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Proof of Lemma 1

Let lo(t) = /(x1(t) — x2(£))2 + (y1(t) — y2(t))? be the distance between the two robots.
The robots must maintain their minimum distance d at all time:

Vi e R,14(t) > d. (S1)

To avoid a collision, 8 # 7, which corresponds to the case where robots face each
other exactly. As a result, cos(f) # —1. For ease of calculation, define X = tv, that is,
the distance between Robot 1 and Robot 2 when Robot 1 reaches the target. Also define
Py(t) = lg(t)> — d?, so the constraint in (S1) for the distance between them is expressed
by Vt € R,Ig(t) > d < Vt € R, Py(t) > 0. In addition, Py(t) = 2(1 — cos(h))v*t? — 2X(1 —
cos(0))vt + X% — d?, where cos(f) = cos(f; — 61) = cos(6) cos(f;) + sin(6;) sin(6;) is used.

Two cases are identified:

1. Case 1: cos(f) # 1. Then Py(t) is a second-degree polynomial in f. It is of the form
at? + bt + c with a = 2(1 — cos(#))v?, b = —2X(1 — cos())v and ¢ = X% — d2. Py(t) has

a with positive sign for all t, because (1 — cos(6)) > 0 when cos(f) # 1. Thus, asa > 0,

by second-degree polynomial inequalities properties, Py(t) > 0 for all ¢ if and only if

its discriminant A = b? — 4ac is negative, thatis, Vt € R, Py(t) > 0 & b? — 4ac < 0.

Thus,
2
X>dy| ————
- \/ 1+ cos(6)

2. Case2: cos(f) = 1. Then Py(t) = X? — d?. In this case, Py(t) > 0 for all t when
X? —d? > 0= X > d. This is the same as using cos(f) = 1 in (S2).
Hence, (S2) gives, for the robots to respect the minimum distance d for every time f,

a relation between the minimum distance, the angle between the lanes and the distance
between Robot 1 and Robot 2 when Robot 1 reaches the target. The final result is obtained

by noticing that (52) is equivalent to 7 > %, / H%Os(g).

(52)

Proof of Proposition 1

It is shown by induction on N, which is the number of robots moving towards the
target. Define 6y as the angle between the trajectories of Robot N — 1 and Robot N; 1y, the
minimum delay between the arrival of Robot N — 1 and Robot N; and Ay, the minimum
delay between the arrival of Robot 1 and Robot N. The aim is to show the following

predicate: forall N > 2, Ay = (N —1)d/vforf, =03 =... =0y =0.
Base case (N = 2): Let 1, be the delay between the arrival of Robot 1 and Robot 2.
From Lemma 1, the minimum delay between Robot 1 and Robot 2 is equal to % H—%s(ez)’

Mathematics 2022, 10, 2482. https:/ /doi.org/10.3390/math10142482

https://www.mdpi.com/journal /mathematics


https://www.mdpi.com/article/10.3390/math1010000?type=check_update&version=1
https://doi.org/10.3390/math1010000
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math1010000
https://www.mdpi.com/journal/mathematics

Mathematics 2022, 10, 2482

2 of 28

which is minimised by 6, = 0. Then, the minimum delay between the two robots is
T = d / U= Az.

Inductive step: suppose the predicate is true for a given N — 1 > 2. It will be shown
that this implies the predicate is true for N robots. As in the previous case, it is concluded
from Lemma 1 that the minimum delay between Robot N — 1 and Robot N is equal to

%\/%, which is minimised by 6y = 0. Then, the minimum delay between the two
robots is Ty = d/v, thus
AN=Any_1+TN=(N-2)-+ d =(N— 1)5 Consequently, the minimum delay
v v v

between Robot 1 and Robot N is Ay = EI\LZ 7 = (N— 1)% and the time of arrival of

Robot N, for all N, is minimised by 6, = 63 = ... = 6y = 0. Finally, by Definition 2, the
throughputis f = 1\&}1 =7

Proof of Proposition 2

Consider Figure 3. The distance between the lanes is 2s, and the distance between two
robots is d. Thus, d;, = d? — (2s5)2. Hence, the distance between two robots in the same
lane is d, = 2d, = 2+/d? — (2s)2.

The distance between two robots in the same lane must not be less than d, so d, > d.

2
This is true, because, as 0 < s < ¥2d, d, =2/ — (252 > 2y/a? — (232d) = d.

Without loss of generality, assume the first robot to reach the target area being at the
top lane in Figure 3. The number of robots on any lane is the integer division of the size of
the lane by the offset between the robots plus one (because the first robot is included in this
counting). Therefore, the number of robots for a given time T in the top lane is N1(T) =

{% + 1J and in the bottom lane is Ny(T) = VT,;ip + 1J = {% + %J By Definition 2,

f(T) = M = %( { ol J + L oT + %J ) By the definition of the floor

24/d2—(2s)2 24/d2—(2s)
function, |x| = x — frac(x) with 0 < frac(x) < 1. Thus, lim7_, f(T) = m, as
—(48
. frac(x)
Tlgrgo T = 0, for any x.

Proof of Proposition 3

As the distance between the robots must be at least d and ?d <s< %, dy =d/2is
assigned in Figure 3. By doing so, two robots side by side in one lane and a robot in the

other lane form an equilateral triangle with a side measuring d, whose height has size ?d.
Hence, the minimum diameter of the circular target region must be this value, and the
hypothesis says so.

Moreover, the radius of the target area is less than d/2, implying that the three robots
in Figure 3 must stay in the equilateral triangle formation because the two lanes cannot be
far by d units of distance.

Thus, the throughput for a given time T is calculated similarly as in Proposition 2,

resulting f(T) = (|| + |5 +3]) and f = limr (T) = .

Proof of Proposition 4

When robots move in straight lines in a single lane, the optimal throughput is 3

(Proposition 1). Since s > %, multiple straight line lanes can be parallel to each other (Figure
4).

As the robots are going to a circular target region, the robots next to the centre reach the
region in a shorter time than the others. The first robot of each lane must run an additional
distance d; from the beginning of its lane, which is related to its y-coordinate. Figure S1
illustrates this distance for a robot in Lane i. The right triangle ABC has hypotenuse AC
measuring s, so the horizontal cathetus AB measures V82 — (s — (i — 1)d)2. Consequently,
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the robot in the Lane i needs to walk an additional distance represented by BD, which has
d; = |BD| =s — |AB| = s — \/s2 — (s — (i — 1)d)? units of length.

Lane i
|s - (i-1)d|
Target - i
region A B D
d; /

Figure S1. The distance from the target region to a robot at the beginning of the Lane i is equal to d;
(represented by BD).

This distance is minimised when |[BD| = 0, that would happen if i = 5 + 1. However,
i must be integer, so |[BD| is minimised by an integer | that minimises d;. If § ¢ Z, the
S

. s s A .
two nearest integers are | 5| and [§]. Thus, if | = | d.J + 1 then, equivalently, d 5] 41 <
drs1en & |s = [a]d] < |s = [3]d]. Thus, T = || + 1L if |s — |3 ]d| < |s — [3]d
J=[3]+1

Let N(T) be the number of robots that arrive at the target region until a given time T

25

after the first robot has reached it. Thus, N(T) = ZiL:le i N;(T), where N;(T) is the number
of robots at Lane i that arrived at the target region by time T. As every robot has the same
linear speed and started at the same x-coordinate, when the first robot at Lane | reaches

the target region, all robots have run d; units of length. Hence, at each Lane i, instead of
running an additional d; to reach the target region, they need to run d; — d;. Consequently,

Ny(T) = [W n 1J, if T > =% otherwise, N;(T) = 0, and, by Definition 2, f,(T) =

v

, otherwise,

_ Z |41 .
NO-L %(ZiL:le—i_ Nl-(T)) — 1. Also, f, = limr_ e fp(T) = | % +1]Y, as frac and d;
are bounded for every i due to 0 < d; < sand 0 < frac(x) < 1 for any x.

Proof of Proposition 5

Without loss of generality, consider the target at the origin of a coordinate system and
that the robots are moving parallel to the x-axis. By Definition 2, the throughput considers
the number of robots that cross the target during a unit of time and after the first robot has
reached it. The number of robots, N, is evaluated during a time T. As a result, computing
the maximum throughput is reduced to finding the maximum number of robots (their
centre of mass) that can fit in a rectangle of width w(T) = vT and height h = 2s.

Figure S2 illustrates how Nr is calculated. Robots are represented by black dots in
hexagonal formation and distant by d. In (I), only the first robot reached the target. In
(II), all robots not in the dashed area arrived in the target region before the last robot. The
robots on the right dashed area should not be counted because their arrival time is greater
than the arrival time of the last robot. Hence, they arrive after the considered time frame
T. That is, all robots on the dashed area in (I) should be counted as part of the number of
robots that reached the target region in the time between the first and the last robot, while
the robots on the dashed area in (II) should not. As these dashed areas have the same value,
this proof considers the number of robots inside a rectangle vT x 2s. Then, the dashed
area used for counting in (II) replaces the unconsidered robots in the dashed area in (I). As
T — oo is of concern, any possible difference between the number of robots on the dashed
areas of either side due to the configuration of the hexagonal packing is negligible.
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(1) vT (1) vT
f { f !
Target . o 2s| | * Targete 2s
region o . . région
1 ‘. ° b _L ‘n ' _L
firs last first last

Figure S2. The rectangular area regarding the calculation of Nt over time.

Due to the constraint that robots must be at a distance d from each other, consider
discs of radius d/2 as reserved areas for each robot, and any two reserved areas must
not intersect. Therefore, the problem is equivalent to finding the optimal arrangement of
circles of radius d/2 in a rectangle of width W(T) = w(T) + 2% and height H = h + 2%. This
formulation is a variant of the circle packing problem, which is already well studied. (See http:
//packomania.com/ and http:/ /hydra.nat.uni-magdeburg.de/packing/crc_var/crc.html,
acessed on 16 November 2021, for an informal introduction.) The term 2% was added
because the circle packing problem deals with full circles, not their centres.

The optimal surface occupied by the circles divided by the rectangle area was proven
to be 71v/3/6 in the case of hexagonal packing over an infinite area [1]. Thus, the total
area occupied by the circles representing the reserved areas of the robots is given by
(nﬁ / 6) HW(T). Hence, the maximum number of robots N that can fit inside the HW(T)

. 7v/3/6)HW(T)
area is bounded by Nypi(T) > Nr, for Nop(T) = L%J = LZ%ZT)J By Def-
Nopt(T)—1 {ZHW(ZT)J _
inition 2, the maximum throughput is f"*(T) = —= = ‘/ng . As for any x,

|x] = x — frac(x) and 0 < frac(x) < 1, the upper bound of the asymptotic throughput is
B = timr e fir (D) = 5 (5 +1) 5

Proof of Proposition 6

This proof concerns about the throughput of the target region for a given time and
hexagonal packing angle 6, f,(T,0) = %, where N(T, 0) denotes the number of robots
which arrived at the target region. Figure S3 illustrates the arrival of the robots on the target

region.

(I oL (1 oT
— — s
. ...... ‘ ° . .
L] h 3 L]
o« ° Target | o % R Target °
* . region « ° region .
. P e °
) .
I
L] L@ Y
Ns

Figure S3. Arrival of the robots on the target region over time.

In Figure S3 (I), when the robots — here represented by black dots — in hexagonal
packing begin to arrive at the target region, only the robots inside a part of the semicircle
are counted. In Figure S3 (II), consider the first robot to reach the target region being at
(x0, o) at time 0. As T grows, this continues until vT = s. In Figure S3 (III), when vT > s,
the robots are counted on two regions: a rectangular, Ng, and a semicircular, N5. When
vT > s, the semicircular region counting starts after the last robot on the rectangular region
located at (Iy, Iy).
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As this region has a circular shape, not all robots at the distance vT arrive at target
region by the time T. Thence, the number of robots in hexagonal packing are divided into
the number of robots located inside a rectangle, Ng, and of robots inside a semicircle Ng
(Figure S3 (III)). That is, N(T,0) = Ng(T,0) + Nr(T,8) and Ng = 0 whenever vT < s.

This proof is divided in lemmas for helping the construction of the equation to compute
NRr(T,8) and Ns(T, 0) as well for calculating limt_,« f;(T, 8). Before presenting them, it is
discussed a coordinate space transformation which will be used to count the robots for N
and Ng. This transformation was inspired by [2].

Figure 54 shows the coordinate spaces used in this proof: the usual Euclidean space
(x,y) in relation to the target region and the rectangle region formed by robots in hexagonal
packing going to it; the coordinate space (xg, y), formed by the usual space after a transla-
tion to the first robot to reach the target region at (x, o), followed by a rotation by —; the
coordinate space (xy, y;,), a hexagonal grid coordinate space made after this transformation
and a linear transformation H. Robots are represented by the black dots and they are on
hexagonal formation. Each neighbour of a robot is distant by d, so AABC is equilateral.
Thus, 6 + ¢ = /3.

Figure S4. The reference frames used in this proof.

Let ¢ = /3 — 6 (because the angle of the equilateral triangle formed by neighbours is
71/3, as explained in Figure S4). Accordingly, ¢ € [0, 7t/3) too. The usual Euclidean coordi-
nate space which represents the location of all robots is denoted here by (x, y) coordinates.
The next coordinate space is denoted by (xg, ), and it is the result of a translation of the
usual Euclidean coordinate space by the position of the first robot to reach the target region

. _ . Xg } _ { cos(—y) —sin(—y) } { X — X }
at (xp, o), then a rotation of —1, that is, { Ve sin(—¢)  cos(—y) y—yo I
The last coordinate space is denoted by (xy, y;,), and it is intended to represent a hexagonal
grid such that the position of each robot is an integer pair.

Figure S5 shows an example of the location of robots with respect to that hexagonal
grid. Robots are located in the [, m, n, p, q and r lines, which are parallel to the y;-axis.
In this example, ¢ = 0.227 and the distance between all robots is d = 0.5. The distance
between those parallel-to-y; lines is v/3d/2. The robots inside the rectangle EFGH are
counted and are indicated by red points, while blue points are robots outside the rectangle.
Although the xj,-axis coincides with the xg-axis, xj, is scaled by d.
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Figure S5. Example of robots in hexagonal packing formation, and the corresponding rectangular
corridor which will reach the target region.

Let (xy,, ;) € Z? be the hexagonal coordinates of a robot in this hexagonal grid space.
In this figure, there is an integer grid in grey — the horizontal lines correspond to fixed
integer y;, values and the inclined ones, x;, values. For example, in Figure S5 robots Ry,
Ry1 and Ry respectively are at (0,1), (1,1) and (1, 0) at (x5, y5,) coordinate system, which
is equivalent to (—1 /4,/3/ 4), (1 /4,/3) 4) and (1/2,0) on the usual two dimensional
coordinate system with origin at (xg, yo).

A linear transformation H from a point (xy, yp,) to (xg, y¢) basis is obtained by know-
ing the result of this transformation for the standard vectors (1,0) and (0,1). Observ-
ing Figure S5 and having that the angle between the x-axis and yj-axis is by defini-
tion 271/3, one gets the following mappings (xj,y;) — (xg,yg): (1,0) — (d,0) and
(0,1) — (dcos(27/3),dsin(27t/3)) = (—%, @) (in Figure S5 these two mappings are
represented by robots Ryg and Ry, respectively, with 4 = 0.5). Then,

el=[a(Q) «EDIER-[8 2]0n) e

Counting the robots inside the rectangle is the same as counting the number of integer
hexagonal coordinate points lying inside it. Figure S6 shows the rectangular part with
some robots in hexagonal packing, where the robots are the red dots, and the hexagonal
packing is guided by the grey lines inside the rectangle based on the value of the angle .
The rectangle has width T — s and height 2s. The reference frame of the hexagonal grid
is rotated about the target region (Figure S4). The problem involves the rectangle EFGH
in a hexagonal grid (grey lines inside the rectangle) of robots (the red dots). The x;-axis is
horizontal and coincides with the x-axis. The y,-axis forms a 277/3 angle with it. EH and
AB have length 2s and vT — s, respectively. In this example, ¥ = 1971/180 and s = 1. The

angles marked with a line are equal to 1, because the angle formed by yz—/zl and the x-axis
is right, as well as EAB. Accordingly, y2AB = 71/2 — 1 implies that EAy, = ¢.
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Yg

Figure S6. Example of counting robots in hexagonal packing with rotation in the reference frame.

From Figure 56,

25 = (y2 — y1) cos(y), y2 = (S4)

—° __and Y1 = S -
cos(p) cos()

Consider a robot with coordinates (xg,y¢). The four sides of the rectangle EFGH,
HG, EF, EH and FG, have the following equations of line: y, = y1 + tan(¢)xg, v =

y2 + xg tan(y), yg = tan(¢ + 5 )xg and yg = tan(yp + %)(xg - %(_l;)), respectively. The
term 5’07;(7;) in the last equation arises because of the length of AC, which is the hypotenuse

of AABC whose side AB measures vT. Knowing that tan(y + Z) = — cot(1), the equations
below are all true for a robot at (x4, y4) to be inside or on the boundary of the previously
defined rectangle,

Yg > Y1+ xgtan(yh), yg < y2 + xg tan(yh), —x¢ < tan(y)y,, and
oT —s
(xS0 > tan(gyg.

cos

(S5)

Now take the minimum and maximum yj, value for each parallel-to-y;, line depending
on the x;, value. Using (S3) for converting (S5) to xj, and y;, coordinate system, i.e., hexag-

onal coordinates, one obtains for HG and EF (@ + % tan(lp)) yp — tan(y)x;, > %1 and
(@ + %tan(tﬁ))yh — tan(y)x;, < yle' Hence, %1 < (? + % tan 1/)) yn — tan(y)x;, < %2 =

% + 2 tan(y)x;,
/3 + tan(y)

Analogously, but considering EH and FG,

2
P2+ 2tan(P)xy,

=Y = /3 + tan(y)

(S6)

—x < (tanap)*f - ;);/h and <tan(¢>\f - ;)yh < d”is‘(l;) —x. )
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Based on the sign of (tan(v,b)— — —) and excluding the null case (when ¢ = 71/6),
there are two different mequahties over y,. Assuming ¢ € [0, 7t/3), (tan(lp)% — %) >

0 < tan(y)%> V351 5 & tan(y) > —= N ¢ > 71/6. Thus, from (S7),

2 2wT—s) ZX
—ZXp d cos(p) .
—_—=h < hgi ifp > /6,
Vatan(p) 17" Vatan(p) 1Y )
20T—
ooty ~ 2 th 7" Jifp < 77/6.
V3 3 tan(y Sy = V/3tan n(y) —
(56) and (S8) restrict the value of y;, depending on the value of x;, by the relation
2y1 + 2 tan(y)xy, —2xy
ax < Yn
\f 3 + tan(y) "3 3tan(y) — 1

V3 + tan(y) \ftan(ip) -1

T
% +2 tan(i,b)xh d(fos( S)) 2xy,
max ’ < VY
V3 +tan(y) v/3Btan(y) — 1

2y2 2t X, 32— 2,
< min< +2tan(y)x,  deosty) Jifp > /6,

(S9)

< min % + 2 tan(¢)xy, —2xy,
B V3+tan(y) " V3tan(y) — 1

Using hexagonal coordinates the position of each robot is represented by a pair of
integers. Then, assuming x;, and y;, integers, (S9) becomes (YlR(xh)] <y < [YR(xp)], for

),iftp < /6.

sin(p)x, — 5 — cos(p)xy, .
max< COS(%_IIJ) ;SIH(IIJ_E[))/ lfl,b> 7T/6,
YR (xy) = sin()x, — 5 L5 —cos()xy S10)
1 h max COS(% - 13[;) ! SSin(lp _ %) ’ lf#) < 7T/6,
2 ity = /6,
((sin()x, + 3 U —cos(@)a
) mm( Cos(%z ;41) " osin(yp— F) >, ifyp > /6,
Yo () = [ SR+ G — cos(y)x . (S11)
2 \XAh mln( COS(% ; lp) ;Sln(lp _ %) ’ lft,b < 7T/6,
2t ity = /6.

The simplifications above used (54), cos (£ —¢) =
sm(lp) COS(ijJ)

Now it is obtained the possible integer values for the xj-axis which are inside the
rectangle EFGH, that is, it is counted the number of lines parallel with the yj-axis that
intersect the rectangle for x; integer values. Let n1; be the number of such parallel lines.
Consider n; = n;” +n}", such that n; is the number of lines parallel to the y;,-axis whose
intersection with the xj-axis is a point (7,0) for i < 0 and i € Z, and n;r is similar but
for non-negative integer i. For example, Figure S5 has n;” = 0 and n;” = 6 (it is marked
below the values of the points over the x-axis the equivalent over x;-axis, in order to aid
enumerating them). Note that the point (i, 0) may be outside of the rectangle, but it will
still be counted if there are integer (i, yj,) coordinates inside the rectangle. The next lemma
shows how to compute #;" and #; to aid in this proof development.

@ cos(p) + 3 sin(yp) and sin (p — Z) =
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Lemma S1. On the (xy, y;,) coordinate system, the integer values for xj, robot coordinates inside
the rectangle EFGH are in the set {—n; ,...,nj" — 1} with

2(vT — s) cos(p — 71/6) + 2ssin(|yp — 71/6])
=] g 1), 512)
and
_ | 2ssin(|yp —/6])
nS = { \/Ed J (513)

Proof. For getting n1;", it is counted how many parallel-to-y;, lines, when projected over the
x-axis, are distant from each other by d on this axis and are inside the rectangle. These lines
must intersect the diagonal HF of the rectangle, but commencing from the intersection
between the y,-axis and the diagonal, i.e., from By in the Figure S7. In this figure, B; is the
intersection of a parallel-to-y, line on a x;, integer coordinate and the diagonal HF. The
triangles AD;C; for any i € {1,2} and ADC are similar. AD; and AC; have distance i - d
and i - ¢, respectively. In this example, d = 2 and there are three points lying over HF.

Figure S7. Counting how many points named B; lie in the diagonal HF.

Let ¢ = arctan( vTZS_ S) be the angle of the diagonal in relation to the rectangle base.
There are two cases depending on the value of .

e Case < Z: from Figure S7, every line parallel to y;, is distant by d on the projection
onto the x-axis. The triangles AD;C; forany i € {1,...,n” — 1} and ADC are similar,
|AD;| = d and |ACy| = =e whose Value is unknown for the ‘moment. AADC has
angles CAD = Y+ ¢, ADC = 7/3 and ACD = n— CAD — ADC = 21/3 — ¢ — ¢.
As for every i, AAD;C; ~ AADC,

|AC|  |AD| |AC|  |AD|

= = 514
|AC1| |ADn| e d (514)
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As AHFI is a parallelogram, |HF| = |Al| and |FI| = |[AH| = s, then |BI| = 2s. Thus,

|AI| = 1/(25)2 + (vT — )2, because AABI is right-angled. Also, by the law of sines,
[AD|  _ _JAC|

sin(z@) sin(A/D\C)

D] - |Ac|sm(ACD) (141 - 1) sin(ACD)
sm(A/\ C) sin(zﬂ)\C) (S15)
_ <|m| B lﬁD sin(27t/3 — P— 4))

sin(7r/3)

ABFC is a parallelogram as well, so |AC| lB0F| |HF| |HB0l and |ﬁ| = |HBy.
The AAByH has angles HABy = HAB BOAB — HAB — (BOAD + DAB) = 7r/2 —
(1/3+9) = /6y, AHBy = AHG — FHG = 71/2 — ¢ and HByA = 71 — HAB, —

AHBy = 71/3+ 9 + ¢. By the law of sines, [HBy| = Sms(g(‘q;%gm = sfrl?ﬂ?éilplﬁ-)z))'

Hence, from (S15), |AD| = (|ﬁ| - |ﬁl)%w, thus

2cos(rt/6 — ) (0T — s) + 2s sin(7r /6 — 1)
V3
Above it was used sin(271/3 — ) = cos(71/6 — ), cos(27t/3 — ) = —sin(7/6 — ),
sin7t/3 — ¢ — ¢) = sin(rt/3 + ¢ + ¢), sin(271/3 — ¢ — ¢p) = sin(277/3 — ) cos(¢p) —
- Yy — X
cos(27t/3 — ) sin(¢p), sin(arctan(y/x)) = T and cos( arctan(y/x)) = JeE
Therefore, the number of lines parallel to the yj,-axis intersecting ByF for integer x;,
. BoF 2 6—)(T—s)+2ssin(rr/6— .

values is nl'l' = \‘% + 1J — L cos(r/6—1)(v \/§S‘; s sin(71/6—1) + 1J by using (S14) and
(516).

Case ¢ > Z: Figure S8 shows this case. The triangles AD;C; for any i € {1,2}
and ADC are similar. AD; and AC; have distance i - d and i - e, respectively. In
this example, d = 2 and there are three points lying over EG. Observe that when
¢ > Z, EA is on the left side of the yj-axis. Also, note that it is being considered
now the diagonal EG, because the y,-axis does not intersect the diagonal HF for
these values of . Then, one has to consider ByG to count nl Additionally, |BoG| =
|AC|, due to the AByGC parallelogram propert1es As in the prev10us case, fori €

{1,.. -1}, AAD;C; ~ AADC, CAD = BAD — BAC = Y —¢, ADC = /3,
1@ — 71— CAD — ADC = 27/3 — 1+ ¢, and lBTGl lﬁ' lADl by the s1m1lar1ty
of these triangles as showed in the prev1ous case. Also, EABO — DAE — DABO =
l/J—i— /2 — 27r/3 =y —r/6, BOEA FEA — FEBO =7m/2—¢, EBOA =T — BOEA —
EABy = — (/2= ¢) = (Y — 7/6) = 2m/3+ ¢ — ¢p. Thus, by the law of sines,

[BoE] _ |EA] 57| _ ssin(EABy) __ ssin(p—71/6)
sin(E/A—Eo) o sin(E/B_OTAl) < lBOEl o Sin(E/B—OTLl) T sin@r/3+¢—v)" EAIG and ByACG are

parallelograms sharing the points G and A, so |ByE| = |CI|. By following similar
steps as before, n;" = VCOS /6=yt \fs)ﬂs sin(p-rt/6) 4 1J This time sin(27t/3 — ) =
cos(yp — 7r/6) and cos(27t/3 — ) = sin(y — 77/6) was used.

AD| = (S16)
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Figure S8. Counting how many points named B; lie in the diagonal EG.

For the final result on (S12), one can simplify it using the fact that when ¢ < 71/6,

sin(|y — 7t/6]) = sin(7t/6 — ), otherwise, sin(|y — 71/6]) = sin(y — 71/6).

For n;”, it is also calculated how many lines parallel to the yj,-axis projected over the

x-axis are distant from each other by d on this axis and are inside the rectangle. However,
consider only those on the left side of the point A, i.e., commencing from the one whose
intersection with the x-axis is at (—d,0), equivalently, (—1,0) on the (xy, y;) coordinate
system. Also, there are two cases here.

Case ¢ < 71/6: Figure S9 shows the AHIA on the left side of the rectangle EFGH.
The pink line on the left side is an example of one satisfying Lemma S3, while the one
on the right side, Lemma S4. The triangles ACE, HIA, BMG and BNF are congruent,
because their respective angles are equal — due to parallelism —and |EA| = |[AH| =
|GB| = |FB| = s. In this example, except for ﬁ, R, m,ﬁ and ﬁ, the lines
parallel-to-y;, are distant by d on the projection over the x-axis and can have robots on
them. As the robots are over the parallel-to-y;, lines distant by d on the projection over
the x-axis, the goal is to know how many parallel lines intersect HI (equivalently, how
many such lines intersect JA due to parallelism), excluding al (because it was already
counted on #;"). Thus, n; = {@J.It is known that |[AH| = s,H = )2+ 9,1 =m/3
and A=n—1—H=mn—mn/3—(7/2+¢) = /6 — . By the law of sines on the
angles opposite to the sides AH and HI, results the following

_ |AH|sin(A) _ ssin(§ —¢) _ 2ssin(F —y) (S17)

HI = .
IH1] sin(I) sin(% V3

— | 2ssin(Z—y)
Thus, n; = {TédJ
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Figure S9. Triangles ACE, HIA, BMG, BNF and the rectangle EFGH for ¢ < 71/6.

e Case 9 > 11/6. Figure S10 illustrates this case. The side EH has an angle greater than
zero with the yj-axis. The pink line on the left side is an example of one satisfying
Lemma S3, while the one on the right side, Lemma S4. The triangles AIE, HCA, FNB
and BMG are congruent, because their respective angles are equal — due to parallelism
-and |[EA| = |AH| = |GB| = |FB| = s. Except for ﬁ, ﬁ-l, %,ﬁ and %, the lines
parallel-to-y;, are distant by d on the projection over the x-axis and can have robots
on them. The reasoning is similar to the previous case, but now using AEIA. Then,
EA|=s,E=n/2—y,1=2n/3and A=n—1—E=mn—21/3—(n/2—¢) =

¢ — 71/6. Consequently, n,” = {EEJ = {%J

Figure S10. Triangles AIE, HCA, FNB and BMG and the rectangle EFGH for ¢ > /6.

For the final result in (513), the absolute value inside the sine function is used to
combine both cases. O

The previous lemma has the calculations for the interval of an integer x;, values needed
for counting the robots inside the rectangle. The next lemma presents the equation for
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the number of robots at the rectangular part (Ng) ranging from these integer x;, values.
Although the proposition that is now being proved gives the throughput in terms of 0, this
number is first going to be calculated in terms of .

Lemma S2. For ¢ € [0,71/3), Ng(T,¢) = anfl C(IYRep)] = TYR(p)] + 1). If for some

xh:—n,
xp [ YRGn)| < [YR(x1))|, the respective summand for this xj, is zero.

Proof. By the previous lemma and knowing that the positions of the robots are integer
-1

o (1)) —
[YlR(xhﬂ + 1). since (510) and (511) give the minimum (YlR) and maximum (Yf) Yy COOI-

dinates for a given x;, value such that the robot is inside the rectangle. Note that the last

summation can only be used when | YR (x,)| > [YR(x))], otherwise a negative number of
robots would be accounted. [

coordinates over the hexagonal grid coordinate space, Nr(T, ) =} '~
h=——"

In special, for ¢ = 71/6, by (510) and (S11),

2%
N(T,7/6)= Y. QWJ - {Ww +1>. (S18)
x,=0

If ¢ # 7/6, each parallel-to-y;-axis line intersects two segments of the rectangle
EFGH. The yj,-components of the two intersections of a rectangle side and such lines
are the values of Yf(xh) and YZR(xh) for a given x;,. Hence, the set of x; integer values
{—n;,...,n] —1} will be cut in disjoint subsets based on the max and min outcomes of
(510) and (S11). That is, YlR(xh) and YzR(xh), respectively; equivalently, which two sides of
the rectangle the parallel-to-y,-axis line corresponding to (xy, 0) intersects. The following
lemmas describe each subset: {—#,",...,n, } in Lemma S3; {n, +1,..., K’ —1} in Lemma
S6; {K,..., nf — 1} in Lemma 54, for an integer K’ defined later.

Lemma S3. Consider parallel-to-yy,-axis lines inside the rectangle EFGH intersecting the xj-axis
at (x5, 0), for xj, € Z. The two following statements are equivalent:

(D Ifyp < /e,

2
% -+ 2 tan(y)xy, —2xy,

R _ R _
W = e ) = (519)
and, ifp > 11/6,
2,
YRG) = 25 and YR () — L2t (520)

V3tan(y) — 1 V3 + tan(y)

(I x,e{-n,...,n }.

Proof. (I) = (II) : Let < 71/6. By (S10) and (S11), (S19) is equivalent to % >
p

SIn@x+3 < —cos(p),

cos(Z—y) = sin(y—Z

o= —cos(y)x, d sin()x, +3 > —cos(@)xy

sin(yp—%) an cos(E—yp) = sin(p—Z%)°

From the second inequality,

oy < Sh\}gj*%) - Smgiw). The change of ineql.lality sign above is due to cos (£ —
P)sin (p —F) < Oforp < /6. Asxy € Z, xj < {%J = 1, . The lower value on

xy, is obtained by Lemma S1, as to be inside the rectangle EFGH x;, > —n, . For ¢ > 71/6,
the same result is obtained by a similar reasoning, but without changing the inequality sign
since in this case cos(Z — ¢) sin(y — Z) > 0.
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(II) = (I) : From (5S6), (S7) (i.e., the line equations for 7@, ﬁ and ﬁ), (510) and
(S11) (ice., the definitions of YR and YR), if ¢ < 7/6, (x,, YR(x)) € HG & YR(xy) =

2yp

\/fi*tii”’” (xp, YR(xy) € EH < YR(xy) = ftaix" ,and, if p > 71/6, (x, YR(xy)) €
+2t .

E H < Y1 (xp) = \[taizz — (xh,Y (xp) € ﬁ & YR(x ) = %thiaw Then, this part

is proved by showing that for all x;, € {— ny .o ng }, the line parallel to the y,-axis
intercepting the point (x;, 0) intercepts both sides EH and HG (and no other), if < 71/6
(Figure S9), and, if ¥ > 71/6, both sides EH and EF (and no other) (Figure S10).

e Case ¢ < mr/6: Figure S9 shows the triangles HIA, ACE and BMG inside the rectangle
EFGH. As the robots are over the parallel lines to the yj-axis, which are distant by 4
when projected over the x-axis, the objective is to know how many such parallel lines
intersect HI (equivalently, how many such lines intersect JA due to parallelism) or
AC. For such parallel lines that intersect HI, Lemma S1 showed that for every xj €
{-n;,...,—1} the line parallel to yj-axis intersecting (x, 0) is inside the rectangle.

Also, these lines intersect the sides EH and HG, as any line parallel to A AT which is
on its left side intersects the sides EH and HG if it is inside the rectangle. For the
case where such parallel lines intersect AC, the maximum integer value, M, must
be known such that these parallel lines still intersect the sides EH and HG for any

xy € {0,..., M}. Starting from point A (that is, when xh =0), M= UﬁlJ It is

given that |AH\ |EA| =5, al || R Hi I % and AH || AL (as E, A and H are

collinear), then IHA CAE AIH ECA and HAI = AEC Thus, AHIA = NACE,
then |AC| = |HI|, whose value has been previously calculated in Lemma S1, leading

to M = {ZSSH\‘([%IP)J = n; . Hence, for any x;, € {0,...,n; }, those parallel lines

intersect the sides EH and HG.
e Case ¢ > 7/6: Figure S10 illustrates this case. The reasoning is similar to the previous
case, but using that AAIE =2 AHCA. As the value for |EI|/d also has been calculated

[25 sin(y—
V3d o
Xy € {—nf, ...,n }, the parallel-to-yj,-axis line at (x;,, 0) intersects the sides EH and

EF in this case. O

in Lemma S1 for this figure, then M = 6 )J = n; . Consequently, for any

The next lemma will define the integer K’ mentioned before. This number will be
compared with the integer x;, coordinate of the point (1;” — 1,0) intersected by the rightmost
parallel-to-yy-axis line inside the rectangle EFGH. Assuming 6 # 7/6, if this rightmost line
intersects a point on the x;-axis with an integer coordinate less than K’, then no parallel-
to-yj,-axis line intersects the rectangle right side FG. However, if the intersection point
coordinate is greater than or equal to K’, then at least one parallel line crosses FG.

Lemma S4. Consider parallel-to-yy,-axis lines inside the rectangle EFGH intersecting the xj-axis

at (xy,0), for x, € Z, and K' = [Z(UT_S) Cos(lp_n\//%_zs Sin(w_n/éh—‘. Then, the two statements

below are equivalent:
D Ifp<m/6

2(vT—s)

2
22 4 2tan(y)xy,

R _ dcos(y) — &Xp R _
W = gy 1 M o) = (s21)
and, if p > 11/6
o 2 tan(y)xy, é(vT_s) — 2xp,
R _d R _ _dcos(y)
Y (xp) = it tan() and Y5 (xy,) \@tan(lp) - (522)

(D x, e {K,...,n} —1}.
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Proof. (I) = (II): By contrapositive, assume xj, ¢ {K’,...,n;" —1}. By Lemma S1, there is
no x, > n” —1,s0 x; < K'. For the case of iy < 71/6, observe in Figure S9 the point K on the

xp-axis. This point corresponds to the intersection of m on the xj-axis, which is the first
parallel-to-yy-axis crossing the rectangle right side FG. The point D on the xj,-axis is the pro-

jection of the point F on this axis. By (516), [AD| = 250t/ 67¢)(UT7%+25 sin(g—

of the parallelism, |[MN| = |KD|. Due to the congruence of triangles ACE, HIA, BMG

and BNF and (517), [BM| = [BN| = |HI| = M Thus, [KD| = [MN| = |BM| +

|W| _ & s1n(|¢\/§'—7t/6\) _ Since |H| _ |E’ _|RD| = 2cos(n/6—1p)(vT?2—25 sm(\t/}—n/6|)/ the
2cos(7r/6—)(T—s)  2ssin(|p—7/6]) 0)

\/gd \/gd ’ ’

as K is on the x-axis and to convert it to (xy, y,) coordinate space it is only needed to divide
the x-coordinate by d. On the xj-axis, the nearest point on the right of K with integer xj, is

([K7,0) = (K’,0). As it is assumed x; < K’, no parallel-to-y;-axis crossing a integer (x;, 0)

2(0T—s)

point inside the rectangle intersects FG. Thus, no such parallel line has YR (x;,) = %,

m/6l) . Because

point K is located on the (x}, y;,) coordinate space at (

72Xh

which is the yj,-coordinate of the intersection of this line with Fé.

In the case of i > 71/6, using a similar argument as in Figure S10 leads to the desired
result, but here |[NB| + |[MG| = |KD| and the congruence is between the triangles AIE,
HCA, FNB and BMG. As itis assumed x;, < K’, no parallel-to-y,-axis intersecting a integer

2(vT—s)
d cos(ip) _th

V3tan(p)—1°

(II) = (I) : If x, € {K/,...,n — 1} then the lines parallel-to-y,-axis inside the
rectangle intersecting the xj-axis at (xy, 0) are on the right of point K or intersecting it. Hence,
these lines intersect EF and FG, if ¢ < 71/6. By applying (S6), (S7) (for the line equations
for ﬁ and %), (510) and (S11) (for the definitions of YlR and YZR), (521) is obtained. A
similar argument is used in the case of ¥ > 71/6, but for FG and HG intersections, yielding
(522). O

point (xy, 0) inside the rectangle crosses FG, so for such line YzR(xh) =+

The lemma below characterises when a parallel-to-y;,-axis line touches only the sides
EH and FG of the rectangle. Intuitively, if this happens, a rectangle with a small width
is obtained. Thus, on rectangles with a large width, no such lines are crossing the sides
EH and FG, for i # /6. This lemma will be used on the Lemma S6, for completing the
disjoint subsets based on the possible max and min outcomes of YR and YX.

Lemma S5. If vT —s > 2stan(|¢p — Z

), then there is not a x, € {—n;",...,n;" — 1} such

2?;75) —2xy, ) . -2
that, YR(x,) = \%%W and YR(x)) = ﬁTZZ)fl ifp < m/6; YR(xy) = ﬁTZZ)fl and
2(vT—s) .,
R _ deosly) —
YZ () = V3 tan(yp)—1’ lflp > 7-[/6

Proof. This proof is by contrapositive. Assume ¢ < 71/6. By (510) and (S11), there is

T—
y71+tan(¢)xh < dzéos(;)_xh ﬂ+tan(w)x}1 > —Xp \/gtan(lp)_l
2

d
V3ttan(y)  — V3tan(y)-1 and V3+tan(p) — V3tan(p)—1 <0
2 2 2 2

an xj, such that . Since

y1 V3tan(y)—1
the signs of inequalities change, then the following implication is obtained 4——2— —

=

V/3-+tan(ip)

2
vT—s oy — tan(#’)xh;\/gtag(w)il and y%ﬁtag(wil < —xp — tan(y)xy, ;ﬁtag(lp)il = y%ﬁtag(lp)il <
deos(p) = ~ *h V3+tan(y) Vattan(y) — R V/3+tan(y) Srany) =

2 2 2 2

%ﬁtarﬁw))il oT—s
Jaran)  dcos(p)’ by the transitivity of < under the real numbers. Also, the following
2

yp V3tan(yp)—1 y71 \/§tag(¢)—1

: : : d 2 vT—s
equivalences is obtained i) < it dcos) < oT —s < 2stan(7t/6 — 1),
2 2
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tan(a)+tan(b)

due to (54), the equalities tan(a + b) = T—fan(a) an(5)’

a) = tan(a) for any real a and b.
For the case ¢ > 71/6, using similar arguments the same result is obtained, but the

V3tan(p)—1
2

cot(a) = — tan(a + 71/2) and — tan(t —

signs of inequalities are not changed due to > 0 in this case. The conclusion is
reached after combining the two cases using absolute values inside the tangent. [J

The next lemma completes the properties of Nr(T, ¢) that are useful for calculating its
limit when T tends to infinity.

2(vT—s) cos(ip—r/6)—2s sin(|p—71/6])
V3d

xp € {n; +1,...,K' —1} ifand only if YR(x)) =

Lemma S6. Let K' = [ W IfvT — s > 2stan(|¢ — 71/6]), then

‘%1 +tan(y)xy,
V/3-+tan(yp)
2

%2 4 tan(y)x

and YR(x,) = %ﬁg)h

Proof. Excluding the case when ¢ = /6, (510) and (S11) give four combinations of
possible outcomes for the values of YlR(xh) and YZR(xh) based on the results of min and
max. When vT — s > 2s tan(|yp — 71/6]), by Lemma S5, there is not the case when they are
on the sides EH and FG. For the given values of x;, on the hypothesis, neither Lemma S3
nor Lemma 5S4 applies, excluding other two combinations of results for YlR(xh) and YzR(xh).
Finally, Lemma S1 shows that every parallel-to-y,-axis line crosses the x,-axis at (x;, 0) for
xy € {—n;,...,n” — 1}, so the remaining combination yields the desired equivalence. [

Now the calculation of Ng(T,0) is presented. Here 0 is being used instead of ¢ =
/3 — 6 for easiness of presentation. Denote (I, l;) the position of the last robot inside a
rectangle of width vT — s and height 2s whose left side is at (xg, 19). Here last means the
robot with highest x coordinate value. However, if two robots have the same x coordinate
value, take the robot whose y coordinate is nearer to . Let Z be the set of robot positions
inside the rectangle above for vT —s > 0.

Lemma S7. Let cx = xo + 0T — s, and (ly,ly) = argming, ¢, |oT — s+ x0 — x| + |yo — |
if T > £, otherwise, (I, ly) = (xo, yo)- Then, Ns(T,0) = ¥4 _p (1 Y5 (x)] — [Y{ (x)] + 1), for
| Y5 (xn)| > [Y7(xp)] (if for some xy, | Y5 (xp)| < [Y?(x)], assume the respective summand for
this xy, being zero),

{z(sin(rf/3 — 0)(ex = 1) + cos(m/3 = 6)(yo — by — S))—‘ ifT> s
. (S23)
— 2
_BTGTE o, )], otheraise
Vad 6
s 5 -sin@@ET—s) ) <n_
if T > 3 or arctan( E cos@T—s)) = 20
| 26in(T/3 = 0)(ex = 1) +cos(m/3 —O)(yo — L) +3) | (S24)
V/3d
otherwise,
| 24/250T — (vT)? T
. {m cos(6 - 3)J , (525)

Also, Y§(x) = -CoctVICw VAW () — min(L(xy), Cax)) — 1, if min(L(xy),
Co(xp)) = |L(xy)] and T > 2, otherwise, Y5 (x;) = min(L(xp), Ca(xp)), for C_g =

—0) —sin(~0) | [ cx—Ix
Eif((_e; ccs):(l(—e)) } { ;0 1, }'A(xh) = 452 — (V3(dxy — C_g) — Cay)°, Caolxy) =
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dx),— in (Z-6)(dx,—C_g, z_g
X C,@/x-i-\/zg;fe,y-‘r\/A(Xh)/an dL(x,) sin (5 -6)( x;;l Sii(gél;r;c))s(z )Cogy
6

,if T > 2, otherwise,

__sin (%79))(;,
L(xh) o sin(%"—f)) '
s

Proof. Assume T > 2, as shown in Figure S3 (IIl). The robots are located in the usual
Euclidean space. However, instead of it, this proof uses a similar coordinate system
transformation for positioning the robots in a hexagonal grid with integer coordinates,
similarly to how it was performed in the rectangular part. As in the previous lemmas,
call this coordinate system space coordinates (xj, ;). However, here a (xj, y;,) coordinate
system is being used with a different origin and inclination.

In order to do so, first redefine a (xg,y¢) coordinate space, that is, perform rotation
by —6 on the usual Euclidean space about (Iy, ). The origin of the (xg, y¢) coordinate
system is at (Iy, ;). The transformation for (x¢, y,) coordinate system used here is similar
to the depicted in the Figure 54, but here —6 and (I, [) are being used instead of —y and

. X cos(—0) —sin(—0) x — Iy
(xo.Yo), 1.2, { e } - { sin(—0)  cos(—0) } { y—1,
is already translated to the point (y, I)), the transformation from the new (x;, y;,) to the new
(xg,y¢) is the same as in (53), repeated below for convenience:

xg}: d —%
Ys 0@

} . As the coordinate space (xg, ¥¢)

i } 526
i (526)
Despite these differences, the notation (xg, y¢) and (xy, yj,) will be kept as before for a clean
presentation.
Figure 511 shows how the semicircle with centre at C = (cy, ¢y) = (xo + 0T — s, y0)
will be after the rotation by —6 about (I, ly), that is,
cos(—0) —sin(—0)

Co= sin(—0)  cos(—6) Hiyiéy } (527)

In the space (I) in Figure S11, the robots are in the standard coordinate system and the

semicircle with centre at C = (cy, ¢y) has the lowest point at B'. CB has angle 7 with the
usual x-axis, however the xj-axis here has angle § with it. In (I) it is rotated by —60 with
(I, ly) as centre of rotation. After this rotation, B/, U’ and C become BLB, ULQ and C_y,

—
respectively, and C_g B_ p has angle 7 — 6 in relation to the x¢-axis and xj-axis, which are
now coincident lines despite their scale being different. B and U are the minimum and
maximum values of the xj,-axis coordinate for a line parallel to the y;,-axis on the hexagonal
grid coordinate system. Hereafter the subscript —6 is on every point presented on the usual
Euclidean space to denote the corresponding point on the (xg, y¢) coordinate space.

Figure S11. Semicircle for counting the robots after the rotation on the coordinate space.



Mathematics 2022, 10, 2482

18 of 28

The upper and lower values, U and B, of x;, lying on the semicircle are computed
first. For getting the U value on the xj-axis, draw a line parallel to the y;-axis on the
rightmost semicircle boundary at the point U’ in order to reach the xj-axis (Figure S11
(I)). The corresponding point on the (x¢, y4) space is denoted by ll/_g (Figure S11 (II)). ll,_g

is computed, then its x;-value on the hexagonal grid coordinate system. AU/_QC_G Uy
in Figure S11 (II) has U ,C_g| = s and U’ ,C_gly = 71— C_gU' jUp — U ,UsC_¢ =
m—m/2— /3 = /6. Hence, ULG = C_g + s(cos(71/6), sin(11/6)) = (cos(0)(cx — Ix) +
sin(8)(cy — Iy) + @,cos(@)(cy —1,) —sin(0)(cx — Ix) + 5). The inverse transformation from

(S26) is
1
[xh}—[éﬁd]xg- (29

Applying the transformation of (528) to the point U’ g its xj-axis coordinate is

u= % <cos(9)(cx — Ix) +sin(0)(cy — Iy) + \/2§s> +
\/1501 (COS(Q)(cy — 1) — sin(@)(cy — L) + %) (529)
 2(sin(7t/3 — 0)(cx — Iy) + cos(7t/3 — 0)(cy — Iy) +5)
= N
As the integer coordinate less or equal to this value is needed, the floor function is applied
to yield the desired result in (524).
For getting the B value on the xj,-axis, draw a line parallel to the y;-axis on the lower
semicircle corner at the point B’ in order to reach the xp,-axis (Figure S11 (I)). A calculation
similar to the previous paragraph is performed but using BLG (Figure S11 (II)). It is obtained

— R
C_gOU = 71/2 — 6 (as this is the same angle of CB’ with x;-axis in Figure S11 (I) which coin-
cides with x¢-axis in the Figure S11 (II)). Then, as the vector C,QB/_ g is pointed downwards,

—

it has negative angle with the xg-axis, thatis, —B_oOU = —(7r — C,QO—U)>: —(t— (/2 —
0)) = —m/2 — 0 with xg-axis. Also, C,gBl_g‘ = 5. Consequently, C,QBLQ = Ble —C_p=
s(cos(—7t/2 — 0),sin(—7t/2 — 0)) & B/_Q = C_g + s(cos(—m/2 — 0),sin(—7t/2 — 0)) =
(cos(0)(cx — Lx) +sin(0)(cy — Ly — ), cos(0)(cy — Iy — s) — sin(B)(cx — Ix)). Using (528) on Bl_g,

B = 1(cos(®)(cx — L) +sin(0)(cy — I, — 5)) + ﬁ(cos(@)(cy — 1, —s) —sin(@)(cx — lx)) =

2sin(/ 379)(”71");;25(”/ 309 Then, the ceiling function is applied on this value to

get an integer coordinate greater or equal to it in order to obtain (523) for T > 2.

On the hexagonal grid coordinate system, for each x; from B to U, it is needed to find
the minimum and maximum y;, — namely Yf(xh) and Y5 (x},), respectively — of a line parallel
to yy-axis intercepting the xj-axis and lying on the semicircle. Depending on the angle of

C_g B’ , with the xp-axis, the minimum and maximum yj, can be either on the semicircle
arc or C_gB,_e. Due to 6 € [0, r/3), the angle of C_gBl_g isin (%, E% ]. Thus, the minimum

Y, value is at the semicircle arc, otherwise the minimum angle of C,QBLB would be 271/3,
which is the yj-axis angle with the x;-axis. However, the maximum y;, value could be
—

either on C_y BLG or on the circle, thus take the lowest, since the y; value on the boundary
of the semicircle is wanted.

Let C1(xy) and Ca(xy,) be functions that respectively return the lowest and the highest
yy, value at the circle centred at C_y and radius s for a xj, coordinate value of a parallel-
to-yj-axis line assuming it intersects the circle. Then, a point (x¢,yg) on the Euclidean
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2
space is on that circle if (xg — C_Q,X)2 + (yg — C_gly)2 =5 & (dxh — % — C_Q,x) +
2
(% - c_e,y) = 2, by (326).

Isolating v;, and solving the two degree polynomial it is obtained

dxy — C_gy +V3C_gy — VAxp)

yhl = Cl(xh) = 2 and (530)
dx;, — C_g 4+ V3C_g, + VAlxp)
Y, = Caln) = — : (831)

2
for 0 < A(xy,) = 4s% — (\@(dxh —Cgq) — C—G,y) . A(xy,) cannot be negative, otherwise
the lines would not intersect this circle, contradicting the assumption.
Denote L(xj) a function that returns the y;, component of the line Ef_gB _g for a given

Ys—C oy
Xe—L_gx

xp,. The 25,93,9 equation for a point in the space (xg,y¢) is tan(F —60) =
. _ sin(§—0)(dx,—C_gr)+cos(F—0)C_g,
Lxn) = yn = dsin( X —0) ’

Y? (x) = Ci(x) and Y5 (x) can be either min(L(xy,), C2(x)) or min(L(xy), Ca(xp)) — 1.

AsT > %, there can be a number of robots inside the rectangle Ng(T,6) > 1. If, for some xy,,

Y'(x,) = min(L(xy,), Co(xp,)) = [L(xp,)], then the robot on (x;, Y'(x;)) is on the line C,gBl_g.
As this line belongs to the rectangle, the robot was already counted by Ng(T,8). Hence,
Y5 (x;) = min(L(xp), Co(xp)) — 1, if min(L(xy,), Co(xp,)) = [L(xp)] and T > >, otherwise,
Y3 (x,) = min(L(xy), C2(xp))-

The number of robots inside the semicircle is the number of integer coordinates (xy, yy,)
for x, ranging from B to U and y;, € [[Y?(xy)], | Y5 (xp)]] for each xj,. Thus, Ng(T,0) =
Zgth ( [st (xn)] — [Yls(xhﬂ +1). Heed that the last summation can only be used when
| Y5 (xp)| > [Y{(x3)], otherwise a negative number of robots would be summed.

Now, assume T < 2. Then, the semicircle has centre at C = (cx, ¢y) = (xo — (s — vT), yo)
as shown in the Figure S12. In this figure, the rotation and hexagonal grid system centres
are now (xp, o). Notice also in (I) that ACAO is right with hypotenuse CA measuring
s, and the horizontal cathetus CO measures s — vT. Now, as there is no rectangle part,
consider the last robot of the rectangular part being the first robot to arrive at the target
region, so (Ix,ly) = (xo,Y0), and, by (527),

[ cos(—0) —sin(—0) Cx — X
Coo= sin(—6)  cos(—6) } { cy—yg }

(S32)

(1)

Figure S12. Similar to the coordinate spaces of Figure S11, but for T <

In the usual Euclidean coordinate space before the rotation about (x, 1¢), consider the
line OA perpendicular to the x-axis at O = (x, yp). This line represents the perpendicular
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axis such that all the robots from it to the arc of the semicircle on its right are counted. From

Figure S12 (I), r = |AO| = \/|CA|2 — |CO|2 = /52 — (s — vT)2 = /2s0T — (vT)2.

After the rotation by —6 about the point O, the maximum value for xj, is defined

by the point U. The point U is chosen depending on the angles U’_GOU and A_gOU.

When the angle U’ ,OU is greater than m, the value of U is calculated in relation
to A_y, because the line parallel to yj-axis intercepting ULG is not inside the semicir-
cle below ESA,Q as shown in Figure S13. It is only considered here robots inside the

semicircle below the line m, otherwise the robot on O would not be the first robot
by assumption. In this case, any line parallel to yj-axis crossing the semicircle below
OA_g must have its xj-axis coordinate less than or equal to U, for example Q projected
from P. For comparison, Figure S12 (Il) illustrates an example where U is chosen as

the xj-axis intersection with the line parallel to yj-axis at Ul_e. As before, for the case

T > 2 (Figure S11 (II)), the angle of C_g LI(; in relation to x,-axis is 771/6, consequently,
U ,=Co+ s(cos(%),sin(%)) = (@ + cos(0)(vT —s), 5 — sin(0)(vT — s)), from (S32),

/
u
and U’_GOU measures arctan</9’y> = arctan(fsm(ew)
U, 3 1 cos(0)(vT—s)

no robots here .+

Figure S13. An example of when the angle U’ oOU is greater than A_yOU.

A_pOU measures 7 — 0, as show in Figure S12 (II). Thence, A_y = (r cos (% —

—0,x

coordmate u= d(‘[s + cos(0)(vT —s)) + ﬁ(— —sin(0)(vT —5)) = % +

followed by applying floor function to it, as the integer coordinate less or equal to this

u/
0),rsin (5 —0)).1f arctan( uf ’y> < A_pOU = % — 6, apply (528) on U—e to get its x-axis

f 7
value is needed. This is the same as (529) by using (Ix, l;) = (xo, y0), then (524) also applies
—sin(@)(T—s) ) <1 _g

when arctan(
V3 4 cos(60)(0T—s) 2

!

u
If arctan( u,”) > 7 — 0, then there are no robots to consider on the parallel lines to
—0,x

yp-axis between ULQ and A_g, otherwise the robot at (xg, y9) would not be the first to arrive

/

u
at the target region. Thus, if arctan ( u79,y ) > 7 — 0, the xj-coordinate for the point A_g
—0,x

on the hexagonal grid space is used, thatis, U = J(rcos(Z —6)) + f ~(rsin(7 —0)) =
f ¥ cos(f — 5 ). then apply the floor function to yield the desired result in (525).

Now the minimum value for an integer x; will be found such that a parallel-to-
yp-axis line is inside the semicircle and starting from the right of OA or on it. For the

calculation of B, from Figure S12 (II), similarly to how it was previously done, B—e =
O + r(cos(— (/2 4 0)), sin(— (/2 4 0)) = (—rsin(d), —r cos()), and, by (528), as B is the
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xj-coordinate of the B_y, B = %(—r sin(0)) + ﬁ(—r cos(0)) = _ﬁ sm(9 + ) Also,
apply the ceiling function to yield the desired result in (523).

In this case, C1(x;,) and Cy(xy,) are equal to (S30) and (S31), but L(xy,) is different from
the previous case. The line OA_g for a point (xg, y¢) in the Euclidean space is y, =

(7o
tan(§ — 0)xg = L(xy) =y, = %. O

NR(TIG) NS(T,Q) -1
T T

It follows that lim f;(T,0) = lim + lim
T—oc0 T—o0 T—oo

shown below, this limit needs only the rectangle part, because Ng is limited by a semicircle
with finite radius.

, by Definition 2. As

Lemma S8. lim7_, %9)_1 =0.

Proof. As T — oo, T > 5. By Lemma S7, cx = xo + 0T — s, which is the x-axis coor-
dinate of the right side of the rectangle. The robots are distant by d, so the last robot
must be at most distant by 4 from the point (cx,yo). Hence, xg + 0T —s —d < I, <
xo+oT —s,andyg—d < I, <yo+d, 500 =cy—(xg+0T —5) < cx — Iy <cx—(xo+
ol —s—d) = dand —d < yo—1, < d. Then, —d < C 4, Cay < d. Thus, B =
2(sin(7r /3—0)(cx —Ix)+cos(71/3—0)(yo—1y —s)) 2(cos(rr/3—0)(—d—s)) —-2(1+3)7 _ 2
[ N W>/{ \/gd/w>j\/§w—{¢§
s 2 s 2(sin(7t/3—0)(cx —Lx)+cos(7r /3—0)(yo—1y)+s)
Gl 2~ - SpandU = | |

< | 2sin(r/3-0)d
V/3d
cos(n/379)d+s)J < {(Zd-&-s)J < 4

< [T
N 7l S 5 + %, and for any integer x;, € [B, U], as A(xy) can-

not be negative, 0 < A(x,) = 4s* — (V3(dx;, — C_gy) — C,(;,y)z < 482, [Y7 (x)]
Y1S(xh) _ dxh_C—Q/x+\/2§;:—9,y_\/A(xh)

Y

dxh,dafdfk _ x}1*12*\/§ — %, and LYZS(xh)J

v
IN

. dxp—C_gx+v3C_g,++/Alxp) dxp,+d++/3d+2
Y5(ry) < min(L(xy), Ca(x)) < Colry) = “—CooxtVICoutVAGN duotdivadids

SRS 45 Thus, 0.< Ns(T,0) = T (1Y ()] = [YP()] +1) < Do (552

s x,—1-v3 s s s
- (o gy 1) = (4 v+ £ (B (- - o)+ 4
V342) = 2VB+¥E L 1) (B +v3+42) = 0 = limp e 7 < limp o MTO1 <

lim7_, oo 7 ((2\@ + @ +1) (% +V3+ 2) —1) = 0. Hence, the result follows from the
sandwich theorem. O

N(T,6) — 1
T

+

As lim

T—o0
the rectangle is calculated. By Lemmas S2 to S6, if n” — 1 < K' lmr_e f(T,9) =

limy 0 + Zx — (LYR@)] = TYR()]+1) +lim7_yeo £ ZX i (LYR )] —[YR(xn)]
+1), otherwise, im0 f4(T, ) = lim7_y00 + Z o (LYR(xh)J — [YR(xp) ]+ 1)+ lim7_
th n1 (RG] = YR ] +1) +hmT—>oo T Zn’ (YR ) = [YRGe)] +1).

To clanfy, the third summation is zero in the case of n; 1< K’, while the second sum-
mation goes until min(nlJr —1,K’ — 1) in both cases. Each one will be individually solved
assuming ¢ # 71/6. Later, it will be seen that the final result holds for ¢ = 71/6 as well. The
following lemmas will be useful soon.

= 0, hereafter only the limit for the number of robots inside

-1

Lemma S9. Assume § # 71/6. limr_,c0 + Zzl’;:_nl, (LYR@p) | = [YR@p) ] +1) =0.

Proof. As forany x, x —1 < [x] < x < [x] < x+1, limr e = Zx () —

(Y2 ()

1’!

YlR(xh) - 1) < lil'nT—mo % Z:; (I_YR Xh J - [YR(xh)] +1) < hmT—>oo T Z

xh:—nl
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—YlR(xh) +1). By Lemma S3, the first and last summations do not depend on T, so both
sides have limit equal to 0. By the sandwich theorem, the result is obtained. [

_ [2(wT—s)cos(p—m/6)—2ssin(|p—7t/6|) . 1
Lemma S10. Assume ¢ # 71/6. For K/ = { L d L2 W, limr e

+
1, -1

th:K/(LyzR(xh)J — YR +1) =0.

Proof. If K/ > nl+ — 1, this limit is already zero, so this proof is focused on the other case.
Analogously to the previous lemma,

-1
im 1 T (v 1)
1 nl+—1
< lim = x,lgk/(LYZR(xh)J — Y@ +1) (533)
! R R
< jim 7 % (vFn) ¥l 1)
For any constant c,
. 1 n}+,1

because the number of xj indexes in the summation is limited by a finite number of
integer outcomes that depends on T. In other words, the number of indexes in the above

4ssin(\1p;7r/6|) 1< nl+ _K < 4ssin(\\}p§;7'f/6|) + 1. The last
inequality is obtained by counting how many xj, are used in the summation and knowing
that2y —1 < |[x+y] — [x —y] +1 < 2y +1forany x,y € R. Thus, forany T, n,;” — K’

can only range from [WW —1to {WJ + 1. This yields to three possible
%;n/é') € Z, or four, otherwise. Thus, a finite range of outcomes,

summation is nlJr — K’ such that

integer numbers, if
none of them having T. Hence, for all outcomes, the limit on the left side of (534) is zero.
Assume ¢ > 71/6 (for ¢ < 71/6 the result is the same). From Lemma 54,
2(wT—s)
R R d(é}os(lj) = 2x 2% + 2 tan(y)xy,
Yy () — Y7 (xp) = -
V3tan(y) — 1 V3 + tan(y)
2(vT—s) 2
_ d cos(p) . % . 2 (535)
V3tan(y) —1 /3 + tan(y) V3tan(yp) — 1
2 tan(y) ) ,

V/3 + tan(y)
n 1 b7
For the second term above, by (534), lim Y E—— |
v O i, xh;K/ V/3 + tan(y)

For the first term,
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S dem g 2e-g)

gK T\3tan(y) —1 Tk dcos(y)(v/3 tan(y) — 1)

W 2 ) " o-d
- EK d(/3sin(tp) — cos<¢>> - ,EK, dsin(y —71/6)

+
n; =1

(S36)

v
:xz dsin(p — 1/6) T Z dsmlp dsin(p — 7/6)’

due to Sll’l(l[)) COS(l[J) = sin(y — 77/6). Let L be the number of terms on the summation

of (836). As discussed above, L is an integer in { [w—‘ —-1,..., {MJ +

V/3d V/3d
1},50
+_ 2(vT— +_
b e o1 P ojp——— (537)
o=k TV3tan(p)—1  dsin(yp —7/6) T =, dsin(y—7/6)
2 2tan(y) V3 2 — epp
Also, tan(p) 1 + Vitung) — Zsn@—n/6)cosg— /0 25 1+ tan“(y) = sec”(y) and
@ cos(y) + % sin(y) = cos(y — 77/6). Hence, for the last term in (S35),
+_
l n,zl \@ .
T T 2sin(y — 7/6)cos(p — 71/6) "
_1 V3 (n =14 K')(n” — K') (S38)
T 2sin(yp — 71/6) cos(yp — 77/6) 2
V3LG

4T sin(yp — 7t/6) cos(p — 711/6)’

foraninteger G =n —1+K. As2x—1 < [x+y|+ [x—y] <2x+1forany x,y € R,

4(T—s)cos(p—7/6) 4 4(@WT—s)cos(p—1r/6)
Ge( o 1, Se=/O) 1 1),

For the lowest bound on G, using (S37) and (538) lmy_eo & T Z

Ve (R )~ YR(y) =

2(vT—s)
nl -1 d cos(ip) o 2 tan(1p) o . _Lv__
Hmy oo 7 Xy - (ﬁtan(wH (manw)q + ﬂ+tan(w>>xh) = limroe ( dsin(yp—7/6)
Gy . 51
" 4Tsin(p—rmt/6)cos(p—m/6) szh:K’ dsin(p—7t/6) = lim7 e AT sin(p—7t/6) cos(p—m/6)
n—1
T Z’ =K’ dsm(l[J 7/6)
1,..., L4s sin(Jp—7/6])

V3d
For the highest bound on G, the same limit is obtained. Hence, by the sandwich

theorem applied on the results for both bounds of G,

) = 0, due to (S34) on the second term and, as L € { [WW —

J + 1} , no element in this finite set has the term T.

-1
lim ~ Y () = YR () =0. (S39)
xh:K’

Using (539) and (S34) on the bounds of (533) and the sandwich theorem again concludes
with the desired value. [

min ”l —1,K' —

xp=n; +1 (LyzR(xh)J - (YlR(xhﬂ + 1) exists

and is bounded by ( \%’;2 _ ZUCOS\(/‘%;”/ 6 \%32 + Zvcoi(/lléd 7r/6)].

Lemma S11. Assume  # 71/6. imr_e 7 2
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Proof. The next lemmas will be useful for proving this lemma.
Lemma S12. Foranya,b > 0,a|x| —bly| <ax —by+a+D.

Proof. As mentioned before, by the definition of floor function |x| = x — frac(x), where
frac is the function that returns the fractional part of the number x, such that 0 < frac(x) <

3], alx| —bly] = ax —afrac(x) — by + bfrac(y) < ax — by +b —afrac(x) < ax — by +
b+ abecause frac(y) < 1and —afrac(x) <0<a. O

Lemma S13. Let c,d, Ay, By, Ay, By € R, ¢ > Oand I € Z. Then, lim, 0 ¥) ”}*jl( Frac(—(
Aqi+ By)) + frac(Azi + Bp))/n exists

Proof. For convergence, it is shown that for R(i) = frac(—(A1i + B1)) + frac(Azi + By),

(@n)nens = (Z}Sﬂf{ @)nem* is a Cauchy sequence. Take € > 0 and choose N > M
Let n,m € N* and n > m > N. Then, |a, —ay| = ‘sz}jﬁl Ro _ Z}”ﬁ*fl 1)| -

i L RG) = n ST RO)| = | (m T ) RO+ (=) z}”}ﬁ? R(@)| <
\nm| |m(lecn+d] — (lem+d| +1)+ 1)+ m —n)([cm+d] — (L +1)+ 1) = \nm| |m|cn +
d| —n|lem+d|] —(m—-n)l}| < ‘nm‘|m(cn+d)—n(cm+d)+m+n—(m—n L| = |nm‘|(n
m)(11 d)+m+n| < 2|(n+m)(lnm )+m+n| _ 2|(m+n (L —d+1) | 2|I _d+1|m+n _ 2|Il
d+1|(g l) < 2L —d+1|% = 4h—d+] d“' < €. by knowing that |[cn+d]| > |cm+4d],

m

R(i) < 2 for any i and Lemma S12. O

To prove the existence of the limit in Lemma S13, note that [ x| = x + frac(—x), for any
real number x (heed that using this definition of frac, frac(1.7) = 0.7 and frac(—1.7) = 0.3),
because frac(—x) = —x—|—x|=—-x—(—[x])=—x+[x] & [x} = x + frac(—x) by

the definition of | —x] and |—x] = —[x]. Thus, limr_c + Z:;m:l +11K - (LYR (xp)] —

[YlR(xh)—‘ + 1) = hmT—wO TL

min(n;” —1,K'—1) R R .. .
) DA ( frac(— YF (x)) +frac(Yy(xp))). The limit of the first term above ex-
h="

ists and its value is presented below on (542). The existence of the limit for the sec-
ond term was shown by Lemma S13 for any outcome of min(n,+ —1,K’ — 1), because,

i { (vT—s) cos 7I/6\/%d+25s1n(|7r/6 9|J _ ”1+ —1< K —1, thenc = Zvcos\(/q%;n/@ and d —

%(sin(|7r/6 —0]) — cos(7t/6 — 0)) on the Lemma S13. If nl+ -1>K-1= [ﬁ((zﬂ" —
s) cos(ip — 71/6) — 2ssin(|yp — 77/6|)) — 1}, as for any x, [x] = [x] or [x] = |x] + 1 depend-

1= {2(0T—s)cos(zp—rt/6) _ 2ssin(|y—m/6) 1J
o V/3d V/3d

J. For both cases, on the Lemma S13 ¢ =

_ 2s(sin(|p—7/6|)+-cos(r/6—6))
N 1, and for the

min nl —-1,K'—-1)

o1 026 = YR + 1) —limroe 7

ing on whether x is an integer or not, then K’ —

11 _ | 2@T—=s)cos(p—m/6)  2ssin(|p—7/6|)
orK'—1 = L fd Ner

as well, but for the former case, d =

v lp—7/6)) /
__ 2s(sin(|yp—71/6])+cos(t/6—0))
latter, d = 73

To get the bounds,

2v cos(ip—11/6)
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min(n;” —1,K'—1)

.1
D DR CCACARR CACARSY
xp=n; +1
min(n” —1,K'—1)
. R R
<him =}y (DF@)) - D] +1) (S40)
Xp="n; +1
1 min(n;” —1,K'—1)
i R R
s fm 7 D (Y3 ) = Y Gn) + 1),

xp=n; +1

YR(xh) _ y72+tan(tp)xh . y71+tan(tp)xh

R _ 2s
and by Lemma 56, as T — oo, Y5 (xp,) — T3 ) Vran) = dcostp—7/6)"
2 2

by (54).
For the first limit at (S40) in the case of min(nl+ -1,K' —1)= nf -1,

-1

.1 . 4vs  2vcos(yp — 7/6)
lim — YR () = YR(x) — 1) = - : S41
fimg L (F0 e -1)= 2 T (541)
h_nl +1
Above hm ln;r = 2vcos(y —71/6) is derived by using the sandwich theorem and the

T—oo T \/gd
inequality x — 1 < |x| < x to get the bounds on 1;".
Similarly, for the last limit at (S540) in the case of min(nl‘Ir -1LK —-1) = nl+ -1,
YR(p) — YR(xp) +1) = jl’slz + 2 COS%;”/ 9 The limits above in the
case of min(n;" 1 K’ —1) = K’ — 1 yields the same result because of the sandwich theorem,
the inequality x < [x] < x+ 1, and %3;”/6) = lim7_e0 + (2T — s) cos(yp — 7/6) —
2ssin(|y — 7/6]))/(v/3d)) < imT_00 (K — 1) = lim7_e0 +K' = im7_;00 + [(2(vT —5) cos(

y —7/6) — 2ssin(|p — 7/6]))/(v3d)| < limy o f (2TDM/P T/ 4 q) —

hmT%"O T Zx =n +1<

_ 1 1
%&1”/6)’ so, Tlgr;o fK, = Th_r}r;o Tnl . Consequently, the limit below exists and

min(n;" —1,K' — 1)( < R ) 4vs 20cos(p —
lim — ). Yo (xp) = Y7 (xp) +1
T—oo T st /342 V3d

(S42)

Finally, using the bounds provided by (S41) and (542) the expected result is ob-
tained. O

By Lemmas S9, S10 and S11 it is obtained for ¢ # /6

lim f,(T,y) e s, 20 /0 dvs Zueosty 7/ (543)
T—00 /342 V/3d V/3d2 V/3d
2(vT—s)
For 1/) = 7'(/6, by (518), limT~>00 % Exh:\f)gd <\/§y§;dx;l - \/gy;{d}ch - 1) < hmT%OO fh(T’
2(vT—s) Z(UT 5)
7[/6) < Hmy e % 23%71:\6511 (\@yz;dx;, _ \/§y1+dxh +1>,With M7 e0 % Zx J (fyé;rdxh
LZ(DT 5)
_M + 1) = lim7 o0 & th (dco\:g;/@ +1) = im0 7| 2 de) +1)(% +1)

.. 2(vT —s) J

2v (2s

+ 1), from (54) and, as similarly done before, 11m = { 41 = —D>
V3 d( ) (S4) y T—oo T f d \/gd

using the sandwich theorem and the inequality x —1 < |x| < x to get the bounds on the
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2(vT—s)
floor function; and limr_, % th!gd J (\/gyi;dxh _ ﬁyézdxh -1) = %(% —1). Accord-
ingly, imr_,eo f4(T, 77/6) € (% (% -1), % (% +1)], which are the same values in (543)

if = /6 is used. Lemmas S1-56, S9, S10 and S11 used v, so, after replacing i by 71/3 — 6,
the proof of the Proposition 6 is concluded.

Proof of Lemma 2

Figure 12b shows the distance d, from the target centre where the robots begin turning.
By symmetry, this is the same distance from the target centre where the robots stop turning.
From the right triangle ABC on that figure, |AC| = /(r + 5)> — (r + d/2)? and from AACD,

dy = \/(d/2)2 +|AC|2. Thus, d, = \/(d/2)2 + (r +8)2 — (r +d/2)2 = \/3(2r +5) — rd.

Proof of Lemma 3

From Figure 12b, it can be seen that the right triangle ABE has angle E/A\B =ua/2,

r+d/2 N

hypotenuse 7 + s and cathetus r + d /2. Hence, it directly follows that sin(a/2) = —=%

ssin(w/2)—d/2
1—sin(a/2) °

—

Proof of Proposition 7

The number of trajectories K must be greater or equal to 3. The reason is that for the
minimum possible value for s, s = d/2, K = 2 is enough to have parallel lanes. However,
starting with K = 3, curved trajectories are needed to guarantee that robots of one lane do
not interfere with robots from another lane.

Also, there are K identical trajectories around the target, each taking a central angle of
«. As a result, the value of « given Kis a = 27”, implying that 0 < a < %’T

Additionally, in the worst case, one robot in each lane arrives in the target region at
the same time. When robots of all lanes simultaneously occupy the target region, their
positions can be seen as the vertices of a regular polygon which must be inscribed in the
circular target region of radius s (e.g., Figure 13 has a square whose sides are greater than
d). The number of robots on the target region at the same time must be limited by the
maximum number of sides of an inscribed regular polygon with a minimum side greater
than or equal to d. The side of a K regular polygon inscribed in a circle of radius s measures

2ssin(%). Thence, 2ssin(%) > d = m > K.
%

Proof of Proposition 8

Using the touch and run strategy, each lane is distant by at least d from each other.
However, the minimum distance between robots on the same lane d, must be checked at
the beginning of the curved path, as their distance decreases if assuming constant linear
speed. Two cases are distinguished based on Figure 514:

1.  |ED]| < d: Two robots cannot be on the lane curved path;
2. |ED| > d: More than one robot can occupy the lane curved path.
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Figure S14. Relationship between the curved path and the distance between the robots.

In this figure, the red line represents the trajectory of robots in one lane. « is the central
angle for the lane. The dashed blue circle of centre A is the target. C is the centre of the
circle of radius r from the circular trajectory. The grey circle of centre C has a radius of
r+d/2. Points D and E represent the connection between the curved path and the straight
path. B = 7 — a due to the symmetry and the fact that the sum of the angles of AECD is
equal to 7.

The two identified cases affect the minimum distance between robots, d,, such that
they can follow the trajectory without decreasing their linear speed. In both cases, they
need to satisfy the minimum distance d if they are turning on the curved path. From Figure
S14,

|ED| :erin(g) :2rsin(§—%) :2rcos(%>. (S44)

In case 1, in Figure S15a, two points T and U are defined on the lane such that the
distance between them is |TU| = d and their distances to the target are equal. The robots Ry
and R, are the black dots on the red line representing the trajectory. If the delay between R
and Rj is less than the time for a robot to run from T to U following the red trajectory, there
will be some instant in which R; and R, will be vertically aligned. Their positions at that
instant are represented by grey dots in front of them. Hence, their distance would be less
than d. The right triangle TVE has side TV, which can be measured using ED. The delay
between one robot at T and another at U is equal to At = %(|ﬁ| +|ED| + |W\), that is,
the time for running through the straight line TE, the curved path ED and the straight line
DU.

(b)

Figure S15. Enlargements of Figure S14. (a) |[ED| < d. (b) |[ED| > d
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For any delay less than Aty between two robots, say Rj and Rj, there is an instant of
time when R is on the path between B and T and R; is on the path between B and U, and
they are vertically aligned (Figure S15a). In this case, the distance between R; and R; is
below |TU], so they do not respect the minimum distance d between them. Hence, the
minimum delay between two robots in case 1 is At;.

From Figure 514, |/EB| = rB = r(t — a). For calculating the value of |TE| and |DU]|

from Figure S15a, observe that |[TE| = |DU| by symmetry. Thus, |[VT| i% |Ez—| =

4 _ rcos(%) From Figure S15a and (S44). As ATVE is right, |TE| = ‘(/aT/lz). Thence,

— /2 @/2)\ _ rm—a) , d=2r /2) — -

Aty = 5(r(7t—oc)+2 Si;(cao/sz'; ) = rnv“ + 051;?;/2 and d, = max(d,vAt;) =
d—2r cos(a/2)

max (d, r(r — o) + ) Here the max function is used because the result of vAt;

sin(a/2)
can still be less than d, depending on «, r and 4.

In case 2, one has to check the minimum distance d when two robots are on the
circular part EDin Figure S15b. Here, d, denotes the minimum arc length for two robots
located at any two points R and H on ED such that they are distant by at least d. vy is the
angle defining the arc d, for the circle of centre C. From this figure, ACRH is isosceles, so
y=2 arcsm( 2r> Thus, to keep constant linear speed, the delay between two robots in this

caseis At = z;’ = % Zr arcsm(2 ) Then, d, = max(d, vAty) = max(d 2r arcsm(zd ))

The max function is apphed for a similar reason as exposed before. After rearranging, (17)
and (18) are obtained.

For calculating the throughput f;(K, T) for K lanes and a given time T after the arrival
of the first robot, the number of robots reaching the target region by the time T is obtained,
then the Definition 2 is applied. As it was assumed that the first robot of every lane begins at
the same distance from the target, at time T = 0 there are K robots simultaneously arriving.
Then, after d, /v units of time, there are K more robots arriving and this keeps happening
every d, /v units of time. Denote N(K, T) the total number of robots that have arrived at

the target region from K lanes by time T. Thus, N(K,T) = K {% + 1J =K {% + 1J , 50, by
Definition 2, fi(K, T) = 4 (K[ 2L +1] - 1).

As for every number x, |x| = x — frac(x) and 0 < frac(x) < 1, then distributing &
for each term, fi(K) = limr_e f(K,T) =

Proof of Proposition 9

Forany u < Y32 2y 41)8 > f1in(y), due to

4-24/37
2
v_ 2 v -1-75 V3+2
2u+1)-> —=Qu—-1)-u< = . 545
P R G A e e Ve (545)

fp(u) = Qu+1)5 when2u +1 € Z. Also,as u < 4‘[;:% < 7, u can be a number satlsfymg

(2u+1) = [2u +1]. Thus, there are some values of u such that f,(u) = [2u+1]5 > fmin (y
From the equivalence in (545) and because for any x, | x| < x, it follows that for any

> B fw) < QuA DY < S w).
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