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Abstract: The existing model for calculating the settlements of group piles is based on the principle
of superposition, which fails to calculate the interaction between piles more comprehensively and
to take into consideration the influence of slip between pile and soil. In this paper, the interaction
between group piles is analyzed from a novel perspective. It is assumed that the interaction between
piles is a dynamic equilibrium process, i.e., additional shear forces and additional displacements
are continuously transferred between piles until a state of equilibrium is reached. On this basis, we
propose a new model for calculating the settlements of group piles considering pile–soil slip. First,
a calculation method for pile–side resistance is developed considering the influence of slip. Based
on experience with the pile–soil interface, pile–side soils can be categorized as near–pile soil and
far–pile soil, and different load–transfer models are applied to describe their mechanical states. By
equating pile–side soils into a nonlinear spring and connecting them in series to determine the overall
equivalent stiffness considering the effect of pile–soil slip, the pile–side resistance under different
loading conditions can be accurately determined. Secondly, equilibrium analysis of the pile unit is
carried out when the equilibrium condition is reached, and the stiffness matrix for load transfer is
derived. Therefore, in this paper, the interaction between piles is concentrated in this matrix, which
makes the proposed model for pile settlement calculation clearer and more concise. Compared with
measured data, the proposed method can capture the main features of the load–settlement behavior
of group piles.

Keywords: modified calculation method; group piles; slip characteristics; reinforcement–curtain effect

MSC: 74G15; 74-10

1. Introduction

Recently, several methods have been proposed in the field of settlement calculation
of piles, such as the numerical method, the interaction coefficient method, the shear–
displacement method, and the hybrid method. The numerical method has obvious advan-
tages among these methods. By adopting the proper constitutive model, these methods
can adequately represent the interaction between piles and soil. The nonlinear character-
istic of the pile–side soil can also be represented through these methods [1]. However,
these methods have some disadvantages, such as difficulty in establishing the model and
determining the parameters. Therefore, many researchers have focused on a simplified
calculation method. Poulos and Davis [2] proposed the interaction coefficient method
based on elastic theory. The displacement of piles is superimposed on the group piles, and
the displacement of pile–side soil is assumed to be unconstrained, which indicates that the
reduction and restriction effect of the pile on the displacement of the foundation is ignored.
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Therefore, the reinforcement–curtain effect of the group piles on the foundation is ignored,
and the interaction between piles is amplified, resulting in larger calculation results [3].

Randolph and Worth [4], Ding et al. [5], and Guo and Randolph [6] carried out studies
on the shear–displacement method and considered the displacement of soil caused by shear
stress as a logarithmic relationship of the radial distance from the pile. The interaction
between group piles was calculated by considering the influence of pile–side resistance.
Two piles within the calculation range are arbitrarily selected as the research object to
establish the calculation method of the interaction between group piles. However, the
relative displacement between the pile and soil is not considered in this calculation method,
and the equivalent nonlinear stiffness value is a fixed value. The interaction between soil
layers cannot be considered, which results in certain limitations.

Based on the above–simplified calculation method, a hybrid method was proposed
by O’Neill et al. [7], who adopted the load–transfer method to simulate the settlement of
plies under a load. The interaction between different piles was calculated by the shear–
displacement method, which effectively integrated the advantages of various simplified
calculations. This method was further developed in follow–up research. Chow [2] calcu-
lated the response of piles through theoretical load–settlement curves and used the Mindlin
method to calculate the interaction between piles and analyze the settlement of group piles
in the elastic, homogeneous, isotropic, semi–infinite space. When the nonlinear property
of the pile–side resistance is considered, the increment form of the theoretic load–transfer
model is employed, in which the shear modulus is replaced by the secant modulus. A
hybrid method considering layered soil was proposed by Lee [8], which was modified to
simulate the interaction between different types of piles. Clancy and Randolph [3] used
a hybrid method to study pile–raft foundations and achieved fairly accurate predictions
with respect to settlement. Through the hybrid method, the load–displacement method can
be used to simulate the nonlinear settlement of group piles, and the load distribution of the
group piles can be reasonably calculated. However, the computation cost increases rapidly
with the scale of group piles, and the corresponding simplification and algorithms of large
equations need to be improved.

Therefore, a modified method based on the hybrid method is proposed in this paper
considering the interaction between piles more completely and predicting the response of
group piles in layered soils. Based on the interaction model of pile groups, the pile–side soil
is divided into far–pile soil and near–pile soil based on the elastic– and plastic–state pile soil.
The hyperbolic load–transfer model and piecewise function model considering softening
are used to calculate the equivalent stiffness of the pile–side soil. The nonlinear, two–stage
analysis method [9] is adopted by introducing a spring–series system. Compared with the
existing methods, the modified method can accurately simulate the slip characteristics of
the interface.

The main contribution of this work is consideration of the mutual interaction between
piles from a novel perspective. We consider that the piles in the calculation range are
affected by each other in a dynamic balancing process. Therefore, the additional shear
stress and additional displacement transfer between piles can be derived by force balance
analysis until the interaction between pile elements reaches balance. Through the calcu-
lation process mentioned above, the load–displacement stiffness matrix and a new force
balance calculation method are derived considering the interaction between piles. The
interaction between pile–end soil is also considered to accurately calculate the influence of
the reinforcement–curtain effect between group piles. The proposed method is validated
by the comparison with the load–displacement behavior on site.

2. Nonlinear Load–Transfer Model of Pile–Side Soil

The surface of concrete is rough; therefore, the slip between piles and soil happens in
the annular region of the near–pile soil rather than in the close contact regions [10]. In addi-
tion, pile–side soils exhibit different mechanical behavior depending on the annular region.
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As is shown in Figure 1, when a shear slip occurs, it only happens in the annular
region in the near–pile soil, which is regarded as the thickness (t) of the shear zone and is
generally considered to be five times the average grain size (D50). However, the thickness
has no direct effect on shear stress and shear stiffness [11]; therefore, the effect of width is
ignored in the calculations presented in this paper, and only the variation of the mechanical
properties of the soil in this range is considered. Meanwhile, other parts can be considered
to be in an elastic state [12,13], and there is no relative slip between near–pile soil and
far–pile soil. Near–pile soil is used to represent the soil in the annular region, which is
recorded as Wg; and far–pile soil is used to represent the soil in other parts, which is
recorded as Wd.
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It is necessary to consider the effect of the slip between pile and soil and the effect
of the elastoplastic state of the pile–side soil on the settlement calculation of group piles.
Different load–transfer models are adopted for the soil in different regions, which can
reasonably describe the mechanical behavior of different regions.

2.1. Hyperbolic Model for Far–Pile Soil

The classical hyperbolic method was proposed by Wong and Teh [14], in which a
hyperbolic relation exists between the shear displacement (W) and shear stress (τ) at the
interface between pile and soil, as shown in Equation (1):

τ =
W

1
ks
+ R f

W
τf

(1)

where ks is the initial shear stiffness of the interface between pile and soil, τf is the initial
shear strength, R f = τf /τult is the failure ratio, and τult is the ultimate shear stress on the
interface.

For the initial shear stiffness, the empirical formula proposed by Randolph and
Worth [4] is employed:

k′s =
Gs

[r ln(rm/r)]
(2)
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where Gs is the shear modulus of the soil, r is the radius of the pile, and rm is the maximum
influence radius of the shear stress. In homogeneous layered soil, the maximum influence
radius can be calculated by the following function [15]:

rm = 2.5L

t
∑

i=1
Gi

shi

GsmL

1−

t
∑

i=1
vihi

L

 (3)

where t is the number of soil layers, L is the pile length, hi is the thickness of the ith soil
layer, Gi

s is the shear modulus of the ith soil layer, Gsm is the maximum shear modulus of
all layers, and vi is the Poisson ratio of the ith soil layer.

Frank and Zhao [16] proposed a trifold line based on the pressure meter modulus,
which is a more accurate simplified shear displacement model, as shown in the following
function. In the proposed initial model, the initial shear stiffness is proportional to the
Menard modulus (EM) and inversely proportional to pile radius (r). However, the proposed
model does not consider the type of pile and considers only two types of soil, namely
cohesive soils and granular soils [17].

k′′s =
αsEM

2r
(4)

where αs is the scale parameter, αs = 2 for cohesive soils, αs = 0.8 for granular soils, and
EM is the Menard modulus.

The above research shows that the initial shear stiffness at the pile–soil interface in the
conventional hyperbolic model is a constant quantity with depth, which causes the value
of the ultimate relative displacement (Wu) to increase linearly with depth according to the
equation Wu = τf /ks [18]. According to SSI experimental results, the relative displacement
required to achieve ultimate shear strength in most soils is only 1~4 mm and does not vary
with depth [19].

Therefore, in this paper, the initial stiffness determined by the ratio of ultimate shear
stress and ultimate relative displacement [18] is used to prevent the relative displacement
from increasing with depth.

As shown in Figure 2, the pile–side resistance can be calculated as:

τ1(w) =
W

1
τf /W ′u

+
R f ·W

τf

=
W

1
τf ·χ/Wu

+
R f ·W

τf

(5)

where W ′u is the apparent ultimate relative displacement, i.e., the magnitude of the displace-
ment corresponding to the intersection of the tangent line and the straight line (τ = τult)
at the origin of the shear displacement curve; Wu is the ultimate relative displacement;
and χ = Wu/W ′u is the scale factor, where the values of χ are larger, the values of τult and
τ(Wu) are closer, and the values of ks (where ks = τf ·χ/Wu) are larger. When χ = 4, the
calculation accuracy can be obtained, avoiding an excessive value of ks [19].
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τf can be directly measured on site. If there is no corresponding data, the effective
stress method [20] can be employed:

τf = σh tan ϕ′ + c = Khσv tan ϕ′ + c (6)

where σv is the effective normal stress of the pile–side soil, ϕ′ is the effective friction angle,
Kh is the coefficient of lateral pressure of the pile, and c is the effective cohesion intercept.

A study by Yasufuku et al. [21] shows that the pressure of soil on the ground is heavily
affected by the construction disturbance and the bearing capacity of the pile foundation.
With increased buried depth, the interaction coefficient between piles decreases. The
coefficient of the earth pressure for the soil on the ground is assumed as the coefficient
of passive earth pressure, and the coefficient of the earth pressure for the pile–end soil is
assumed as the coefficient of earth pressure at rest. The definition is as follows:

Kh =
{

1−
( z

L

)ρ}
Kp +

( z
L

)ρ
K0 (7)

where z is the buried depth of the pile; and K0 and Kp are coefficients of earth pressure at
rest and coefficient of passive earth pressure, respectively. The calculation formula is as
follows:

Kp =
1 + sin ϕ′

1− sin ϕ′
(8)

K0 =
(
1− sin ϕ′

)
OCR

1
2 (9)

where OCR is the overconsolidation ratio, and ρ = 0.4(1− sin ϕ′)2 is the calculation
parameter.

2.2. Piecewise Function Model of the Near–Pile Soil

According to observations of shear tests of the pile–soil interface [10], shear displace-
ment of soil around the pile happens with increased shear stress at the pile–soil interface.
When the shear stress reaches the ultimate value, interface slip occurs. With increased shear
displacement, the effect of pile–side resistance on the shear displacement of soil decreases.
In other words, the shear displacement of the near–pile soil comprises slip and plastic
deformation of the soil around the pile.

Hu and Pu [10] and Zhang and Zhang [13] proposed a series of constitutive models
based on damage theory through structure–soil interface experiments, which can describe
the softening phenomenon of soil after reaching the ultimate shear strength. However,
compared to the simplified calculation method, these models involve many parameters,
which are not easily determined and limit practical engineering applications.

A piecewise function is used to describe the stress state of soil in the shear band, as
shown in Figure 3. When the ultimate shear stress is not reached, there is no slip between
the pile and soil. The soil is thought to be in an elastic or elastoplastic state, and the
resistance of the pile–side soil displacement conforms with the hyperbolic model. When the
shear stress reaches the ultimate shear strength, slip occurs between the pile and soil. Under
this condition, the soil is in a plastic state. With increased shear displacement, the soil
exhibits softening behavior, and shear stress decreases, in accordance with the piecewise
function. The equation is as follows:

τ2(W) =


W

1
τf ·χ/Wu

+
R f ·W

τf

W ≤Wu

Rτ(Wu) + τ(Wu)(1− R)·T(W) W > Wu

(10)

where
T(W) = sech[B(W −Wu)] (11)
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where R is the softening ratio, which is the ratio of ultimate resistance of the pile side (τult)
to the residual value (τur); and R = 0.85~1.0. B is the control parameter, which indicates
the speed of the softening caused by the slip between the pile and soil after reaching the
ultimate shear strength, which normally takes B = 100~300 [22]. The higher the soil strength,
the larger value of the B.

Mathematics 2022, 10, 2616 6 of 17 
 

 

𝑇(𝑊) = sech[𝐵(𝑊 − 𝑊 )] (11) 

where 𝑅 is the softening ratio, which is the ratio of ultimate resistance of the pile side 
(𝜏 ) to the residual value (𝜏 ); and 𝑅 = 0.85~1.0. 𝐵 is the control parameter, which in-
dicates the speed of the softening caused by the slip between the pile and soil after reach-
ing the ultimate shear strength, which normally takes 𝐵 = 100~300 [22]. The higher the 
soil strength, the larger value of the 𝐵. 

 
Figure 3. Piecewise function model for the near–pile soil. 

2.3. Load–Transfer Model of Pile–End Soil  
According to experimental observations of piles by Zhang et al. [23] the relation be-

tween 𝜏 𝜏⁄  and 𝑊 𝑊⁄  can be fitted well in the form of a hyperbolic curve. There-
fore, the resistance of the pile–end soil can be described by the hyperbolic function as 
follows:  𝜏 = 𝑊𝐴 + 𝐵 𝑊  (12) 

where 𝐴, 𝐵 are empirical coefficients, 𝑊  is the displacement of the pile–end soil, 𝑊  
is the ultimate displacement of the pile–end soil, and 𝜏  is the resistance of pile–end soil. 

According to the recommendation of Randolph and Worth [4], 𝐴 can be calculated 
as follows:  𝐴 = 𝜋𝑟(1 − 𝑣 )4𝐺  (13) 

where 𝐺  is the shear modulus of the pile–end soil, and 𝑣  is the Poisson ratio of the 
pile–end soil. 𝐵 can be calculated as follows [23]:  𝐵 = 1𝜏 = 𝑅𝜏 = 𝑅𝑐𝑁 + 𝜎′𝑁  (14) 

where  𝑁 = 𝑁 − 1 cot𝜑′ (15) 

𝑁 = tan𝜑′ + 1 + tan 𝜑′ 𝑒 ′ (16) 

𝜎′ = 1 + 2𝐾3 𝜎′ (17) 

where 𝑅 = 𝜏 /𝜏  is the control parameter, 𝜑′ is the effective friction angle of the 
pile–end soil, 𝜓 is the angle of the failure surface of the pile end and the horizontal di-
rection, and 𝜎′ is the effective stress of the pile–end soil.  

Figure 3. Piecewise function model for the near–pile soil.

2.3. Load–Transfer Model of Pile–End Soil

According to experimental observations of piles by Zhang et al. [23] the relation
between τb/τbu and Wb/Wbu can be fitted well in the form of a hyperbolic curve. Therefore,
the resistance of the pile–end soil can be described by the hyperbolic function as follows:

τb =
Wb

Ab + BbWb
(12)

where A, B are empirical coefficients, Wb is the displacement of the pile–end soil, Wbu is the
ultimate displacement of the pile–end soil, and τb is the resistance of pile–end soil.

According to the recommendation of Randolph and Worth [4], A can be calculated
as follows:

Ab =
πr(1− vb)

4Gb
(13)

where Gb is the shear modulus of the pile–end soil, and vb is the Poisson ratio of the
pile–end soil.

B can be calculated as follows [23]:

Bb =
1

τb f
=

Rb f

τbu
=

Rb f

cNc + σ′nbNq
(14)

where
Nc =

(
Nq − 1

)
cot ϕ′b (15)

Nq =

(
tan ϕ′b +

√
1 + tan2 ϕ′b

)2
e2ψ tan ϕ′b (16)

σ′nb =
1 + 2K0

3
σ′vb (17)

where Rb f = τbu/τb f is the control parameter, ϕ′b is the effective friction angle of the pile–
end soil, ψ is the angle of the failure surface of the pile end and the horizontal direction,
and σ′vb is the effective stress of the pile–end soil.

3. Nonlinear Stiffness of Pile–Side Soil Based on the Series–Equivalent Stiffness
Calculation Method

Based on the above load–transfer model, the stiffness of the equivalent nonlinear
spring can be determined. Deformation of the soil near the pile side (Wg) represents the
total displacement, including shear deformation and slip (if slip occurs). The deformation
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of the soil mass on the far–pile side (Wd) indicates the elastic shear deformation of the soil
mass on the far–pile side. The settlement displacement of the pile is recorded as Wp.

When a slip between pile and soil occurs, the soil in two different regions is connected
in series after being equivalent to the nonlinear spring, as shown in Figure 4, and a
nonlinear, two–stage analysis method [9] is proposed. Joints between springs are common,
and there is no relative slip between the soils of the near– and far–pile sides. Sliding or
shear deformation of soil mass on the side of the pile is reflected as deformation of the
equivalent nonlinear spring.
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the total displacement of equivalent nonlinear series connected springs that reflect the slip
generated on the pile–soil contact surface and the shear deformation of the soil is equal to
the displacement of the pile. According to the above boundary conditions, the following
equilibrium equations can be listed. Given the boundary condition of the pile segment, the
values of Wg and Wd can be obtained by the above binary equation.{

Wp = Wg + Wd
τ
(
Wg, z

)
= τ(Wd, z)

(18)

Based on the calculation of secant stiffness of the pile–side soil, the overall equivalent
stiffness of the pile–side soil (kp) can be obtained as follows:

kp =
dτ(z)
dwz

=
kg
(
Wg
)
·kd(Wd)

kg
(
Wg
)
+ kd(Wd)

(19)

where kg is the equivalent stiffness of the near–pile soil, kd is the equivalent stiffness of
far–pile soil, and the calculation forms are as follows:

kg
(
Wg
)
= τ2(Wu)·(1− R)·T

(
Wg
)
/Wg (20)

kd(Wd) =
τf(

Wu/χ + R f ·Wd

) (21)

4. Group Pile Settlement Calculation Method Based on the Modified Pile–Side Model

According to previous work, the state of the soil on the side of each pile segment can
be accurately determined, and its overall equivalent nonlinear stiffness can be calculated.
According to the principles of the load–transfer method, force equilibrium analysis of the
pile segments can be carried out.

To facilitate the calculation of the interaction between piles, two piles (piles i and j)
within the calculation range are arbitrarily selected for research, which are used to establish
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the interaction model, as shown in Figure 5. Under the action of load, pile i can induce
additional shear stress on pile j, and additional shear stress on pile j is generated, which
acts on pile i in the same way. The additional stress on pile i can affect pile j until the loop
of additional shear stress between the two piles reaches a new balanced state [24].
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Based on the calculation methods that consider the linear interaction among unloaded
piles and the nonlinear component of the settlement for the loaded piles, the influence
of slip of soil mass on the settlement of the pile foundation is considered in this paper
through the series–equivalent stiffness method. The elastic and plastic states of the soil
mass on the side of the pile are affected not only by the pile head load but by the interaction
between the piles. Therefore, stress balance analysis of the pile segment is carried out after
the interaction between the two piles reaches equilibrium, and the form of load–transfer
stiffness matrix considering the interaction between the piles is deduced for calculation.

4.1. Derivation of Load–Transfer Stiffness Matrix Considering Interaction between Piles

The pile is divided into several elements based on the thickness of the layer, and each
element is divided into several segments with the same length (li). A series of segments
can be obtained and numbered through the above method, as shown in Figure 5. Based on
analysis of pile segment i, the head loads of pile i and j are pi

i, pi
j (the superscript represents

the serial number of segments, and the subscript represents the serial number of piles), the
head displacements of pile i and j are Wi

i , Wi
j , and the side resistances of pile i and j are f i

pi,

f i
pj, respectively. According to the force equilibrium in the vertical direction, the equations

of each segment are as follows:

Epi Api
d2Wi

pi
dz2 − fpi

i = 0

Epj Apj
d2Wi

pj
dz2 − fpj

i = 0
(22)

where Epi and Epj are the elastic modulus of piles i and j, respectively; Api and Apj are the
cross–sectional area of piles i and j, respectively; and Wi

pi, Wi
pj are the displacement of the

piles under loading considering the interaction between piles.
Based on the original calculation method and considering the interaction between

piles in the initial state, the equation of pile head load and displacements of each segment
can be obtained as follows: {

f i
pi = f i

i + f i
ij

f i
pj = f i

j + f i
ji

(23)

{
Wi

pi = Wi
i + Wi

ij
Wi

pj = Wi
j + Wi

ji
(24)
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where f i
i ( f i

j ) is segment–side resistance of the single pile (i(j)) under loading, f i
ij( f i

ji) is
additional side resistance of pile j(i) considering the reinforcement–curtain effect, and
Wi

ij(W
i
ji) is the effect of pile j(i) under the external load on pile i(j). The direction of

additional pile displacement is positive when it is the same as the actual displacement of
the pile.

According to the method proposed in this paper, the settlement of the ith segment
of pile i(j) can be regarded as the superposition effect of ith segment side–soil slip, shear
deformation of pile–side soil, and other effects on the ith segment, and the following
displacement equilibrium equation for each segment can be obtained:

Wi
pi =

f i
pi

ki
pi
+

f i
pj

ki
dj

ξ i
ij

Wi
pj =

f i
pj

ki
pj
+

f i
pi

ki
di

ξ i
ji

(25)

Based on the assumption that the far–pile soil can be assumed to be in an elastic state,
the transfer coefficient (ξij) is expressed as follows [4]:

ξij ≡
Us
(
rij, z

)
Us
(
rj, z

) =


ln
(

rm
rij

)
ln
(

rm
rj

) rj ≤ rij ≤ rm

0 rij > rm

(26)

where rij is the distance between the axis of piles i and j.
The nonlinear spring stiffness of the pile–side soil is calculated from the actual shear

or slip deformation (a and b) of the soil. Then, the joint Equations (18) and (24) can be
obtained as the following set of equations:

Wi
pi = Wi

i + Wi
jdξ i

ij
Wi

pj = Wi
j + Wi

idξ i
ji

τ1
(
Wi

id, z
)
= τ2

(
Wi

i , z
)

τ1

(
Wi

jd, z
)
= τ2

(
Wi

j , z
) (27)

When the pile displacements (Wi
pi and Wi

pj) do not reach the ultimate shear displace-
ment, the pile–side soil does not reach the plastic state, and the equivalent stiffness is
calculated in the elastic state as a whole; when it reaches the ultimate shear displacement,
it can be assumed that the pile–side soil reaches the plastic state, and the equilibrium
Equation (27) is solved. If there is no solution for Wi

i and Wi
j , then the pile–side soil is

still calculated in the elastic state by Equation (14); if not, the equilibrium equation can be
solved according to Equations (13) and (14) to obtain the equivalent stiffness of the pile
segment. Then, the overall equivalent stiffness of the pile–side soil (ki

pi) can be obtained by
constituting Equation (19).

Constituting Equations (22) and (25), the differential equation can be obtained as
follows: 

Wi
pi =

1
(λi

1)
2

d2Wi
pi

dz2 + 1
(λi

3)
2

d2Wi
pj

dz2 ξ i
ij

Wi
pj =

1
(λi

2)
2

d2Wi
pj

dz2 + 1
(λi

4)
2

d2Wi
pi

dz2 ξ i
ji

(28)

where
(
λi

1
)2

=
ki

pi

Ei
pi Api

,
(
λi

2
)2

=
ki

pj

Ei
pj Apj

,
(
λi

3
)2

=
ki

dj

Ei
pj Apj

,
(
λi

4
)2

=
ki

di
Ei

pi Api
.
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In the case of a steel pipe pile, the elastic modulus (Epi) can be used directly for
calculation. In the case of a concrete pile, the stress–strain relationship proposed by
Hognestad [25] is adopted:

σc =

 fc

[
2 εc

ε0
−
(

εc
ε0

)2
]
(εc 6 ε0)

fc

(
1− 0.15 εc−ε0

εcu−ε0

)
(ε0 < εc 6 εcu)

(29)

where fc is stress at the peak of the stress–strain curve of the concrete; εc is the strain of the
concrete; ε0 is the strain when the stress is at the peak, taken as 0.002 [25]; and εcu is the
ultimate compressive strain of the concrete.

In practical engineering, concrete piles are not allowed to reach the ultimate compres-
sive strain, and the strain without reaching the ultimate value is considered. The tangent
linear elastic modulus of concrete is as follows:

Epi =
dσ

dε
=

2σ0

ε0

√
1− σ

σ0
(30)

where σ0 is the peak stress of the concrete, calculated from the compressive strength of
the concrete core sample [26]. When experimental results are not available, the ultimate
compressive strength of concrete ( fcu,k) can be employed, and σ is the mean stress of
the pile.

By solving these differential equations, the expression of settlement of each pile can be
obtained as follows:{

Wi
pi = ai

1emi
1zi

+ ai
2emi

2zi
+ ai

3e−mi
1zi

+ ai
4e−mi

2zi

Wi
pj = bi

1emi
1zi

+ bi
2emi

2zi
+ bi

3e−mi
1zi

+ bi
4e−mi

2zi (31)

where ai
1~ai

4, bi
1~bi

4 are undetermined coefficients, and the expressions of mi
1, mi

2 are as
follows: 

(mi
1)

2
=

1

(λi
1)

2 +
1

(λi
2)

2−

√√√√√
 1

(λi
1)

2 +
1

(λi
2)

2

2

−4

 1

(λi
1)

2
·(λi

2)
2−

ξi
ijξi

ji

(λi
3)

2
(λi

4)
2


2

 1

(λi
1)

2
·(λi

2)
2−

ξi
ijξi

ji

(λi
3)

2
(λi

4)
2



(mi
2)

2
=

1

(λi
1)

2 +
1

(λi
2)

2 +

√√√√√
 1

(λi
1)

2 +
1

(λi
2)

2

2

−4

 1

(λi
1)

2
·(λi

2)
2−

ξi
ijξi

ji

(λi
3)

2
(λi

4)
2


2

 1

(λi
1)

2
·(λi

2)
2−

ξi
ijξi

ji

(λi
3)

2
(λi

4)
2



(32)

When the piles are exactly same, Li = Lj = L, Epi = Epj = EP, Api = Apj = AP,
λi = λj = λ, ξij = ξ ji = ξ; and mi

1, mi
2 can be obtained as follows:(mi

1)
2
=

(λi)
2

1+ξ i

(mi
2)

2
=

(λi)
2

1−ξ i

(33)

Constituting boundary condition equations Pi =

[
pi

i
pi

j

]
, Pi−1 =

[
pi−1

i
pi−1

j

]
,

Wi
p =

[
Wi

pi
Wi

pj

]
, Wi−1

p =

[
Wi−1

pi
Wi−1

pj

]
into Equation (31), and the relationship between
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the load and displacement at the pile head and the pile–end of the ith segment can be
obtained as follows: [

pi

Wi
p

]
= T

[
pi−1

Wi−1
p

]
=

[
Ti

1 Ti
2

Ti
3 Ti

4

][
pi−1

Wi−1
p

]
(34)

The elements of load–displacement stiffness matrix T are as follows:

Ti
1 = 1

2 ·[
cosh

(
mi

1li
)
+ cosh

(
mi

2li
)

cosh
(
mi

1li
)
− cosh

(
mi

2li
)

cosh
(
mi

1li
)
− cosh

(
mi

2li
)

cosh
(
mi

2li
)
− cosh

(
mi

1li
) ]

Ti
2 = 1

2 Ei
p Ai

p·[
−mi

2sinh
(
mi

2li
)
−mi

1sinh
(
mi

1li
)

mi
2sinh

(
mi

2li
)
−mi

1sinh
(
mi

1li
)

mi
2sinh

(
mi

2li
)
−mi

1sinh
(
mi

1li
)
−mi

1sinh
(
mi

1li
)
−mi

2sinh
(
mi

2li
) ]

Ti
3 = 1

2Ei
p Ai

p
· − sinh(mi

2li)
mi

2
− sinh(mi

1li)
mi

1

[
sinh(mi

2li)
mi

2
− sinh(mi

1li)
mi

1

]
sinh(mi

2li)
mi

2
− sinh(mi

1li)
mi

1
− sinh(mi

1li)
mi

1
− sinh(mi

2li)
mi

2


Ti

4 = 1
2 ·[

cosh
(
mi

1li
)
+ cosh

(
mi

2li
)

cosh
(
mi

1li
)
− cosh

(
mi

2li
)

cosh
(
mi

1li
)
− cosh

(
mi

2li
)

cosh
(
mi

2li
)
+ cosh

(
mi

1li
) ]

4.2. Settlement Calculation Considering the Interaction between Pile–End Soils

The interaction between pile–end soils is similar to that between piles. The load–
displacement stiffness matrix of pile–end soils can be derived based on Equation (12).

pb =

[
pbi
pbj

]
, Wb =

[
Wbi
Wbj

]
, and the load–displacement relationship between pile–end

soils is as follows:

Wb =

[ 1
kbi

1
kbj

ξbij
1

kbi
ξbij

1
kbj

]
pb (35)

where Wbi and Wbj are pile–end settlements of piles i and j, respectively, under the load
considering the interaction; and ξbij is the influence of soil at the end of pile j on the soil at
the end of pile i, which can be calculated as follows:

ξij ≡
Us(Pb, z)
Us
(
rij, z

) =
Pb(1− v)

4r0G
/

Pb(1− v)
2πrG

=
2
π
·

rj

rij
(36)

where kbi and kbj are the equivalent stiffness of the end soil of piles i and j, respectively. The
secant stiffness is adopted and calculated as follows:

kb =
1

Ab + BbWb
(37)

When there are n piles in the calculation range, Equation (28) has n items. The
differential equations solved by Equation (31) can have 2n solutions and corresponding
constant coefficients. The displacement and force of pile–end soil can be obtained through
the load–settlement curve of the pile–end soil, which means the boundary condition of the
differential equation is determined. Then, the constant coefficients and load–displacement
stiffness matrix can be deduced, and the settlement equation of each pile can be obtained
through the transformation of pile segments.
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4.3. Calculation Process

Based on the modified interaction model, the settlement of group piles in the layered
foundation can be calculated by the following steps (Figure 6). Under the action of the
same pile load, the corresponding pile–end force (pi

b) can be obtained through Equation (35)
based on the assumed pile–end settlement (Wi

b). Then, the elastic modulus of pile segments
(Ei

p) can be calculated through Equation (30).
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Based on the assumed pile–end settlement, the slip state of pile–side soil can also be
determined. If it is less than the ultimate relative displacement, the soil on the pile side
does not slip, and the soil on the pile side as a whole can be regarded as an elastomer,
and Equation (21) is used to calculate the overall equivalent stiffness value. If it is greater
than the ultimate relative displacement, the soil on the pile side slips and forms the near
and far pile–side soil accordingly; then, the displacement values are substituted into
Equation (27) to calculate the displacement values of the near (Wi

i ) and far pile–side soil
(Wi

j ) and substituted into Equations (20) and (21). Then, the overall nonlinear spring

stiffness in series ki
pi and ki

pj can be obtained through Equation (19).
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According to the serial connection, the nonlinear spring is equivalent to calculating
the stiffness of pile–side soil. The load–displacement stiffness matrix (Ti) can be calculated
with Equation (34), and the relations between the segment of pile head force (pi−1) and
displacement (Wi−1) and between pile–end force (pi) and displacement (Wi) can be estab-
lished. Then, the boundary condition of the next loop can be obtained. The load–settlement
curve of group piles can be obtained by repeating different calculation values.

5. Validation Results and Discussion

Two cases of the group pile settlement in layered soil are employed to validate the
reliability of the modified method.

5.1. Case One

A loading experiment was carried out by Koizumi and Ito [27]. To this end, 3 × 3
equal length piles were used; the layout is shown in Figure 7.
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Figure 7. Layout of the pile group and subsoil model.

The diameter of the pile is 300 mm, the elastic modulus is 20 GPa, and the buried
depth of the pile is 5.5 m. The pile distance is 6 r, which is connected to the pile cap.
Double–layered soil exists on the pile side, the upper layer is sandy silt, the depth is 1.7 m,
the friction angle is 23.3◦, the control parameter is B1 = 200, and the softening ratio is
R1 = 0.9. The bottom soil is silty clay, the depth is 3.8 m, and the friction angle is 21.5◦.
The shear strength can be calculated as 30 MPa, the control parameter is B2 = 200, and the
softening ratio is R2 = 0.85, showing that the value of τf deduced from the laboratory [2]
increases from approximately 25 kPa at the pile head to approximately 40 kPa at the pile
tip. The Poisson ratio of the upper soil and bottom layer is 0.5. The failure ratio is R f = 0.85
and Rb f =0.85. The parameters Ab and Bb can be calculated with Equations (16) and (17),
taken as 1.1× 10−4 and 2.67× 10−2, respectively.

According to the loading experiment, the elastic modulus of the pile–side soil can be
calculated based on the proposed equation Es = 520τf [2], and the elastic moduli of upper
soil and bottom soil are 12.8 MPa and 15.6 MPa, respectively. Then, the load–settlement
curve of the pile foundation can be obtained.

As shown in Figure 8, when the load is small, the calculated settlement based on the
proposed method is similar to that based on the method proposed by Zhang et al. [28] and
Cairo and Conte [2]. The calculated settlement is in agreement with the on–site data, which
indicate that there is no relative slip between pile and soil (the soil is in an elastic state).
With increased load, the pile–side soil is in an elastoplastic state, and slip between pile and
soil occurs. The settlement calculated based on the modified method has large deviations
compared with the on–site data, which are not suitable to calculate the settlement of group
piles when the pile–side soil is in a plastic state. Compared with other methods, the
modified method can determine the mutation point of the load–settlement curve, which
can represent the settlement law of the group piles under an external load.
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Figure 8. Comparison of the predicted and measured load–settlement curve for the group piles 
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5.2. Case Two

For the model test, a 2 × 2 group–pile axial load test was conducted with a double–
layered foundation, as described by Zhang et al. [29]; the layout is shown in Figure 9.
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Figure 9. Layout of the group piles and subsoil model.

The length of the pile is 13.1 m, and the elastic modulus of the steel pipe pile is 210 GPa.
The outer diameter of the steel pipe pile is 137 mm, the thickness of the steel pipe pile is
9.3 mm, and the pile spacing is 6 r. The modulus of the soil is 195 MPa, and the ultimate
pile–end resistance is 130 kN. The ultimate pile–side resistance on the ground is 19 kPa,
and it increases to 93 kPa linearly in the pile foundation [30]. The softening ratio is R = 0.9,
and the Poisson ratio of the soil is 0.3. The failure ratio is R f = 0.9 and Rb f = 0.9, and the
control parameter is B = 250. The load–settlement curve of the pile can be calculated as
Ab = 9.679 × 10−7, Bb = 4.08× 10−4.

As shown in Figure 10, the calculated results are in agreement with the measured data
when the load is small. The pile–side soil is in an elastic state, and there is no relative slip
between pile and soil. With increased external load, the pile–side soil is in a plastic state,
and slip occurs between pile and soil. The settlement calculated based on the modified
method is closer to the measured data than that calculated based on the method proposed
by Zhang et al. [29]. The proposed method can accurately represent the mutation point of
the load settlement and predicts the settlement law of the pile.
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6. Discussion and Conclusions

The modified method for calculating the settlement of group piles was validated
in this paper, providing a simplified method for predicting the nonlinear settlement of
group piles in layered foundations. According to experimental observations of the interface
between pile and soil, slip occurs between pile and soil under shear stress. Based on the
hybrid method, the pile–side soil is defined as near–pile soil and far–pile soil depending
on whether it is in an elastic or plastic state. The hyperbolic model and the piece–function
model considering softening are employed to calculate the equivalent stiffness of the
pile–side soil. A spring–series system is adopted to establish a two–stage analysis method.

Combining the advantages of the load–transfer method and the shear–displacement
method, the original method with linear superposition of additional displacement and
additional shear stress is replaced by the equilibrium equation of pile segment considering
the interaction between piles. The interaction between pile–end soil is considered, which
can accurately describe the curtain–reinforcement effect. A load–displacement stiffness
matrix based on the load–transfer method is derived, and an interaction model between
piles is proposed.

The modified method was validated through the load–settlement curves of the field
tests. Compared with the traditional interaction model, the modified model is simple and
efficient. Furthermore, it can accurately calculate the reinforcement–curtain effect of group
piles. The slip between pile and soil is considered to calculate the settlement of group piles
more accurately.

The value of the interaction coefficient for the pile–end soil is simplified, which cannot
calculate the settlement of group piles accurately; therefore further research is required.
The method of determining the value of the interaction coefficient for the pile–end soil
deserves further study.
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