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Abstract: The food web is a crucial conceptual tool for understanding the dynamics of energy transfer
in an ecosystem, as well as the feeding relationships among species within a community. It also
reveals species interactions and community structure. As a result, an ecological food web system with
two predators competing for prey while experiencing fear was developed and studied. The properties
of the solution of the system were determined, and all potential equilibrium points were identified.
The dynamic behavior in their immediate surroundings was examined both locally and globally. The
system’s persistence demands were calculated, and all conceivable forms of local bifurcations were
investigated. With the aid of MATLAB, a numerical simulation was used to clarify the control set of
parameters and comprehend the overall dynamics. For the system to continue, it was determined
that extremely high levels of either fear or harvesting lead to the extinction of one of the predator
species. Moreover, in contrast to the ecological assumption that if two species are vying for the
same resources, population values cannot be constant, this study showed that it is possible for two
competing species to subsist on the same resources.

Keywords: food web; fear; harvesting; stability; bifurcation; persistence

MSC: 92D25; 34D20; 37G10

1. Introduction

A community of creatures and their physical surroundings can interact to form a
structure known as an ecosystem. The food web system is essential to ecology, as one of
the essential components for maintaining life and developing a species is food. A “food
web” describes the flow of energy through several species in a given area; it can generally
be thought of as being crucial to the survival of organisms in nature [1]. In this paper,
the food web depicts a single prey being consumed by two predators. Predation may be
regarded as a direct link between nutrition and the existence of species in nature, because
it can result in the extinction of one species without the occurrence of another or in the
dominance of one species over the other. If the type of predation induces fear in the prey,
the number of predators of one prey can have an effect on the survival and diversity of
the species. Although predators with a single predation process can enhance their share
by congregating on a single prey, the focus of this study is on the sensation of dread
experienced by the prey during predation. Notably, a fear response in prey can cause it to
die and become unavailable to predators. As a result, this behavior may have an impact on
the predator’s ability to exist.

For the food web model, functional response is crucial. It describes how each predator
hunts prey based on its density [2]. The three functional responses that Holling hypoth-
esized for the predator are known as Holling types I, II, and III [3]. Despite including
the inhibitory impact at high concentrations, Andrews proposed the Monod-Haldane
function for low concentrations [4]. Predation decreases when prey populations are high,
because the prey can better protect themselves or blend in under such conditions [5]. This
phenomenon is referred to as group defense.
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On the other hand, predation fear plays a significant role in the development of
predator-prey relationships, mainly by making it more challenging for predators to
hunt [6-10]. Fear of predation (perceived predation risk) caused by the mere presence
of a predator within an ecosystem is increasingly regarded as an ecological force that rivals
or exceeds that of direct killing [11]. Therefore, in recent years, many scientists have started
investigating the predator—prey model based on the fear component [12-21]. By taking
into account both fear and group defense of prey in the presence of a predator, Sasmal
and Takeuchi [18] developed an ODE model on predator-prey interactions. They consid-
ered the Monod-Haldane type response function, which can capture the group defense
of prey. The combined impacts of fear, prey refuge, and extra food for the predator in a
predator-prey system with Beddington-type functional response were examined by SK
et al. [22]. A modified Leslie-Gower predator—prey model incorporating the fear effect and
nonlinear harvesting was created and studied by Al-Momen and Naji [23]. Those authors
employed the Holling type-II functional response to model the predator’s eating process.
A predator-prey system with a Holling type II functional response that combines preda-
tion fear with predator-dependent prey refuge was conceived and explored by Ibrahim
et al. in [24]. The effects of anti-predator behavior resulting from fear of predator species
were investigated by Xie and Zhang [25] in a predator—prey system with Holling III type
functional response and prey shelters. Kumar and Kumari [26] devised and investigated
a fractional-order delayed predator—prey system which took into account the fear effect.
Since they considered the time delay in terms of the effects of fear, the system did not
undergo any dynamic changes as a result of an absence of fear.

Later, several investigations were conducted on the impact of predation fear on the
dynamic of the food chains of three species and food webs systems [27-34]. In a three-
species food chain model, Kumar and Kumari [27] investigated the effects of fear on
the dynamics in cases whereby the top predator’s fear inhibits the growth rate of the
intermediate predator, while the intermediate predator’s fear suppresses the growth rate
of the prey. For the purpose of examining the effects of fear, Cong et al. [30] developed a
three-species food chain model to determine the cost and benefit of anti-predator behaviors.
They did this by applying the traditional Holling’s time budget argument to calculate the
predator’s functional response. Rahi et al. [31] proposed a predator-prey interaction model
in which a predator’s population is divided into two stages. To include the additional
supply of food for the predator, they changed Holling’s disk equation to describe how
the prey is consumed. To better understand how predation fear affects the dynamics
of a food chain system comprising three species, Maghool and Naji [32] developed and
investigated a novel model. As each prey in the system has an anti-predator trait, they
assumed that food is moved from the lower to the upper level by a Sokol-Howell type
functional response. A tritrophic food-chain model with the inclusion of prey refuge terms
was developed by Saha and Samanta [33], in which consumers hunt for prey using Holling
type-III functional responses. Maghool and Naji [34] mathematically constructed a three-
species food web model with two competing prey species and one predator experiencing
fear. They took advantage of modified Holling type II functional responses as well as
intraspecific competition within the predator population.

Harvesting can cause severe damage to the ecosystem of a given region. As such, if
the activity is inevitable, then the governing authority of that area should implement a
regulating policy that would minimize such damage. Harvesting has a substantial impact
on the dynamic evolution of a population subjected to it [35]. Therefore, it is important to
take into account the harvesting of species in predator—prey models from the standpoint
of financial income. Numerous harvesting techniques have been applied in the literature.
While some of them employed age selection, proportional, and constant harvesting, others
thought about nonlinear harvesting. Investigations of how harvesting affects ecological
system dynamics have attracted a lot of attention [23,36-43].

Keeping these notions in mind, the issue of hunting when two predators are competing
for the same prey is addressed in the current work. It is assumed that the prey species have
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a capacity for collective defense. Therefore, the dynamics and bifurcations of a two-predator
model feeding on a single prey with a functional response of the Monod-Haldane type are
investigated in the presence of harvesting.

2. The Model Formulation

In this section, a real-world food web system under the influence of fear and harvesting
is formulated using a mathematical model. The following hypotheses are used to create the
model, with prey, first predator density, and second predator density at time t represented
by X(T), Y(T), and Z(T), respectively.

1.  Fear imposed by predators has several effects on prey populations, including foraging

frequency, habitat utilization, reproductive speed, and physiological changes [33].

As a result, it is hypothesized that predators use the fear function (m) to

influence the prey’s growth rate.

The prey population grows logistically in the absence of predation.

3. The predators consume the prey depending on the using Monod-Haldane-type
response function; their numbers are reduced due to intraspecific competition. More-
over, it is assumed that interspecies competition exists.

4. Finally, the system is imposed under the effect of fixed-offer harvesting.

N

Depending on the above hypotheses, the dynamics of a food-web system can be
simulated using the following set of differential equations.

ax _ rX _ _ 2 m XY _ ar XZ _

ar — (1+k1Y+k2Z> bOX C0X b1+C1X+X2 b2+C2X+X2 th’

dy _ _emXY 2 . _

aT — b1+C1X+X2 M1Y 01YZ d1Y h2Y, (1)

% = bzizc?% - MZZZ — UZYZ — dzZ — h3Z,
where the system domainis givenby R, 3 = {(X,Y,Z) € R%: X(0) > 0,Y(0) > 0,Z(0) > 0}.
The system parameters, all assumed to be positive, are described in Table 1.

The existence of a large number of parameters in any dynamic system presents dif-
ficulties in terms of performing analyses. Therefore, in the interests of simplification, the
following dimensionless variables and parameters are utilized in the present system (1).

2 2
c aic a ¢
t:rT,x:—OX,y:TOY,z: 30 Z.
r r r
k17‘3 kzI’B bo blc% C1Co bz C%
P alcz/p ElzC%lpg - /P 1’2 /PS " /P6 1’2 7
2 2
0o o hl __€a1 ¢ o uyr _orr . dl N I’lz
p7 = , P8 = p P9 = 2 P10 = alC%,Pn = aZC%,Plz =7 P13 = -
€207 Co le?’z (%) 1’2 dz h3
14 = 5= —H»H/Pl6e = 5, P17= —,P18 = -
p PSS L Pe = L Py = s = S

Then, the resulting dimensionless system can be written as

dx 2 Xy

ax _— __ x _ _ _ Xz _
it = THprydpz ~ P3X =X patpsital  potprxiad  P8Y

dl — poxy _ 2 ” — _ 2
dt = patpsxia POV — P11 Yz — P2y — pisy &)
dz P14xz

— 2
dt = perprxix  P15%° 7 P1eYz — P17 2 — P18z,

with the initial condition x(0) > 0, y(0) > 0, and z(0) > 0.
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Table 1. Description of parameters.
Parameter Descriptions Unite
r The birth rate of prey. T
by The natural death rate of prey. T-!
co The intraspecies competition of the prey. D171
kq The fear rate of prey of predator Y. D!
ko The fear rate of prey of predator Z. D1
ap The attack rate of the first predator of the prey. D.T!
ap The attack rate of the second predator of the prey. D.T!
by The half—saturfaltion constant of ﬁrs.t pr.e(.iator Y in the D2
absence of a direct measure of the inhibitory effect.
by The half—saturfation constant of sec‘onc% predator Z in the D2
absence of a direct measure of the inhibitory effect.
1 The inhibitory effect at high concentrations for predator Y. D
cy The inhibitory effect at high concentrations for predator Z. D
hi;i=1,2,3 The harvest rate of species i. T-1
ey and e The cor'lversion rates of the first and second predators, non
respectively.
uy and giediar;’g:ss’prizi;iei;c‘);gg’etition of the first and second p-17-1
oy and v, g?:di;t;;ss?rezec;secci?‘zl};]?tition between the first and second p-17-1
dy and dy The natural death rate of the first and second predators, -1

respectively.

Note: D represents the population density symbol.

3. Properties of the Solution

According to the right-hand side of the system (2), all the interaction functions are
continuous and have continuous partial derivatives with respect to variables x, y, and z.
Therefore, they are Lipschitz functions, and as such, the system with an initial condition
has a unique solution [44]. Moreover, the following theorem can determine the bounds of
all existing solutions.

Theorem 1. In the region A C R.3, all existing system (2) solutions are uniformly bounded, where

A:{(x’ylz)ER+3:0§x§(1_p3),x+y+Z<2(1_p3_p8)(1_p3) }
Po  Pua K

Proof. From the first equation, it is observed that

Z—f < (1—p3)x—x2 = (1—p3)x<1—(1_xp3)>

Direct computation shows that tlim Supx(t) < (1 — p3). Now, let us define the function
—00

W=x+ g—g + PLM Differentiating the function W with respect to time ¢, it is obtained, such

that: d 2 xy Xy P
w _ X XZ 10
G T B PN X, T PNt T Y
(P12+P13)y+ Xz P15,2  Pley,  (Prtpis)

2 By pu e P1a

2 _ Pu
P9yz

Z,
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where By = 1+ p1y + p2z, By = ps + psx + x%, and B = pg + pyx + x%. Then

dw (P2 +p13)  (p17+ pis)
<(1—p3— X — — z
ar = (1—p3—ps) po y P
Using some simple calculations yields:
dw<2(1— — pg)x — (x+y+z>
at — Pl Po  Pia

where y = min {1 — p3 — ps, p12 + P13, P17 + P18 }. Note that 1 — p3 — pg > 0, due to the
biological meaning of these parameters, which is known as a survival condition of x.
Accordingly, it is determined that

d
W <2(1— ps— ps)(1— ps)

Hence, direct computation indicates that for ¢t — co, W < w, thereby
completing the proof. [

4. Stability Analysis

In this section, the possible equilibrium points (EQPs) are determined, and then a
stability analysis for them is undertaken. Different EQPs may exist for the system (2); these
are summarized as:

The evanescence equilibrium point (EEQP), denoted by Ey = (0,0,0), always exists.

The predation-free equilibrium point (PDFEQP), denoted by E; = (%,0,0), with
£ =1 — p3 — ps, which exists under the survival condition 1 — p3 — pg > 0.

The second predator-free equilibrium point (SPFEQP) is denoted by E; = (%,#,0),
where i/ is given by:

M 1 pgf
= | — + 3
7= i Pt 2 (P12 + p13) ®3)
When X is the positive root of the equation:
A1X7 + A2x6 + A3X5 + A4x4 + A5X3 + A6x2 + Ax+Ag =0 4)

where

A1 = —piolpio — p1(p12 + p13)]

Ay = —pipwolpe — (p3 + ps) (P12 + p13)] + p10®[1 — (p3 + ps)]
—3pspiolpio — p1(piz + p13)l,

Az = pro[—p1po(ps + 2ps + ps) — 3papio + 3pspio(1 — p3 — ps)
—3p3lp10 — p1(p12 + p13)] + 3p1(p12 + p13) (P + paps + psps)],

Ag = =2p1papopio — 2p1P3P5P9P10 — P1PEPIP10 — 2P1P5PsPIP10 + 3Papi
—3papaply — 6papsPiy + 3P3pTy — 3PapEpio — Papio — 3PaPsPiy
—3p2pspiy + pProp12 + 3p1p3pabiopiz + 6p1papsprop12 + 3P1P3PEPI0P12
+p1p2p10p12 + 3p1papspiopi2 + 3P1PEPsPi0PI2 — P1P, + P10P13
+3p1p3papiopis + 6p1Papspi0pas + 3p1PaPEpiopis + P1pipiopis
+3p1papspropis + 3p1pEpspi0p13 — 2P1P12P13 — P1Piss
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As = —pop10 — 2p1P3PaPoP10 — 2P1PaP5P9P10 — P1P3PEPIP10 — 2P1PaPsPopio
—P1P3PsPoPi0 — 3PiPTy + 6PaPspTy — 6P3PaPsPiy — 3Pabapio + PPl
—Papapiy — 6papsPsPiy — PapsPiy + 2P1pop1a + 3p1pipiopi2
+2psprop12 + 6P1P3PaPsP10P12 + 3P1PaPEPI0P12 + P1P3PEPI0P12
+6p1papspsPi0p12 + P1PEPSP10P12 — 2P1P5P3, + 2p1papas + 3p1pipiopis
+2psp10p13 + 6P1P3PaPsP10P13 + 3P1PaPEP10P13 + P1P3PRP10P13
+6p1papspsp10P13 + plP%PSPlOPlS —4p1psp12p13 — 2P1P5P%3/

Ag = —Pp1P§ — P1P3PIP10 — P5PoP10 — 2P1P3PaPsPop10 — 2P1P4P5P8P9P10
+3pipio — 3papipiy — 3pipsPiy + 3papEpiy — 3papapiply — 3rirsrio
—3papdpspiy + 2p1pspapiz + 2papropiz + 3p1p3pipiopi2
+3p1p2pspi0p12 + PEprop12 + 3p1papapipiopiz + 3p1pipspiopiz
+3p1papEpspropiz — 2P1PapPl, — P1PEPS, + 2P1P5Pop13
+2pap10p13 + 3P1p3pipi0P1s + 3p1Pipspi0Pis + PEP10P13
+3p1p3papipiopis + 3p1pipspiopis + 3P1PapEpspi0Ps
—4p1pap12p1s — 2P1PEP12P13 — 2P1P4PTs — P1PEPTs

Ay =—papopio — P1P3PaPoPI0 — P1PIPSPIPI0 — P3P0 + 3PIPsPi,
—3pspipspio — 3papspspiy + 2p1pabopi2 + P1paP10PI2
+2papspropiz + 3p1papipspiopiz + 3p1pipspspiopi2 — 2P1Papspi,
+2p1papop1z + P1P2P10P13 + 2papspiopiz +3p1 P3P2P5P10P13
+3p1PapspsPi0P13 — 4P1PaPsP12P13 — 2P1P4P5P s,

As = piplo(1— ps — ps) + pPip1o(piz + p13)[1 + prpalps + ps)] — prpi(p12 + p1a)’

As a result, there is at least one positive SPFEQP, provided that the following require-
ments are met.

poX
(P12 +p13) < P (5)
A1 >0, Ag<O0
or 6)
A1 <0, Ag>0

The first predator-free equilibrium point (FPFEQP) is denoted by E3 = (%,0,Z), where
zZ is given by:
_ 1 P14X :|
I=— | — (py + 7
P15 L pe + prx + X2 (P17 + p1s) @)

where ¥ is a positive root of the following equation.
D1x” + Dyx® + D3x® 4 Dyx* + Dsx® + Dgx? + Dyx + Dg = 0 (8)

where
Dy = —pis[p15 — p2(p17 + p1s)]

Dy = —papis[p1a — (p3 + ps) (p17 + p1s)] + pis[1 — (p3 + ps)]
—3p7p15(p1s — p2(p17 + p1s)),

D3 = p15[—p2p1a(p3 +2p7 + ps) — 3psp1s + 3p7p1s(1 — p3 — ps)
—3p3[p15 — p2(p17 + p18)] + 3p2(p17 + p1s) (Ps + p7p3 + p7ps)).

Dy =—2p2pep1ap1s — 2p2pap7P1aPis — P2PsP1aP1s — 2p2p7pspiapis + 3PePis
—3p3pepis — 6PsP7Pis + 3p5pTs — 3P3P5Pis — PaPis — SPePsPis
—3p3pspis + P15p17 + 3p2p3pepispiy + 6papep7PIsP17
+3p2p3pipspi7 + Papipispi7 + 3papepspispir + 3p2papspispiz
—Ppap3s + p15p1s + 3p2P3pPePi5Pis + 6p2pep7P15P1s + 3P2P3P3P15P1s
+p2p3p15pis + 3p2PePspisPis + 3P2papspispis — 2P2P17P18 — P2Piss
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Ds= —p1api1s — 2P2P3P6P14P15 — 2P2P6P7P14P15 — P2P3P2P1apis
—2p2pepspraPis — PaPspspP1aP1s — 3PaPis + 6PeP7PIs — 6P3P6 7P
—3P6P7P7s + PaPls — P3P3Pis — 6P6P7PsPis — PaPsPis + 2papiap1y

+3p2pipisp17 + 2p7pisp1y + 6p2p3pePrPis P17 + 3P2PePAP1sPI7
+P2P3P§P15P17 + 6p2pep7PsPisP17 + P2P3P8P15P17 - 2P2P7P%7
+2p2p1ap1s + 3P2pPep15P1s + 2P7P15P18 + 6P2P3PeP7P15P18
+3p2peP3p15P1s + P2PapPapisPis + 6P2PeP7P8P15P18
+papipspispis — 4p2p7p17pis — 2P2P7Piss

D= —pap3, — P2P2P1aP15 — P7P14P15 — 2P2P3P6P7P14P15 — 2P2P6P7P8P14P15
+3pepis — 3parapls — 3Pap7pis + 3PePiPis — 3paPePipis
—3pgpspis — 3pePspspPis + 2pap7p1ap1y + 2PeP15p17 + 3P2P3pepisP17
+3p2pzp7pi5p17 + PapisP17 + 3p2papePpispiy + 3p2pipspispiy
+3p2pepsPsP15P17 — 2PaPePi; — PaPaPi; -+ 2Pap7piapis + 2P Pispis
+3p2pspipispis + 3p2p2p7pispis + Pap1sPis + 3P2P3pPePipispis

+3p2p2pspispis + 3paPeP3pspisPis — AP2PepP17P1s
—2p2p3p17pis — 2papePis — PaPAPiss
D7= —pep1ap15 — P2P3P%P14P15 - P2P%P8P14P15 - PZP%s + 3P%P7P%5
—3p3piprpis — 3pip7pspis + 2p2PeP1abr7 + P2Pep15P17
+2pep7P15p17 + 3p2P3pip7pisp17 + 3P2pP2p7PsPisP17 — 2P2P6P7 Py
+2p2pep1apis + P2Pepispis + 2P6P7P15P1s + 3P2P3PAp7PisPis
+3p2pep7Pspispis — 4P2PeP7P17P18 — 2P2P6P7P s

Ds = pipis(1— pa — ps) + papis(pi7 + pis)[1 + pape(ps + ps)] — p2pi(p17 + pis)’

Similarly, there is at least one positive FPFEQP, provided that the following require-
ments are met.

p1aX
+ < — 9
(p17 +p18) P ©)
Dy >0, Dg<0
or (10)
Dy <0, Dg>0

The interior equilibrium point (IEQP), denoted by E4 = (x*,y*,z*), can be determined
by solving the following system.

-1 oy y _ z e —
- 1+P1py4;p2z Ps =X = pipsyra? T perpara? P8 0
— 9 —
fa= P Py — priz—pi2—pi3 =0, (11)
— 14 —
f3 =y — P152 = P1ey — p17 — p1s = 0.

Consequently, solving the last equation of (11) with respect to z gives:

L _ Pux = (pe+ p7x +3%) (proy + p17 + p1s) (12)
p1s(pe + prx +x?)
Substituting, Equation (12) in the first two equations of (11) gives the following two
isoclines:
hi(x,y) = L —p3—x——L
’ P1a3— (P +p73+32) (P16y+P17 +P18) patpsx+x®
Lrpytp p15(pgtpyx+a?)
_ pux—(petprata®) (preytpiy +pis) 0

ps = U. (13)

P15(r;]69§177x+x2)2
ha(xy) = pipeer sz ~ P10y — (P2 P1a)

. P1axX—(Pet+prx+22) (prey+piz +p1s) _ 0
p15(petprx+a?) )
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Remember that if the two isoclines given in (13) meet at a single point, say (x*, y*) in
the first quadrant of the xy plane, which satisfies the positivity of z(x*, y*), the IEQP will
exist uniquely in the interior of the state space of system (2). After some algebraic work,
the isoclines in (13) are as follows when x — 0:

1(0,y) = Niy* + Noy + N3 = 0 } (14)

15(0,y) = Cyy + Cy = 0.
where
N1 = pz(pep15 — pabie) (P1P15 — P2P16)

Ny = ng%(l + p1pap3 + p1paps) — P4PéP15(P16 + p1p17 + p1pis)
—papapep15P16(P3 + ps) — papipis(p17 + pis) + 2p2papepie(piz + pis),

N3 = —papipis(1 — ps — ps) — p4p%p15(p172+ p18)[1+ paps(ps + ps)]
+p2pap2(p17 + p1s)’,

C1 = paps(p10P15 — P11P16)
Co = papslp15(p12 + p13) — pu1(p17 + pis)]

It is clear that the two isoclines in Equation (14) cross the y axis in their respective
locations at those places.

—N, — /N2 —4N; N —N. No2 —4N;N
_ 2— V1IN 1 3>0y2: 2+ vV No N (15)

n= 2N ’ 2N

Y3 = ——= > 0 (15b)

provided that the following conditions are satisfied:

N; <0;N3 >0, } (16a)

C1>0,C<00RC; <0;C >0

It should be noted that by using the condition N; < 0, the isocline /11(0,y) = 0 is
guaranteed to have its maximum on the right side of the xy plane. Consequently, if the
following sufficient set of requirements is satisfied in addition to condition (16a), it is simple
to verify that the two isoclines produced by Equation (13) intersect at a singular positive
point, i.e., (x*,y*), in the first quadrant of the xy plane.

N ; Y3
= S >0 (16b)

p1ax* > (pe + p7x* + xX*2) (p16y* + p17 + p1s)

By finding the Jacobian matrix (JM) and then their eigenvalues, the local stability near
the above EQPs can be investigated. The JM of System (2) at (x, y, z) is as follows:

) ) )
X% + f xaiyl x%
) J J
Jey2) =| v yR+h v (17)
z%f Z%L; zaai; + f3
where
oh _ g ypst20)  z(pr+20) Oh 1 0 p2 1
dx Bzz B32 ! a]/ Blz le 0z Blz B3,

ofs  po(pa—x*) 9fs dfs _
Ao T T 33 v 3, — P 37 = — Py
ox By ay 0z
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fs _pulpe—2*) 9fs s _
0x B3? "oy P16 %, P15
Therefore, the JM at EEQP can be written as:
1—(p3+ps) 0 0
J(Eo) = 0 —(p12 + p13) 0 (18)
0 0 —(p17+ p1s)
(19)

Accordingly, the eigenvalues of J(Ey) can be written as:
Mot =1—(p3+ps), Az = —(p12 + p13) <0and Az = —(p17 + p1s) <0
Therefore, EEQP is a locally asymptotically stable (LAS) if and only if the following
(20)

condition is met:
1< (Pg + Pg).

The JM at PDFEQP is determined as:
-t —piR- g —pat— 4
J(Er)=| 0 B —(p2tpis) 0 (1)
0 0 B = (pr +pis)
where By = py + ps® + %2, and Bs = pg + py%£ + £2. Consequently, the eigenvalues of J(E;)
are given by
M1 =—% Aip = Pg — (P2 +p13) Mz = —— — (p17 + p1s)- (22)
2
Clearly, all the above eigenvalues are negative. Then, PDFEQP is LAS if the following
requirements are satisfied:
X
P2 < (pt pia) (23)
B,
b
PUT < (17 + pis) (24)
B3
(25)

At SPFEQP, the JM can be written as:
J(E2) = ;]

where 5 5 . 5 . .
app =x|-1+ y(p%;Zx) , g = —%326 - g , 13 = —%i B%,

fdy = P9<P4§2—2 9?2)37, fy = —pioy, d23 = —puy,

— p16¥ — (P17 + p1s)

p1aX

~

31 = dzp =0, daz = B
3

with By = 1+ p1¥/, By = pa + ps¥ + ¥2,and By = pg + p7¥ + ¥2. Therefore, the characteristic
(26)

equation of J(E;) can be written as:
(7\2 ~TeA+ Detl) (433 —A) =0,
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where Tr; = dq7 + dgp, and Dety = dqydpp — d1pdp;. Direct computation shows that all the
eigenvalues of J(E;) and roots of the Equation (26) have negative real parts, provided that
the following conditions are met.

p14X

5 < P16y +p17 +pis (27)
¥(ps + 2%)

CAVC AP | 28

5y (28)

sz < P4 (29)

Similarly, at FPFEQP, JM can be written as:

J(Es) = [ai] (30)
where 2 27) B
- z(p7 + 2% px x p2x X
a =x|—-1+ = , =—=— - =, == — —
11 B2 12 B2 B 13 B2 B

_ _ _ 9X _
dy1 =3 =0, dp = % —p11zZ— (p12 + p13),
2

72 —
— P14(P6 —X7)Z _ S _
as1 = (—72) a3 = —P162, 433 = —P15%Z,
B3
with By = 1+ pyZ, By = pg + ps¥ + ¥2, and B3 = pg + p7X + X2. Therefore, the equation of
J(Es3) can be written as:

(7\2 — TroA + Detz) (@p—A) =0, (31)
where Try = 411 + d33 and Det; = @y1d33 — @13431. Direct computation shows that all the

eigenvalues of J(E3) and roots of Equation (31) have negative real parts, provided that the
following conditions are met.

X -

% <pnzZ+tpntps (32)
2
zZ(py + 2%)
- <1 33
e (33)
2 < Ps (34)
Now the JM at the IEQP can be represented as E; = (x*,y*,z")

J(Es) = [ajj] (35)

where

st 20 Qa2 (P L),

*
= —1 -,
ai X ( + B;Z B;Z BTZ + B;

2
P21 Po(ps—x*?)
a3 = —x <BT2 + B;) an =Y B;z , an = —pioy",

. P1a(ps — x*?)

* *
B2 ;432 = —P162 , 433 = —P152 ,
3

*
a3 = —p11y , 431 =z

with Bf = 1+ p1y* + paz*, B} = pa+ psx* +x*2, and B} = pe + p7x* + x*2. As a result,
the following theorem establishes the local stability criteria of IEQP.
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Theorem 2. Assuming that System (2) has an IEQP, it is LAS if the following conditions are met.

(ps +2x%)y"  (p7 +227)z"

By B2 <1 (36)
x*? < min {ps, pe} (37)
P11P16 < P10P15 (38)
pop1s(ps—x*2)  (ps—x2) _ popis(pa — x*2)
3 < w3 < 3 (39)
piop14 B; B3 p11p14 B;
2
p14(ps — x* 2 1
Pn}/*i( B2 ) < p1ex” (;*2 + B*) (40)
3 1 3
Proof. The characteristic equation of J(E;) is determined as
MN+TIAN2+ToA+T3=0 (41)
where
Iy = — (a1 + axn + as)
Iy = ayia2 — a12a21 + a11a33 — 413431 + A22433 — 423432
I3 = —[ﬂll(ﬂ22ﬂ33 - 01236132) - ﬂlz(ﬂ21ﬂ33 - 6123ﬂ31) - ﬂls(ﬂzz%l - ﬂ21ﬂ32)]
with
A =TTy —T'3 = — (a1 +ax)[ajaxn — aay] — (a1 +asz)[ajass — azasi)

—(agp + as3)[axass — agzazy| — 2aj1axnass + ajpazsas + ajzaziaz,.

IfI'' > 0,I's > 0, and A > 0, then using the Routh-Hurwitz criterion, all the roots
of Equation (41) have negative real parts, and thus, IEQP is LAS. All Routh-Hurwitz con-
straints are satisfied under the stated sufficient conditions according to direct computation.
O

5. Global Stability Analysis

In this part, the basin of attraction of each asymptotically stable EQP is determined
using Lyapunov functions, as proven in the theorems below.

Theorem 3. The EEQP is globally stable locally (GAS) whenever it is LAS.
Proof. Now we define V} as a real-valued function that is given by
Vo =cx+ ()} +c3z,

where ¢y, cp, and c3 are the positive constants to be determined. Vj is a positive definite
function that is defined on R_.3. Furthermore, ddlto can be written as follows:
avy 2 X
T =cax(l—ps—ps) —c1x” — (c1 — 62P9)7p4+p5yx+x2 —(e1 = e3pua) y e
—caproy® — (c2pn1 + c3p16)yz — 2y (P12 + p13)
—cap1s5z” — c3z(p17 + p1s)
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Now, by choosing ¢c; = 1, c2 = L and c3 = L as the positive constants, it is

] po’ P14
determined that:

v,

+ +
TR < 21— ps—py) - (P12 Pls)y _ (7 tpis)

P9 P14

Then, using the LAS condition (20), the derivative % becomes a negative definite
function. Hence, EEQP is GAS. [J

Theorem 4: The PDFEQP is GAS if the following conditions are met.

Plxv+ i < (P12+P13) (42)
P4 P9

poi 4~ < (P17t p1s) (43)
Pe P14

Proof: Now we define V; as a real-valued function that is given by
Lo X
Vi=mq {x—x—xln} + g2y + g3z

where g1, g2, and g3 are the positive constants to be determined. V is a positive definite
function that is defined on {(x, y,z) € R3:x>0, y>0,z> O}. Furthermore, after doing

some simplifications steps, % can be written as follows:

1% v v v\2 v
TS mpXy + qpa¥z = qu(x = 27— (01— G2p9) e XY

(01 = 4ap14) i Texz = qaproy® — q2(pr2 + p13)y
—(q2p11 + G3p16)yZ — G3p152% — 43(P17 + P1s)z

Now, by choosing the positive constants as g1 = 1, g2 = pl—g, and g3 =

1

ﬁ’ it is

determined that

avi w2 [ (p12+p13) y x} [(P17+P18) ., X
e < —(x—x) - | g - Sy - [ e — |z
at — ( ) P9 P1 P4 Y P14 P2 6

Then, by using the above sufficient conditions, the derivative ddltl becomes a negative
definite function, and hence, the PDFEQP is GAS. [

Theorem 5: The SPFEQP is GAS if the following sufficient conditions are met.

(ps+x+2)g (44)
B,B,
pr & puba, (P17 + p1s) (45)
BiBy B3 = pops P14
A 2 A AN A
[ p Bt } < 41052 {1— (”5+xfx)y} (46)
BiB1  p4B2B> Pop4 ByB,

where all the symbols are defined in the proof.
Proof: Next, we define V, as a real-valued function that is given by

Vo= x—f—ﬂ?ln%} +u2[y—]2—ylnﬁ + U3z
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where py, 1y, and pj are the positive constants to be determined. V; is a positive definite
function that is defined on {(x, Y,z) € R3:x>0, y>0z> 0}. Furthermore, after doing

some simplifications steps, % can be written as follows:

dv. +x+ 2 N2
G =W [1 (”SBT”}( )" = wap10 (v = 9)” — map1sz®
_|mp1 . wBy  Mopopy | Hopofx _ s _p
A R e o CEEIUE)
- [;;gf + 5t — BEE | xz — [mapin + Mapielyz

—[s(pr7 + prs) — BIEEE — BaE — pi2,

where By, By, and Bj are given in Theorem (1), while 1§2, and Bj are given in Equation (21)

with B; = 1+ p19. Now, by choosing pu; = 1, up = ,and uz = pi as the positive

constants, it is determined after simple calculation that:

P9 P4

dV, _ _ (p5+x+92)ﬁ & 2 _ plng oA 2
at < [1 BZBZA (x ) Pop4 (]/ y)
p1 Bykx } - .
—| 5% — | (x — %) (y —
5 i (D= 9)
_ [(Pwﬂ’ls) _pr & _ pubs A}Z
P14 BB, Bs P9pa Y|z

Then, using Condition (46) yields:

(P5+x+x)y PloBz
BQB P9P4

[ (p17t+p18) p2% £ By y}

P14 BBy B3 Pop4

According to the given sufficient conditions, derivative ddltz becomes a negative definite
function, and hence, SPFEQP is GAS. [J

Theorem 6: The FPFEQP is GAS if the following sufficient conditions are met.

(pr+x+%)z _, 47)
B3B3

PMx | X pieBs_ _ (p12+pis)
— — + zZ < 48
BiB1 By pepis P9 (48)

- 2 - o
{ P2, Bsxx } < 4P15Bs {1 _(prrxt x)z] (49)
B1B; p6Bng PeP14 B3B3

where all the symbols are given in the proof.

Proof: Next, we define V; as a real-valued function that is given by

Ql[x—x—xln }+Qg[y}+ﬂ3[z—2—ilng
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where ()1, (), and ()3 are the positive constants to be determined. V3 is a positive definite
function that is defined on {(x,y,2) € R3:x>0,y>0,z> 0}. Furthermore, after doing

some simplifications steps, % can be written as follows:

&= —q|1- %} (x = %)> — Dop1o 2 — Qaprs(z — 2)°
_[p2 | 4Bs _ Qspeprs | Qapia¥x W\ (2 —%
|:B El + B31§3 B3§ + BSE3 :| (x X)(Z Z)
9] Q Q
[+ 5 52wy - [Capa + Oaprcy

DipF  OF _
—|Qa(pr2+p1s) - 5 - G - Q3P164 Y,

where By, By, and Bs are given in Theorem (1), while By, B, and B are given in Equation (30).
Now, by choosing (3 =1, () = 1 and O3 = Bs a5 the positive constants, it is deter-

) ) po’ PeP1a
mined after a simple calculation that:

ddlts < — [1 _ (P7+Xjf)f} (x — E)Z _ pi5Bs (z— 2)2

B3Bj_ PeP14
P2 B3xx ] = =
— | 5= = X—X)(Zz—2Z
B1B1 PeB3B3 ( )( - )
_ [(P12+P13) _mr¥ _ x _ P16337]y
P9 BBy B, PeP14

Then, using Condition (49) yields:

2
av (pr+x+%)z = [ p15B -
dt3 < l 1 7B3B3 (X X) P?Pli (Z Z)]

_ [(P12+P13) p1x X _ PisBs f} y

P9 BB, By pepus

Then, according to the given sufficient conditions, the derivative % becomes a
negative definite function, and hence, FPFEQP is GAS. [J

Theorem 7: The IEQP is GAS if the following sufficient conditions are met.

* * * *
(p5+x+*x )Y +(]:J7+x+x )z <1, (50)
BB} B3B;
012 < 01102, (51)
013° < 011033, (52)
023> < 0033, (53)

where all the symbols are given in the proof.
Proof: Next, we define Vj as a real-valued function that is given by

Vi = w [x —x* - x*ln%} +w» {y -y = y*lnyy*] + ws {z —z*— z*lnzi*
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where w1, wy, and w3 are the positive constants to be determined. V} is a positive definite
function that is defined on {(x,y,2) € R3:x>0,y>0,z> 0}. Furthermore, after doing

some simplifications steps, % can be written as follows:

avy _ (ps+x+x*)y* (p7+x+x*)z* 2 2
o= w1 [1 T BB}  BiB (x = x*)" — wapro(y —y7)

_[wipr | @1B;  wape(pa—x*x) N
B1B; + BB B,B} (x =x")(y —y*)

wipy | wiBy  w3pia(ps—x*x) LK (o o
Bi5; T BB, B3 B (x —x*)(z —z")

—[wapn1 + wspie] (y — y*) (z — 2*) — waprs(z — z%)%,

where By, By, and Bj are given in Theorem (1), while B}, B3, and B3 are given in Equation (35).

Now, by choosing the positive constants as wy = 1, wp = %, and w3 = peBri
determined after simple calculation that:
avy (psHx+x*)y*  (prtxtx*)z* 2 piwobB; 2
o= [1 T BB B3B3 (x =) = SV —y")
PlSB;; 2 x*x
_P6P14(Z_Z*) [BB + ﬁ;](x )y —y)
B1B + 3. 333* (x—x")(z—2")

[ puB; P1633 * 2
[m + b -y - 2).

Using the above sufficient conditions yields:

—%[W(x—x )+\/@(Z— *)]
— 3oy —y*) + oz — 2¥)]
_ (pstxtxt)y” _ (prdxtxt)zr _ PuB; _ PisB; —F -
where 017 = 1 — -2 BBy - BBy Y2 plfpgz' 3 = pepras 012 = Tll%{ T gT%’

puB5 | pieB;
Pap9 + Pep1a”

Then, the derivative 2 d 1 becomes a negative definite function, and hence, IEQP is GAS.

013 = % + %, and 023 =

0

6. Persistence

Persistence is commonly understood as a global attribute of a dynamic system. Rather
than the interior solution space, it is dependent on the solution behavior around the
extinction boundaries. Biologically, the persistence of a system entails the survival of all of
the system’s populations in the future. In mathematical terms, this indicates that strictly
positive solutions do not have an omega limit on the boundary of the non-negative cone.
As a result, if the dynamic system does not continue, it is doomed to extinction.

We must first analyze the global dynamics in boundary planes xy and xz, as illustrated
below, before examining the persistence of the food web model using the average Lyapunov
function approach [45]. It is simple to verify that System (2) includes two subsystems when
the first subsystem is:

dx _ (1 y _ _
dar — X 1+p1y p3 X p4+p5x+x2 PS) - kl(xr]/)/

d
&=y W pioy — P12 — P13 ) = ka2(x,y).
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However, the second subsystem can be written as:

dx _ (1 . _ z _ _
dt X 1+P22 p3 x p6+p7x+x2 PS) - k3(x,z), (55)
dz __ P1ax

@i = Z\ peaprr — P52 P17 — P18 ) = kq(x,z).

It is observed that these subsystems have unique interior equilibrium points in the
positive quadrants of their xy and xz planes, which coincide with the projection of the
boundary corresponding to the planar equilibrium points of System (2).

Here, we define 61 (x,y) = xiy, a continuously differential function in the interior of
the positive quadrant of the xy plane, which represents a Dulac function which computes
the following expression:

0 d _ 1 ps+2x  puo
Ax,y) = a(klel) + @(kzgl) = §+ B,2 >

Clearly, the expression A(x, y) is not identically zero, and their sign does not change if
the following sufficient condition is met:

%zzzx < ; + B (56)

As a result, using the Bendixson-Dulac criterion, Subsystem (54) has no periodic
dynamic in the interior of the positive quadrant of the xy plane. Consequently, using the
Poincare-Bendixson theorem, the interior EQP of Subsystem (54), as given by (¥, ) is, in
fact, a GAS in the interior of a positive quadrant of the xy plane whenever it exists under
Condition (56).

Similarly, for Subsystem (55), there are no periodic dynamics in the interior of the
positive quadrant of the xz plane, and the interior EQP, given by (X,z), will be a GAS
provided that the following condition is met.

pri2 1, pis

B32 z  x 7)

Theorem 8. Assuming that Conditions (56) and (57) are met, then System (2) is uniformly
persistent, provided that the following conditions are satisfied.

(ps+ps) <1 (58)

pox
p12 + p13 < 5,

F (59)
P1ax
P17 +p18 < T,
. X
P16y + P17 + p1g < pg; (60)
_ X
P11 Z+ p12 + pi1z < % (61)

Proof. Consider the following function: é(x,y,z) = x"‘ly"‘zz"‘3, where «;, i = 1,2,3 are
positive constants. §(x, y, z) is a non-negative, continuously differentiable function, and as
such, é(x,y,z) — 0 if any of the variables x, y, or z approach zero.

Therefore, the following is determined:

8 (x,y,2)

3(%,1,2) =wa1f1 +arfo +aszf3

P(x,y,z) =
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where the functions f;, i = 1,2, 3, are given in Equation (11). Accordingly, substituting the
functions leads to:

¢(x,,2) :“1{3%—?73—9(—3%—3*3—178} +“2{%—P10y—P112—P12—P13}

P14

tas [T: — P15Z — P16y — P17 — P18}

The proof is now complete [45] and System (2) is uniformly persistent if ¢(Y) > 0,
where Y belongs to the omega limit set of the boundary planes of the system. Because
only the EQPs are found in the omega limit set of System (2) in the boundary planes, it is
deduced that:

¢(Eo) = a1[1 — p3 — ps| — az[p12 + p13] — az[p17 + pas]

Clearly, by choosing a constant ; > 0 which is sufficiently large with respect to the
positive constants ay and w3, it is determined that ¢(Eg) > 0, provided that Condition (58)
remains to be met.

X X
¢(E1) = ao {p? —p12— P13} +a3 [pl} - p17 — Pl8:|
B, B3

@(E1) > 0 under the Conditions (59), or when at least one of them is met with a
suitable choice of the arbitrary positive constants ay and 3.

S, ]
¢(Ep) = a3 p11§4 — P16 — P17 — Pls]
| B3

Similarly, ¢(Ez) > 0 under Condition (60).

[pox _
¢(E3) = a2 % —P11Z—p1r2— Pls]

Again, ¢(E3) > 0, provided that Condition (61) is satisfied. As a result, no omega limit
set is placed in the boundary planes of System (2) under the provided set of conditions,
and hence, System (2) is uniformly persistent. [J

7. Bifurcation Analysis

This section looks at how the equilibrium configurations of System (2) are affected
by the parameters that define the model. Indeed, as one of the parameters approaches a
certain value, the solution may trend toward a different equilibrium position. The goal of
this section is to investigate the bifurcation of System (2) that can occur as the parameter
values change.

Here, we rewrite System (2) in the form:

X
a5 = FX), (62)

where X = (x,v,2)" and F(X) = (xf1,yf2,2f3)". Therefore, the second derivative of F(X),
with respect to the vector X, can be written as:

D*F(X)(V,V) = [ci1)3x1s (63)

where V = (v1,vp,v3) is a non-zero real vector, with

3 _3 2
€11 = 2[_1 + 3P4x+1§743l’5 4+ 3P6x+1§363177 x v% _i_zx(PlU%TSPzUs)

2_ 2
V10 X"—P4 )0102 xc—
) plBllz 2 4 2( BZZ) +2 {_ ;122 n 332%} 0103
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2pgy (x> — 3pax — paps)v | 2py(ps — x*)v10p
fpy = P9y( 53 p P) 14 p9(p 52 ) — 203(p10v2 + p1173)
5 2
2p..2 (X3 — 3pex — pep7) v 2 6 — X*)v103
ez = P14 ( BZ3 p P) Ly p14(P 5,2 ) —203(p16v2 + P1573)

Meanwhile, the third derivative of F(X) with respect to the vector X can be written as:

D’F(X)(V,V, V) = [dilsy1,

(64)
where:
4 2 6 2+4 + 2 4+ _ 4x+ —6 2
diy = 6[;22 " %  ypa(6x Bzfps r3) " z[x*+ps (ps rgs(4x p7))—6x ]]U?
01 (p1o2+P203)” - X(p10a+povs)’
_|_61 11231323 _6 12B1423
3x4p5)—x3)v 3x+py)—x3)v
_‘_6{(174( ;;53) )va i (ps( ;;73) ) 3}0%‘
6 90
dy = 2241 (=y[x* + pa(ps = ps(4x + ps) — 632) |01 + Ba[ x> = pa(3x + ps) | 02)
6 140
3y = P1477

51 (—z [x‘* + pe (Pé —p7(4x+p7) — 6x2)} v1 + B3 {X?’ — pe(3x + P7)} U3>

Theorem 9. System (2) undergoes transcritical bifurcation (TBF) near the EEQP when p3 passes
through the value p5 = 1 — ps.

Proof. The JM of System (2) at the EEQP with p3 = p3 can be written in the form:

0 0 0
Jo= 10 —(p12+p13) 0
0 0 —(p17 + p1s)
The eigenvalues of Jy are given by A, = 0, Al, = —(p2+piz) < 0, and

Ajs = —(p17 + p1s) < 0. Hence, the EEQP is a non-hyperbolic point.

Let vectors Vy = (vg1, vo2, 003)T and Yo = (o1, Yoo, 1,1103)T represent the eigenvectors
corresponding to A%, = 0 of Jo and Jo! respectively. Hence, direct computation shows that:

Vo = (1,0,0)T, and ¥o = (1,0,0)7

Moreover, direct computation shows the following;:

ang(X, pa) = (=x,0,0)" = Fy(Eo, p3) = (0,0,0)" = ¥{ Fyy (Eo, p3) = 0.

DF,, (X, p3)Vo = (=1,0,0)" = ¥J [DF,, (Eo, p3)Vo] = —1#0,

where DF,, represents the directional derivatives of F,; with respect to X. Furthermore,
using Equation (63) yields:

=240

D?F(Eo, p3)(Vo, Vo) = (~2,0,0)" = ¥§ [ D2F(Eo, p5)(Va, Vo) |

Therefore, in the sense of Sotomayor’s theorem [44], System (2) possesses a TBF and
the proof is complete. [
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Theorem 10. Assuming that Condition (24) holds, then System (2) undergoes a TBF near the

PDFEQP when pg passes through the value pg = (p12 + p13)%, provided that the following
condition is met.

2
. |pa—2% 1
-2 - + = ]-2 0 65
P9[ % } <P1 Bz) P10 # (65)

Otherwise, System (2) undergoes a pitchfork bifurcation (PBF) near the PDFEQP,
provided that the following condition is met.

22— pa(3% +ps) #0 (66)

Proof. The JM of System (2) at the PDFEQP with pg = g can be written in the form:

—% —pp?—é% —pzﬁ—éls
Ji=J(E1,po)= | O 0 0
0 0 B = (p7 +pis)
The eigenvalues of J; are given by Al = —%,A1p =0,and Ay = ’%—f — (p17 + p1s),

which are negative under Condition (24). Hence, the PDFEQP is a non-hyperbolic point.

Let vectors V1 = (v11, 12, 7)13)T and ¥1 = (Y11, Y12, 1,1113)T represent the eigenvectors
corresponding the A = 0 of J; and J; T, respectively. Hence, direct computation reveals
that:

1 T
Vi = (‘m - ,;,1,0> ,and ¥, = (0,1,0)"
2

Moreover, direct computation shows the following:

0 b T . .
afng(X/ po) = (0/ BZ’O) = Fyy(E1, po) = (0,0,0)" = ¥]Fy (E1, o) = 0.

A

T
. £ .
DFyy(E1, po)Vi = (013210) = Y1 [DEyy (E1, po)Vi] =

£0.

Sj" =

Furthermore, using Equation (63) yields:
D?F(Ex, po)(Vi, V1) = (€3,

where:

Therefore, it is determined that:

T2 A A P4—fz
'y [D F(Eq, P9)(V1,V1)] = —2P9[ < ] (Pl + A> —2p10
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Therefore, in the sense of Sotomayor’s theorem, System (2) possesses a TBE, pro-
vided that Condition (65) holds. However, if Condition (65) is not satisfied, then, using
Equation (64), it is obtained that:

DF(E, fo)(Vi, Vi Vi) = [da],

where:

1 2
3 N
3 [x —3pa¥ — P4P5] <P1 + Bz)

Therefore, by using Condition (66), it is shown that:

. 6 1\, .
g7 [D3F(E1, po)(V1, Vi, Vl)] = B%g (pl n B2> [x?’ a3+ pg,)} £0,

which means a PBF has taken place and the proof is complete. [

Theorem 11. Assuming that Conditions (28) and (29) hold, then System (2) undergoes a TBF near

the SPFEQP when p14 passes through the value P4 = % [p16¥ + p17 + pis], provided that the
following condition is met.

" —x?
2p14 [%sz] hy — 2p16hy — 2p15 # 0. (67)
3

Otherwise, System (2) undergoes a PBF near the SPFEQP, provided that the following
condition is met.

¥ — pe(3% + p7) # 0. (68)

Proof. The JM of System (2) at the SPFEQP with p,, = P14 can be written in the form:

w1 ¥pst2¥) | _pi¥  x _pX %
B+ 57 | -4 R4
Jo = J(Ez, p1s) = w ooy —pny | = ()
0 0 0
The eigenvalues of ], are given by Aoy, App = % + 7vTrlzg4Deh and Ay; = 0 where

Trq, and Det; are given by Equation (26) and the two eigenvalues A1, Ay have negative

real parts under Conditions (28) and(29). Hence, the SPFEQP is a non-hyperbolic point.
If vectors V, = (vp1, 02, 023)T and ¥, = (21, ¥, 1,L723)T represent the eigenvectors

corresponding the Ay3 = 0 of J», and J»T, respectively, then direct computation reveals that

Vo = (h1,h2,1)7, and ¥, = (0,0,1)7,

#1903 — 138 toq i3 —iipq
Wh T h — V12V23 v13V22 h — v21 v13 Vll v23
ere dq16py —d16p dq1d— 12021 .
Moreover, direct computation shows the following;:

d xz\ T . .
d F(X,p14) = (Ol 0, B ) = FP14(E2f P1a) = (0,0, O)T = Tng14(E2, P1a) = 0.
P14 3
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o« X T . X
DFy,, (Ez, pr1a)V2 = (010133) =Y, [DFpy, (B2, p1a) V2] = 5 # 0.
Furthermore, using Equation (63) yields:
D?F(Ey, p1a)(Va, V2) = [Ei1)31s
where
o 2%h2 2ih 4¥n 2n 2% 2839h2  6xih?
&1 = —Zh%—l— sz3!’1 _ B12P1 + szllﬂlpz _ 11]!72 + xréz _ xBy31 + xyzlm
2 ih3 25211k 2hh 2 21 2h
4 yéF;4P5+ ngé 2 12p4+ X 17 B;Igel
2poX3GH2  6poXih? 2pgijh? 2p9%Zhihy  2pohih
&y = Lk ?’y 1 5P Vy31P4 _ P9yV13P4P5 _ ZPoX 21 2, “poihiaps 213 p1o — 2hap1y
B, B, B, B, B2
y 2p14¥%hy  2P1ahipe
31 = — = ~ -2 —2h
31 B2 B2 P15 2P16

Therefore, it is determined that

—x?
%] |D2F(Ez, f1a) (Va, Va)| = 2514 [”6332} I — 2pishs — 2pis

Therefore, in the sense of Sotomayor’s theorem, System (2) possesses a TBE, provided

that Condition (67) holds. However, if that condition is not met, then, using Equation (64),
it may be obtained that:

D3F(Ey, p1a) (Va, Vo, Vo) = {Jilkxlr

where
¥ 6xh3p3 6h1h2p 18%13p3py | 12hhgpipy  18¥hapip3 6h1p2 63p3
di1 :_B4l+ L — 341 + B3 - B2 + 3 Bt
+6924yh3 36%2 yh1p4 + 6yh1p4 . 24xyh1p4p5 . 6yh1p4p5 . 63312 h2 + 189Eh%h2p4
By4 Byt B 4 B, ‘; , Byt B, g B,3
6h? h2p4p5 . 63 i 18xh1p6 6h1p6p7
+ B,3 B33 L+ B33 + B33
y o bpoxtyhi | 6poi®hihy | 36poX’yhips  12peXhihaps  6poyhip
d - _
21 E24 §24 B 4 324 B 4
_18P97?h%thi 4 6pox*hihaps n 24p9xyh1p4p5 B 24P99?2h%th4ps
B4 B4 B4 B4
_ 6pgh? th4P5 + 6poyhSpsps  6poxh? h2P4P5

Byt By* By*

;_ 6Puhirs ,
d31 = 323 [X —p6(3x+p7)}

Therefore, by using Condition (68), it is determined that

1IJT |:D3F E > _ 6ﬁ14h% v3 v
2 (E2, P14) (V2, V2, Vz)} =B {x —P6(3x+P7)] #0,

which means that a PBF has taken place and the proof is complete. [

Theorem 12. Assuming that Conditions (33) and (34) hold then System (2) undergoes a TBF

near the FPFEQP when pg passes through the value py =

7 2p11 Z + p12 + p13), provided that the
following condition is met.
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_ — %2
2P, lmzz hs —2p19 — 2p11hs # 0 (69)

Otherwise, System (2) undergoes a PBF near the FPFEQP, provided that the following

condition is met.
X — pa(3X+ps) #0 (70)

Proof. The JM of System (2) at the FPFEQP with p,, = p14 can be written in the form

= M _px¥ X _pX_ %
B x[ 1+ B3? } Bi2 B, B2 Bs
J3=J(Es,Pg) = o 0 0 = (ay)
%Bzx)z —P16Z —p152

_ _ /T2 _
The eigenvalues of J3 are given by A31, Azz = In 4 w and Az, = 0, where

Try and Det; are given by Equation (31) and the two eigenvalues A3;, A3z have negative

real parts under Condition (33) and (34). Hence, the FPFEQP is a non-hyperbolic point
(31, 32, 33) " represent the eigenvectors

If vectors V3 = (v31, U3, 033)T and Y3 =
corresponding the A3; = 0 of J3, and J3” respectively, direct computation reveals that

= (h3,1,hy)", and ¥3 = (0,1,0)7,

— 01303012033 — 01283101143
where h3 = apaz3—apaz;’ and hy o a3 —a1303] <0.
Moreover, direct computation shows the following:

0 X T _ _
a F(X/ P9) = (O/ By/0> 3 FP9(E3/ p9) = (OIOIO)T 3 11Igﬂpp9(E3/ p9) -
P9 2
X 2o,

— AT

_ X _
DFP9(E3’ P9)V3 = (O, B/O) = Tg [DFP9(E3/ p9)V3} = B,
2 2

Furthermore, using Equation (63), we determine that

D?F(E3, Po)(V3, V3) = [Citl31/

where:
Ty = —2K2 + 2xl’1 4Xh4P1P2 2xh3ps  2hapy  2hzhypy
C11 = 2h3 + + B 3 B 2 Bl
+2x hy 2h3p4 . 2%3 zh 6xzh3p6
B,2 B,2 B33 B33
22h3P6P7 2%2hghy  2h3hape
t B33 t B3? B3?
72
P4
= 2py [ h3 —2p10 — 2p11ha,
2p1aX°ZhE  6p14Xzh’ 2p14Zh2 2p1aXhshy  2p1shsh
_ _ 4P1axTzhz P14Xzhzpe P14zh3Pep7 P14X" 1314 P1413114Pe W2 h
Bl = =3 = = - = =5 — 2hgp1s — 2hapie
B3 B3 B3 B3 Bs

Therefore, it is shown that
72
P4

Y3 [D2F(E3,?9)(V3, Vs)] = 2po [ ]ha —2p10 — 2p11hy
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In the sense of Sotomayor’s theorem, System (2) possesses a TBF provided that
Condition (69) holds. However, if that condition is not met, then, by using Equation (64), it
is determined that:

D*F(Es, Po) (Va, V3, V3) = |da] . _

where:
dy = _% _ 18§h4Z%P2 B 18%@51!’% B 6xh44p2 n 6h3p1 n 12h3h43plp2 N 6h3h2p
By B; By B B; B3
6x h 34 18xh3p4 + 6h3psps + 6% zh3 . 36x zhgpﬁ 6zh3pg
B’ B34 B34 B3t
24xzhgp6p7 - 6zh3p6p7 . 6Y3h§h4 + 18%h2 h4p6 + 6h§h4p6p7
B3 B3 §33 B3 §33

= 6P3 s -
d2] ? |:x — p4(3x + p5):|

a 6p14x Z]’l + 6p14x h h4 + 36}714?22]’1%}76 o 12]714?3]’!%”[4])6 _ 6p142h3p6
31— B5* Byt Bst
_ 13P14Xh hyp? + 6P14x W3hapy | 24puXzhipeps  24p1aX*h3hapepy
B3t Byt B3t By*
 6puh3haplps | 6puazhipeps  6p1aXhihapep}
B3t B3t Bs? )

By using Condition (70), it is determined that

2

_ 6P h5 [_ _
v [D3F(E3, Po)(V3, Vs, Vs)} = % [x3 — pa(3x + PS)} #0,

which means that a PBF has taken place and the proof is complete. [J

Theorem 13. Assuming that Conditions (36) and (37) hold, then System (2) undergoes a saddle-
node bifurcation (SNB) mnear the IEQP when pi5 passes through the value

Pl = [—11823837 +12023031 +013021 830 — 1302231 ]
15 z*(a11a22—0a12a21)

, provided that the following conditions are met.

(pe — x*2) _ popie (pa — x*2)

(71)
B3? piop1s B3?
CT1h7 + C;lhg + C;l #0 (72)
where all the new symbols are given in the proof.
Proof. The JM of System (2) at the IEQP with p;5 = p]5 can be written in the form:
ainr 412 413
Ja=J(Es, pi5) = |an ax a3,
Az A4z A3
where a3; = —pj;z", while the other ajj, i,j = 1,2,3 are given in Equation (35).

Conditions (36), (37), and (71) guarantee that pj; > 0. Moreover, it is observed that
the determinant of J4 that is given by I's in Equation (41) at p15 = pj; is zero. Consequently,
J4 has an eigenvalue A} = 0, and as such, the IEQP becomes a non-hyperbolic point.

If vectors Vy = (v41, 042, 043)T and ¥4 = (Y41, Yao, 1/]43)T represent the eigenvectors
corresponding to the A} = 0 of J; and J,T, respectively, then direct computation reveals
that:

Vi = (hs,he,1)", and ¥y = (h7,hs,1)",
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120423 —0ax204 ay1a13—a11a 10432 — a2 a1paz1 —a11a

where h= = 2923 —anM3 3, 21413411033 Wy = 219327022031 o0 o — 11203101143 .

ere s a11a22—a12a21” a11a22 —a12a21 <0, hy a11a22—ajpa1” 8 a11a22 —a12421 <0

Moreover, direct computation shows the following;:

d _ 2 T * 0\ *2 T T * 0\ *2
ap FXopis) = (0,0, —z ) = Fy,. (4, pls) = (0,0, —z ) = ¥IF,y (Eq, pls) = —22

Accordingly, the first requirement of the SNB is satisfied. Furthermore, Equation (63)
shows that:

DZF(E4/ Pis)(Va, Vy) = [C?1]3><1'

where:
x 2 2hsheps | 2hshe(x*)*  2hsps | 2hs(x*)* | 2hpapsy* | 6hIpax*y*
Ch= 25— Tt T~y T T g+ g
_2h§(x*) y* + 2h§p6pyz* + 6h§p6x*z* . Zh%(x*)sz* 2h§p%x*
B33 B33 B33 B33 B}?

+4hep1lﬂzx* + 2p3x* 2hshepr  2hspy

B3 B3 B2 B2 -
2papsy* +6pax*y* —2xy* ] 5 pa —x*? 2

€1 = —P9 [ 553 h5 + 2pg B2 hshe — 2p10he — 2p11he
2 2
2pep7z* + 6pex*zt —2x*3z%] , pe — x*?
= —P14[ B3 hs + 2p14 gz hs — 2p16he — 2p7s
3 3

Therefore, it is determined that
W1 [DF(Ey, pis) (Va, Va)| = cihy + cinhs + 1.

In the sense of Sotomayor’s theorem, System (2) possesses an SNB near the IEQP
provided that condition (72) holds, and the proof is complete. [

8. Numerical Simulation

This section comprises a numerical analysis of the dynamics of the system. MATLAB
R2013a (8.1.0) was used to examine the behavior of System (2) with various parameter
values. The following set of hypothetical parameters was used.

p1 =02, pp =02, p3 =0.01, pg =03, p5 =02, ps = 0.3,
p7 = 0.2, ps = 0.1, P9 = 0.7, P10 = 0.2, P11 = 0.1, P12 = 0.1, (73)
P13 = 01, P14 = 0.7, P15 = 0.2, P16 = 0.1, P17 = 0.1, P18 = 0.1

The main objective of this study is to confirm our theoretical findings and specify a
parameter set that controls the dynamic system. It was observed that, for Dataset (73),
System (2) has a unique IEQP that is a GAS; see Figure 1.

Throughout the following figures, magenta represents the solution of System (2), while
blue, green, and red represent the trajectories of x, y, and z, respectively.
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Figure 1. The IEQP of System (2) is a GAS using Dataset (73) and various initial points. (a) Phase
portrait. (b) Trajectories of x versus time. (c) Trajectories of y versus time. (d) Trajectories of z
versus time.

Figure 1 shows the ownership of System (2) using Dataset (73) with a unique IEQP
that is GAS. The influence of varying p; and p, on the dynamics of System (2) is shown
in Figure 2.
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E,=(0.09,0.020.02)

Figure 2. The trajectory of System (2) using Dataset (73) with different values of fear factors approach-
ing IEQP. (a) Phase portrait when p; = p, = 0. (b) Phase portrait when p; = py = 20. (c) Phase
portrait when p; = py = 40. (d) Phase portrait when p; = p, = 60.

As shown in Figure 2, increasing of p;, and p, forces the IEQP to gradually converge
to PDFEQP. The role of varying p3 on the behavior of System (2) is illustrated in Figure 3.

Increasing the value of p3 reduces the stability of IEQP, and the system approaches
PDFEQP first and then approaches EEQP. The impact of the functional response parameters—
which are responsible for the transfer of food x to predator y—on the dynamics of System (2)
is summarized in Figures 4 and 5.
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Figure 3. The trajectories of System (2) using Dataset 73 with different values of p3 and various initial
points. (a) The phase portrait approaches IEQP when p3 = 0.2. (b) The phase portrait approaches
IEQP when p3 = 0.4. (c) The phase portrait approaches IEQP when p3 = 0.6. (d) The phase portrait
approaches PDFEQP when p3 = 0.8. (e) The phase portrait approaches EEQP when p3 = 0.91.
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Figure 4. The trajectories of System (2) using Dataset 73 and various initial points. (a) The phase
portrait approaches SPFEQP when ps = 0.26. (b) Time series for the phase portrait at p; = 0.26.
(c) The phase portrait approaches a periodic attractor when p; = 0.18. (d) Time series for the phase
portrait at py = 0.18. (e) The phase portrait approaches FPFEQP when py = 0.34. (f) Time series for
the phase portrait at py = 0.34.
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Figure 5. The trajectories of System (2) using Dataset 73 and various initial points. (a) The phase
portrait approaches FPFEQP when p5 = 0.55. (b) Time series for the phase portrait at p5 = 0.55.

According to Figures 4 and 5, the dynamics of System (2) are sensitive to variations
of p4, switching from a periodic dynamic on the xy plane to SPFEQP, and then to IEQP,
and finally, to FPFEQP. However, it has less sensitivity to varyiations in ps, whereby the
dynamic transfer is from IEQP to FPFEQP. The impact of varying the parameters of the
functional response that are responsible for transferring the food from x to z is shown

in Figure 6.
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Figure 6. Time series of the trajectories of System (2) using Dataset 73 and various initial points. (a)
Periodic dynamics when pg = 0.18. (b) Approaching FPFEQP when pg = 0.26. (c) Approaching
SPFEQP when pg = 0.35. (d) Approaching SPFEQP when pg = 0.3 and p7 = 0.55.
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Figure 6 shows that pg has the opposite effect to p4 (and p7 has the opposite effect to
ps) on the dynamics of System (2). Figure 7 illustrates the influence of varying pg on the

dynamics of System (2).
@ (b)
14 ..
0.84 . 081
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061 — | &° 061 P=025
N E4:(0‘11‘0,13,0.l3 E4=(0.1,0.09,0.09)
044 044
021 P 024
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04 ] L
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y X y X
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0.2 02 L
0, | o
1 1 1 -
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0 00
y y X
@
1-<
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Figure 7. The trajectory of System (2) using Dataset 73 with different values of ps. (a) Approaching
IEQP when pg = 0. (b) Approaching IEQP when pg = 0.25. (¢) Approaching IEQP when pg = 0.75.
(d) Approaching PDFEQP when pg = 0.9. (e) Approaching EEQP when pg = 1.

The parameter pg significantly influences the dynamics of the system, similar to p3.
The impact of the other harvesting rates pj3 and p;s is illustrated in Figure 8.
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Figure 8. Time series of the trajectories of System (2) using Dataset 73 with different values of p3
or pig. (a) Approaching SPFEQP when p13 = 0.05. (b) Approaching FPFEQP when p13 = 0.15. (c)

Approaching FPFEQP when p;g = 0.05. (d) Approaching FPFEQP when p;g = 0.15.

Parameters p13 and p1g have opposite influences on the dynamics of the system. We
further investigated the impact of varying the parameters pg and p14. It was observed that
po has an effect on the dynamics of System (2) similar to that of p;g, while the impact of
p14 is similar to that of py3. Finally, the effects of varying the intra-n and inter- specific
competition on the dynamics of System (2) are illustrated in Figures 9-11, respectively.
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Figure 9. Time series of the trajectories of System (2) using Dataset 73 with different values of
p1o- (a) Trajectories of x for pjg = 0.05, 0.45, 0.85. (b) Trajectories of y for p;p = 0.05, 0.45, 0.85.
(c) Trajectories of z for pyg = 0.05, 0.45, 0.85.
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Figure 10. Time series of the trajectories of System (2) using Dataset 73 with different values of
p15. (a) Trajectories of x for py5 = 0.05, 0.45, 0.85. (b) Trajectories of y for p;5 = 0.05, 0.45, 0.85.
(c) Trajectories of z for py5 = 0.05, 0.45, 0.85.
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Figure 11. Time series of the trajectories of System (2) using Dataset 73 and various values of py;

and p1¢. (a) Approaching FPFEQP when p1; = 0.25 and p1 = 0.1. (b) Approaching SPFEQP when
p11 = 0.1 and p1 = 0.25.
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As shown in Figures 9 and 10, parameters p1g and p;5 have opposite influences on the
dynamics of the system.

As shown in Figure 11, p1; and pj4 also have opposite influences on the dynamics of
the system.

9. Discussion

This work proposes and investigates a mathematical model that simulates the dy-
namics of a food-web system with two competing predators and prey. It was our goal to
examining how fear and harvesting affect the dynamics of such a system. Food transition
at the food-web level was described using a Monod-Haldane-type response function. The
characteristics of the solution were investigated. It was established that various equilibrium
points exist. All species’ needs for survival were identified. When feasible, the topics of
local and global stability were covered. The Sotomayor theorem for local bifurcation was
used to examine the impact of changing the parameter values.

It is noted that System (2) has a variety of conditionally asymptotic stable equilibrium
locations. Additionally, the system experiences different forms of local bifurcation as the
parameter values change. Finally, System (2) was solved, the theoretical conclusion was
verified, and the control set of parameters was specified using numerical simulation. Using
a hypothetical set of parameters given by Equation (73), the following results were obtained.

System (2) asymptotically approaches IEQP from several sets of initial points. Due to
declining predator numbers, the IEQP gradually converges to a PDFEQP as the fear rates
rise, demonstrating the influence of fear on the dynamics of the system. System (2) shifts
the stability of the predators from IEQP to PDFEQP when the mortality rate of the prey
increases. As the death rate increases further, the system shifts its limit point from PDFEQP
to EEQP. By varying the predator death rates, it was demonstrated that the predator death
rates play a similar role to the prey death rates regarding the survival of the predator
species. For example, lowering the value of the first predator death rate resulted in the
extinction of the second predator, and the system approached SPFEQP (FPFEQP). However,
increasing this value caused the first predator to go extinct, and System (2) approached
FPFEQP (SPFEQP).

The influence of the functional response parameters was explored. It was found
that lowering the value of the half-saturation constant of the first predator resulted in
the extinction of the second predator, and the system approached SPFEQP (FPFEQP).
Further decreasing the value of the half-saturation constant of the first predator made
the SPFEQP (FPFEQP) unstable, and System (2) had periodic dynamics in the xy plane.
However, increasing its value caused the first predator to go extinct, and System (2)
approached FPFEQP (SPFEQP). Moreover, increasing the value of the inhibitory effect at
high concentrations for the first predator led to the first predator going extinct; then, the
system approached FPFEQP (SPFEQP).

For the harvesting parameters of System (2), it was noted that with an increase in
prey harvesting, the system dynamics transferred from IEQP to the PDFEQP, and then to
the EEQP. However, lowering the harvesting rate of the first predator caused the second
predator to go extinct, and the trajectories of System (2) approached SPFEQP (FPFEQP).
Meanwhile, increasing its value above a specific point causes the extinction of the first
predator, and the trajectories moved asymptotically to the FPFEQP (SPFEQP). Otherwise,
the trajectories of System (2) stalled at IEQP. Similar observations were made when the
conversion rates of the first and second predators were lowered; however, the trajectories
still approached IEQP.

Finally, decreasing the intraspecific competition rate of the first predator led to the
extinction of the second predator, and the trajectories of System (2) approached SPFEQP.
However, decreasing the intraspecific competition rate of the second predator led to the
extinction of the first predator, and the trajectories of System (2) approached FPFEQP.
Otherwise, the trajectories of System (2) stalled at IEQP.
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10. Conclusions

Gause’s law is another name for the competitive exclusion concept [46]. It is a term
used in ecology to describe a situation when two species are vying for the same resources.
Gause noted that under such conditions, population values cannot remain constant. How-
ever, in this work, our System (2) solution approaches IEQP from distinct initial positions,
indicating that the presence of prey allows two competing species to persist on the same
resources. There is a threshold value of fear over which System (2) loses persistence due to
the extinction of predators, even though the system approaches the IEQP asymptotically
with different fear values. It has been noted that if the value of a prey species reaches a
vital level, harvesting it may cause System (2) to collapse. The harvesting of the predator,
however, causes the competitive predator to survive or become extinct, depending on how
much its value increases or decreases; after that, the solution for System (2) approaches one
of the boundary planes.

The system persists for a small range of the predator equation parameters, since any
modification may provide the competitive predator with a chance to become stronger and
survive. It is thus determined that System (2) is particularly sensitive to changing predator
equation-related values.
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Abbreviation

The following abbreviation symbols are used in this manuscript.

(EQPs) represents the equilibrium points.

(EEQP) represents the evanescence equilibrium point.
(PDFEQP) represents the predation-free equilibrium point.
(SPFEQP)  represents the second predator-free equilibrium point.
(FPFEQP)  represents the first predator-free equilibrium point.
(IEQP) represents the interior equilibrium point.

M) represents the Jacobian matrix.

(LAS) represents the locally asymptotically stable.

(GAS) represents the globally stable locally.

(TBF) represents a transcritical bifurcation.

(PBF) represents a pitchfork bifurcation.

(SNB) represents a saddle-node bifurcation.
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