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1. Introduction

We all know that Calculus of Variations and Optimal Control Theory are two strongly
connected mathematical fields. In this direction, several researchers have investigated these
areas, achieving remarkable results (see Friedman [1], Hestenes [2], Kendall [3], Udriste [4],
Petrat and Tumulka [5], Treantd [6] and Deckert and Nickel [7]). The problems (in several
time variables) studied by the aforementioned researchers have been continued, in the last
period, in the study of multi-dimensional optimization problems. These studies have many
applications in different branches of mathematical sciences, web access problems, man-
agement science, portfolio selection, engineering design, query optimization in databases,
game theory, and so on. In this respect, we mention the papers conducted by Mititelu
and Treanta [8], Treantd [9-18], and Jayswal et al. [19]. For other connected but different
ideas on this topic, the reader can consult Arisawa and Ishii [20], Lai and Motta [21], Shi
et al. [22], An et al. [23], Zhao et al. [24], Hung et al. [25], Chen et al. [26], Antonsev and
Shmarev [27], Cekic et al. [28], Chen et al. [29], Diening et al. [30], and Zhikov [31].

This review article is structured as follows. Section 2 introduces the second-order PDE-
constrained optimal control problem under study (see Theorem 1). This result formulates
the necessary conditions of optimality for the considered PDE-constrained optimization
problem. Section 3 states the associated necessary optimality conditions for a new class of
isoperimetric constrained control problems governed by multiple and curvilinear integrals.
In Section 4, by using the pseudomonotonicity, hemicontinuity, and monotonicity of the
considered integral functionals, we present the well-posedness of some variational inequal-
ity problems determined by partial derivatives of a second-order. Section 5 formulates
some very important open problems to be investigated in the near future. Section 6 contains
the conclusions of the paper.
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2. Second-Order PDE-Constrained Control Problem

Let He (b(t), by (1), bap(t), u(t), t), { =1, m be some functions of C>~class, called multi-
time controlled Lagrangians of second order, where t = (t*) = (t!,- - ") € Ay, CR", b =
(v = (bl,- . ,b”) : Agyt; — R"is a function of C*-class (the state variable) and u =

(u?) = (ul, e, uk) : Aty 1, — RFis a piecewise continuous function (the control variable).

In addition, denote b,(t) := %(t) byp(t) == 82717
’ BT Gt TP g
Aty = [to, t1] (multi-time interval in R'!) as a hyper-parallelepiped determined by the
diagonally opposite points f, t; € R’. Moreover, we assume that the previous multi-time
controlled Lagrangians of second order determine a closed controlled Lagrange 1-form

(t), o, € {1,..,m} and consider

He ((8), by (8), by (1), (1), £)di¢

(see summation over the repeated indices), which provides the following curvilinear
integral functional:

J(b(-),u(-)) = He (b(£),by (1), bap(t), u(t), t)dt, (1)

B YtO’tl

where Y}, 1, is a smooth curve, included in Ay, 1, joining o, 1 € R’}

Second-order PDE-constrained control problem. Find the pair (b*,u™) that minimizes
the aforementioned controlled path-independent curvilinear integral functional Equation (1), among
all the pair functions (b, u) satisfying

b(to) =bo, b(t1) =b1, by(t)) =byo, by(t) =by
and the partial speed-acceleration constraints:

g’g(b(t),by(t),baﬁ(t),u(t),t) =0, a=12,---,7r<n,{(=12,---,m.

In order to investigate the above controlled optimization problem in Equation (1),
associated with the aforementioned partial speed-acceleration constraints, we introduce
the Lagrange multiplier p = (pa(t)) and build new multi-time-controlled second-order
Lagrangians (see summation over the repeated indices):

Hag (b(£), by (£), bup(£), u(t), p(£),t) = Hg (b(t), by (t), bap(t), u(t), )

+pa(t)g7 (b(t), by (1), bap(t), u(t), t), ¢ =1,m,

which change the initial controlled optimization problem (with second-order PDE con-
straints) into a partial speed-acceleration, unconstrained, controlled optimization problem:

min Haz (b(#), b, (1), bug(t), u(t), p(t),t)dts 5
(B(), (), p() Mgy 15 (B(8), by (£), bag (), u(t), p(£), 1) (2)

b(ty) = by, by(ty) =

byq,

if the Lagrange 1-form Hqz (b(t), by (t), bag(t), u(t), p(t), t) dt¢ is completely integrable.

In accordance with Lagrange theory, an extreme point of Equation (1) is found among
the extreme points of Equation (2).

To formulate the necessary optimality conditions associated with the aforementioned
control problem, we shall introduce the Saunders’s multi-index (Saunders [32], Treantd [9-12]).

The following theorem represents the main result of this section (see Treantd [12]). It
establishes the necessary conditions of optimality associated with the considered second-
order PDE-constrained control problem.

q=0,1,
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Theorem 1 (Treanta [12]). If (b*(+), u*(:), p*(+)) solves Equation (2), then
@°(), u™(-), p*())
solves the following Euler-Lagrange system of PDEs:

87-[1@ 87-115 1 ang -

5 _ : D?,—5=0, i=1n (=1,
o Tob (e B) ab i=Ln ¢=1m
ang ang 1 5 37‘[1g
-D + D =0, =1k (=1m
ou? T oul " p(a,B) P uy
P ) )
Hig - Hig 1 D2 Hig —0, a=T7 (=Tm,

D + o
9pa Wapzm (e, B) 'Bapa,txﬁ

op 9%p o?u?
where pg,y = ﬁ, Paup = W, uzﬁ = FYTETL a, B, vye{1,2,..,m}

Remark 1 (Treantd [12]). The system of Euler-Lagrange PDEs given in Theorem 1 becomes

g [ Oty 1 Mg

—~ + -
bl Tobi (e, B) P ol
Mg OHi; 1, dHyg
-D + D =
ou® Toul (e, p) P udy
gg(b(t),by(t),b,x,/g(t),u(t),t) =0, a=12,---,r<n, {=1,2,---,m.

0, i=1nC=1m

0, 0=1k {=1m

Remark 2 (Treanta [12]). (i) The most general Lagrange 1-form that can be used in the previous
problem is of the form:

Hog (b(t), by (), bap(t), u(t), p(t), t) = He (b(t), by (t), bup(t), u(t), t)

+Pag (D84 (b(1), by (1), bap (1), u(t), 1).
(i1) The closeness conditions DyH; = D;Hg associated with the Lagrange 1-form

He (b(t), by (1), bap(t), u(t), t)dtg are actually PDE constraints for the considered problem. The
optimization problem of the controlled curvilinear integral cost functional J(b(-),u(+)), conditioned
by DoH; = D;Hg, can be studied by using the following Lagrange 1-form:

Hag (b(1), by (1), bag (1), u(1), p(£), £) = Hg (b(2), by (1), bug (1), (1), 1)
+p¥ (1) (DgH, — DaHy).
Illustrative example. Minimize the following objective functional:

J(b(-), u(-)) :/ (B2(1) +u2(8) )t + (B3(1) +142(t) ) ar?

Yo,1
subject to b1 (t) + bp(t) = 0, b(0,0) = 0, b(1,1) = 0, where Y is a curve of C!-class in
[0,1]?, joining (0,0) and (1,1).

Solution. The path-independence of the functional J(b(-), u(-)) gives:

o5~ ) = (5~ 5
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Moreover, for the Lagrange 1-form (Remark 2), we obtain:
Oy = b3(t) + u(t) + wi (1) (ba (1) + b2 (1),

@1 = b (t) + u(t) + +wa(t) (b (t) + bp(t))

and the extreme points are formulated as below:

2u =0,
btl(t) + bt2(t) =0.

It follows that (b*,u™) = (0,0) is the optimal point of the considered optimization
99 99

problem, and satisfies 5 + 52 = 0, where ¢ := wq — wy.

3. Isoperimetric Constrained Controlled Optimization Problem

In this section, we use similar notations as in the previous section. We consider
a CO-class function H (b(t), by (t), bug(t), u(t), t), called multi-time-controlled, second-order
Lagrangian, where t = (t*) = (tl,---,tm) € Apyy CRY, b = (bi) = (bl,--- ,b") :
Apyty — R" is a function of the C*-class (the state variable), and u = (uﬁ) = <u1,~ -, uk) :

Npopy — RK is a piecewise continuous function (the control variable). In addition, denote

ob 0%b
ba(t) := w(t)/ bap(t) = EYTET
hyper-parallelepiped generated by the diagonally opposite points ¢, t; € R''.

Isoperimetric constrained control problem. Find the pair (b*,u™) that minimizes the
following multiple integral functional:

ty

(t), &, € {1,..,m}, and consider Ay, = [to,t1] as a

Jb()u()) = [ H(BE), by (t), bup(t), ut), t)dt: - - - de™ (3)

Atg 1y
among all the pair functions (b, u) satisfying
b(ty) = by, b(t1) =bi, by(t)) =byo, by(t1) = by,

or
b(t) |BA¢0,,1 = given/ b'Y (t) |6At0,f1 = given

and the isoperimetric constraints (that is, constant level sets of some functionals) formulated
as follows.

Isoperimetric Constraints Defined by Controlled Curvilinear Integral Functionals

Consider the isoperimetric constraints:

/ G2 (B(), by (£), bup (1), u(E), )dEE = 1%, @ =1,2,--- ,r <n,
Y

toty
where Y ;, is a smooth curve, included in Ay, joining the points ty, t; € Rﬁ, and
8E(b(t), by (1), bap(t), u(t), t)dt*, a=1,2,---,r
are completely integrable differential 1-forms, namely, D¢, = D;gy,7,C € {1,---,m}, v #

g/WIth D’)/ = w/ Y € {]‘I /m}‘
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In order to investigate the above controlled optimization problem in Equation (3),
associated with the aforementioned isoperimetric constraints, we introduce the curve
Yt,,t C Y4+ and the auxiliary variables:

V(1) :/Y g (b(1), by (1), b (7), u(7), )T, a=1,2,--- 1,

to.t

which satisfy y*(tp) = 0, y*(t;) = 1. Consequently, the functions y* fulfill the next
first-order PDEs:

%W

oz (1) = 8¢ (b(8), by (1), bug (8), u(t), ), " (1) = I".

Considering the Lagrange multiplier p = (pg(t)) and by denoting vy = (y"(t)), we
introduce a new multi-time-controlled Lagrangian of second order:

Ha(b(t), by (£), bup(t), u(t), y(£), yg (), p(t), £) = H(b(t), by (t), bup(t), u(t), )

+E(0) (846001 (0), bug0), (0, 1) = 2o ))

that changes the initial control problem into an unconstrained control problem

min Ha(b(1), by (£), bag(£), u(t), y(t),yz (£), p(t), t)dt" - - - dt™ 4
T, 50) I 1(b(t), by (1), bag (1), u(t), y(t), y¢ (t), p(t), t) (4)

b(ty) =bg, by(ty) =by, q=0,1
y(to) =0, y(t) =1

In accordance with Lagrange theory, an extreme point of Equation (3) is found among
the extreme points of Equation (4).

The following theorem (see Treantd and Ahmad [13]) establishes the necessary condi-
tions of optimality associated with the considered isoperimetric constrained control problem.

Theorem 2 (Treantd and Ahmad [13]). If (b*(+), u*(+), y*(-), p*()) solves Equation (4), then
@), w (), vy (), p*())

solves the following Euler-Lagrange system of PDEs:

87-[1 37'[1 1 Dz a;L[l

- —-D g = =1
oo, p(wp) o, 0, 1=1n
oH, oH4 1 5 0Hq
ou? " oug + p(a,p) oF augﬁ 0 0=1
oH1 oH, 1 s OHq
-D + D =0, a=1,r
ayt Tty T (e p) oy,
oH oH 1 oH
2 =Dyt + (aﬁ)Diﬁ - =0,
apﬂ aP:m pa, apa,aﬁ
4 2.C 2.9 2.4
¢ _9%a ¢ _ OPps 4 _ OU _ 9y
w”lere pu,'y — w, pa,aﬁ . — W’ ulxﬁ - — W’ yg‘g o W/ “r ,BI ’)/r g S {1/2/.-.,77/[}.
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Remark 3 (Treantd and Ahmad [13]). The system of Euler—Lagrange PDEs given in
Theorem 2 becomes

M, M, L 3

1 _p, 2% 1 _0, i=1,
abi "ok, T u(w,B) B3l e
H, o1 1, oM

- n —0, 8=Tk
ou? 7 ous (e, p) ap Bu"zl3

op;

ﬁ:(" a=1r (€{1,2,---,m}

a

)
S (1) = g (b(1), by (1), bap (1), (), ).

In consequence, the Lagrange matrix multiplier p has null total divergence. Moreover, it is
well determined only if the optimal solution is not an extreme for at least one of the functionals

/Y 8E(b(t), by (1), bap(t), u(t), t)dt, a =1,7.

ot

4. Well-Posedness of Some Variational Inequalities Involving Second-Order
Partial Derivatives
In the following, in accordance with Treanta [14-16], we consider: Ay, s, as a compact
setin R"; Ag, 5, 35 = (sg), ¢ = 1,m as a multi-variate evolution parameter; As s, O Y
as a piecewise differentiable curve that links the points s; = (s,...,s"), s, = (s3,...,s¥)
in Ag, s,; B as the space of C*-class state functions b : As, s, = R"; and by = P b,xlg =
9%b

35095F denote the partial speed and partial acceleration, respectively. In addition, let U be the
s%0s

space of Cl-class control functions u : As, 5, — RF and assume that B x U is a (nonempty)
convex and closed subset of B x U, equipped with

((b,u),(g.2)) = [ [b(s) - g(s) + u(s) -2(5))as]
- [[EF656) + L ()26
Yi=1 j=1
k

i(s) + Z w(s)2/ (s))ds! + - + [Zn: b (s)q'(s) + Z ul (s)2/ (s))ds™,

I

=
|'[\1
<
@
=

Y(b,u),(q,z) € BxU

and the norm induced by it.

Let J>(R™,R") be the jet bundle of the second order of R” and R". Assume that the
Lagrangians wy : J(R™,R") x R¥ — R, ¢ = T, m provide a closed controlled Lagrange
1-form

we (s,b(s), bx(s), bap(s), u(s))ds®,

which gives the following integral functional:
W:BxU—=R, W(,u)= / we (s, b(s), b (s), bup(s), u(s))ds®
Y

:/Yw1(s,b(s),bK(s),baﬁ(s),u(s))dsl+~~+wm(s,b(s),bK(s),balg(s),u(s))dsm.

In order to state the problem under study, we introduce the Saunders’s multi-index
(Saunders [32]).



Mathematics 2021, 10, 2599 7 of 13

Now, we introduce the variational problem: find (b, u) € B x U such that

/Yﬁ,ufm,u(s))(q(s) —b(s)) + ?;)f(‘f'b,u(s))DK(q(s) - b(s))] ds? (5)

1 aZUg
v [W%w(\fb,u(s))Dﬁﬁ(q(s) —b(s))] st

d
+/ [;ff (¥pu(s)) (2(s) - u(s))}dsé' >0, V(gz)€BxU,
Y
where Dy := % is the total derivative operator, Diﬁ := Du(Dg), and (¥pu(s)) :=

S
(s,b(s), bi(s), bup(s),u(s)).
Let Q) be the feasible solution set of (5):

Q={(bw e BxU: [ [(0s) - b)) F (¥ouls))

+Dilg(5) ~ b(s)) 5o (4 (5)
2y D2 6) — e S (Fu ()
Jdw

Assumption 1. The next working hypothesis is assumed:

dG := Dy BZ’E (b— q)} ds (6)

as a total exact differential, with G(s1) = G(s2).
According to Equation (6) and considering the notion of monotonicity associated
with variational inequalities, we formulate (see Treantd et al. [14]) the monotonicity and

pseudomonotonicity for W.

Definition 1. The functional W is monotone on B x U if

1066 =060 (G (a6 = G (20
+ 0(5) = 2(60) (G (al6)) = S (Has(6) )
+ Du(b(5) = 4(6)) (T (Fo5)) = T (%0:06)))
+ x(ocl,/S)Diﬁ(b( ) —q(s)) (g;:i( bu(s)) ;:;ﬁ (‘PqZ(S))Ndsg >0,

V(b,u),(q,z) € BxU
is satisfied.
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Definition 2. The functional W is pseudomonotone on B x U if

J1(6(5) ) B8 (4:(5)) + () — 2(5)) oot (¥ (5)
+DL(0(5) — (5)) G (H3:(5)
7D 0E) — A6 5 (Fye)) st >0
= [ 1005) ~ ) 2 (40 (6)) + () — 2(5)) ol (¥y()
Y ob 0
D)~ 4(5) 35 (Fiu))
oy i 00E) — e () = 0

V(b,u),(q,z) € BxU

is valid.
By using Usman and Khan [33], we introduce the following definition.

Definition 3. W is hemicontinuous on B x U if

W oW
A= (((66s) ) = (6,266, (G ) ) oA <1

is continuous at 0%, for ¥(b,u), (q,z) € B x U, where

oW ow, ow 1 ow

oy = 3 (Yo () = Degp =¥, (90) & 1o Dipy s (¥, () € B
oW ow
s = o () €U,

by =Ab+(1—-A)g, uy:=Au+(1-A7)z

Lemma 1 (Treantd et al. [14]). Let the functional W be hemicontinuous and pseudomonotone on
B x U. A point (b,u) € B x U solves Equation (5) if and only if (b,u) € B x U solves:

+DL(a(s) — b(s) D ()
+x(le,ﬁ)D§ﬁ(q(s) - b(s))gg:é (¥q:(s))]ds® >0, V(g,2) € Bx U.

Furthermore, according to Treantd et al. [14], we present two well-posedness results
associated with the considered variational inequality problem involving second-order
PDEs.
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Definition 4. The sequence {(bn,u,)} € B x U is called an approximating sequence of
Equation (5) if there exists a sequence of positive real numbers o, — 0 as n — oo, such that:

J10(5) — u(5)) G (%1, 5)) + (206) — 0n(5)) o (¥, (5)

FDA(1(5) ~ () S (¥, 5)

ow
T B PER ) ~ D) 5 (o, OIS 40020, ¥(0,7) € B XU

Definition 5. The problem Equation (5) is called well-posed if:

(i) The problem in Equation (5) has one solution (bo, uo);
(i)  Each approximating sequence of Equation (5) converges to (by, up).

The approximating solution set of Equation (5) is given as follows:

8w§ ow

0y = {(b.u) € Bx U [ [(as) ~ b)) 5E (F(9)) + (2() = () 5.5 (F1(5))

+Dil(s) ~ b(s)) 5 ((5)

oy Din006) — He)) S (Hyu )l 20, (g 2) € B U}

Remark 4. We have: Q) = Q,, when 0 = 0 and Q) C O, Vo > 0.
Furthermore, for a set P, the diameter of P is defined as follows

diam P = sup ||¢ — 1]
¢neP

Theorem 3 (Treantd et al. [14]). Let the functional W be hemicontinuous and monotone on B x U.
The problem Equation (5) is well-posed if and only if:

Qy # @,Yo > 0and diam Qy — 0as o — 0.

Theorem 4 (Treantd et al. [14]). Let the functional W be hemicontinuous and monotone on B x U.
Then, Equation (5) is well-posed if and only if it has one solution.

5. Open Problem

As in the previous sections, we start with 7 as a compact set in R" and 7 > { =
(¢F), B =1,m, as a multi-variable. Let 7 > C: { = {(¢), ¢ € [p, q] be a (piecewise) differen-
tiable curve joining the following two fixed points ¢; = (¢1,..., "), (o = (Z3,..., 08 in
7. In addition, we consider A as the space of (piecewise) smooth state functions o : 7 — R"
and Q as the space of control functions 17 : 7 — R, which are considered to be piecewise
continuous. Moreover, on the product space A x Q, we consider the scalar product:

(@), () = [[o(@)- 7(@) + (@) - (0)]de?

:/C{l}éai +Z,7] }d@l

‘M=

+...+[ +Z;7] }dgm (V) (o,m), (mr,x) € A xQ

i 1

together with the norm induced by it.
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In the following, we introduce the vector functional defined by curvilinear integrals:

Y:AxQ—R?, ‘I’(a,ry):/Cgb,g(é,U(C),Ua(é),%b(@)/W(é))déﬁ

— ([ 960, 0n(@, @ n@E -+ [ 9HE @)D owl@) 1P,

where we used the vector-valued C?-class functions Vg = (gbfg) LT x R" x R™™ x R™™

RF — RP, B =1,m, | =1,p. In addition, Dy, a € {1,...,m} represents the operator of
total derivative, and the aforementioned 1-form densities

¥p = (lpé,...,ng) LT xR x R™ x R"™ xRF 5 RP, B=T,m,

are closed (D,tié = Dgyk, Ba = 1,m, B # a, 1 = 1,p). Throughout the paper, the
following rules for equalities and inequalities are applied:

a=bed=V, a<bed<t, a<vbed <V, a=bea<ba#b I1=1,p,
for all p-tuples, a = (al,- . ,a’”), b= (b1,~ . ,bp) in RP.

Next, we formulate the partial differential equation/inequation constrained optimiza-
tion problem:

() min{ ¥(e,m) = [ 9p(€0(0),00(0, (@) 1(0)dEP | subiectto (0,1) € S,

(o)

where

¥on) = [ 9p(E0(0),00(0), 0 (), n(0)de?
—(/C'wé<§,a<§>,aa<€>,o—ub(c> WP, [ 95(E 00,0000 (D) (g))dgﬁ)

= (‘1’1(0,17),.-.,'1"7(‘7/’7)>

and

§={(o,m) € Nx Q| 2(,0(2),0a(0), 0w (2),1(2)) = 0, Y(2,0(8),00(2), 0 (£), 1(£)) < 0,

le=g1.g, = given, Oul—g ¢, = given}-

Above, we considered Z = (Z') : T x R" x R x R"™ « RF — R, 1 =1, Y =
(Y) : T x R" x R" x R x RK - R, r = 1,4 as C?-class functions.

Definition 6. A point (¢°,1°) € S is called an efficient solution in (CP) if there exists no other
(0,1) € S such that ¥ (o, ) = ¥(0°,7°), or, equivalently, ¥' (¢, 1) — ¥ (¢°,#°) <0, (V)] =
1, p, with strict inequality for at least one I.

Definition 7. A point (¢°,17°) € S is called a proper efficient solution in (CP) if (¢°,°) € S is
an efficient solution in (CP) and there exists a positive real number M, such that, forall | =1, p,
we have

¥(0% ") = ¥ (o,n) < M(¥5(0,) =¥ (")),
forsomes € {1,---,p} such that

¥(o, 1) > ¥ (", 1),
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whenever (o,1) € S and
¥ (o) < ¥'(0°n°).
Definition 8. A point (¢°,1°) € S is called a weak efficient solution in (CP) if there exists
no other (,1) € S such that ¥ (v, 1) < ¥(c°,1°), or, equivalently, ¥* (v, 1) — ¥ (¢°,7°) <
0, (V) =1,p.
According to Treantd [17,18], for o € A and 3y € S, we consider the vector functional

KiAxQ= R, K(on) = [ kp(E0(0),0(0),0u (@), 1(2)dc?
and define the concepts of invexity and pseudoinvexity associated with K.

For examples of invex and/or pseudoinvex curvilinear integral functionals, the reader
can consult Treantd [17].

Definition 9 (Treantd [18]). We say that X x Q C A x 2 is invex with respect to ¢ and v if

(@1 +)\(19(510,17,00,170),0(5,0,17,00,170)) eXxQ,

forall (¢,7), (¢°,1°) € X x Qand A € [0,1].
Now, we introduce the following (weak) vector controlled variational inequalities:
L Find (0°,1°) € S such that there exists no (c,7) € S satisfying

opl Pl
v ([ [a"’j (£ @B @)+ S0 (G o°<a>,a£3<g>,02h<g>,n°<c>)v] %

vl
*/c[a@lfvﬁ (2.0°@),02(0),03(0),1°() ) Dut | 2

+X(t11,b)/l " ( 7 @)JQ(OJ&(C)W%@))D§b19 ek,

a(Tab

oyph 9
Je [alff(g PO BOD)0+ S (5P 01 °<€>,03b<€>,n°<a>)”]d@ﬁ

dcP

9
“ e [ali (6:0°©),22(0), 03,0, 1°(0)) Dut

B\ <0
caaﬂb dg)_ol

b o0 (2,0°(0), 020, 75,(2),1°(©)) D8
x(a,b) ’ 1006 ), Ogp\ &), 1] ab

I1. Find (¢°,7°) € S such that there exists no (o, 1) € S satisfying

) 1
wvry ([ [ (5,000,800, B D) 0+ 22 (1,000 °<€>,a£b<a>,n°<é>)v]dgﬁ

alpﬁ o0

+/ aa“ a(C)IUSb(C),UO(é))Dw dch
a 1
+x(ul,b)/ laii (9‘7 (2),02(2), (D) (@)) dcP,
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oyh
5 (£0°(0),00(0),70,(8),1°(2)) Dub

dcP

o

e /a%@w@w@w@>%mﬂﬁ
x(a,b) C ’ Y 7Yab ) ab

Baab

dg’s) <0.

Note. In the above formulation, represents the Saunders’s multi-index.

1
x(a,b)

Open Problem. Taking into account the notion of an invex set with respect to some given
functions, the Fréchet differentiability and invexity/pseudoinvexity of the considered curvilinear
integral functionals (which are path-independent) state some relations between the solutions of
the (weak) vector-controlled variational inequalities and (proper, weak) efficient solutions of the
associated optimization problem.

6. Conclusions

This paper presented the nonlinear dynamics generated by some classes of constrained
controlled optimization problems involving second-order partial derivatives. More pre-
cisely, we have stated the necessary optimality conditions for the considered variational
control problems given by integral functionals. In addition, the well-posedness and the
associated variational inequalities have been considered in this review paper.
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