - u=20, 9)
or
S 4 a? —|—2ﬁ

Pt TR

The contents of this paper are arranged as follows: In Section 2, we present M-shaped
rational solitons. In Section 3, we evaluate M-shaped interaction solutions. In Section 4, we
find the multiwaves solution. In Section 5, we study homoclinic breather. In Section 6, we
investigate periodic cross-kink solutions. In Section 7, we present results and discussions
and Section 8 contains concluding remarks.
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2. M-Shaped Rational Solitons

By using the following log transformation,
u=uy+2(Ind)s. (10)
Equation (10) transforms Equation (9) into the following bilinear form:
up(—a* — 4ud +a*(1 —2B) +2B)®° +4(—8 4 (—1 + a?)b*) D" — 60D/ (Sugd®' + (11)
(=14 a®)b?®") — 202 ((a* + 12uF — 2B + a*(—1+2B))®’ — (1 +a*)b*@"") = 0.
We choose M-shaped rational solution in bilinear form for ®, as follows [31]:
@ = (by + b18)* + (ba + b3g)* + bs, (12)

where b;(1 < i < 5) all are real-valued parameters to be measured. Inserting & into
Equation (11) and collecting all powers of ¢, we obtain proper results, as follows (See
Figures 1 and 2):

SetI. For b, =0,

a* — a% + 4u}

a=ab=>bp=— 22 —1)

by =ib3, b3 = b3, by = by, bs = bs,up = ug. (13)

Using this in Equation (12), and then by using Equations (8) and (10), we obtain

B 2( 203 +2b3(bs +b58))
() = o+ =y by

2
o 2(—2b3E+2b3 (by+b3¢))
v(¢) = 25 (“0+ b D207+ (by +20)° ) '

(14)

To obtain final results, we use Equation (5):

i(ux— a4 (1) ) 2(2b(bs + b3Q2) — 26200
pogy () = e N HE R ES i ae ) (0 (203(by4 + b32) — 2b300)
! bs + (by + b3Q))2 — b302 |’

(15)

2
2 2(2b3(bs + b3Q2) — 263Q0)
t =
n2(%f) (a2 -1) (uo T+ (ba+b3Q2)2 =302 ) 7

B bt (1-a)
where () = (bx ) Zgo(_ﬁ;r(l—as))‘

Set I1. For bs = 0,

a* —a® + 43 ,
a= a/b = b/ﬁ = _W)(a—i—(l))'bl = Zb3/b2 - b2/b3 = b3/b4 = b4/u0 = Up. (16)
Using this in Equation (12), and then by using Equations (8) and (10) in Equation (5),
we obtain
. £S5 (et —a? 441 (1-a) . .
l(llx_2<a2_1)3(a) )::lo(_(%)sr(l_as)> <u 2(21b3(b2 + 11730) + 2b3(b4 + b3Q)) )
0 (by + ib30)2 + (by + b3Q)2 ’
2 2(2ib3(by + ib3Q2) + 2b3(by + b3Q)) \ >
n24(x, t) == | U0 ; 5 > ’
(a2 —1) (by 4+ ib3Q2)? + (by + b3Q2)

mo3(x,t) =e

(17)

_ bt (1-a)
where () = (bx ~ B@) ):gczo(_lﬂj;r(l—as))‘
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Figure 1. Plots of my3(x, t) in Equation (17) fora = 2,b = 1.2,u9 = —2,b, = 3,b3 = 5,by = -3,
« = 0.9, respectively as three-dimensions in (a); contour in (b) and two-dimensions in (c)
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Set III. For ug = 0,
a=ab="0bp= —%aZ, by = ibs, by = by, by = b, by = by, bs = bs. (18)

Using this in Equation (12), and then by using Equations (8) and (10), we obtain

_ 2(2ibs(by+ibs&)+2b3(by+b3%))
(S R e o o  (PER L (19)
(&) = —B(2ibalbytiba?) +2bs by +h58))"

(—14a2) (b5 + (by+ibsg 2+ (ba+b38)2)"

To obtain final results, we use Equation (5):

o 25 (1)

s (1) = 2 IR T iy by + i) + 20 by + 13 D)

5% t) = bs + (by + i030)2 + (by + b3Q)2

(20)

nop (1, 8) = -8 ((2iba(b2 + ib50) 4 2bs by + b) ’

2T (@ = 1) \bs + (b + i030)2 + (by + 5300)?

. bt=S(1—a)

where () = (bx ~ 3w ﬁo(,ﬁ;r(kas))‘

2 F L T T T T T ]
] 10
1 a
or 1 PR A L L
-1} i L3k
2L A h 1 N n ] .
-6 -4 -2 o 2 4 L
(b)

()
Figure 2. represented three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of mys(x,t) in Equation (20) for « = 2,b = 05by = -3,b5 = 1,by = 3,b5 = -1,

a = 0.8, respectively.
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3. M-Shaped Rational Soliton Interactions with

In this part, we evaluate M-shaped rational interactions with periodic and kink waves
by using exponential and cos function in bilinear combinations.

3.1. One-Kink Soliton

For this, the bilinear form for @ is as follows [31]:
® = (b +b18)* + (by + b3g)* + c 'S¢ 4 by, (21)

where b;(1 < i < 7), all are real-valued parameters to be measured. Inserting & into
Equation (11) and collecting all powers of e!5¢t0e, ¢2(bs¢+bs) | p3(bsi+be)  gpbsttbe @p2(bsitbe)
F2ebsltbe @Bebsttbs Fhebst+bs and &, we obtain proper results, as follows (See Figures 3-6):

Set I. For by = bg = 0,
4 a2 4D? .
a=a,b=2V2\/ 515, B = — 5Ty 1 = iba,bs = by, by = by, bs = bs,  (22)
b7 = b7, Uy = —b5.

Using Equation (22) in Equation (21), and then by using Equations (8) and (10), we obtain
2(b5cebs€ — b2 + 2b3(by + b3§))
by + cebs¢ — b2E2 + (by + bsg)?

2
2(b5(bi + b7 - ceb55) + 2b3b4(*2 + b5€))
(—1+a?) (b3 + by + cetst + 2b3bs¢)?

M(é) = _b5 + ’ (23)

v(¢) =

Using Equation (5) to obtain the required solution for Equation (1),

oA (4\/§a < bsbybs(a — 1) + £ (bS(bg + by — ce®) + 4bsby(—1 + /2, /ﬂ2{1b5x))5)

m31 (x/ t) - - 7
420,/ Zirbsb(a — 1) + (B3 + by + ce +4v2, /s babux)
(24)
2
( ) 2 4v/2a ﬁb3b4b5(06—1) + (b5(bi+b7—C€A1)+4b3b4(—1+\6 [;jb5x))3
n3p(x,t) = ,
(a>—1) 4v/2a\ [ baby(a — 1) + 15 (bﬁ + by + cedt +4y/2 ﬁb3b4x)a

(—a?+a*+4b3)t 5 (—1+a) )
—14a)(14+a)B(«) Z?":O(—lﬁ—w)sr(l—as) 4

B I at~*(—14a)
A = 2\6\/;b5 (x T BT (%) T (=) )'
and E = B(a) Y2 (—1%55)°T(1 — as).

where A = 1i(2ax + 0
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Figure 3. showed three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of m31(x, )
in Equation (24) fora = 0.2,b3 = 1,by = 2,b5 = —4,by; = —3,c = 1, « = 0.6, respectively.

0.5 H n ;J/
) (b; |

&

F] -1 -1

(0

Figure 4. illustrated three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of
n3p(x,t) in Equation (24) fora = 0.2,b3 = 1,by = 5,b5s = —4,by; = —3,c = 1,a = 0.8, respectively.
Set II. For b =0,
1 2b 1 b2u2 — 4b2
a=a,b=0,p=—-a%by=bybs=bs by =—"",bs = —sup,bg = bg, by = —2 3 uy = u. (25)
2 U 2 u3

Using Equation (25) in Equation (21), and then by using Equations (8) and (10), we obtain

gt
2(_%“’%_8“0 +2by(— 28 4 b3§)>

M(C) = u() + ugé& 2.2 2 7 (26)

B el — M 4 (2 g

2pAettod 1,074
(@) = M >
(—1+a2) (cebéu% +b2e? (8 — 4upl + u%@’z))
Using Equation (5), we obtain the required solution for Equation (1):
; _ “zfis(lfa) ) 2 _% — lceh6
mas(x, 1) = ¢ <ax POEZC T ) g + S ; gg) >, @7
b% —l—Cehé + 4_ubzi . bzu(il—4b3
0 0

nzs(x,t) =0, (-b=0).
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Set III. For b, = bg =0,
Sl 22—+t Li(by+83) (by+12)
— — -1 _ Up—a~+a _ 7 U 7 U
a=ab= b; B=— 20(u2—1) ,b1 = 5 ,b3 = —317: , (28)

by = ba, bs = bs, by = by, ug = uo.
Using Equation (28) in Equation (21), and then by using Equations (8) and (10), we obtain

(by+b3)ugé
2(2+b)2ude  2(0FHby)uo(bs— )

bsg
2| bsce %2 30

u(g) = uo +

’ (29)
b2+b 2,232 b +h2
by + cebsé — (by+b7)2upc® 92% 0™ | (by — (b7 +b3)u 3bi)”05)2

2
2(—6b5ceb5‘: + ug(by — 3cebs + 2byugl + bi(l + ZuOC)))
(—1+ a2) (3cetst + b2(3 — 2upg) + by (3 — 2upf))*

0(g) =

Now, using Equation (5), we obtain the required solution for Equation (1):

et (—4\/21(1)2 + by udAq (o — 1) + 5 <6b§ceA2 — bs (b2 + by — 3ce®)ug — 4v/2(03 + b7)u%A1x) E)

mas(x, t) =
—4\/5(1(1& + b7)u0A1 (06 - 1)ts (3b5(b7 + CEAZ) - 4\/§b7u0A1x + b2(3b5 - 4\/§u0A1x))E

7

(30)
2
5 ( —4V/2a (b2 + by)udAq (& — 1) + 5 (6b§ceA2 — bs(b3 + by — 3ceP)ug — 4v/2(b2 + by)u%Alx)E)

nae(x,t) =
—4ﬁa(bi + b7)u0A1 (Dé — 1)fs (3b5 (b7 + CEAZ) — 4ﬂb7u0A1x + bi(3b5 — 4\/§u0A1x)) =

(a®—1)

t
where A = % <261x + (—1+a)(1+a)B(a) ¥ O(fi)sr(l as) —1+a2

Z\ft_ | ug(3bs+2up) 3b5+2u0 (a —14a) HExB(a) 12 (— 1% )Sr(l ocs))

B(a) £ (— 155 )T (1-as) ’
and E = B(a) ¢ o(— 125 )°T(1 — as).

_s(_az+ﬂ4+4 2)(~14a) > Ap = /20 +2u)

|

] N ‘]
|
|
na
NS

L ity L
) o1 3 1 2> -l -05
()
Figure 5. clarify three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of mss(x,t) in Equation (30) for 4 = 05,u9 = 1,by = 2,bs = —4,b;y = —3,c = 1,

« = 0.8, respectively.



Mathematics 2022, 10, 200

8 of 21
1.O0F ! T 1 = } -
i \
ost i f' ‘ ( '\ 0r /\ ' \'.
ANATAY ;.. \l AL N
oo 1 -0 /=03 \ 0.5 0
Nl \[/ /1
\l _m- l
0.5 - ‘ al
I 1’
_1-0-_{.0 s oo s 15 l‘l -6 L
(b) (0
Figure 6. explain three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of nge(x,t) in Equation (30) for « = 03,u9 = 08by = 2,bs5 = —50b; = -3,

¢ = 0.4, = 0.8, respectively.

3.2. Two-Kink Soliton

For two-kink interaction, the bilinear solution for @ is as follows (See Figures 7-9):
® = (by +018)% + (by + b3)? + €6 T05C 4 fH0E 4 g, (31)
where b;(1 < i < 9) and all are real-valued parameters to be found. Inserting & into
Equation (11) and collecting all powers of ¢, and 3(sCtbe)  p2(bsC+bs) o2(brG+bs) | zobsitbs,
g5 tbe) | gobrlths | go2(briths) g2ebsitbs @Bpbsitbs adebriths dobriths wobsitbs e ob-
tain proper results, as follows:
Set I. For uy =0,
4 g2 +16b2 . .
a=ab=22 ﬁ,ﬁ = —za(u+)+(a+ﬁ,b1 =ib3, by = iby, b3 = b3, by = by,  (32)
bs = —by, bg = bg, by = b7,bg = bg, by = by.

Using Equation (32) in Equation (31), and then by using Equations (8) and (10), we obtain

2 (—b7eb6—b7é‘ + byels 78 4 il (iby + ibsE) + 23 (by + b3§))

= , 33
u(t) by + ele—b7C 4 ebs 078 + (iby + ib3¢)2 + (by + b3&)? (33)
2
o(&) = 8 —byeP678 4 brebsth78 4 2ibs (iby 4 ib3E) + 2b3(by + b3E)
 —1+a2 b + ebe=b7& 4 ebs 078 4 (iby + ib3E)2 + (by + b3&)? '
Using Equation (5), we obtain the required solution for Equation (1),
1. (—a2+a*+16b2)t5 (—14a)
2b7671(2’”‘+(—1+a><1+a>3<a> = ) (eb(, _ eh8+20)
m37(x/ t) = - 7
ebe + ebs+2Q 4 pgeQ
(34)

a2 — 1) ebs + ebs+20 + b9€Q

N 1 o (—1+
where () = 2\/5, / EQle7 (x + B(@) Zio(fﬁfé%u_m)-

2
812 ebﬁ _ ebg+20
7’138(.7(, t) = ( u ( ’
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Figure 7. represented three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of
n3g(x,t) in Equation (34) fora = 0.5, = 1,by = —2,bg = 2,by = —6, 0 = 0.8, respectively.

Set II.

a=ab=4y/Z02 = TN by iy by = by, by = by, by = —iby, (35)

azl

bs = (1+ 3iV/2)by, be = be, by = by, bg = bg, by = 0.

Using Equation (35) in Equation (31), and then by using Equations (8) and (10), we obtain

2 <b7ebs+b7¢ +(1+ L5 )by A L i (by + ib3E) + 2b3(—iby + bgg))

u(g) = z‘ ’
ebstrt MU 4 () 4 ibs)2 4 (—iby + bag)?

(36)

2
g [ bretsttt 4 (14 i wéw“%”ﬁ+mww+%a+%x4@+m@

v(¢) =

_ 2
1+a ebstbr 4 (zb6+(1+ I 4 (b + ibs)? + (—iby + bs)?

Using Equation (5), we obtain the required solution for Equation (1):

Li2ax+ (—a?+a* +8(2+iv/2)b3)t 5 (—~1+a) i
b7€2 (—1+4a2)B(w) £ ) (— 155 ST (1—as) <Zeh8+o+(2+i\/§)eba+(1+ﬁ)0)

mzo(x, 1) = .
eb8+0 + eb6+(1+ﬁ

, (37)

)Q

i 2
(x,1) = 202 [ 2ePtOQ (24 i\/ﬁ)ebﬁ(HW)Q
MW = ) bt (14 )0 '

ebstQ 4 ¢

. 2+iv/2 at—*(—1+a)
where () = 4 1Z+a by (x + Ba )Z?’:o(—ﬁ)sr(l—“s))'
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@)

(b)

Figure 8. showed three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of m39(x, )
in Equation (37) for a = 1.5,bg = 8,b7 = —1,bg = 2, = 0.6, respectively.

0

-4 -3 -1 -1 [/} 1

(b)

Figure 9. illustrated three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of
n40(x,t) in Equation (37) for a = 1.3,bg = 7,by = —4,bg = —5,a = 0.6, respectively.
3.3. Periodic Waves

For periodic-wave interaction solutions, the bilinear form for @ is as follows (See
Figures 10 and 11):

® = (by + b1 &) + (by + b3&)? + cos(bg + bs&) + by, (38)

where b;(1 < i < 7) and all are real-valued parameters to be found. Inserting ® into
Equation (11) and collecting all powers of & and cos (bs¢ + b ), & cos(bs& + bg ), &2 cos(bs& + bg),
& cos(bs¢+bs), &sin(bs¢ + bs), §Zsin(bsg + bs), & sin(bs¢ + be), §cos(bs¢ + be)
sin(bs& + bg), &2 cos(bs& + bg)sin(bs& + bg), sin(bs& + bg)3, we obtain proper results
as follows:

Set I. For uy =0,

at—a? +4b§

a= ulb = 2\/§ ﬁ/ﬁ = _W/bl = ib3/b2 = b2/b3 = b31h4 = b4/h5 = b5/(39)

be = be, by = —b2 — b2.
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By using these parameters in Equation (38), and then by using Equations (8) and (10),

we obtain
(g) _ 2(2ib3(b2 + ib3§) + 2b3(b4 + b3§) — b5 sin(b6 + b5§)) (40)
—b3 — b2 + (b + ib38)? + (bs + b3¢)? cos(be + bsC) |
2
o(&) = 8 2ib3(by + ib3&) + 2b3(by + bs) — bs sin(bg + bs¢)
—1+a%\ —b3 — b3 + (by +ib38)? + (bg + b3&)? cos(b + bsg) )
Now, using Equation (5), we obtain the required solution for Equation (1):
i<ax— (—a?+at+4b2)1 =5 (~14a) >
(%, 1) = 2e 2A-14)B@) £ o (~ 15T (1 -as) (=bs sin(bg + b5Q) + 2ib3(b2 + Zng) + 2b3(by + bgﬁ))
LA —b2 — b2 + cos(bg + b5Q) + (by + ib30)2 + (by + b3Q2)2 ’
(41)
1 (x, £) = 8 —bs sin(bg + bsQ)) + 2ib3(by + ib3QY) + 2b3(by + b3QY)
’ (a2 —1) \ —=b3 — b2 + cos(bg + b5QY) + (by +ib3Q)2 + (by + b3Q)2 | *
zt $(—1+4a)
where Q = 21/2, / 1+a2x Zs Oli—)sr(l 7
SetII. For by = b, =0,
2,/ _
a=ab=——"— [5— %,bs=bs,b4=b4,175=b5,b6=b6,b7=b7,M0Zuo- (42)

By using these parameters in Equation (38), and then by using Equations (8) and (10) in
Equation (5), we obtain

—s(_ 2,4 2\(_
1,( xfz( 75 (—a*+a* +H4ug) (~1+a)

71+u2)B(a)Z?’:o(*ﬁﬁf(l—m) (uo o 2=bssin(be + b5 Q) + 2bs(by + bs@))
by + COS(b6 + b50) + (b4 -+ b3Q)2 !

(43)

" (x t) . 2 o 4+ (—b5 Sin(b6+b50)+2b3(b4+b30))
BT T2\ byt cos(be + b5Q) + (b + 5302 )7

> (—14a)
) T(1—as)”

242 2 2fut_

= 1+
where () = ~ B

Figure 10. showed three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of mz(x,t) in Equation (43) at 4 = 2,uy = —2,by = 0.05by = —3,b5 = 2,bg = 5,
b7 =1,a = 0.9, respectively.

-

“1H
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a 1 \
5 ( ) 5

()
Figure 11. represented three-dimensions in (a); contour in (b) and two-dimensions in (c),
Plots of ng(x,t) in Equation (43) ata = 2,up = —1,b3 = 01,by = —3,b5 = 7,by = 3,
by = 2,0 = 0.5, respectively.

-
T

o

4. Multiwave Solutions

For multiwave solutions, ® in bilinear form can be assumed as [32]
P =z cosh(by + b1&) + z1 cos(by + b3) + z cosh(bg + bsE), (44)

where zg s and bl{s all are real-valued parameters to be measured. Inserting ® into Equation (11)
and collecting all coefficients of cosh(by + b1¢), sinh(by + b1G), cos(byg + b3¢) sinh(by + b1E)
sinh(bg + bs¢), cos(by + b3g), cosh(bg + bs¢), sin(by + bz(), cosh(by + b1&) sinh(be + bsE),
cosh(by + b1 ) cos(by + b3&) cosh(bg + bs&), and sinh (b, + b1 &) sin(by + b3¢) sinh(bg + bsE),
we obtain proper results, as follows (See Figures 12 and 13):

Case I.

a=ab=2v2,/-p=— 4“0*“ *“ Jby = Y24y — by by = Y2y = by, (45)

fu
bs = V3U0 b = beluo = ug, 20 = 20,21 = 21,22 = 22

By using these values in Equation (44) and then by using Equations (8) and (10), we obtain

V2 (21 sin(by+205 ) zzosmh(bz—l—moé) 12251nh(b6+m0§)
( \[ i, §\[ [ 6\[ )/ (46)
21 cos(by+ 20 7 )+Z(] cosh(by+ } )+z2 COSh(b6+ % )

u(g) = uo —

U(g) = ,122_1 <u0 -

2
V2uy (Zl sin(by+ Oé) —izg sinh(b+ 11\1/05) izp sinh(bg+ ll\l}é ))
21 cos(by+-02 2 )+ZO COSh(b2+ g 5 )+22 cosh(bg+ mog) )

Using Equation (5), we obtain the following multiwave solutions for Equation (1):

map(x,t) =e

X t—5 (4us—a=+a )( 1+a) . . . . . . .
1<ax+2(a271)3(a)0 N m) o — V2ug(z1 sin(by + A) — izg sinh(by + iA) — izp sinh(bg + iA))
z1 cos(by + A) + zg cosh(by + iA) + z cosh(bg + i) ’

(47)

2
2 ~ V2up(z1 sin(by + A) — izgsinh(by + iA) — izp sinh (b + iA))
0 z1 cos(by + A) + zg cosh(by + iA) + z; cosh(bg + iA) !

— 1 (1)
where A =2,/ s (x + g S )
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Case II.

2 - — .
a=ab= OB = by = —bs, by = by, by = ibs, by = by, bs = bs, (48)

be = bs, ug = uo,zo = 20,21 = 21,22 = 22.

By using these values in Equation (44) and then by using Equations (8) and (10), we obtain
_ 2bs (—izq sin(by+ibs¢) —zg sinh (by —bs¢) +2z5 sinh(bg+b5¢))
u(g) =uo+ 521 COls(b4+?b5é')5+ZO C(?Sh(hz —2b5l:)5+22 C(Z)Sh(h6+6175€)5 4 (49)

o(&) = (u . 2bs(iz sin(by+ibs) 2o sinh(by —bsE) 2 sinh(b6+b5£j)))2
1+a2 21 cos(by+ib5¢)+zg cosh(by —b5¢) +2z5 cosh (bg+bs5¢)

Using Equation (5), we obtain the following multiwave solutions for Equation (1):

. 75 (43 —a?+a*) (~1+a) L . . .
z<ux+ PTrT: (“)()Zgio(_j)sr(l_aSJ o+ 2bs(—izq sin(by + iA) — zg sinh(by — A) + zp sinh(bg + A))
z1 cos(by +iA) + zgcosh(by — A) + z cosh(bg + A) ’

myz(x,t) =e

(50)
naa(t) = 2 2bs(—iz; sin(by + iA) — zg sinh(by — A) + zp sinh(bg + A)) \ 2
YT 2 o) z1 cos(by + i) + zg cosh(by — A) + zp cosh(bg + A) ’
at ™5 (—1+a)
where A =2 2uo x+ B T (% T as))
1F
o | 7 I B B
-2t
s
—3} | 4L
()
1F ' . T ¥ B 15F
of i 10f
i | /_IEI\J_ III-IvII vll
_it
(e) ()

Figure 12. Showed three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of my3(x,t) in Equation (50), for 2 = 09,u9 = 0.1,bp = -5,
by =5,b5 =3,z = —2,21 = 1,z = 2,0 = 0.9, respectively.
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Y= T I x I I = wl
I I o f
1H S N A T
-13 10 -3 3 10 13
o ] -0}
—1H A
20 b
T ] -300f
T e =00
(b) ()
i ' ' ' ' ' i B3l6}
1H a
O a
8.512 -t ]
28.514 b 1 7t
28.516 [
» 1 Chae = 2 E TP T
(d) (e) ()
Figure 13. Represented three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of ng4(x,t) in Equation (50), for uy = 0.1,bp = —-5by = 5,
bs =3,bg =10,z9 = —2,z1 = 1,zp = 2,a = 0.9, respectively.
5. Homoclinic Breather Approach
To obtain breather solutions, ® in bilinear form can be assumed as [32]
@ — e_P(blé"‘bz) _|._ Zlep(b3§+b4) + Z9 COS(Q(bS(: _|._ bé)), (51)
where p, g, 21, zp, and b’s all are real-valued parameters to be found. Inserting ® into
Equation (11) and collecting all coefficients of eP(4+838) sin(g(bg + bs&)), cos(q(be + bsE)),
eP0stb38) sin(g(bg + bs¢)), e PL2t018)+p(ba+bs8) cos(g(bg + bsE)), and cos(q(bs + bsé))
sin(q(be + b5¢)), we obtain an algebraic system of equations, then, after solving them,
we obtain proper results, as follows (See Figures 14 and 15):
Case L.
0= ab =22, p= T g dbs ) = S ey s = b (52)
7 21’ 2(u2_1) U1 P’ 2 2,U3 P’ 4 4, U5 5,

be =be,uo=0,p=p,q=q,21 = 21,220 = 22.

By using these parameters in Equation (51) and then by using Equations (8) and (10),
we obtain

_ 2ibsq(—1-+eb2pthap b5l 2 1 jebap 506 2, sin(q(be+bsE)) )

(€) 14 PP Bap BT, B 5T 2, cos( (b + bsE)) , (53)
. . 2
o(E) = _ 803q* [ —14ehartbapt2ib5als, 4 jebaPtibsic ) sin(q(be+bsE))
a2—1 \  14-¢b2P+0apT2ib508 5, 4 BapFibsaSy, cos(g(be+bsE)) :

Using Equation (5), we obtain the following breather solutions for Equation (1):
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2ibse’q (—1 + elapHbap Q7 4 jobap+2i07, gin(g(bg + %Q)))

ms1(x,1) = 1+ ehap tbapt4iQz, 4 ebap 212, cos(q(bs + 22)) ’
(54)
i 8b2q2 [ — 1+ Pl TaOy 4 iehap 20z, sin(q (b + 22)) 2
s2(xt) = = (—1+a2) ( 1+ ebaptbap+4iQz) 4 ob2p+2i07, cog(g(bg + %Q)) ) ’

Ry (—16b2q>—a?+a*)t > (a—1)
where A = §1<2“x+ (1) (T+a) B(@) e o (— 155 T (1 ws))’
. 1 15 (=14+a)
Q=v2 _1+azb5‘7(” BT el f*zf ) )

Case II.
a=ab=2v2/ 1, p=— “*4"0 C by = " by = by, by = — ", by = by, bs = 0,(55)
ba—ba,uo—uo,p—p,qzq,zlzzl,ZzZZz-

By using these parameters in Equation (51), and then by using Equations (8) and (10) in
Equation (5), we obtain the following solutions for Equation (1):

1 <2ux+ t=s (4u%7u2+a4)(a—1) )
@
82 (~1) () B(0) L2 o (— 155 )T (1=as) Uo (1 + €b2p+b4rlz1 - EP(Q)ZZ COS(béq)>

ms3(x,t) = — ’
53( ) 1+ eth+b4r’zl + eP(Q)zz cos(béq)

(56)
2
g (1) = 2u3 1+ eb2pPtbarzy — oP(Q)z, cos(beq)
S (=1+a%) \ 14 eb2ptbapzy 4 eP(Q)z, cos(bgq) |
2\/71/ 1+ 5 Uo <x+ at7 ( 1+‘;s)r(1 0(5))
where Q) = b, + p = .
n
1 -
o s N 0
i s
(b) (c)

Figure 14. Cont.
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("

b
b

1
iy

)
T

3k

-1

[ 0 -4t
()

Figure 14. Explain three-dimensions in (a); contour in (b) and two-dimensions in (c),

= : : ] 4t
—1':'” I—jllll 5 IIlC'
=1} -
T = : m
(e)

e

Graphical representation of msi(x,t) in Equation (54), at b = —4,by = -7,bs = 10,
b =3,21 = =2,z =2,p = 3,0 = —0.2,a = 0.8, respectively.

-4 -2 o 2 4

("

ba

=

=)

A i -

3P (b) |
(e) ()

Figure 15. Clarify three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of ns4(x,t) in Equation (56), at by = 4,by = -—3,by = 3,
z1 =—15,20 =25p=1,9=—1,up = 1,a = 0.6, successively.
6. The Periodic Cross-Kink Wave Solutions

For this, ® in bilinear form can be assumed as [33]

& =¢ (& + 1) + z1eb1§ +b + zpcos(bsé + by) + zzcosh(bsé + bg) + by, (57)

where z/s and b/s all are real-valued parameters to be measured. Inserting ® into Equation (11)
and collecting all coefficients of eV16+b2, e=018—ba = ebatbil+2(ba+b18) o= (br1i+b2)+2(01G+ba)
cos(by + b3é), cos(by + b3é)cosh(bs + bsé), e (&+b)+2(1il+b2) cog(by + b3d),
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e~ (8tb)+2(ie+ho)gin(hy, + b3f),  cos(by + bsf)cosh(bs + bs&)sinh(bg + bsé),
e~ (18402)+2(b18+0) o5 (by + bé) cosh(bg + bsE), and e~ (016+02)+20184202) gin (b, + b3E)
sinh(bg + bs(), after solving them, we attain the following parameters (See Figures 16 and 17):

Casel.For by =0,

b2—
a=4a, b—8f P 1‘3_ Mazia;;ubl:b1/b2:b2/b3:b31b5:01b6:b61 (58)
b7 - 0/ Ug = —2b1,21 = 21,22 = 0/Z3 = Z3.

By using these values in Equation (57), and then by using Equations (8) and (10), we obtain

2(7!71 €7h27b1§+b1 L’b2+b1§21 )

u(§) = —2b; + e~02=b18 4 b2 tb187, 4 74 cosh(bg) 59
o 2(7b]€7b27b1§+b1€b2+h1§21)
U(g) - a2 1 ( 2bl + _bZ_b1§+gb2+b]ézl+Z3 cosh(bg) .
Now, using Equation (5), we obtain the following solutions for Equation (1):
; (6462 —a? +-a*)t=5 (a—1) )
5| 2ax+ 1 5
(2.1 2b1e2( (a2 —1)B(#) 52 o (— 757 T (1-as) (2 4 23 cosh(bg))
m X, - ’
61 1+ €20z + Q25 cosh(bg)
(60)
8b? 2 + 923 cosh(bg) 2
nex(x, t) = ’
(a2 — 1) \ 1 + €221 + ¢z5 cosh(bg)
_ at 5 (—1+a)
where Q) = by + 81/2 b1 (x + 3w (—L)Sr(l—as))'
Case II.
a=a,b=2v2[ 5, b= — TS5 by = ibs, by = by, by = ba, bs = —ibs, by = b, (61)

b; =0,z1 = 21,20 = 23,23 = z3.

Now, by using these values in Equation (57), and then by using Equations (8) and (10) in
Equation (5), we obtain the following solutions for Equation (1):

2ibze (—2 42020207, ebag, 4 b2z, 4 eb2(—1 4 ¢2)z5 cosh(bg) — et2(1 + ?)z3 sinh(b6))

2+ 2¢202+07)  ebazy + eb2+O0z) + b2 (1 4 e2)z5 cosh(bg) — eP2(—1 + e2)z3 sinh(bg)

m63(x, f) =

7

(62)

2
" (x t) _ Sb% 2 _ 262b2+Qzl + gbzzz _ ebz+022 _ ebz(_l 4 60)23 COSh(bé) + eb2<1 + 60)23 Sinh(bé)
T @ =1\ 242682402 + ebazy 4 20z 4 21+ )25 cosh(b) — ef2(~ 1+ ¢)z3 sinh (b)

@ DB T~ 5T
5 (14w
and 0 = 4iv2,/ by (x4 et S )

where A = 3 (zax+ (— 16h27a +at)t () -1) ),
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J -1F
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-1k
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Figure 16. Showed three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of mgs(x,t) in Equation (62), for b = —5b5 = 1,bg = 5,
z1 =1,zp = 3,z3 = —0.5,a = 0.9, respectively.

(b) (o)

Figure 17. Cont.
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Figure 17. Represented three-dimensions in (a); contour in (b) and two-dimensions in (c),

-
T

=
T

Graphical representation of ngs(x,t) in Equation (62), for b, = —5bs = 1,by = 5,
z1 =1,zp = 3,23 = —0.5,a = 0.9, respectively.

7. Results and Discussion

The study of new imposed solutions for the ion sound and Langmuir waves (ISLWs)
has huge importance among scientists. Much of the work has been carried out on ISLWs,
for example, Mohammed et al. constructed new traveling wave solutions for ISLWs by
using He’s semi-inverse and extended Jacobian elliptic function method [34]. Shakeel et al.
studied new wave behaviors for ISLWs with the aid of modified exp-function approach [35].
Seadawy et al. used direct algebraic and auxiliary equation mapping to obtain the families
of new exact traveling wave solutions for ISLWs [36]. Tripathy and Sahoo studied a variety
of analytical solutions for ISLWs [37]. Seadawy et al. studied a variety of exact solutions
with modified Kudraysov and hyperbolic-function scheme for ISLWs [38].

Here, we obtained a variety of analytical solutions with rational and trigonometric
forms for ISLWs, in which some of them are represented graphically in 3D, contour, and
2D shapes. In Figures 1 and 2, we present M-shaped solutions for mp3 and my5 with
contour and 2D plots, respectively. In Figures 3-6, we see the interactional phenomena
with M-shaped and one-kink for m3;, n3;, m3s, and n3e at different values of the parameters.
In these figures, we see M-shaped waves with multiple bright and dark solutions. In
Figure 4, waves strongly increased their amplitude according to time. In Figures 7-9, we
see the interactional phenomena with M-shaped and two-kink for n3g, m39, and ny9. In
Figure 7, multiple bright, dark, and M-size solitons appear. In Figures 8 and 9, large-sized
dark and bright waves appear. Figures 10 and 11 represent the evolution of M-shaped and
periodic waves for m3 and ny. Figures 12 and 13 represent the evolution of multiwaves
solution for my3 and n44 at different values. In Figures 14 and 15, two solutions, ms; and
154, of homoclinic breather are presented graphically, and we also see the changes in graphs
by varying the value of a. In Figures 16 and 17, we present periodic cross-kink solutions
me3 and n44 graphically, and we also see the change in waves into bright and dark solutions
by varying the value of a. As a € (0, 1], in all these solutions, we can see that whena =1,
Yoro(—1%5)° does not converge.

8. Conclusions

In this work, we successfully derived some new analytic solutions for FISLWS with
Atangana—Baleanu derivative. These exact solutions are derived in the form of bilinear,
trigonometric, and exponential functions. As a result, new traveling wave solutions are
gained in the form of rational, periodic, multiwaves, multi-kink, solitary waves, bright
and dark solitons that are shown graphically in 3D, 2D, and contour structures. These
solutions play an important role in different areas of physics, engineering, and other
branches of sciences.
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