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Abstract: In this article, we obtain certain bounds for statistical curvatures of submanifolds with any
codimension of Kenmotsu-like statistical manifolds. In this context, we construct a class of optimum
inequalities for submanifolds in Kenmotsu-like statistical manifolds containing the normalized scalar
curvature and the generalized normalized Casorati curvatures. We also define the second fundamen-
tal form of those submanifolds that satisfy the equality condition. On Legendrian submanifolds of
Kenmotsu-like statistical manifolds, we discuss a conjecture for Wintgen inequality. At the end, some
immediate geometric consequences are stated.

Keywords: statistical manifolds; kenmotsu-like statistical manifolds; casorati curvatures; generalized
wintgen inequality

1. Introduction

A statistical manifold is an extension of a statistical model that is abstraction. The statis-
tical manifold characterization is based on a statistical model in which the density functions
are swapped by any Riemannian manifold M, the Riemannian metric d substitutes the
Fisher information matrix of the manifold M, the dual connections D~ and D) are
exchanged by a couple of dual connections D and D*, and the skewness tensor is modified
by a three-covariant skewness tensor, which counts the cummulants of the third order.
Amari [1] first developed statistical manifolds in 1985. He looked at it from the standpoint
of information geometry, and such manifolds include the concept of dual connections,
also known as conjugate connections in affine geometry, which is strongly linked to affine
differential geometry and has applications in numerous fields of scientific disciplines.

In its most basic form, information geometry is a part of mathematics that uses dif-
ferential geometry concepts to the topic of probability theory. A model is a statistical
manifold, and the amount of the parameters affects the point of statistical manifold and
its transformation are well known from thermodynamics. The natural Riemannian mani-
fold for thermodynamics is the statistical manifold. The geometrical representation in the
framework of Gibbs’s statistical mechanical representation for reversible and irreversible
fluctuations in the value of the critical variable. Entropy mechanics, which can give sig-
nificant mechanical techniques in the analysis of thermodynamics, remains at the center
of Gibbs” work. Gibbs statistical manifolds frameworks have been extended to represent
statistical manifold kinematics. Furthermore, thermodynamic equilibrium exists in the
form of statistical groups across independent states, which serve as a link between sta-
tistical thermodynamics and information geometry theories. Fisher information matrix,
for example, is useful to neural networks and Langevin kinetics. Furthermore, Newtonian
dynamics can be recast in the language of Riemannian geometry applied to probability

Mathematics 2022, 10, 176. https:/ /doi.org/10.3390/math10020176 https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10020176
https://doi.org/10.3390/math10020176
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-3895-7548
https://orcid.org/0000-0002-1713-6831
https://orcid.org/0000-0002-6562-4610
https://doi.org/10.3390/math10020176
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10020176?type=check_update&version=2

Mathematics 2022, 10, 176

20f15

theory, namely, information geometry, where the link is made using the probability distribu-
tion’s average. As a result, the dynamics take place on a statistical manifold that is naturally
endowed with a metric structure furnished by information geometry and the curvature
of the statistical manifolds has a significant influence. For example, an entropy dynamics
(ED) statistical model has been constructed on a 6n-dimensional statistical manifold M.
The micro-coordinated on the manifolds are represented by the expectation values of micro
variables associated with Gaussian distribution.

The normalized square of the length of the second basic form of a submanifold of
a Riemannian manifold was defined by Casorati [2] as Casorati curvature. This concept
went beyond the primary direction of Riemannian manifold hypersurfaces. Geometry
and other domains, such as computer visual information, have examined the Casorati
curvature. Some findings were achieved in terms of isotropical Casorati curvature of
production surfaces. In Riemannian manifolds, a geometrical explanation of the Casorati
curvature of submanifolds was also investigated. Recently, a geometric analysis of the
Cauchy-Schwarz inequality in terms of Casorati curvature has been considered. In this
reason, the geometric study of Casorati curvatures for submanifolds is new and has many
research problems. A couple of optimal Casorati inequalities had been obtained by many
distinguished geometers in different ambient space forms (for example, [3,4]). Decu et al.
have built certain inequalities for statistical submanifolds of Kenmotsu statistical manifolds
with constant ¢-sectional curvature involving normalized J-Casorati curvatures and scalar
curvature in [5]. Inequalities for statistical warped product submanifolds were explored by
Aliya et al. in [6].

Wintgen [7], on the other hand, proposed a crucial relationship between the Gauss
curvature, normal curvature, and squared mean curvature of any surface N in a four-
dimensional Euclidean space E*, as well as the necessary and sufficient conditions under
which the equality case holds. Guadalupe and Rodriguez generalized Wintgen's inequality
to a real-space surface of arbitrary codimension in the form R"+2(c), m > 2. After that,
Chen extended this inequality to surfaces in a 4-dimensional pseudo-Euclidean space
IE‘z1 with a neutral metric. In [8], DeSmet, Dillen, Verstraelen, and Vrancken found the
DDVV conjecture (called the generalized Wintgen inequality in general) for an isometric
immersion of a Riemannian manifold into a real space form. Furthermore, in [8], they
conjectured this inequality for a submanifold with codimension 2 in a real space form
R™*2(¢). The solution of this conjecture was independently proven by Lu [9] and Ge and
Tang [10] for general case. Since then, many remarkable articles were published and several
inequalities of this type were obtained for other kinds of submanifolds in different ambient
spaces (see [11-15]).

The derivation of inequality in terms of Casorati curvatures for various submanifolds
in various ambient spaces is focused on an optimization approach that establishes that
the polynomial of quadratic type in the components of the second fundamental form is
parabolic. However, in the present paper, the proof of the inequality involving Casorati
curvatures (of submanifolds in Kenmotsu-like statistical manifolds) in Theorem 3 is empha-
sised on a constrained extremum problem on the submanifold given in Lemma 1. Equality
case is also examined. On the other hand, we extend the classical DDVV inequality to a
Legendrian submanifold in Kenmotsu-like statistical manifolds. The main ingredient in
proving Theorem 6 is given by Theorem 5, which actually translates the DDV V-conjecture
to an algebraic problem involving some traceless symmetric matrices.

2. Preliminaries

A semi-Riemannian manifold M and non-degenerate metric d, and a torsion-free
affine connection by D. The triplet (M, D,d) is said to be a statistical manifold [16] with
symmetric Dd. It is usually denoted by (M, D, d).

In case of a statistical manifold, we have a second connection D* as:

Gd(x,y) = g(Dzx,y) +d(x, DZy), M
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for any x,y,z € T,M, r € M. The torsion-free affine connection D* is called dual (or
conjugate) of the connection D with respect to the d and obeys

(D*)* = D.

2D% = D + D, ()

where DV is indicates the Levi-Civita connection on M.

A semi-Riemannian manifold (M, d) is said to be an almost contact metric manifold
with almost contact structure (y, ¢, 1, d) of certain kind [17] if it admits the almost contact
structure (1, ¢, 17) which satisfies the following equations:

7€) =1 9(E)=0 and yoyp=0, 3
and also has another tensor field * of type (1,1) which obeys
d(px,y) = —=g(x, ¢"y), “
for any x,y € T, M. It is easy to see that
pPx = —x+n(x)¢ and d(yx,¢*y) =d(x,y) —n(X)n(y), 5)
$p*¢=0 and 5(p*(x))=0. Q)

As a tensor field ¢ is not symmetric, it shows that i + ¢p* # 0 everywhere.

Kenmotsu [18] initiated the study of Kenmotsu geometry, which is a crucial class of
contact geometry. The almost contact metric manifold of certain class (M, D, ¢, ¢, 1, d_) is
said to be Kenmotsu-like statistical manifold [19], if the following axioms hold

Dyl =x—15(x)¢, Dif=x—n(x)g, )

(Dxp)y = d(px,y)& —y(z)px and (Diyp*)y = d(p*x,y)& — (z)p*. 8)

The curvature tensor R with respect to D on a Kenmotsu-like statistical manifold is given as:

Rz = S 2)x—d(xz)y)

1 _
+ S (2 — Ay, 2)gy

—2d(yx,y)pz —d(y,¢)d(z, §)x
+d(x,8)d(z,§)y +d(y, $)d(z,x)¢
—d(x,8)d(z,y)¢}, ©)

where c € R.

After, shifting ¢ to ¥* in (9), we turn up the expression of the curvature tensor R*
for D*.

Certainly, (M, D*, d) is a statistical manifold. For example, every semi-Riemannian
manifold (M, D,d) endowed with a Riemannian connection D is a trivial statistical mani-
fold. In this case, one turn up

d(R(x,y)z,7') = —d(z,R*(x,y)Z'), (10)

forany x,y,z,z' € T,M [16].

Let M be a submanifold of M on a statistical manifold (M, D,d) . Then ((M, D,d) is
also said to be a statistical manifold with the induced statistical structure (D, d) on M from
(D,d) and we say (M, D, d) is a statistical submanifold in (M, D, d).
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The Gauss and Weingarten equations are used in statistical settings, respectively,
defined by [20]:

Dyy = Dxy+h(x,y), Diy= Diy+h*(x,y), } a

DU = —Ay(x) +Dild, DiUd = —Aj(x)+ DU,

for any x,y € T,M and U € T;*M, where D and D* are the dual connections on M.
Similarly, on M, we denote them by D and D*. For D and D*, the bilinear and symmetric
imbedding curvature tensor of M in M are, respectively, indicated by h and h*.

The finest relation between / (respectively, h*) and A (respectively, A*) can be seen
as [20]

d(h(x,y),U) = d(Ajx,y) and d(h*(x,y),U) = d(Ayx,y), (12)

forany x,y € T,Mand U € T;* M.
It is also noted that the relations 24° = h + h* and 2A2{ = Ay + Aj, exist by using (2).
The curvature tensor of D and D are given by R and R, respectively. Then, for any
x,Y,z,z € T,M. Now, the corresponding Gauss formula are [20]

dR(x,y)z,2") = d(R(x,y)z2) +d(h(x,2), 1" (y,2))
—d(h*(x,2),h(y,2)), (13)

and

d(R*(x,y)z,7) = d(R(x,y)z,2) +d(h"(x,2), h(y,Z))
—d(h*(x,2), h(y,2)). (14)
The Ricci equations for D and D* are, respectively, given below [20]
dR*(x, U, V) = dR(x,y)U, V) +d([Ay, Avlx,y), (15)
and
AR (U, V) = AR (x, U, V) +d([Ay, Ay]x,y), (16)

forany x,y € T,M and U,V € T;*M. Here R* and R** are the normal curvature tensors
for D' and D* on T;* M, respectively.

The usual definitions, in general, cannot produce a sectional curvature with regard
to dual connections (which, of course, are not metric). In [21,22], Opozda presented a
statistical sectional curvature on a statistical manifold. As a result, the statistical curvature
tensor fields of M and M are defined as:

28 = (R+R¥), and 28 = (R + R").
Additionally, the normal statistical curvature tensor S+ is defined as:
28+ = (Rt +R*).
For x € T, M, we put

x = tan(¢x) + nor(yx)
= Px+Fx,
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where Px is the tangential and Fx is the normal component of ¢x. Likewise, we can write

Y*x = tan(¢p*x)+ nor(yp*x)
= P*x+F'x,

where P*x is the tangential and F*x is the normal component of 1*x.
Similar to the classical definition of C-totally real and Legendrian submanifolds of a
Kenmotsu manifold (see [23]), we provide the following definition:

Definition 1. Let M be an n-dimensional submanifold of an (2m + 1)-dimensional Kenmotsu-
like statistical manifold (M,d,y,y,&). If p(T,M) C T;*M, then M is called C-totally real.
However, if n = m, then a C-totally real submanifold turns to a Legendrian submanifold. Thus,
it is easy to say that Legendrian submanifold is a C-totally real submanifold with the smallest
possible codimension.

In the following sections, we prove several sharp inequalities on statistical submanifold
immersed into a Kenmotsu-like statistical manifold with a curvature tensor of the kind (9).

3. Bounds for Normalized Scalar Curvature

In this section, we derive an inequality on the normalized scalar curvature of a sta-
tistical submanifold immersed into a Kenmotsu-like statistical manifold with a curvature
tensor of the kind (9).

Let a statistical submanifold M of dimension m in a Kenmotsu-like statistical manifold
M2+l We assume a local orthonormal tangent (respectively, normal) frame {vy,..., vy}
(respectively, {vy11,.-.,0m41}) of T,M (respectively, T,-M), r € M. Then, o(r) is the
scalar curvature of M and hence the normalized scalar curvature p of M are express as:

m
o(r) = ) d(S(vi,v))v),0),
=1
li]<j
B 20
p= m(m—1)"

The mean curvature vectors are given by:
m 1 m
H=—Y h(vj,v;), and H* = p” Y h* (v, v;).
i=1 i=1
We set
”li(] = d_(h(Ui, U]'), Z)k), and h;k] = d_(h*k(vi, U]'), ’(’Jk),

fori,j={1,...,myandk={m+1,...,2n +1}.
We show the following.

Theorem 1. Let a statistical submanifold M™ in a Kenmotsu-like statistical manifold M2+ with
curvature tensor is of the form (9). Then

c—3 c+1 2 - "
P2 4 +4m(m—1){2||P|| (tmce(P)) tmce(P )}

1
m(m—1)

+ " d(H,H) —

p— 1R[] (17)
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Proof. Let {vq,...,0,} and {0y 1,...,02n41} be orthonormal frames of T,M and T;* M,
r € M, respectively. From Equations (9) and (13), we get:

2w = ¢ ; 3 (m? —m) + £ 1_ L {2|P|2 — (trace(P))? — trace(P*Z)}
5 2n+1 m "
+m*d(H,HY) = ) ) hyhi;
k=m+11i,j=1
> 1 (m=—m)+ 1 2||P||* — (trace(P))~ — trace(P*")

+m?d(H, H*) — || ||1*]].

By adopting the definition of the normalized scalar curvature p of M, we turn up the
desired inequality. [J

The characterization of equality cases in Theorem 1.

Theorem 2. Let a statistical submanifold M™ in a Kenmotsu-like statistical manifold M2+ with
curvature tensor is of the form (9). Equalities hold in (17) if and only if either h = 0 or h* = 0 holds.

4. Optimizations on a Statistical Submanifold with Casorati Curvatures

In this section, first we study Casorati curvatures (in short CC) for a statistical sub-
manifold, with respect to D and D*, in a Kenmotsu-like statistical manifold.

Let a statistical submanifold M of dimension m in a Kenmotsu-like statistical manifold
M2+l We assume a local orthonormal tangent (respectively, normal) frame {vy,..., vy}
(respectively, {vp11,...,V2n+1}) of Ty M (respectively, TriM), r € M. Then, the squared
norm of second fundamental forms h and h* (||k]|? and ||1||*?) are, respectively, indicated
by C and C*, known by the Casorati curvatures (CC) of M in M. Therefore, we have:

mC = Hh||2 and mC* = ||h*|]2,

here

) 2n+1 m n2
[h]* = Z Z (h,’]’) ’

k=m+1i,j=1
) 2n+1 m 2

* *,

m? =) Z (hi")".

k=m+11i,j=1

Next, we define an orthonormal basis {vy,...,v:} of a t-dimensional subspace L of TM,
d > 2. Then, the scalar curvature of the d-plane section L and the CC of subspace L are,
respectively, given below:

d
o(L) =) S(v;,vj,vj,v;)
ij=1
i<j
and
2n+1  d N2
L) = Y ) ()"
k=m-+11i,j=1
2n+1  d
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The normalized CC d¢(m — 1) and ¢ (m — 1) are, respectively, defined as:

[6c(m—1)], = %C, + (mz_i_ml> inf{C(L)|L : a hyperplane of T,M}

and

[6¢(m —1)], = 2C, — <ZWZZT; 1> sup{C(L)|L : a hyperplane of T,M}.

Further, we, respectively, define the generalized normalized CC é¢(p;m — 1) and d¢ (p;m — 1)
as follows:
(1) ForO<p<m?>—m

[0c(p;m—1)], = pCr + {(p) inf{C(L)|L : a hyperplane of T,M}.
(2) Forp>m?>—m
[0¢(p;m —1)], = pCr — (p) sup{C(L)|L : a hyperplane of T,M},

where

¢(p) = pfm(mfl)(mﬂl)(mzfmfp), p 7 m(m—1).

In a similar way, the normalized CCs §5(m — 1) and 32 (m — 1) and the generalized normal-
ized CC 05 (p;m — 1) and gé(p; m — 1) can be defined. We also notice that

200 = Cc+cCr,
200(pm—1) = de(pym—1)+6;(p;m—1).

To derive the section’s optimum inequalities, we require the following key lemma.

Lemma1 ([24]). If 0 = {(uq,uz, ..., ) € R™ :uy +up + - - - + uyy, = L} be a hyperplane of
R™ and f : R™ — R is a quadratic form, then

m—1 m
flug,ug, ... um) = Z (u)* + pz(um)* =2 Z uinj,  p1, P2 > 0. (18)
i=1 ij=1

i<j

The restricted extremum problem therefore gives f the following global solution:

U = up = =u £
1= Uy = —m—l—m+1,
L L(m—1) L

m = = —m+2 ,

e+l (p+1pu (v ) 1+1

provided that
-1
=" (19)
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Let {v1,...,0,} and {0, 41,...,02,41} be orthonormal frames of T,M and T;*M,
r € M, respectively. From Equations (9) and (13), we arrive at

200 = (m=—m)+

=32 C11{2|P|2— (tmce(P))z—tmce(P*Z)}

2
2?0 ~ 2mC? — I (IHIP+ 72 ) + 5 -+ ).

We now define a quadratic polynomial in terms of the components of the second funda-
mental form Q as

c+1

Q = pC®+¢(p)C°(L) —20+ g(m2 —m) +

1 {2|P|2 (trace(P))2

2
—trace(P*z)} - (||H|2 + ||H*||2> +2erer). (20)

We suppose that L is spanned by vy, ..., vy, (without loss of generality), combining (20), it
follows that:

m+}9 2n+1  m 2n+1 m—1 Ok 2n+1 m o 2
Q - Loy U Y- Y (n)

k=m+1i,j=1 k=m+1i,j=1 k=m+1 \i=1
2n+1 m—1 (m+]?)
= LT peenogor 2oy
m
k=m+1 i=
P SINC eI R R U
1<i#j<m—1 1<i#j<m
ek 0k2 Okpok | P (0 2
> ) [Z Al 2, WA () } @1
k=m+1 1<i7éj§m
where
m m-—1
Let us assume the quadratic form f* : R" — R, fork = m +1,...2n + 1, defined by
FERRE ) Z A(hi)? Y, R+ p(h%(m)z (22)
i=1 1<i7éj§m

and the problem as follows:

mm{fk(hn, .. .,h?nkm) K WK = K cR e RY.

On Comparing the functions (18) and (22), we find that
P

}412*-1-M

m m-—1 and iz =

which verify the relation the relation (19). Thus, by Lemma 1, entails that the critical point

(hd%, ..., WOk is given by:

ck L ck mLk
Bok — ... — p0k -~ 0% _ - 2
. Mol T T T A+ T 1 mtp )

and a result, it is the global lowest point.
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Next, plugging (23) into (22), we arrive at
A%, .. %) = 0. (24)
From (21) and (24), we get Q > 0 and hence we have the following:

c+1
4

6_3(m27m)+

20 < p+IpCW) + g (Cre) +
{2|\P|2 — (trace(P))? — trace(P*Z)}
mZ
S (]

Further, we find that:

BS)
IN

p Z(p) 1 . c—3
m(m—l)co+m(m—l)CO(L)+2(m—1)(C+C T3 )

4;41(27:;11){2”1)”2 - (trace(P))2 — trace(P*Z)}

sty (IHI2+ 1 12).

Hence, we get the following inequality.

_|_

Theorem 3. Let a statistical submanifold M™ in a Kenmotsu-like statistical manifold M?"+1

with curvature tensor is of the form (9). Then, the generalized normalized CC é¢(p; m — 1) and
0p(p;m — 1) holds

20¢(pim —1) I 0,¢—3 c+1 2 2
= m(m —1) M L +4m(m_1){2||P|| — (trace(P))
— *2 _L 2 %112
trace(P )} 20m —1) (|H|| -+ ||H*|| > (25)

I}emark 1. In a iimilar way ones can obtain inequality for the generalized normalized CC
bc(p;m—1) and 55(p;m — 1), that is,

280 (p;m —1) 1 c—3 c+1
(A4 0 2
2||P
m(m—1) + —16 + 4 +4m(m1){ Il

—(trace(P))? — tmce(P*z)} — ﬁ (|H||2 + ||H*||2) (26)

The characterization of equality cases in Theorem 3.

Theorem 4. Let a statistical submanifold M™ in a Kenmotsu-like statistical manifold M>"+1
with curvature tensor is of the form (9). Equalities occur identically, at all points of M, in the
Equations (25) and (26) if and only if the totally geodesic submanifolds endowed with respect to the
Levi-Civita connection.

5. Bounds for the Normalized Normal Scalar Curvature

In this segment, we use the most important ingredient, derived by Lu for the symmetric
and trace-free operators in [9], in the proof of our desired DDVV inequality. This is
as follows.
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Theorem 5. Let a Riemannian submanifold of dimension n immersed into (n + m)-dimensional
Riemannian manifold. For every set {By, ..., By} of symmetric (m x m)-matrices with trace zero
the following inequality holds:

m m 2
S (1B, Be| P < (ZBrHZ) .
r=1

r,s=1

Let an m-dimensional Legendrian submanifold M of a Kenmotsu-like statistical mani-
fold M?"+1! with curvature tensor is of the form (9) and {v1, ..., v, } and {vyi1, ..., Vomat }
be orthonormal frames of T,M and T;"M, r € M, respectively. From Equations (9) and (13),
we arrive at:

c—3 m2
20 = S =)+ 2 O = 5 (IHIP + 5271
1
=20[R21 + 5 (111> + [17]1%).
Then, the normalized scalar curvature of of M is p
¢ —3 2m 0n2 m By 2
b= z<m_1>(|Hll 1
2
- ho 2 — (Il 2 h* 2 . 27
i =) I+ gy (1174 171) (27)

However, if we fix h — Hd = T, h* — H*d = 7" and h’ — H% = 19, the traceless part of the
second fundamental forms, then, respectively, we get:

ITll® = [[B]I> = ml[HI?, [|T]]* = [|h*]|* = m| H*]?,

IO = R°]> = m || HO|I2.

Thus, the expression (28) becomes:

c—3 1 2
= 21HO > = < (1H|? + |1 H ) ) = ——|I7°))?
p 1 T2H 2<| 1=+ 1 H" m(m—l)”T I

+ 7l + lI7]1?). (28)

1
2m(m —1) (I

Now, we compute our main extrinsic curvature and the normalized normal scalar curvature
of M as below.

pro= m(ml—l){ Y, X [d(Rl(vifvf)vmwrvm%)

1<a<b<m 1<i<j<m

25172
+d<R*l<vi,vj>vm+a,vm+b>} }

_ m(ml—l){ Z Z [d_(R(Ui, Uj)Ueruz Vpmitb)

1<a<b<m 1<i<j<m
+d([A3,, 4 Ao, )i 0f)
+d_(R* (vi, Uj)vara/ Vmsb)

25172
+d<[Avm+a,A:;,,,”]vi,vj)]} ,



Mathematics 2022, 10, 176 11 of 15
which refers to the following:
1 c+1
1
p= { ) ) [(‘5'b5‘a — 0iadjpy)
m(m—1) 1<a<b<n1<i<j<m 4 e !
+4d([A ., AS, 10i,0)) + 8([Avyas A,y 0, 0))
241/2
(1AL, A5, )| b (29)

On simplifying (29) and applying the Cauchy-Schwarz inequality, (a + B + 7 + 71)% —
4(a® + B2 +9*+ %) <0, for a, B,,m € R, we introduce an inequality in (29) for p*
as follows:

ot < m(mz—l){ Y ) [(C_Zl)z(éibéju_&uéjb)z

1<a<b<n 1<i<j<m

+16d([A0 ’ AO ]Z)i/ vj)z + d([Avm+a’ Avn1+b]vi’ vj)z

Um+a Um+b
1/2
2
(AL, AY J000)) } }

2 m*(m+1)*(c+1)% 1 ¢ 0 40(2
= 16]|A%, A
m(m—l){ 64 *3 D {6” o Al

IN

1/2
HlAs, Al + 143 4312
Now, by following the same steps done in [13], the sets {B?, Bg, ...,BY}, {B1,By,..., By}

and {BT, Bj,..., B} of symmetric with trace zero operators on T, M are defined as:

< BYE,F >=<1°E,F),U, >, < B.E,F >=< 1(E,F),U, >, (30)
< BYE,F >=< m"(E,F),U, > . (31)

Clearly, we have the relations
BY =A% < H U, >1d, B,=A,—<HU,>Id, B}=A:~<H' U >Id
and
(A, A} = [BY, Bl [Aa, Ap) = [Ba, Byl, [A7, A}] = (B, By, (32)

forany b € {1,...,m}.
Therefore, we have:

2 m*(m+1)2(c+1)2 1 &
L o< 1 0 poJ12

1/2
+||Ba,Bb||2+||B;,B;2}} -

Then, by applying Theorem 5, we can easily arrive at:

1] 1 n
Lo« |c + 4118012 BI12 B*( 2
R e o LG LA ]

lc+1]
41T P+ |l + 11T -

- 4 + m(ml— 1) {
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Substituting (28) in the last relation, we get:

e+1] =3, 8
4 2 m(m—1)

pr<2p+ 1% — 4| HO1? + | H? + || 2. (33)

However, the normalized scalar curvature p° of M for Levi-Civita connection is:

c—3 m
- — _||HY? =
o = o+ R

|
m(m—1)
c—3

1
_ HOI12 — 012, 4
T I e (4

Putting (34) into (35), we give the main result of this segment.

10|12

Theorem 6. Let a Legendrian submanifold M™ of a Kenmotsu-like statistical manifold M?"+1
with curvature tensor is of the kind (9). Then we have:

4 2
4 HO|2 + =2 + | H)2 (35)

6. Some Geometric Applications

In this part, we study some immediate applications of the results (Theorems 1 and 3)
proved in the previous section.
In light of Lemma 1 and taking g = m“’;l) in é¢(p; m — 1) (respectively, 55 (p; m — 1)),

we find that:

(M )] = o psen ),
(respectively, [5é (m(mzl)lm - 1>L = m(m—1)[dc(m—1)],)

at any pointr € M.
Thus, we turn up the following corollaries on Theorem 3.

Corollary 1. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M+ with
curvature tensor is of the kind (9). Then, the normalized CC ¢ (m — 1) and 65 (m — 1) holds

0 . 1 0 C*B C+1 2 . 2
p < 20(m—1)+ m_lc t—t Tm(m = 1) 2||P||* — (trace(P))
. 2y [ m 2 (12
trace(P )} =1 (||H| + ||H*| ) (36)

Remark 2. In a similar way, ones can obtain inequality for the normalized CC bc(m —1) and
o5(m—1).
c

Now, from
1 . -
1012 = 3 (NI 17 2+ 24, 1)),
and together with HY = 0, we have the relation
IH|* +||[H*||> = —2d(H, H").

Hence, the following corollary follows directly from inequalities (25) and (26).
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Corollary 2. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M+ with
curvature tensor is of the kind (9). If M is minimal, that is, HY = 0. Then, we have:

2(52(p;m— 1)

1 c—3 c+1
pos m(m—1) +m—1co+ 4 +4m(m—l){2”P”2
—(trace(P))* — trace(P*z)} + (mni 1)af(H, H*). (37)

Corollary 3. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M1 with
curvature tensor is of the kind (9). If M is minimal, that is, HY = 0. Then, we have:

0o 1 o c—3 c+1 )
p < 20(m—1)+ m_lc t—t Tm(m 1) {2||P|
_ 2 _ *2 m_ *
(trace(P))~ — trace(P )} + = 1)d(H,H )- (38)

Some consequences of Theorem 1 are the following.

Corollary 4. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M1 with
curvature tensor is of the kind (9). If c = —1, then

m(m —1)(p+1) > m*d(H, H*) — |[h]|[|1*.

Corollary 5. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M>"+1 with
curvature tensor is of the kind (9). Suppose that

1. h(x,y) =d(x,y)Hand h*(x,y) = d(x,y)H*;
2. h=0and h* =0;
3. c=-L

Thenp+1 > 0.

Remark 3. In the above Corollary 5, we have 0 = h(x,y) = d(x,y)H, x,y € T,M, which gives
H = 0. Similarly, 0 = h*(x,y) = g(x,y)H* implies H* = 0. Hence, an inequality (17) reduces
top+12=>0.

Corollary 6. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M?"*+1 with
curvature tensor is of the kind (9). If the following holds

_c—3+ c+1
= dm(m —1)

{ZHPH2 — (trace(P))? — trace(P*z)}.

Then neither h = 0 nor h* = 0.

Let us take a minimal submanifold M for the Levi-Civita connection, which gives H +
H* = 0 because of H? = 0 and thus, we have the relation —2d(H, H*) = ||H||> + ||H*||?.
Then Theorem 6 gives

Corollary 7. Let a statistical submanifold M™ of a Kenmotsu-like statistical manifold M+ with
curvature tensor is of the kind (9). Then we have
lc+1]+6c 9 -

pt <20 —80° + 5 —2d(HH).
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7. Related Examples

Example 1. Let R* be a Euclidean space with local coordinate system {x1,%,y1,y2}, which
admits the following almost complex structure |

0 0 10
o o0 01
=11 0 0ol

0 -1 0 0

the metric dps = 20x% + 20x3 — 9y? — 9y and the flat affine connection DR s a Kihler-like
statistical manifold (see [17]). If (R, VD, 0t2) is a trivial statistical manifold, it is known from [13]

that the product manifold (M5 =R xR, D,d =0t + fzdR4) is a Kenmotsu-like statistical
manifold, where f = e' € R,

We define 1, ¢ and n by

00 0 00 1
0 0 0 10 0
=10 0 0 0 1|, ¢=dt=]0
0 -1 0 0 0 0
0 0 -1 0 0 0
and 1 = (1,0, —y1,0, —y2). We also find
0 0 0 O 0
000 -3 0
p*=l000 0 -1
02 0 O 0
0 0 2 O 0

Next, we give examples of submanifolds in M° as follows:

Example 2. The statistical submanifold M® = R x ¢ R? of M°, where f = ¢! € RY, attains
equality for both inequalities (25) and (26) because M? is a totally geodesic submanifold of M> with
respect to the Levi—Civita connection. Thus, Theorem 4 is satisfied.

Example 3. Let us take a 3-dimensional submanifold M? of M® defined by an isometric immersion
w: M3 — M ags w(u,v,t) = (0,v,u,0,t). Then the vector fields at each point ofM3 are given
as E; = (0,0,1,0,0), E; = (0,1,0,0,0) and E3 = (0,0,0,0,1). By direct calculations, we have
[E1, Ex] = [Ep, E3] = [E3, E1] = 0 and hence by Koszula formula, we calculate the Levi-Civita
connection D° as Dg(i Xj =0for1 <i,j < 3. This tells us that M3 is a totally geodesic submanifold

of M with respect to D°. Thus, Theorem 4 is satisfied.

Example 4. Let w be an isometric immersion from M3 to M defined by w(x1,y1,21) = (x1,Y1,21,
0,0). The vector fields at each point of M are given by X1 = e~ (x19x1 + y19y1), Xo = e~ 19y,
and X3 = e ?%19zy. By direct calculations, we find that [Xq,X2] = —e 21X,, [X1, X3] =
e 21Xy, and [Xo, X3] = e ?21X,. It is easy to see that M3 is a non-totally geodesic submanifold
of M with respect to Levi-Civita connection DP. In this case, the inequalities (25) and (26) are
precisely satisfied at all points and the case of equality cannot be attained.
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