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Abstract: To investigate the unsteady flow field generated by magnetorheological (MR) fluid of a
high-speed unsteady laminar boundary layer flow in a narrow-long gap of the magnetorheological
absorber (MRA), a new unsteady numerical model is proposed. The gap has magnetic-field-activated
and inactivated regions, with MR fluid flowing as bi-viscous (non-Newtonian) and Newtonian fluid.
The unsteady flow field is described by the unsteady incompressible governing partial differential
equation (PDE) and initial-boundary conditions with the moving boundary. The space-time solution
domain is discretized using the finite difference method, and the governing PDE is transformed into
implicit partial difference equations. The volume flow rate function is constructed to solve numerical
solutions of pressure gradient and fluid velocity based on mass conservation, the continuity equation,
and the bisection method. The accuracy of unsteady numerical model is validated by the experiment
data. The results show that the fluid acceleration profiles along the gap’s height are non-uniform
distribution. Further, the volume flow rate and excitation current has a significant impact on the
dynamic distribution of fluid velocity profiles, and the moving boundary makes the flow field
asymmetric about the central plane. Furthermore, as the transition stress increases, the thickness of
the pre-yield region in the activated region increases. There is also a transition flow phenomenon in
the activated region as the volume flow rate increases. Finally, the unsteady numerical model has
good stability and convergence.

Keywords: fluid dynamics; unsteady flow field; laminar boundary layer; non-Newtonian fluid;
partial differential equation; initial boundary value problem; finite difference method

MSC: 76A05; 76D05; 35K20; 76M20; 35R37

1. Introduction

The partial differential equation (PDE) is a useful tool in engineering and science
for describing a variety of physical phenomena such as fluid flow, heat transfer, and
diffusion [1–3]. In comparison to ordinary differential equations, PDE could fully consider
the variation of variables with respect to space and time, allowing it to more accurately
reflect the variation law of the physical phenomena discussed above. The development of
supercomputers in recent years has made it possible to solve PDE using numerical methods,
allowing researchers to investigate some complex physical phenomena. In this paper, a new
unsteady numerical model is proposed to investigate the unsteady flow field generated
by magnetorheological (MR) fluid as Newtonian fluid and bi-viscous (non-Newtonian)
fluid of the high-speed laminar boundary layer unsteady flow in a narrow-long gap of
the magnetorheological absorber (MRA) under impact. In particular, in comparison to
Newtonian fluid, there are fewer numerical studies on non-Newtonian fluid’s unsteady
flow. In addition, the nonlinear rheological behavior of non-Newtonian fluid gives rise to
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additional difficulties for modeling and solving, and the velocity profiles in the gap will be
more complex and interesting.

The rheological properties of MR fluid can be controlled with the magnetic field,
making it one of the research hotspots for smart materials. The shear rate-variation range
is wide when MR fluid flows at high-speeds in the gap, and MR fluid has pre-yield and
post-yield regions as the shear rate increases. Because the viscosity of the pre-yield region
is greater than that of the post-yield region, the bi-viscous model [4–6], which is used
in the current numerical model, is a commonly used rheology model. The MRA is a
semi-active vibration isolation and buffer device that works with MR fluid as its working
medium. Inside the MRA, there is a narrow-long annular gap with magnetic-field-activated
and inactivated regions. The field-dependent pressure drop in the activated region can
be controlled by adjusting the applied current to change the magnetic field intensity
of the activated region, thereby controlling the mechanical properties of the MRA. The
MRA has been widely used in vehicle suspension [7,8], landing gear [9,10], and vibration
isolation [11,12] research over the last few decades because of its advantages of continuous
and adjustable hydraulic resistance, rapid response, and low power consumption. The MR
fluid in the gap is a fully developed unsteady laminar flow for the above applications. As a
result, developing a mathematical model to solve the unsteady flow field and predict the
dynamic mechanical characteristics of the MRA is critical for its development. There are
currently quasi-static and unsteady models for analyzing the flow of MR fluid in the gap,
with the main difference being whether or not the inertia term is taken into account. The
quasi-static model’s governing equation is an ordinary differential equation without a time-
dependent inertia term, and fluid viscosity causes the pressure drop along the gap [13–15].
The quasi-static model is widely used in the structural design and performance evaluation
of the MRA because flow inertia is not taken into account. Under high-frequency and -
impact conditions, the fluid acceleration in the gap increases. The flow inertia, in addition to
the fluid viscosity, will have a significant impact on the pressure drop in the gap. However,
research on the impact of fluid flow inertia on the pressure drop has received little attention.

Zhang et al. [16] conducted a sinusoidal excitation test to investigate the MR fluid
squeeze flow and observed that the flow inertia increased significantly as the frequency was
increased. The uniform flow inertia was used to analyze the inertia force. Chen et al. [17]
developed a mathematical model that included flow inertia and used average fluid ac-
celeration to investigate the effect of flow inertia on the pressure drop in the gap under
sinusoidal excitation. Nguyen et al. [18] used the Laplace transform method to solve the
governing PDE and obtain the pressure drop of unsteady flow electrorheological fluid
in the gap. Additionally, the sinusoidal excitation test showed that the unsteady state
behavior was obvious at high frequencies. To solve the pressure gradient of MR fluid in
unsteady flow in the gap under sinusoidal oscillation, Zolfagharian et al. [19] developed
an unsteady analytical model. It is found that the flow inertia increased as the oscillation
frequency increased, according to the parametric study of the quasi-static and unsteady
models. Notably, the aforementioned sinusoidal excitation is repetitive motion, and the
volume flow in gap changes regularly. However, the volume flow rate in the gap of the
MRA changes dramatically under impact, and the changes in fluid velocity profiles and
pressure drop are more complicated. Wang et al. [20] tested the dynamic characteristics of
the MRA using a pendulum impact test and found that the peak acceleration in the initial
impact stage was up to approximately 400 g. Zhang et al. [21] tested the dynamic response
of electrorheological energy absorbers under drop-weight impact and investigated the flow
inertia in the gap by using average fluid acceleration. Mao et al. [22,23] studied the dynamic
behavior of the MRA under high-speed impact conditions, and the flow inertia in the gap
was approximately analyzed by average fluid acceleration. When analyzing the influence
of fluid flow inertia on pressure drop, some of the above literature approximates the fluid
acceleration to be evenly distributed along the height of the gap to simplify the analysis.
Then, the pressure drop in the gap can be simplified by superimposing the pressure drop
generated by the quasi-static model and the uniform flow inertia [16,17,22,23]. In fact, the
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velocity of MR fluid unsteady flow in the gap changes dynamically with time and space,
which can be described by the unsteady governing PDE. Thus, by solving the numerical
solution of the unsteady governing PDE, the unsteady flow field in the gap can be analyzed
more precisely. In order to solve the unsteady governing PDE, a new unsteady numerical
model based on the finite difference method is proposed in this paper. The pressure drop
caused by the dynamic coupling of fluid viscosity and non-uniform flow inertia is investi-
gated, and the actual non-uniform fluid acceleration profiles are presented as well as the
space-time dynamic distribution of MR fluid velocity of unsteady flow in the gap.

The proposed unsteady numerical model is unique and worthwhile according to
the aforementioned literature and to the best of the authors’ knowledge. The rest of the
paper is organized as follows. In Section 2, we cover the problem’s background and
analyze the magnetic flux density along the gap. In Section 3, we introduce the constitutive
model of MR fluid and identify the model parameters. In Section 4, we establish an
unsteady numerical model. The governing PDE and the initial-boundary conditions
with moving boundary are utilized to model the unsteady flow field in the gap. The
space-time solution domain is discretized using the finite difference method, and the
governing PDE is transformed into implicit partial difference equations. Then, based on
mass conservation, the continuity equation, and the bisection method, the volume flow
rate function is constructed to solve the numerical solutions of fluid velocity and pressure
gradient. In Section 5, the experimental setup is described as well as the test results. In
Section 6, the numerical simulation calculation is introduced. In Section 7, the accuracy
of unsteady numerical model is validated by the test data. In addition, the effects of the
volume flow rate, moving boundary, and transition stress on velocity distribution are
discussed, and the space-time dynamic distribution of MR fluid velocity is presented. The
transition flow phenomenon of the activated region is also presented, and non-uniform
acceleration profiles in the gap are revealed. Finally, the impact of mesh density on the
results of unsteady numerical model is discussed. In Section 8, the main conclusions
are drawn.

2. Structure and Magnetic Field Analysis of the MRA

Figure 1 shows the two-dimensional (2D) structure schematic of the MRA with the
single cylinder and double-ended piston rods, which includes the piston rod, end cap,
hydraulic cylinder, piston head, and other components. Because the diameters of the left
and right piston rods are same, the volume of the inner chamber remains constant as the
piston rods move. The piston head divides the hydraulic cylinder into two chambers. The
excitation coils have a two-stage series connection and are reverse-wound. The external
wires of the excitation coils lead to the outside of the MRA through the guide hole and
guide groove. The stepseals are used to provide a dynamic seal between the piston rods
and end caps. The liquid injection hole on the hydraulic cylinder is used to inject MR fluid
into the inner chamber.

The piston rods move to the right relative to the hydraulic cylinder when the left
piston rod is subjected to the axial impact force. The MR fluid in the right chamber is
squeezed and then flows into the left chamber through the annular gap between the piston
head and hydraulic cylinder. Adjusting the excitation currents changes the magnetic flux
density in the annular gap, enabling the rheological behavior of the MR fluid to be adjusted
and the MRA force output to be controlled. Figure 1 shows the structural parameters of the
MRA, which will be used in the subsequent theoretical analysis.
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Figure 1. 2D structure schematic of the MRA.

The ANSYS software simulates the magnetic circuit, which is composed of the piston
head, excitation coils, and hydraulic cylinder. The magnetic flux density along the annular
gap for different excitation currents is shown in Figure 2. The magnetic flux density
in the corresponding regions of excitation coils, known as the inactivated regions, is
approximately zero. The magnetic flux density in other regions, known as the activated
regions, increases with the increase in excitation currents and is uniformly distributed. The
least squares method is used to fit polynomial data in simulations as follows:

B = 2.324× 10−2 I3 − 2.159× 10−1 I2 + 7.124× 10−1 I, (1)

where B is the magnetic flux density, and I is the excitation current.
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3. MR Fluid Characteristics

The MR fluid is a stable suspension of ferromagnetic particles dispersed uniformly in
a base liquid. It is a Newtonian fluid with good fluidity in the absence of a magnetic field,
for which the Newtonian fluid model can be described by

τ = µn
.
fl, (2)
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where τ is the shear stress, µn is the fluid viscosity, and
.
fl is the shear rate.

In the presence of a magnetic field, the MR fluid has the pre-yield and post-yield
regions with increasing the shear rate, and the transition from the pre-yield region to the
post-yield region occurs once the shear stress exceeds the transition stress. Because the
pre-yield region’s viscosity is higher than that of the post-yield region, the bi-viscous model
is utilized to describe the rheological behavior of the MR fluid, as shown in Figure 3. The
constitutive model is given as

τ =

{
µ0

.
fl, |τ| ≤ τ0,

µ
.
fl+(1− µ

µ0

)
τ0sgn(

.
fl), |τ| > τ0,

(3)

where τ0 is the transition stress; µ0 and µ are the pre-yield region and post-yield region
viscosity, respectively. τy is the yield shear stress in Figure 3.
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The rheological behavior of the MR fluid changes with increasing the magnetic flux
density, which is tested by the Anton Paar rheometer (MCR301). The parameters of the
constitutive model are identified using the particle swarm optimization algorithm for
various magnetic flux density, and the results are shown in Figure 4. The least squares
method is used to fit the relationship between magnetic flux density and transition stress
as follows:

τ0 = −4.98× 104B3 + 8.91× 104B2 + 6.65× 103B. (4)
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4. Unsteady Numerical Model

Because the gap’s height is much smaller than the diameter of the piston head,
the narrow-long annular gap geometry is approximated using the parallel plates gap
model [18,19] as shown in Figure 5a. The upper parallel plate is fixed, while the lower
parallel plate moves, and the volume flow rate in the gap changes unsteadily. Therefore,
the unsteady governing PDE and initial-boundary conditions with a moving boundary are
used to model the high-speed incompressible unsteady laminar boundary layer flow of MR
fluid in the gap, which is an initial-boundary value problem. Figure 5b depicts the typical
velocity profiles of the activated and inactivated regions in the parallel plates. The gap’s
height is d, the coordinate axis y points from the gap’s inlet to the outlet, and the coordinate
axis z is normal to the parallel plates. Regions 1 and 3 have higher shear stress than the
transition stress in the activated region, which is called the post-yield region; region 2 has
lower shear stress than the transition stress, which is called the pre-yield region.
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The unsteady governing PDE obtained from the incompressible Navier–Stokes equa-
tions as follows: {

ρ
∂u(z,t)

∂t = − ∂p(t)
∂y + ∂τ(z,t)

∂z ,
∇ · u(z, t) = 0,

(5)

where ρ is the MR fluid density, and t is the time variable. u(z, t) is the fluid velocity, which
varies with the gap coordinate z and time variable t. ∂u(z, t)/∂t is the inertia term (fluid
acceleration), which has non-uniform distribution along the coordinate z. ∂p(t)/∂y is the
unsteady source term (pressure gradient), which changes uniformly along the coordinate y.
∂τ(z, t)/∂z is the viscous term.

The shear rate of the MR fluid in the gap is denoted by

.
γ =

∂u(z, t)
∂z

. (6)

The piston head and the MR fluid in the gap are both stationary initially. The upper
parallel plate remains stationary during the impact process, while the bottom parallel plate
moves at the same velocity as the piston head. Accordingly, the MR fluid velocity in the
gap’s initial value and Dirichlet boundary conditions are given as

u(z, 0) = 0, 0 ≤ z ≤ 1,
u(0, t) = −v0, t > 0,
u(d, t) = 0, t > 0.

(7)

Here, v0 is the velocity of the moving boundary (or piston head). Because the moving
boundary moves in the opposite direction of the MR fluid’s general flow, its velocity is
negative during impact. The above initial-boundary conditions are the definite condition
of Equation (5).
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The 2D solution domain is composed of space coordinate z and time coordinate t,
which are discretized by fixed space step ∆z and time step ∆t as shown in Figure 6. The
gap’s height is divided into J equal halves, i.e., d = J∆z. The intersections of vertical and
horizontal lines are mesh points, and their coordinates are denoted by{

zj = j∆z, j = 0, 1, 2 · · · , J,
tn = n∆t, n = 0, 1, 2 · · · .

(8)
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Here, any mesh point (j, n) represents the point (j∆x, n∆t) of the solution domain,
and its velocity is denoted by un

j = u(j∆x, n∆t). Moreover, the continuous 2D solution
domain is discretized.

The governing PDE (5) is transformed into the partial difference equations of implicit
type based on the finite difference method [24]. First, the forward difference in time is
applied to replace the first-order partial derivative term of velocity with respect to time
when ∆t→ 0

(
∂u
∂t

)
n

j
=

un+1
j − un

j

∆t
. (9)

Then, the centered difference in space is applied to replace the second-order partial
derivative term of velocity with respect to space when ∆z2 → 0 :

(
∂u2

∂2z
)

n

j
=

un
j+1 − 2un

j + un
j−1

∆z2 . (10)

The Taylor series can be used to prove the compatibility of Equations (9) and (10)
when ∆t, ∆z2 → 0 .

Rearranging Equation (5) in term of Equations (2), (6), (9) and (10) yields the implicit
partial difference equation in the whole inactivated region:

un+1
j = rnun

j+1 + (1− 2rn)un
j + rnun

j−1 − G∆pn+1
0 , (11)

where rn = ∆tµn

ρ(∆z)2 , G = ∆t/ρ, ∆pn+1
0 is the pressure gradient of the inactivated region at

time (n + 1)∆t.
By definition,

.
fl

n
j = (un

j+1 − un
j )/∆z, and

.
fl

n
j−1 = (un

j − un
j−1)/∆z, which are the shear

rates calculated using the velocity of adjacent mesh points at time n∆t because the activated
region includes both the pre-yield and post-yield regions, and the thickness of the pre-yield
region dynamic varies depending on the volume flow rate and excitation current. Thus, in
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the whole activated region, rearranging Equation (5) in term of Equations (3), (6), (9) and (10)
yields the four types of the implicit partial difference equations:

1. In the post-yield region,
∣∣∣µ0

.
fl

n
j

∣∣∣ > τ0&
∣∣∣µ0

.
fl

n
j−1

∣∣∣ > τ0

un+1
j = run

j+1 + (1− 2r)un
j + run

j−1 +
∆tτ0

∆zρ
(1− µ

µ0
)[sgn(

.
fl

n
j )− sgn(

.
fl

n
j−1)]− G∆pn+1 , (12)

where r = ∆tµ
∆z2ρ

, ∆pn+1 is the pressure gradient of the activated region at time (n + 1)∆t.

2. In the pre-yield region,
∣∣∣µ0

.
fl

n
j

∣∣∣ < τ0&
∣∣∣µ0

.
fl

n
j−1

∣∣∣ < τ0

un+1
j = r0un

j+1 + (1− 2r0)un
j + r0un

j−1 − G∆pn+1, (13)

where r0 = ∆tµ0
∆z2ρ

.

In the dynamic boundary regions between the post-yield and pre-yield regions,

3. For
∣∣∣µ0

.
fl

n
j

∣∣∣ > τ0&
∣∣∣µ0

.
fl

n
j−1

∣∣∣ ≤ τ0

un+1
j = run

j+1 + (1− r− r0)un
j + r0un

j−1 +
∆tτ0

∆zρ
(1− µ

µ0
)sgn(

.
fl

n
j )− G∆pn+1, (14)

4. For
∣∣∣µ0

.
fl

n
j

∣∣∣ ≤ τ0&
∣∣∣µ0

.
fl

n
j−1

∣∣∣ > τ0

un+1
j = r0un

j+1 + (1− r− r0)un
j + run

j−1 +
∆tτ0

∆zρ
(1− µ

µ0
)sgn(

.
fl

n
j−1)− G∆pn+1, (15)

According to Equations (7) and (8), the discrete scheme of initial-boundary conditions
is as follows: 

u0
j = 0, j = 0, 1, · · · , J,

un
0 = −vn

0 , n = 1, 2, · · · ,
un

J = 0, n = 1, 2, · · · ,
(16)

where vn
0 is the velocity of the moving boundary (or piston head) at time n∆t.

The constraint condition for the stability of the numerical scheme in the solution
process of partial difference Equations (11)–(15), according to Fourier–Von Neumann
stability analysis [24], is as follows:

r0 =
∆tµ0

∆z2ρ
≤ 1/2. (17)

Here, the range of time step ∆t can be determined when the space step ∆z is given.
The implicit partial difference Equations (11)–(15) above contain five quantities, three

of which are known at time tn, and two of which are unknown at advanced time tn+1. First,
implicit iteration is used to solve the pressure gradient ∆pn+1 (or ∆pn+1

0 ), and then, ∆pn+1

(or ∆pn+1
0 ) is substituted into partial difference equations to solve mesh point velocity un+1

j .
Finally, time iteration is used to solve the pressure gradient and mesh point velocity at
each time.

The unsteady volume flow rate in the gap is generated by the movement of the piston
head, and the effective area of piston head can be written as

Ap =
π

4
(D1

2 − D0
2), (18)

where D1 is the piston head diameter, and D0 is the piston rod diameter.
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The volume flow rate generated by the movement of the piston head at time (n + 1)∆t,
according to the incompressible fluid continuity equation, can be expressed as

Qn+1
0 = Apvn+1

0 , (19)

The gap’s average circumference is given by

b = π(D1 + d). (20)

In order to solve the numerical solution of pressure gradient at time (n + 1)∆t, a
volume flow rate function with pressure gradient as an independent variable needs to be
constructed as follows:

f n+1(p) = Qn+1(p)−Qn+1
0 , (21)

where

Qn+1(p) =
1
2

∆zb(un+1
0 + un+1

J ) +
J−1

∑
j=1

∆zbun+1
j . (22)

Here, Qn+1(p) is the volume flow rate in the gap at time (n + 1)∆t, which is cal-
culated using the numerical integration of the mesh points velocity un+1

j . The pressure

gradient is the independent variable of the function f n+1(p) and Qn+1(p). The equation
Qn+1(p) = Qn+1

0 can be deduced according to the mass conservation and incompressible
fluid continuity equation. Accordingly, the numerical solution of pressure gradient is the
zero point (or root) of the function f n+1(p).

Next, we define a sufficiently large interval [∆P1, ∆P2] that contains the pressure
gradient solution. The function f n+1(p) is monotonic and a continuous variation in the
interval [∆P1, ∆P2] and meets the judgement condition f (∆P1) f (∆P2) < 0, according to
Equations (11)–(22). The bisection method [25] can be used to find the zero point of the
function f n+1(p) and determine which half of the interval contains the zero point according
to the judging condition f (∆P1) f (∆P2) < 0. Repeat the iteration to gradually shorten the
length of the interval that contains the zero point. The iteration finishes when the interval
length falls below the tolerance δ, and the midpoint of the interval is used as the zero
point, namely, the numerical solution of the pressure gradient ∆pn+1

0 (or ∆pn+1). The
above-mentioned parameters are given as ∆p1 = −1× 1010Pa/m, ∆p2 = 1× 1010Pa/m,
δ = 1× 10−5Pa/m.

Thus, the pressure drop generated by dynamic coupling of fluid viscosity and non-
uniform flow inertia in the whole gap at time (n + 1)∆t is given by

∆Pn+1
d =

∣∣∣∆pn+1
∣∣∣La +

∣∣∣∆pn+1
0

∣∣∣(L− La), (23)

where L is the total length of the gap, and La is the total length of the activated region.

5. Experimental Setup

A drop-weight impact test system was set up to validate the unsteady numerical model,
and the schematic and picture of the test system are shown in Figure 7. The experimental
setup is mainly composed of the drop-weight impact testing machine (JL-1000), MRA,
sensors, and data acquisition devices. The drop-weight impact testing machine was used
to conduct the impact test. The lower end of the base was connected to the ground rail,
and the upper end was fixed to the hydraulic cylinder. The drop-weight impact testing
machine’s control system can control the lifting and release of the drop mass. Furthermore,
the drop mass is 30 kg and moves along the track. During the impact process, the piston
rod was subjected to the axial impact force, and the hydraulic cylinder remained stationary.
Concurrently, the MR fluid was squeezed by the piston head and flowed from the extrusion
chamber to another chamber through the narrow-long gap. The MRA was supplied with
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current via the DC power supply. Excitation currents of 0.5, 1, and 2 A were used in drop
testing at a drop height of 0.7 m. Table 1 lists the main parameters of the MRA.
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Table 1. Main parameters of the MRA.

Parameters Value

Piston rod diameter, D0 30 mm
Piston head diameter, D1 54 mm

Inner diameter of hydraulic cylinder, D2 56 mm
Height of the gap, d 1 mm

Total length of the gap, L 120 mm
Total length of the activated region, La 60 mm

MR fluid density, ρ 2650 kg/m3

The dynamic data of the MRA during impact was tested using sensors and data
acquisition devices. The displacement detection board was firmly connected to the piston
rod in order to reflect the laser displacement sensor’s (IL-600, KEYENCE) test signal.
The pressure sensor (PN3570, ifm) was screwed onto the hydraulic cylinder to test the
pressure change in the extrusion chamber. The test signals of the pressure sensor and laser
displacement sensor are transmitted to the computer through the data acquisition board
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for storage, and the sampling rate is 10 K. A piezoelectric force sensor (8231-C, B&K) was
mounted at the top of the piston rod to assess the impact force of the drop mass on the
piston rod. The conditioning amplifier amplified the piezoelectric force sensor test signal,
which was then sent to the digitizer at a sampling rate of 200 K. The digitizer processed and
presented the impact force test data on the screen of the programmable computer, allowing
for real-time observation of the impact force change process. A rubber gasket was placed
on the top end of the piezoelectric force sensor for all testing to protect the sensor from
metal-to-metal impact and reduce test signal noise.

The time history curves of the impact force, pressure, and displacement obtained from
the test re plotted in Figure 8. The impact force exhibits several pulses under different
excitation currents as shown in Figure 8a. Furthermore, the initial impact pulse’s peak force
is enormous, and then, the peak force of the impact pulse gradually drops. In the later stage
of the impact process, the impact force changes gently and decreases gradually. The piston
rod will cause significant instantaneous acceleration at the corresponding time of the initial
peak of the impact force. The overall trend of impact force increases as excitation currents
increase, but duration decreases. The change in pressure in the extrusion chamber under
the impact force excitation displays a typical dynamic response as shown in Figure 8b. The
initial pressure peak is high, but it fluctuates and then gradually drops. With increasing
the excitation current, the field-dependent pressure in the activated region increases, so
the overall trend of the pressure increases. The duration of the impact force and pressure
is roughly the same for same excitation currents. In terms of momentum, raising the
excitation current increases MRA’s hydraulic resistance, resulting in a shorter piston rod
movement time for the same impact momentum. The displacement of the piston rod
reduces as the excitation current is increased as seen in Figure 8c. From the perspective
of energy, raising the excitation current increases the MRA’s hydraulic resistance, leading
to a reduction in piston rod movement displacement for the same impact energy. The
enormous instantaneous acceleration of the piston rod makes the displacement detection
plate distort and shake during the impact process, causing the displacement test data to
fluctuate over time.
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Figure 8. Time history of the impact force, pressure, and displacement for different excitation currents
under the drop height of 0.7 m.

As shown in Figure 9, a servo electric cylinder (BL70) was used to test the friction
of the MRA when MR fluid was not injected into the inner chamber. The front end of
the electric cylinder’s lead screw was fitted with a force sensor (DY-2T), which was then
connected to the piston rod of the MRA via a flexible connection. The piston rod was driven
at a constant speed of 5 mm/s by the servo electric cylinder. Concurrently, the force sensor
was utilized to test the friction of the piston rod, and the test signal was collected and stored
by the control box. Figure 10 shows the test data for the friction of the piston rod in the
extension stroke for two consecutive cycles. The variability in friction is relatively tiny,
approximately 300 N. Thus, the friction is taken as a fixed value of 300 N during impact to
simplify the study.
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6. Numerical Simulation Calculation

The MRA’s hydraulic cylinder was fixed during impact, and the piston rod was
subjected to the axial impact force. Accordingly, the piston rod’s motion is a rigid body
motion with a single degree of freedom, and its dynamic equation is given as

man+1 = Fi
n+1 − Fn − Ff, (24)

where
Fn+1 = Ap∆Pn+1. (25)

Here, m is the mass of the piston head, piston rod, and its connecting parts; an+1 is
the instantaneous acceleration of the piston rod at time (n + 1)∆t; Fi

n+1 is the impact force
obtained from the test data; Fn is hydraulic resistance of the MRA at time n∆t, and F0 = 0.

The velocity and displacement of the piston rod are deduced by numerical integration
can be written as

vn
0 =

n

∑
i=1

ai∆t, (26)

xn =
n

∑
i=1

vi
0∆t, (27)
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where xn is the piston rod displacement at time n∆t.
The calculation program (refer to Supplementary Materials) was compiled in MATLAB

to compute the unsteady flow field in the narrow-long gap and the kinematic parameters
of the piston rod based on the unsteady numerical model and impact force. Figure 11
shows the flowchart for the unsteady numerical model, and following are the specific
solution steps:

1. At the initial time n = 0, the unsteady governing PDE is established, and the initial-
boundary conditions are determined.

2. The space-time 2D solution domain is discretized. The governing PDE is translated
into implicit partial difference equations according to the finite difference method,
and the initial-boundary conditions are transformed into the discrete scheme.

3. The moving boundary velocity vn+1
0 is calculated from Equations (23)–(26), and the

volume flow rate Qn+1
0 is calculated from Equations (18) and (19).

4. The starting values of ∆P1 = −1× 1010Pa/m and ∆P2 = 1× 1010Pa/m are used to de-
fine the interval [∆P1, ∆P2], which contains the numerical solution of the pressure gra-
dient. Substitute ∆P1, ∆P2 into Equations (12)–(16) and consider Equations (20)–(22)
for the whole activated region. Similarly, substitute ∆P1, ∆P2 into Equations (11) and (16)
and consider Equations (20)–(22) for the whole inactivated region. The judgment
condition f (∆P1) f (∆P2) < 0 is used to determine if the pressure gradient solution
∆pn+1 (or ∆pn+1) is within the stated interval. If ∆pn+1 (or ∆pn+1) does not fall inside
the interval, increase the interval range and judge again.

5. Iterative calculation yields the numerical solution ∆pn+1
0 (or ∆pn+1) of pressure gradi-

ent based on the mass conservation, continuity equation, and bisection method. Sub-
stituting ∆P1 and the interval midpoint ∆P3 = (∆P1 +∆P2)/2 into Equations (12)–(16)
and considering Equations (20)–(22) for the whole activated region deduces the correspond-
ing volume flow rate in the gap Qn+1

1 (p) and Qn+1
3 (p), respectively. Similarly, substi-

tuting ∆P1 and the interval midpoint ∆P3 = (∆P1 + ∆P2)/2 into Equations (11) and (16)
and considering Equations (20)–(22) for the whole inactivated region deduces the
corresponding volume flow rate in the gap Qn+1

1 (p) and Qn+1
3 (p), respectively. Tol-

erance δ = 1 × 10−5 Pa/m is defined. If f (∆P1) f (∆P3) < 0, set ∆P2 = ∆P3,
Qn+1

2 (p) = Qn+1
3 (p); if f (∆P1) f (∆P3) ≥ 0, set ∆P1 = ∆P3, Qn+1

1 (p) = Qn+1
3 (p),

then repeat the procedure. The iteration continues until the length of the interval is
smaller than the tolerance, i.e., |∆P1 − ∆P2| < δ, and the numerical solution of the
pressure gradient ∆pn+1(or ∆pn+1

0 ) is found.
6. Substitute the numerical solution of the pressure gradient ∆pn+1 into the

Equations (12)–(15) to calculate the mesh points velocity un+1
j for the whole acti-

vated region. Similarly, substitute the numerical solution of the pressure gradient
∆pn+1

0 into the Equation (11) to calculate the mesh points velocity un+1
j for the total

inactivated region.
7. Output the kinematic parameters of the moving boundary (or piston rod) as well as

the mesh points velocity and pressure gradient in the gap.
8. n = n + 1; repeat steps 3–7.

It is worth noting that if the velocity of the moving boundary (or piston rod) is known,
it could be directly entered into the aforementioned unsteady numerical model to solve the
unsteady flow field in the gap.
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Figure 11. Unsteady numerical model flowchart. 

It is worth noting that if the velocity of the moving boundary (or piston rod) is 
known, it could be directly entered into the aforementioned unsteady numerical model to 
solve the unsteady flow field in the gap. 

7. Results and Discussion 
7.1. Model Results and Analysis 

The experimental results are compared to the theoretical values of the pressure drop 
and displacement obtained from numerical simulation for different excitation currents 
under impact as illustrated in Figure 12. Figure 12a shows that the theoretical pressure 
drop value can accurately predict the peak value and change the tendency of the gap pres-
sure drop, implying that the unsteady numerical model can help predict the dynamic 
change process of the unsteady flow field’s pressure drop in the gap. The theoretical value 
of displacement is in agreement with the experimental results as shown in Figure 12b, and 
the difference between them is primarily due to the fluctuation of the displacement test 
data. The accuracy of the unsteady numerical model is confirmed by the comparison of 
the theoretical value and experimental data of the pressure drop and displacement. 

Figure 11. Unsteady numerical model flowchart.

7. Results and Discussion
7.1. Model Results and Analysis

The experimental results are compared to the theoretical values of the pressure drop
and displacement obtained from numerical simulation for different excitation currents
under impact as illustrated in Figure 12. Figure 12a shows that the theoretical pressure drop
value can accurately predict the peak value and change the tendency of the gap pressure
drop, implying that the unsteady numerical model can help predict the dynamic change
process of the unsteady flow field’s pressure drop in the gap. The theoretical value of
displacement is in agreement with the experimental results as shown in Figure 12b, and
the difference between them is primarily due to the fluctuation of the displacement test
data. The accuracy of the unsteady numerical model is confirmed by the comparison of the
theoretical value and experimental data of the pressure drop and displacement.
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Figure 12. Comparison of the theoretical pressure drop and displacement values with experimental
results for different excitation currents.

The kinematic parameters of the piston rod determine the volume flow rate as well
as the dynamic changes in velocity profiles and pressure drop of the unsteady flow field
in the gap. Figure 13 depicts the theoretical values of piston rod velocity and acceleration
under impact for different excitation currents. The piston rod velocity increases rapidly
at first, then gradually decreases after reaching the peak value, and decreases faster with
increasing excitation currents as shown in Figure 13a. Due to the large peak value of
piston rod velocity, there will be a wide range of volume flow rate in the gap. As seen
in Figure 13b, the initial peak values of piston rod acceleration are huge and fluctuate
noticeably, which is caused by the enormous initial peak value of the impact force and
multiple peaks. Furthermore, the acceleration movement of the piston rod causes the MR
fluid accelerate to flow in the gap, causing the gap pressure drop to be affected by the flow
inertia. On the other hand, the hydraulic resistance of the MRA increases as the excitation
currents increase, leading to the peak velocity and peak acceleration of the piston rod under
impact force to decrease slightly.
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Figure 13. Theoretical values of piston rod velocity and acceleration for different excitation currents.

The gap pressure drop in Figure 12a is analyzed in combination with the kinematic
parameters of the piston rod in Figure 13. In the initial stage, both the volume flow rate
and the flow inertia in the gap are large, causing the gap pressure drop to also be large.
After that, the volume flow rate gradually decreases, resulting in a decrease in the gap
pressure drop.
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7.2. Velocity Profiles and Acceleration Profiles of the MR Fluid in the Gap

MR fluid is Newtonian fluid in the inactivated region. However, MR fluid is bi-viscous
(non-Newtonian) fluid in the activated region. Furthermore, the viscosity in the pre-yield
region is significantly greater than that in the post-yield region, and the parameters of the
constitutive model can be adjusted by the excitation current. Thus, the dynamic changes of
the MR fluid in the unsteady flow field’s velocity profiles and acceleration profiles in the
activated region are more complex and interesting than those in the inactivated region. In
the activated region, there are pre-yield and post-yield regions, and the boundary point is
where the pre-yield and post-yield regions meet. Additionally, the fluid’s shear stress at
the boundary point is transition stress. The shear stress of MR fluid in the pre-yield region
is lower than the transition stress, whereas the shear stress of MR fluid in the post-yield
region is higher. The mesh points velocity of each time step is calculated using the above
unsteady numerical model for different excitation currents, and then, the mesh points
acceleration is calculated using Equation (9).

7.2.1. Peak Velocity Profiles and Peak Acceleration Profiles

Figure 14 depicts the inactivated and activated regions’ peak velocity profiles (at the
peak time of piston rod velocity) for different excitation currents. Analyzing in conjunction
with Figure 13a, the peak velocity of the piston rod decreases as the excitation current
increases, resulting in the decrease of volume flow rate in the gap. As a result, the overall
trend of the peak velocity profiles in the inactivated and activated regions is decreasing. In
addition, the MR fluid velocity in the gap is high. For example, the MR fluid velocity in
the center of the gap for the inactivated and activated regions is 29.28 m/s and 26.78 m/s,
respectively, when the excitation current is 0.5 A. The volume flow rate in the inactivated
and activated regions is equal when the excitation current is the same, but the distribution
of velocity profiles are obviously different. The velocity profiles in the inactivated region are
parabolic as shown in Figure 14a, which is the typical velocity distribution of the parabolic
governing PDE describing unsteady Newtonian fluid flow. The velocity profiles in the
activated region has the pre-yield and post-yield regions as shown in Figure 14b. The
pre-yield region is the middle region of the boundary points, and the two sides are the
post-yield region. The velocity profiles in the pre-yield region are flat parabolas. Because
the viscosity in the pre-yield region is obviously higher than in the post-yield region, the
slope of the velocity profiles in the pre-yield region is obviously less than in the post-yield
region. Furthermore, increasing the excitation current increases the transition stress of MR
fluid, resulting in an increase in the thickness of the pre-yield region.
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Figure 14. Peak velocity profiles for different excitation currents.
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Figure 15 shows the inactivated and activated regions’ peak acceleration profiles (at
the peak time of piston rod acceleration) for different excitation currents. According to
Figure 13b, the peak acceleration of the piston rod decreases with increasing the excitation
current, so the peak acceleration profiles of the inactivated and activated regions decrease as
a whole. The peak acceleration profiles of the inactivated and activated regions gradually
increase from the two boundaries to the central plane of the gap, indicating that the
acceleration of the MR fluid is non-uniform in distribution. Additionally, the MR fluid
acceleration in the gap is rather high. For instance, when the excitation current is 0.5 A,
the fluid acceleration in the center of gap in the inactivated and activated regions is up to
2.43 × 104 m/s2 and 2.22 × 104 m/s2, respectively. Furthermore, the distribution of fluid
acceleration profiles are obviously different for the inactivated and activated regions. The
fluid acceleration profiles in the inactivated region are parabolic as shown in Figure 15a.
The pre-yield region is located in the middle of the activated region’s boundary points,
while the post-yield region is located on both sides as shown in Figure 15b. The peak
acceleration profiles in the pre-yield region are parabolas with a small slope, whereas the
slope of the post-yield region is large.
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Figure 15. Peak acceleration profiles for different excitation currents.

Remarkably, the maxima of the velocity profiles and acceleration profiles are located
in the center of the gap for both the activated and inactivated regions.

7.2.2. Asymmetric Distribution of the Flow Field

The unsteady flow field in the gap will be asymmetric to the center plane due to the
movement of the moving boundary relative to the stationary boundary. Take, for example,
the peak velocity and peak acceleration profiles for the excitation current is 0.5 A. As
illustrated in Figures 16 and 17, the peak velocity and peak acceleration profiles on the right
side of the central plane (one side of the stationary boundary) are in mirror symmetry to
the left side, and the influence of the moving boundary on the asymmetry of the unsteady
flow field is investigated. For both the activated and inactivated regions, the velocity and
acceleration profiles of the MR fluid on the left (one side of the moving boundary) are
generally smaller than those on the right. Furthermore, from the boundary to the gap center,
the difference value in the velocity (or acceleration) profiles of the MR fluid on the left
and right sides gradually decreases. The difference value in the velocity (or acceleration)
profiles of the MR fluid on the left and right sides in the pre-yield region is small for the
activated region because the velocity (or acceleration) profiles distribution in the pre-yield
region is flat. Interestingly, the thickness of the pre-yield region is symmetrical in relation
to the center plane.
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Figure 16. Asymmetry of the velocity profiles for the excitation current of 0.5 A.
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Figure 17. Asymmetry of the acceleration profiles for the excitation current of 0.5 A.

7.2.3. Space-Time Dynamic Distribution of the MR Fluid

Figure 18 shows the simulation-derived space-time dynamic distribution of the MR
fluid velocity in the inactivated and activated regions for the 2 A excitation current. The
velocity profiles along the gap in the inactivated region are parabolic as shown in Figure 14a.
The velocity profiles of the activated region along the gap have the pre-yield and post-yield
regions as shown in Figure 14b. The flat region in the middle of velocity profile is the
pre-yield region with small slope, and the regions on both sides are the post-yield regions
with large slope. This is mainly because the viscosity of MR fluid in the pre-yield region is
greater than that in the post-yield region. The effect of volume flow rate on the velocity
distribution in the gap is investigated in conjunction with Figure 13a. The fluid velocity
changes dynamically with the gap coordinate and time variable as the volume flow rate
changes. When the piston rod speed increases, the volume flow rate in the gap increases,
and the overall trend of velocity profiles in the inactivated and activated regions increases.
At the same time, the shear rate increases in the adjacent region of the pre-yield and post-
yield regions lead to the increase of shear stress. MR fluid transits from the pre-yield region
to the post-yield region when the transition stress is exceeded, and the thickness of the
pre-yield region gradually decreases. In addition, as the volume flow rate changes, the
change rate of fluid velocity with respect to time in the activated and inactivated regions
gradually increases from the boundaries on both sides to the center plane along the time
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coordinate direction, indicating that the fluid acceleration is in non-uniform distribution
throughout the gap.
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Figure 18. Space-time dynamic distribution of the MR fluid velocity in the inactivated and activated
regions for the 2 A excitation current.

In the process of increasing the piston rod velocity from 0.8 m/s to 1.2 m/s, the
thickness of the pre-yield region in the activated region gradually decreases with the
increase of volume flow rate as shown in Figure 19. The boundary point of the velocity
profile is located at z = 0.19 mm when v0 is 0.8 m/s. The slope of the velocity profile at
z = 0.19 mm increases when v0 increases to 1 m/s, resulting in the shear rate increases
and the shear stress exceeding the transition stress. Consequently, the mesh point at
z = 0.19 mm transitions from the boundary point to the post-yield region. Similarly, the
shear rate of the mesh point at z = 0.21 mm on the velocity profile increases when v0
increases from 1 m/s to 1.2 m/s, leading to the shear stress exceeding the transition stress,
and the mesh point at z = 0.21 mm transitions from the boundary point to the post-yield
region. Therefore, as the volume flow rate in the activated region increases, the overall
trend of the velocity profile increases, and the thickness of the pre-yield region decreases.
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Figure 19. Velocity profiles with respect to various volume flow rate in the activated region.

Figure 20 shows visually the thickness of the pre-yield region in the activated region
changing over time in Figure 18b. In conjunction with Figure 13a, the thickness of the
pre-yield region is closely related to the volume flow rate, and the thickness of the pre-yield
region gradually decreases with the volume flow rate increases. Furthermore, the thickness
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of the pre-yield region is 1 mm when the volume flow rate is small, implying that all MR
fluid in the activated region is located in the pre-yield region. Then, the thickness of the
pre-yield region decreases to less than 1 mm as the volume flow rate increases, indicating
that there is a transitional flow phenomenon in the activated region.
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Figure 20. Dynamic variation of the pre-yield region thickness for the 2 A excitation current.

The magnetic flux density in the activated region changes as the excitation current
changes, resulting in a difference in velocity profile due to the changing parameters of
the MR fluid constitutive model. The velocity profiles of the activated region for different
excitation currents under v0 = 0.5 m/s and v0 = 1 m/s are shown in Figure 21. When the
volume flow rate in the gap is equal, the main difference in the velocity profiles is that the
thickness of the pre-yield region grows as the excitation current increase. This is because
increasing the excitation current increases the magnetic flux density of the activated region
(see Figure 2), leading to an increase in the transition stress (refer to Figure 4).
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Figure 21. Velocity profiles of the activated region for different excitation currents under v0 = 0.5 m/s
and v0 = 1 m/s.

7.2.4. Transition Flow Phenomenon in the Activated Region

There is a transition flow phenomenon during the change of MR fluid volume flow rate
in the activated region, according to the analysis results in Figure 20. Figure 22 depicts the
space-time dynamic distribution of the MR fluid velocity and acceleration in the activated
region during the transition flow stage for the 2 A excitation current. The shear stress of the
MR fluid in the entire activated region is smaller than the transition stress when the volume
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flow rate is small. Meanwhile, the activated region contains only the pre-yield region,
and the velocity and acceleration profiles are parabolic. Because the shear rate reaches its
maximum on both sides at the boundary for the parabolic velocity profile, the shear stress
at the boundary is the highest. With the increase in volume flow rate, the general trend of
the velocity profiles increases, and so does the shear stress of the MR fluid at the boundary.
When the shear stress exceeds the transition stress, MR fluid at the boundary first transits
from the pre-yield to the post-yield region. Meantime, the activated region will have both
a pre-yield and the post-yield region. Furthermore, more mesh points near the boundary
transition to the post-yield region with the further increase of the volume flow rate, so the
thickness of the pre-yield region gradually reduces.
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Figure 22. Space-time dynamic distribution of MR fluid velocity and acceleration during the transition
flow stage in the activated region for the 2 A excitation current.

There are apparent differences in velocity profiles and acceleration profiles before and
after dynamic transition. Figure 23 shows visually the velocity profiles and acceleration
profiles at time t = 0.35 ms and t = 0.6 ms in the activated region for the excitation current
of 2 A. There is only the pre-yield region in the activated region before dynamic transition,
and the velocity profiles and acceleration profiles are typical parabolas. After dynamic
transition, the activated region has both the pre-yield and post-yield regions. Meanwhile,
the velocity profiles and acceleration profiles of the pre-yield region are parabolic, and the
slope is less than that of the post-yield region. In addition, the difference in acceleration
profiles before and after the dynamic transition is more noticeable.
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Figure 23. Velocity profiles and acceleration profiles at time t = 0.35 ms and t = 0.6 ms in the
activated region for the excitation current of 2 A.
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7.3. Influence of Mesh Density on Calculation Results of Unsteady State Model

The effect of mesh density on the convergence of the calculation results of the unsteady
numerical model is investigated under the constraint of the numerical scheme stability. The
space steps are 0.1, 0.05, 0.02, and 0.01 mm for the gap bisections J of 10, 20, 50, and 100,
respectively. Equation (17) is used to calculate the corresponding time step ∆t.

7.3.1. Influence of Mesh Density on the Velocity Profiles

Using the peak velocity profiles in the gap as an example with the 0.5A excitation
current, the velocity profiles of the MR fluid simulation-derived under different mesh
density are compared. The peak velocity profiles of the inactivated and activated regions for
different mesh density, as well as their local expansion, are shown in Figures 24 and 25. The
general trend of the velocity profiles of the inactivated and activated regions is consistent
under different mesh density, and the thickness of the pre-yield zone is equal for the
activated region as shown in Figures 24a and 25a. Additionally, the velocity profiles tend
to be smoother as mesh density increases as seen in Figures 24b and 25b, which can more
precisely describe the smooth velocity profiles in the actual unsteady flow field.
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Figure 24. Peak velocity profiles of the inactivated region and its local enlargement for different mesh
density under the excitation current of 0.5 A.
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Figure 25. Peak velocity profiles of the activated region and its local enlargement for different mesh
density under the excitation current of 0.5 A.
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7.3.2. Influence of Mesh Density on the Pressure Drop

Figure 26 shows the pressure drop of the gap simulation-derived for different mesh
density under the excitation currents of 0.5 and 2 A. The pressure drop shows an excellent
agreement for different mesh density, indicating that the unstable numerical model has
good stability. On the other hand, observing the local enlargement of the peak pressure
drop in Figure 26, the peak pressure drop computed for different mesh density is slightly
different, and the peak pressure drops progressively approach each other as the mesh
density increases. The accuracy of the numerical approach of the finite difference method
improves with increasing mesh density according to its properties. The numerical solution
of peak pressure drop for J = 100 is used as the analyses’ reference solution. The impact of
mesh density on the convergence of numerical solutions is investigated using the relative
difference values between the peak pressure drop with J of 10, 20, and 50 and the peak
pressure drop with J of 100 as shown in Table 2. The table shows that the relative difference
values in peak pressure drop for different mesh density are quite small and gradually
decrease as mesh density increases, indicating that the proposed unsteady numerical model
has good convergence.
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Figure 26. Pressure drop of the gap for different mesh density under the excitation currents of
0.5 and 2 A.

Table 2. Relative difference values of peak pressure drop for different mesh density (MPa).

0.5 A 1 A 2 A

J = 10 7.479 × 10−2 7.960 × 10−2 7.099 × 10−2

J = 20 5.155 × 10−3 5.499 × 10−3 5.699 × 10−3

J = 50 5.611 × 10−4 1.993 × 10−4 1.592 × 10−3

8. Conclusions

This paper investigates the unsteady flow field generated by high-speed unsteady
laminar boundary layer flow of the MR fluid as Newtonian fluid and bi-viscous fluid in the
narrow-long gap with a magnetic-field-activated region and moving boundary, which is
described by unsteady governing PDE and initial-boundary conditions. By establishing a
new unsteady numerical model based on finite difference method, the unsteady governing
PDE is solved, and the dynamic changes of the velocity profiles and pressure drop in the
unsteady flow field are obtained. The accuracy of the unsteady numerical model is verified
based on the experiment. The main conclusions are as follows:

• The acceleration profiles are in a non-uniform distribution along the gap’s height when
MR fluid unsteady flow is in the gap. The pressure drop of the unsteady flow field
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in the gap is generated by the dynamic coupling of fluid viscosity and non-uniform
flow inertia.

• The asymmetry of the unsteady flow field in the gap is caused by the moving boundary,
and the maxima of the velocity and acceleration profiles occur in the center plane. The
velocity and acceleration profiles on one side of the moving boundary are less than
those on the other side of the fixed boundary with relation to the gap’s central plane,
and the thickness of the pre-yield region is symmetrical about the center plane.

• When the excitation current is determined, the thickness of the pre-yield region in
the activated region gradually decreases as the volume flow rate is increased. When
the volume flow rate is determined, increasing the excitation current increases the
transition stress of the MR fluid in the activated region, which increases the thickness
of the pre-yield region.

• There is a transition flow phenomenon during the change of the MR fluid volume
flow rate in the activated region. When the volume flow rate is small, the activated
region only has the pre-yield region. However, as the volume flow rate increases,
the post-yield region will appear on both sides of the boundary. Meanwhile, the
distribution of velocity and acceleration profiles changes noticeably before and after
the transition.

• When the mesh number J along the gap’s height is 10–100, the pressure drop of the gap
solved by the unsteady numerical model has good convergence under the constraint
of the numerical scheme stability.

• The proposed unsteady numerical model helps to better understand the properties of
the unsteady laminar boundary layer flow of MR fluid in the gap, which may also be
used as a theoretical reference for solving Newtonian and bi-viscous fluid unsteady
laminar boundary layer flow problems.

Supplementary Materials: The following supporting information can be downloaded at: https:
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